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Abstract

Experimental and theoretical studies have shown that size effects in structure

deformations and failure become significant as soon as strain gradients are high. For

instance as soon as material failure dominates a deformation process, the specimen

displays increasingly softening and the finite element computation is significantly

affected by the element size. Without considering this effect in the constitutive model

one cannot hope a reliable prediction to the ductile material failure process. To give an

accurate prediction of the structure integrity and to quantify the material failure

process, it is necessary to introduce the strain gradients into constitutive equations.

Gradient plasticity models have been discussed extensively in recent years. The mesh-

sensitivity in numerical analysis has been successfully eliminated and analytical

explanations for size effects were given.

In the present work, a general framework for a nonlocal micromechanical damage

model based on the gradient-dependent plasticity theory is presented and its finite

element algorithm for finite strains is developed and implemented. In the finite

element algorithm, equivalent plastic strain and plastic multiplier have been taken as

the unknown variables. Due to the implementation of the Lapacican term, the implicit

C1 shape function is applied for equivalent plastic strain and can be transformed to

arbitrary quadrilateral elements. Computational analysis of material failure is

consistent to the known size effects. By incorporating the Laplacian of plastic strain

into the GTN constitutive relationship, the known mesh-dependence is overcome for

the simulation of ductile damage processes and numerical results correlate uniquely

with the given material parameters.

In the chapters of applications, we discuss simulations of micro-indentation tests

based on the gradient plasticity model. The role of intrinsic material length parameters

in the gradient plasticity model is investigated. The computational results confirm that

the gradient plasticity model is suitable to simulate micro-indentation tests. It is found

that micro-hardness of metallic materials depends significantly on the indentation



depth. Variations of micro-hardness are correlated with the intrinsic material length

parameters.

The size effect analysis of concrete structures shows that the gradient plasticity model

can describe the size effect of load carrying capacity and strain-softening if the size

dependence of fracture energy and tensile strength are introduced in a realistic way.

The failure mode of concrete changes from ductile to brittle when the size of an

element increases.

Finally the micro-mechanical damage model based on gradient-dependent plasticity is

applied to the ductile failure of the German reactor pressure vessel steel

20MnMoNi55. Computational simulations of uniaxial smooth and round-notched

tensile specimens and notched bending specimens are presented. The different

material failure loads in the tensile bars are used to fit the material parameters. It is

found that the effects of gradient regulation variations in the smooth tensile specimens

are negligible due to small strain gradients. The computational results essentially

agree with the experimental data. In notched tensile specimens the strain gradients

change local material deformations and damage more significantly. The decreasing of

scaled material strength can be predicted by the intrinsic material length scale

parameter. By introducing the intrinsic material length scale the material failure is

affected by the absolute specimen size. The gradient plasticity provides a new frame

for a better assessment of material failure, independently of the finite element mesh

design.



Zusammenfassung
Theoretische und experimentelle Untersuchungen haben gezeigt, dass Grösseneffekte

bei Strukturverformung und Versagen dann berücksichtigt werden müssen, wenn die

Dehnungsgradienten gross sind. Zum Beispiel wird die Finite-Elemente(FE)-

Berechnung stark von der Elementgrösse bestimmt, sobald lokale

Schädigungsvorgänge beim Verformungsprozess dominieren und die Probe eine

schnell zunehmende Entfestigung zeigt. Ohne die Berücksichtigung dieses Effektes in

dem konstitutiven Modell kann keine zuverlässigen Beschreibung des duktilen

Werkstoffversagens erreicht werden. Um die Strukturintegrität und insbesondere den

Versagensprozess besser beschreiben zu können, ist die Einführung der

Dehnungsgradienten in die Stoffgleichungen erforderlich. Gradienten-Plastizitäts-

Modelle sind in den letzten Jahren in zunehmenden Masse diskutiert worden. Die

Netzabhängigkeit in den numerischen Analysen wurde erfolgreich aufgehoben und

analytische Erklärungen für die Grösseneffekte gefunden.

In der vorliegenden Arbeit werden die generellen Grundlagen für ein nichtlokales

mikromechanisches Schädigungsmodell, das auf der Gradienten-Plastizitätstheorie

basiert, beschrieben. Ein FE-Algorithmus für finite Dehnungen wurde entwickelt und

in einen FE-Code eingebaut. In dem FE-Algorithmus werden die plastische

Vergleichsdehnung und ein plastischer Verstärkungsfaktor eingesetzt. Mittels

Einführung des Laplace-Operators wird die implizite Cl -Formfunktion für die

plastische Vergleichsdehnung verwendet und übertragen auf willkürliche Viereck-

Elemente. Die Computersimulationen des Materialversagens bilden die bekannten

Grösseneffekte gut ab. Durch die Einfügung des Laplace-Operators der plastischen

Dehnung in die Stoffgleichungen des GTN (Gurson-Twergaard-Needleman)- Modells

konnte die Netzabhängigkeit bei der Simulation des duktilen Schädigungsprozesses

eliminiert werden. Die numerischen Ergebnisse korrelieren gut mit den gegebenen

Werkstoffkennwerten.

In den Kapiteln der Anwendungen werden zunächst Simulationen von Mikrohärte-

Versuchen diskutiert, die mittels Gradienten-Plastizitätsmodell durchgeführt wurden.

Der Einfluss eines Mikrostruktur- Längenparameters im Gradienten-Plastizitätsmodell



wurde untersucht. Die numerischen Ergebnisse bestätigten, dass das Gradienten-

Plastizitätsmodell gut geeignet ist, die Mikrohärte-Versuche zu simulieren. Es konnte

gezeigt werden, dass die Mikrohärte metallischer Werkstoffe wesentlich von der

Eindringtiefe abhängt. Unterschiede in der Mikrohärte korrelieren gut mit dem

Mikrostruktur-Längenparameter.

Die Untersuchungen zum Grösseneffekt von Betonstrukturen ergaben, dass das

Gradienten-Plastizitätsmodell die Grösseneinflüsse von Belastungskapazität und

Dehnungsentfestigung gut beschreibt, wenn die Grössenabhängigkeit der

Bruchenergie und der Zugfestigkeit realistisch vorgegeben werden. Die Versagensart

von Beton ändert sich von duktil zu spröd bei Zunahme der Elementgrösse.

Abschliessend wurde das mikromechanische Schädigungsmodell der

gradientenabhängigen Plastizität auf das plastische Versagen des deutschen

Reaktordruckbehälter(RDB)-Stahls 20MnMoNi55 angewandt. Die

Computersimulationen von glatten und gekerbten Proben unter einachsigem Zug

sowie Biegeversuche an gekerbten Proben werden vorgestellt. Die unterschiedlichen

Bruchspannungen an den Zugproben werden verwendet, um die Werkstoffparameter

anzupassen. Es wurde festgestellt, dass aufgrund der kleinen Dehnungsgradienten der

Einfluss der gradienten Terme für die glatten Zugproben vernachlässigt werden kann.

Die numerischen Ergebnisse stimmen im wesentlichen mit den experimentellen

Ergebnissen überein. Bei den gekerbten Zugproben werden die lokalen

Materialverformungen von den Dehnungsgradienten entscheidender beeinflusst. Das

Absinken der normierten Materialfestigkeit kann mit Hilfe des Mikrostruktur-

Längenparameters vorherbestimmt werden. Bei Verwendung eines Mikrostruktur-

Längenmassstabes wird das Werkstoffversagen von der Probengrösse beeinflusst. Die

Gradienten-Plastizität bietet eine neue Grundlage für eine bessere Beschreibung des

Materialversagens, das unabhängig von der Gestaltung der finiten Elementgrösse ist.
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Chapter 1

Introduction

It is known that conventional continuum mechanics treats mathematical continua, that is,

solids of continuum mechanics consist of mathematical points and do not contain micro-

structures. It follows that the stress state is determined by the deformation history at this

single material point. Although the conventional continuum mechanics is quite sufficient for

most applications, there are experimental evidences which indicate that under some specific

conditions the material micro-structures must be taken into account in a suitable way.

For ductile materials, in bending of thin nickel beams with the beam thickness rang-

ing from 12.5 to 100 microns, Stolken and Evans [76] observed that plastic work hardening

increases with the decrease of thickness of the thin beams. In torsion tests Fleck et al. [28]

found that the torque normalized by the twist of a thin wire of copper with a diameter of

12 microns was as high as three times of that in a wire with the diameter of 120 microns. In

uniaxial tension the material strength becomes scalable by a geometry factor. Recently, ex-

periments on micro- and nano-indentation hardness tests have been extensively investigated

for determining material characteristics in micro-dimension [49], [50], [65], [70]. It has been

found that the micro-hardness of materials is significantly higher than the macro-hardness

by a factor of two or more in the range from about 50 microns to 1 micron. For quasi-brittle

materials, e.g. concrete, the damage development has a strong size effect [13]. For granular

materials, e.g. soils and rocks, similar phenomenon can be found in the failure by localization

[88]. Generally, it can be concluded the smaller the scale, the stronger will be the solid. All
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these observations imply that the inhomogeneity of material's micro-structures may induce

the size influence of material response. In fact, all solid materials have substructures or mi-

crostructures, e.g. crystal lattice, inclusions, grains and grain clusters. Therefore materials

should have some characteristic lengths (the size or distance of substructure). In the frame

of classical continuum mechanics theory, there are some models to interpret size effects, e.g.,

viscoplasticity theory which becomes apparent when the flow stress is strain rate dependent,

may be responsible for size effects. Statistical theory plays a prominent role and is widely

used to explain size effects especially for brittle fracture and fatigue. Although these classical

models have been used spreadly, there is still a necessity to construct non-classical contin-

uum mechanics theories which consider this heterogeneity on a phenomenological level and

still treat the material as a continuum.

Recently, material modeling including microstructure characteristics has been exten-

sively discussed. A variety of models incorporating material length scales by nonlocal

integral-type or gradient-type formulation has been proposed. Nonlocal integral concepts

which involve a finite neighborhood volume integral of a state variable (damage) is used by

Cabot and Bazant [62]. The original motivation of this model comes from the problem of

localization into shear bands. In recent years, many different nonlocal gradient-type models

under different assumptions and considerations were proposed. Menzel and Steinmann [51]

suggested the continuum formulation of higher gradient plasticity for single and polycrystals,

which incorporates for single crystals second order spatial derivatives of the plastic deforma-

tion gradients and for polycrystals fourth order spatial derivatives of the plastic strain into

yield condition. Acharya and Bassani [2] developed the gradient theory of crystal plastic-

ity in which the strain gradient effects represent an internal variable acting to increase the

current tangent-hardening modulus. Andrieux et al. [8, 40] proposed the nonlocal constitu-

tive models with gradients of internal variables derived from a micro/macro homogenization

procedure. All these efforts make the gradient-type approach attractive in modern solid

mechanics.

Fleck and Hutchinson [28, 30] considered an 'asymmetric' strain gradient plasticity

theory based on the physical concept of geometrically necessary dislocations. In their theory

additional high-order strain tensor and the work conjugated moment stress tensor enter



the material model and governing equations. From view point of application the Fleck-

Hutchinson strain gradient plasticity theory is similar to Cosserat type continuum which

introduces length scale by additional degrees of freedom of deformations. This strain gradient

plasticity theory as well as Gao et al. [32] has been successfully used to analyze the size effects

of micro-indentation tests, torsion deformation and metal matrix composite [14, 32, 37, 71,

72, 73]. However, no applications are known to localization of deformation and shear banding

problems since the Cosserat type continuum has problem in tension dominated applications

where rotations are small. The effect of the high-order strain become insignificant within

the localization band [24]. Furthermore, it is still open whether or not such models may

generate a physical meaningful shear band analysis at strain localization. From the view

point of application, the theory may be too weak to overcome the mesh-dependence in finite

element simulation due to strain softening.

Aifantis [4] suggested a simple form of plasticity depending on plastic strain gradi-

ents which is termed gradient plasticity theory. In this theory, the scalar variable, i.e. the

Laplacian of the equivalent plastic strain is included into the usual yield condition and con-

stitutive equation. So the difficulties exhibited by the classical plasticity can be eliminated

when the material enters the softening regime. Using the gradient terms, it is possible to

determine the shear band width and to perform mesh-dependent finite element calculations.

The corresponding gradient coefficients measuring the effect of gradient terms, turned out

to relate directly to the internal length scales which characterize the underlying dominant

microstructure. The thermodynamical consistence of the gradient plasticity model has been

discussed by Valanis [87] and Polizzotto [64]. The finite element implementation of the gra-

dient plasticity has been published by de Borst and co-workers [24, 58] and extended to

finite strains by Mikkelsen [52, 53] and Ramaswamy [66] using slightly different interpola-

tion algorithms. Additional work on the finite element implementation of gradient plasticity

models can be found by Li and Cescotto [48], Comi [22] , Teixeira de Freitas et al. [31]

and Oka et al. [57]. Resently this model is implemented into meshless methods by Chen,

Wu and Belytschko [20] and finite difference method by Alehossein et al. [7]. Works in

[24, 58] showed that the Aifantis model containing only the second order of the plastic strain

gradient gave mesh-independent predictions of brittle material failure. On the other hand,
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this model is successfully used to explain the size effects exhibited by twisted wires and

metal matrix composite [97, 6]. Due to the hopeful applications of gradient plasticity, the

idea of gradient plasticity is extended to construct a gradient-enhanced damage model by de

Borst and co-workers [59, 60, 33] for concrete in which the crack behaviour is brittle and not

accompanied by significant plastic deformation. Several gradient plasticity models coupled

to phenomenological damage are also discussed by de Borst [26], Svedberg and Runesson

[77, 78], respectively.

Failure in ductile metals is characterized by the micro-void nucleation, growth and

coalescence mechanism. The Gurson damage model (GTN model) [82, 83, 84], originally

introduced by Gurson [35] and later modified by Tvergaard and Needleman, is not derived

from purely heuristic arguments but from micromechanical analysis. The yield function

of the GTN model accounts for voids in terms of one single internal variable, the void

volume fraction or the porosity. This model is popular in materials mechanics community to

analyze and to predict failure of ductile metallic materials. However, a well known problem

is that strain localization and so material failure are concentrated in the single layer of

finite elements, due to involved strain softening in the material failure process, resulting in

a zero dissipated energy as the element size becomes vanishingly small. The finite element

simulations show an inherent mesh sensitivity in ductile material failure simulations. These

observations imply that there is a need for such a micromechanical approach to incorporate

the intrinsic material length parameter into the constitutive relation.

Nonlocal forms of the Gurson model in which the delocalization is related to the damage

parameter were developed by Leblond [46], Tvergaard and Needleman [86] et al. In these

investigations the porosity is treated nonlocally by averaging the actual porosity value in

an assumed neighboring region. From numerical point of view, such approach is similar to

those to fit a constant element size with the material microstructure [17, 75, 91], in which

the size of a cell element is chosen to be representative of the mean spacing between voids.

It follows that each cell element contains a single void at the initial volume fraction. Growth

and coalescence of the void is related to the stress and strain averaged over the cell element.

In comparison with the integration treatment, the cell element method is simpler for finite

element computations. However, its application is restricted in small size specimen due to



increasing computational efforts.

Recently, Ramaswamy and Aravas [66] suggested a gradient formulation of the porosity

in the Gurson model. In their study, effects of void diffusion, interaction and coalescence

have been considered. In their model the first and second derivatives of the porosity enter

the evolution equation. Variations of the porosity are controlled by a diffusion equation.

All these approaches assume that the material length scale is only related to damage

development. Gradients of the porosity affect material failure process, which is certainly

contradictory to the known experimental observation of size effects in plasticity [28].

In the present work, one aim is to derive and formulate the GTN damage constitutive

model [35, 83] based on Aifantis gradient plasticity theory under finite strain assumption.

A suitable finite element algorithm is formulated. In the nonlocal finite element algorithm

the numerical convergence and efficient solution is an important point to verify the gra-

dient plasticity theory. Investigation of numerical convergence speed as well as numerical

stability and use of the efficient solution are an important task of the present work. The

mesh-independent numerical solution is the basis for the development of a new nonlocal

damage model in this work. Furthermore, the aim of the thesis is to formulate not only

a pure mathematical model but also physically meaningful constitutive relationship using

experimental data. The new algorithm can be applied for a better assessment in the struc-

tural integrity analysis. Therefore the model parameters are determined both by the finite

element calculation of the cell model in which the meaning of the material microstructure

can be identified and by the numerical simulation of the fracture experiments of selected

material. This new nonlocal damage model contributes to a better understanding of strain

localization and material damage.

The thesis is organized as follows. In chapter 2 the development of gradient plasticity

theory is reviewed. The boundary conditions of gradient plasticity for different cases are dis-

cussed. In chapter 3 the finite element algorithm for gradient plasticity under finite element

assumption is formulated based on the former works of Pamin [58] and Mikkelsen [52, 53]. In

this chapter an implicit Hermitian interpolation functions, proposed by Petera and Pittman

[61] for equivalent plastic strain, are selected. Then the element can be transformed from
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rectangular to arbitrary quadrilateral which is more suitable for finite strain deformation.

The shear band analysis is used to verify the interpolation method. Different examples show

that the mesh-dependence of shear band is removed and the width of shear band is uniquely

determined by the coefficient of Laplacian term.

Chapter 4 derives and formulates the Gurson damage model based on gradient plastic-

ity theory. In this chapter the mixed finite element formulation is implemented with three

kinds of nodal degrees of freedom, the displacement, the equivalent plastic strain and plastic

multiplier. The variational principle similar to that in chapter 4 is proposed for the constitu-

tive relationship. Due to the nonlinear construction of Gurson constitutive equation and the

nonlinear relation between equivalent plastic strain and plastic multiplier, the C1-continuous

interpolation for plastic strain is unavoidable. The equivalent plastic strain is interpolated

by the implicit Hermitian functions. The plastic multiplier uses the interpolation method

suggested by Pinsky [63] and Simo [69]. Numerical examples show that using this element

formulation the mesh-dependence of damage localization is removed and the material length

scales predicts size effects in material failure.

In chapter 5 the finite element algorithm is applied to investigate the size dependent

micro-hardness which has been analyzed and captured by Fleck and Hutchinson's strain

gradient theory. The gradient terms in gradient plasticity are investigated and numerical

results are compared with the experimental data. The hardness prediction based on gradient

plasticity coincides with the known prediction of Nix and Co-workers [56], [50]. In chapter 6

an algorithm similar to the work of Pamin [58] is used and applied to the size effect analysis

of quasi-brittle materials.

In chapter 7 the size effect of ductile material is analyzed with the nonlocal damage

model. The nonlocal GTN damage model are applied to analyze the size effect of ductile

material at room temperature. The smooth and notched tensile specimens are studied. The

intrinsic length scale is identified from the computation.

Main assumptions of this work are the static loading and room temperature conditions.

Conventional notation is used throughout. Each symbol is defined when it appears at the

first time or when it changes its meaning. Boldface symbols denote vectors and tensors. All
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vector and tensor component are written with respect to the Cartesian coordinate system.

The summation convention is used for repeated indices. A superscript T or t means the

transpose of a vector or a tensor. A superposed dot indicates the material time derivative.



Chapter 2

Review of gradient plasticity theory

It is well known that the classical plasticity theories can be roughly divided into two types:

deformation theory and flow theory. Deformation theory considers the entire deformation

history and relates the total plastic strain to the final stress, while flow theory deals with

a succession of infinitesimal increments of distortion in which the instantaneous stress is

related to the infinitesimal increment of strain. Generally, flow theory is appropriate to

describe plastic deformation involving loading and unloading, while deformation theory is

mathematically convenient for proportional loading and suitable for providing insight. In

the present dissertation, flow theory is considered into finite element codes and deformation

theory is only used for the discussions of boundary conditions and size effects in this chapter.

2.1 The gradient plasticity theory

Classical continuum models suffer from pathological mesh dependence in strain-softening

materials. The reason is that in this case the critical condition for localization coincides with

the condition for loss of ellipticity of the governing differential equations. The difficulty of

mathematical model reflects the absence of internal length scales in the governing equations.

As a result, no information pertaining to the way of communication between the various

slices of the material was include in the constitutive description, thus no predictions on

13
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spatial characteristics were possible [5].

Plastic deformations in metals arise from the accumulation of dislocations. From the

study of dislocation motions, it is clear that the stress and strain state of a material point

is influenced by distortions in its neighborhood, that is, plastic deformations are generally

nonlocal. Based on the study of dislocation motion and evolution, it is possible to consider

problems at a macroscopic scale by producing suitable relations for the deformation and also

understand phenomena occurring at a microscopic level by producing appropriate partial

differential equations of diffusion-reaction type for the temporal and spatial evolution of

microstructures. Therefore higher order spatial and/or time derivatives has been introduced

to address the heterogeneity and deformation patterning during plastic flow [3]. It is known

that the resulting nonlinear differential equation can be solved to give the sharp variation of

the strain profile inside and outside the shear band region in the case of shear bands analysis.

These gradients provide a stabilizing mechanism, make the appropriate partial differential

equations describing the material response in the pre-localization regime to be continuously

valid and give useful results in the post-localization. As stated by Aifantis [5], the use of

higher order strain gradients in the 'softening' deformation regime for obtaining the thickness

of shear bands was motivated by the mechanical theory of liquid-vapor interfaces. In the

case of shear bands, higher order strain gradients are introduced either into the non-convex

expression for the flow stress of plastic materials and the resulting nonlinear differential

equation is solved to give the sharp variation of the strain profile inside and outside the

shear band region.

The gradient-dependence has first been used in the theory of rigid-plastic material for

the analysis of persistent slip band by Aifantis [3, 4] and shear bands in metals by Coleman

and Hodgdon [21]. This approach is used as a localization limiter by Belytschko and Lasry

[15]. In this chapter, the gradient plasticity theory is reviewed.

The simplest form of gradient plasticity is based on the gradient modification of the

expression for the flow stress a = ay(e?) to include the Laplacian of the equivalent plastic

strain, i.e.

(2.1)
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The corresponding form of the yield equation can be written as

$(a(ep, V2?)) = 4>(o{ep)) - g W , (2.2)

where 4>(a(ep)) is the classical J2 yield stress measure, e9 is the equivalent plastic strain and

g is a positive coefficient with the dimension of force. They are expressed as

= ^Si3Si3/2 (2.3)

(2.4)

The flow rule deriving from the yield function (2.2) reads:

c?. = A—- (2.5)

where A is a plastic multiplier. •££- = n^ defines the direction of the plastic flow. According

to the elasto-plastic theory the stress can be expressed as

aij = Lijkliehl ~ CfcjJ (2.0)

with the elasticity matrix Cfjkl. For isotropic solids the elasticity matrix can be simplified

into

ijkl — \ K ~ -^IHjlkl + 2Lrlijki (2.7)

where K and G are the elastic bulk and shear moduli, respectively. /^ is the second order

identity tensor, and I'ijk[ is the fourth order symmetric identity tensor with Cartesian com-

ponents I[jkX •=• (SikSji + 5u5jk)/2, 8ij being the Kronecker delta. During plastic flowing, the

stress point must remain on the yield surface in the stress space:

$(a(e}J,V2ep)) = 0 (2.8)

The introduction of the Laplacian of equivalent plastic strain into flow stress and yield

function is adopted by several researchers [24, 52, 54, 58, 64, 66, 78] and succeeded in the

analysis of strain localization into shear band. However, there is evidence that the first order

gradient of plastic strain can not be omitted under some circumstance, e.g., in pure bending

test, Richard [68] observed the size effect of yield initiation. If the gradient plasticity theory

is used to explain this phenomenon and only the Laplacian of plastic strain is introduced
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into the flow stress, no size effect can be achieved due to V 2 ? — 0 in pure bending. For this

reason, in the work of size effects analysis by Aifantis [6], the first-order derivative, iVe^l, is

included. Then flow stress and constitutive equation can be written as

|, V2e>) = ov{?) + <h|W| - 5 V ¥ (2.9)

V2?)) = #* (? ) ) +gi\V?\ - <?W (2.10)

The Eqn. (2.8) can be expressed as

Where g\ is also a positive coefficient. In this dissertation, we assume that g\ and g can be

expressed for ductile materials in the following way

gi = <TOhfi(<?) (2.12)

9 = *olf(?). (2.13)

where GQ is the initial yield stress; l\ and / are intrinsic length scale parameters; j \ (e?) and

are two dimensionless functions of equivalent plastic strain in general.

For Von Mises plasticity, it is known that eP = A. Then the consistency condition takes

the form:

Eqn. (2.14) is a differential equation for A in contrast to the classical plastic case where

A is determined from an algebraic equation. By solving the differential equation and Eqn

(2.1-2.8), the gradient plasticity theory can be used to analyze plastic behaviour of materials.

2.2 Size effects and strain gradient interpretation

It is well known that the nominal tensile strength of many materials undergoes very clear

size effects. This is more evident for disordered materials (e.g., concrete, rocks, ceramics)

[19]. Lately it has been experimentally verified that the mechanical behaviour ranges from

ductile to brittle when the structural size alone is increased and the material and geometry
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shape are kept unchanged. As described by Bazant [11], there are six different size effects

that may cause the nominal strength to depend on structure size: 1. Boundary layer effect,

also known as the wall effect; 2. Diffusion phenomena, such as heat conduction or pore

water transfer; 3. Hydration heat or other phenomena associated with chemical reactions; 4.

Statistical size effect, which is caused by the randomness of material strength been believed

to explain most size effects in concrete structures; 5. Fracture mechanics size effect, due to

the release of stored energy of the structure into the fracture front; and 6. Fractal nature of

crack surfaces.

In the classical theories based on plasticity or limit analysis, the strength of geometri-

cally similar structures is independent of the structure size. As pointed out in introduction

of this dissertation, there are more and more experimental evidences to verify the size effects

of nominal strength even for ductile materials due to the fact that current applications in

modern technology involve a variety of length scales ranging from a few centimeters down to

few nanometers. Therefore classical plasticity theory does not cover all kinds of size effects.

However, on the other hand, the interaction between macroscopic and microscopic length

scales in the constitutive response and the corresponding interpretation of the associated

size effects can be modeled through the introduction of higher order strain gradients in the

respective constitutive equations [6].

Due to the introduction of gradient terms into flow stress and yield function, material

length scales are included into the coefficients gi and g. If the high order gradients, i.e., Eqn.

(2.9) is considered for a priori strain field( deformation theory), different length scales can

lead to different stress distribution for the same strain field. One can immediately conclude

that the material strength is dependent on the length scales. It means the strain gradients

have the potential to interpret the size effects of material strength. In fact, the size effects

of material strength using gradient plasticity has been investigated by several researchers

[6, 97]. In this section, the application of the gradient plasticity model to investigate the

phenomena that are influenced by plastic strain gradients, e.g. bending of thin beams,

torsion of thin wires, are reviewed. Details can be found in the work of Aifantis [6].
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Bending of thin beams In the four-point-bending experiment of mild steel beam of

different size, Richard [68] observed that the value of yield initiation ( upper yield stress)

increases significantly as the specimen size is decreased from the largest to the smallest. The

size effect can not be explained by Aifantis gradient plasticity theory if only the Laplacian

of plastic strain is involved due to V 2 ? = 0 in pure bending. For this reason, the first order

gradient | Ve^ plays an important role in the analysis of size effect of thin beams' bending.

A Cartesian reference coordinate system in (xi, x2) plane is set and the neutral axis

of the beam is assumed to coincide with X\ axis. The curvature of the beam is designated K

and the thickness is 2h. The displacements of the beam are:

«i = KXIX2, u2 = k{x\ +x\)/2 (2.15)

Strains in the Cartesian coordinates, e*,-, the equivalent strain I under plane strain condition

(e33 = 0) and incompressibility condition (ê fc = 0) are given by

2
en = -e22 = KX2, ei2 = 0, e = -j=k\x2\ (2.16)

Using gradient deformation theory for the analytical convenience, the form of yield function

is:

a = f(e)+9l\Ve\-gV2e (2.17)

where the equivalent stress a and the equivalent plastic strain e are defined by

(2.18)

with f(e) denoting the usual homogeneous flow stress, g\ = g\(e) and g = g(e) being the

gradient coefficients. The constitutive equation in gradient plasticity is formally identical to

the classical plasticity theory

where a depends on gradients of equivalent plastic strain as defined in (2.17). Then deviatoric

stresses of the bending beams can be obtained from Eqn. (2.19), which read

^ 0 ( 2 - 2 0 )
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The stresses can be expressed as

u\\ — —~̂ ~, r, ^22 — ^ IZ.Z1J

and the equivalent stress is

a = fie) + -=9l (2.22)

. The bending moment M is obtained from the integration over the cross section of the

beam as:
rh 2 4

M= —ra\x2\dx2 = M0 + -h2Kg1 (2.23)
J—h \ / 3 O

where Mo = f_hh-j=f(e)\x2\dx2 is the bending moment for classical plasticity theory. From

this expression it can be seen that the moment M is linearly correlated with the curvature and

the gradient plasticity coefficient g\. Since the deformation is known a priori, the equivalent

plastic strain is determined by the deformation field. The increasing length scale do increase

the bending strength.

Torsion of thin wires The experiments reported by Fleck et al. [29] have been investi-

gated gradient effects in twisting of thin copper wires and predicted that the scaled shear

strength increases three times as the wire diameter decreases from 170 to 12 microns. Here

the gradient plasticity theory is used to investigate and analyze this phenomenon.

The Cartesian reference system is set such that the x\ and x2 axes are within the cross

section of the wire, while the x^ axis coincides with the central axis of the wire. The twist

per unit length is designated K and the radius of the wire is a. The displacement field is

known a priori:

u2 = KX\X2 (2.24)

The non-vanishing strains and the equivalent strain are given by:

AC K 1

<H3 = -~Xi, e23 = -Xi, ^ = -y=Ky/x\ + x\ (2.25)

The corresponding constitutive equation (2.19) gives non-vanishing deviatoric stresses as

S13 = ~^Ta> S23 = -jjz-0- (2.26)
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where the equivalent stress equals to

^ i - ^ ) (2.27)

It is interesting to note that the first gradient term increases the strength while the Laplacian

term decreases it. The torque T can be obtained from the integration over the cross section

of the torques induced by the section:

where To is the torque obtained by classical plasticity. According to Eqn. (2.28), it is

found that if only Laplacian of gradient plastic strain is involved into constitutive equation

and flow stress, the torque decreases with coefficient g increasing. Therefore the small size

specimen has lower strength than the big one for the given coefficient g. This is opposite to

the observation by Fleck et al. [29]. On the other hand, it is obvious that in torsion of a solid

wire the parameter g must be a plastic strain-dependent parameter, otherwise the stress at

r — 0 will be infinite. For this reason, Aifantis changed his gradient plasticity model slightly

for torsion test and tried to fit the experiment data [6].

2.3 Boundary conditions for gradient plasticity

In the construction of the variational principle for gradient plasticity theory, Miihlhaus and

Aifantis [54] assumed that at the elastic-plastic boundary VA = 0. This condition is widely

adopted [24, 52, 54, 58, 64, 66, 78, 16]. Using the nonlocal thermodynamic theoretical

framework, the consistence of gradient plasticity theory are discussed by Polizzotto [64],

Valanis [87], Lorentz and Andrieux [47] and Svedberg et al. [77]. They concluded that the

boundary condition of VA, derived from energetic approach, is tangential to the boundary

surface enclosing any finite region where plastic deformation mechanism takes place, and

need not be stated a priori. It is true for simple shear and strain localization. Unfortunately,

in other cases, i.e., pure bending, pure torsion and void growth, the boundary condition

can not be fulfilled due to the a priori deformation field. In fact, the boundary conditions

of gradient plasticity is still open and need more careful discussions. In this section, these

boundary conditions are reviewed and discussed.
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Simple shear An infinite strip over the domain (-H < x^ < H, — oo < x\ < oo) with a

one dimensional distribution of displacement 1*1(22) and an associated distribution of shear

strain 7(2:2) = dui/dx2 is considered. The shear stress r is constant in the field. In classical

plasticity theory, the shear strain in the field is also constant, while in gradient plasticity

the shear strain field is related to the gradients of shear strain and generally not constant.

The governing second order differential equation for this shear strain can be obtained from

gradient plasticity theory:

r = G7 + 01|7,2|-07,22 (2.29)

Where G is shear modulus. Eqn. (2.29) have analytical solutions. In order to obtain a

unique solution for 7(0:2), an additional boundary condition is needed. For instance, 7;2 = 0

and 7 = 0 at 22 = ±H can be assumed. These boundary conditions are definitely the

conclusions from thermodynamic analysis [64].

One dimensional s t ra in localization A uniaxial bar of length L with the ends x = —L/2

and x = L/2 subjected to the displacements — u/2 and u/2 respectively, is taken into account.

The stress a > 0 is constant throughout the bar. The bar is assumed elastic-softening plastic:

a = oy + hep{x) (2.30)

where h is the softening modulus, assumed to be negative and constant. In order to get the

unique width of localization band, only Laplacian of equivalent plastic strain are introduced

into flow stress and yield equation. The governing differential equation is:

a = oy + h& - g?xx (2.31)

De Borst and Miilhaus suggest g = —hi2 where / is the intrinsic length scale related to the

gradient coefficient g. By solving Eqn. (2.31) with the boundary conditions (e7' = 0 and

f?x — 0 for x = ±w), the plastic strain field in the bar is:

e" = ^ [ 1 - ^ h (2.32)
h L cos(w/2ly v '

The relation between I and w can be given from the condition ^ = 0, which leads to the

equation:

cos(w/2l) = 1 (2.33)
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The equation has the smallest non-trivial solution w = 2nl. This solution verifies again that

the natural boundary condition must be enforced.

Based on the analysis of the two examples, it can be known that using gradient plas-

ticity and considering the natural boundary conditions, the new plastic deformation field

obtained by gradient plasticity, is different from that solved by conventional plasticity the-

ory.

Spherical voids. An isolated spherical void of radius a is subjected to uniform remote

spherically symmetric loading specified by cr°° in an infinite, incompressible solid. The spher-

ical coordinate system (r,9,(f>) is originated at the void center. From the incompressibility of

materials follows the non-vanishing displacement

a2

ur = —uQ (2.34)

where «0 is the displacement on the void surface. The non-vanishing strains and the effective

strain are given by

err - -2e66 = - 2 e 0 0 = - 2 — u 0 , I = —j-u0 (2.35)

From the constitutive equation (2.19), the deviatoric stress are expressed as

2
srr = -2s9e = -2sH = --o (2.36)

o

with
2 24ait0 (2.37)

The stress component oTr can be determined by integrating the equilibrium equation in the

polar coordinates

orr = -[T 2srr-^~^dr = 2 f
r Ur (2.38)

Ja r JaT

where it assumes traction-free on the void surface. From the equation above the remote

applied symmetric stress can be calculated as

where a™ = 2 /a°° ^-dr is the remote stress calculated by classical plasticity.
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Cylindrical voids. An isolated cylindrical void of initial radius a in an infinite, incom-

pressible solid is considered. The solid is subjected to uniform remote cylindrically symmetric

loading specified by cr°° under plane strain conditions. The cylindrical coordinate system

(r, 9, z) is originated at the void center. The non-vanishing displacement, strain and the

effective strain are given by

a a _ 2a
ur = -u0, err = -ede = —nu°> e = —nT^uo (2.40)

r r2 V3r2

where uo is the displacement on the void surface. From the constitutive equation (2.19), the

deviatoric stress are expressed as
Srr = -see = — j=o (2.41)

with a = f(e) + #17^3 — 9^A- The stress component orr can be determined from the

equilibrium equation in the polar coordinates

r srr- s99 1 2 r o , . .
arr = - -H dr = —= \ -dr (2.42)

Ja r y/3Ja V V '
where it assumes traction-free on the void surface. The remote applied symmetric stress can

be calculated as

where CTQ° = /a°° ̂ -dr is the remote stress calculated by classical plasticity.

Discussions According to Eqns. (2.39) and (2.43) it can be found that the Laplacian

terms of equivalent strain are negative in the expression. If only Laplacian term is involved

in flow stress, the strength decreases with the increasing of coefficient g. This issue has

raised some doubts in the work of Zhu and Zbib [97]. They applied the gradient plasticity

theory only using Laplacian of equivalent plastic strain into flow stress to investigate the size

effect of strain gradient in metal matrix composite. In their study, the variation of plastic

dissipation within a volume V is:

6W = ^ [ 6wdV =\-\ aSedV = ^ f [/(e) - gV2l]5ldV (2.44)
V Jv V Jv V Jv

By means of the divergence theorem

/ -W2eSedV = f Ve • VSedV - f SiVe • ndS (2.45)
Jv Jv Js
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and the boundary condition Ve • n = 0 on the surface which is derived from the thermody-

namical analysis, the variation of plastic work becomes

SW = — f[5w0 + gVe • V5e]dV (2.46)

where Sw0 = f(e)Se is the variation of plastic work by classical plasticity. Thus the total

strain energy for the gradient dependent material can be expressed as

W = i j [w0 + gVe • Ve}dV (2.47)

According to Eqn. (2.47) the strength of gradient dependent material increases with the

increasing of coefficient g. In this case, the strain field is determined by incompressibility of

material and no strain gradient boundary condition can be enforced on the boundary. Under

these two special circumstances, the boundary condition is not satisfied and the gradient term

acts as a destabilizing manner. As mentioned before, only using the first gradient term can

not overcome the mesh-dependence in numerical analysis due to strain softening. Therefore

the Laplacian term is necessary. More investigations are necessary to analyze Whether or

not the boundary condition can be fulfilled.

In experiments of metal matrix composite, Barlow and Hansen [10] found that experi-

mentally measured strain gradient is almost an order of magnitude smaller than a classical

theory's predictions. It implies that new deformation field is given by considering the gradi-

ent effects of strain field. Referred to the discussion of strain localization and the case when

the deformation field is not known a priori, it is found that using the gradient plasticity

as well as the boundary condition Ve • n = 0 on the boundary surface can give the new

solution for plastic strain field. So it is assumed in the dissertation that when the strain field

around a void is not known a priori (except the special cases above), the boundary condition

V e n = 0 is enforced on the boundary of the void. In this way the gradient plasticity theory

with the boundary condition Ve • n = 0 is used to investigate effects of void growth.

Although the problems and arguments still exist in the boundary conditions of gradient

plasticity theory, VA = 0 are enforced on the boundary in the computational model of this

dissertation. More discussions on boundary condition of computational model due to the

interpolation method are investigated in the following chapters.



Chapter 3

Computational gradient plasticity on

finite strains

3.1 Conventional non-linear finite element methods

For problems in materials mechanics when no analytical solution exists, an approximate

solution for displacements, deformations, stresses, forces and possibly other state variables

can be found by numerical methods. The exact solution of such a problem requires that

both force and moment equilibrium are maintained at all times over any arbitrary volume

of the body. The displacement finite element is based on approximation of this equilibrium

requirement by replacing it with a weaker requirement. Equilibrium must be maintained in

an average sense over a finite number of divisions of the body volume. Let V denote a volume

occupied by a part of the body in current configuration, and S be the surface bounding this

volume. Let the surface traction at any point on S be the force t per unit of current area,

and the body force at any point within the volume of material under consideration be b per

unit of current volume. The weak form of translational equilibrium is as follows:

J v ^ O. (3.1)

Note that cr = crT and t = n • er where er is the 'true' stress at a point, i.e. the Cauchy

stress, v is the velocity at a point and n is the outward normal vector of the boundary. The

25
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virtual work statement is expressed as:

f <r : ̂ -dV = [ t • SvdS + f b • SvdV. (3.2)
J dx Js Jv

Introducing the expression 5D = sym(6L) where SL = ^-, the virtual work equation in

classical form gives:

f <r : SDdV = f t- 5vdS + I b- SvdV. (3.3)

D is the rate of deformation and x are the spatial coordinates of the point. Generally the

strain is defined as the integral of the rate of deformation. This integration is nontrivial,

particularly in the general case where the principal axes of strain rotate during deformation.

In this paper, the finite element for gradient plasticity is implemented into ABAQUS by its

user element interface. Therefore we follow the strain definition in ABAQUS where the total

strain is constructed by integrating the strain rate approximately over the increment by the

central difference algorithm and the strain at the start of the increment must also be rotated

to consider the rigid body rotation occurring in this increment when the strain components

are referred to a fixed coordinate basis. This integration method, suggested by Hughes and

Winget [38], defines the integration of a tensor associated with the material behaviour as

at+At = AR-at-ART + Aa(Ae), (3.4)

where a is a tensor; Ad is the increment in the tensor associated with the constitutive

behaviour, and therefore dependent on the strain increment, Ae, defined by the central

difference formula as

Ae = sym(- — ) (3.5)
OXt+At/2

where xt+At/2 = (1/2) (#t + xt+At)'i AR is the increment in rotation, defined as

~ ± 1 ± (3.6)( I A u > ) ( I +

where Au> is the central difference integration of the rate of spin

/ 9Au ,
Au? = asym(- )

OXt+At/2

and I is the second order identity tensor. The definition of strain tensor is

= ARet ART + Ae (3.7)
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and the stress is integrated as:

T , (3.8)

where Ao-(Ae) is the stress increment caused by the straining of the material during this

time increment. The subscripts t and t + At refer to the beginning and the end of the

increment, respectively. For the Newton algorithm, the Jacobian of the equilibrium equa-

tions is required. To develop the Jacobian, Eqn. (3.3) is transformed by taking the time

differentiation. It gives

/ do- : SDdV - f dtT • SvdS - [ dbT • SvdV = 0, (3.9)
Jv Js Jv

where der and cr are evaluated at the end of the increment. Using the integration definition

above, it can be shown that

do-t+At = dAR-ART-(<rt+At -C . Ae) + ((Tt+At-C : Ae) • AR• dART + C : dAe (3.10)

where C is the Jacobian matrix of the constitutive model (elasto-plasticity matrix in this

thesis). Then Eqn. (3.9) is approximated as suggested by ABAQUS by using co-rotational

stress rate:

= dR • o-t+At ~ o-t+At • dRT + C : dAD, (3.11)

which yields the Jacobian

f 8D:C:dD-\(r: 8{2D • D - $ - • ̂ -)dV. (3.12)
Jv 2 ox ox

Experience with practice suggests that this approximation of Jacobian provides an acceptable

rate of convergence in most applications [1]. In displacement finite element methods, the

displacement field is interpolated by:

u = [N}T{uN} (3.13)

where [N] are interpolation functions and [uN] are nodal displacement vector. The virtual

field, 8v, also have the same spatial form

6v = [N]T{8vN}. (3.14)
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Then the strain field and virtual strain are expressed as

Ddt = de= [B]T{duN}, SD = 6e= [B]T{5vN}. (3.15)

Substituting these expressions into Eqn. (3.12), we obtain the stiffness matrix:

[K] = jv[B]T[C)[B]dv + fv([Nk],j <ry[JVy,,- -2[B«]T<Ty[Bfci])dV. (3.16)

Here [B] is the strain-displacement relation matrix. Load matrix can be written as

{P} = Jv[N]T{b}dV + Js[N]T{f}dV. (3.17)

Using the expression (3.16) and (3.17), the Newton iteration form of the classical non-linear

finite element equation can be obtained.

3.2 Variational formulation for gradient plasticity

Let Vp denotes the plastic part volume of the body and Sp be the so-called elastic-plastic

boundary surface. As suggested by Miilhaus and Aifantis [54], the generalized variational

formulation for gradient plasticity is formulated as

U(u,'?, Su, SX) = f (V&+b)5udV+ I fSudS+ I ${d{?), |Ve?|, V2ep)6XdV+ f ^-5XdS.
Jv Js JVP JSP on

(3.18)

The solution is obtained as soon as the generalized variational expression II reaches a station-

ary point with respect to arbitrary small changes of (li, A). Note that for many applications,

f? = a\ and a is a positive constant. It follows two basic weak form equations as

; (3-19)

f 6e : &dV = - I Se : a°dV + f b5udV + f f5udV (3.20)
Jv Jv Jv Js

where <r° and ̂ (a^), iVe^, V2?7) denote the solution of the previous incremental step and

() means the material derivative of the corresponding field variable. Considering the finite

strain assumption, the Jaumann (co-rotational) stress rate which is suitable for constitutive

relationship, can be defined as

(3.21)
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where & is the material derivative of stress tensor and <x* is defined as cr* = C : e. The

equation (3.20) can be written as

SD : C : D - -<r : 6{2D D - ^ — —)dV = - / Sc^AV + / bSudV + / /<JudK

2 ox ox Jv J Jv Js

(3.22)

The equations (3.19) and (3.22) build the fundamental for the finite element method. To

solve the integral equations above a discretization method must be used to turn the partial

differential equations into algebraic equations.

3.3 Implicit Hermite interpolation method for equiva-

lent plastic strain

Due to the higher order differentiation of the displacement in Eqn. (3.19, 3.22), the con-

ventional finite element technique based on the C° interpolation [94] can not be applied. A

robust computational algorithm is essential for validation and application of such complex

constitutive model.

Ramswamy and Aravas [66] introduced the C° element by using the Gauss theorem

in integration. Such formulation assumes a vanishing normal derivative of the plastic strain

at all boundaries, dX/dn = 0. The C° element formulation is attractive for general robust

finite element computation. Such algorithm is, however, only useful for the original gradient

plasticity model by Aifantis [4] as in Equation (2.2). As soon as the gradient terms are

nonlinear in the constitutive equation, i.e., Gurson constitutive equation (will be discussed

in chapter 4), the C° formulation is not applicable.

Pamin [58] designed series of elements for the gradient plasticity model. The most

reliable type is the element with the 8-nodal serendipity interpolation of displacement and

4-nodal Hermitian interpolation of plastic strain with 2 x 2 Gaussian point integration.

Mikkelsen [52, 53] extended this element type to finite strain assumption and simulated

necking of uniaxial tension tests of ductile metallic materials. Due to the explicit Hermitian

shape function which is introduced to satisfy requirements of a C1 continuity, the element is
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Figure 3.1: The finite element introduced in the present work.

constrained to be rectangular. This results in that the finite element computation may fail

to converge if the element strongly distorts.

In the present work we are designing an implicit C1 continuous interpolation function

for complex gradient plasticity model. For this purpose the method suggested by Petera and

Pittman [61] is adopted, which will be extensively discussed in the following paragraphs.

Let £*"(£, 77) — £p(x(^, 77), y(£, 77)), where (£, 77) are local reference coordinates and (re, y)

are global coordinates. In local coordinate system

? ) < -T, , (3.23)

where H(£, 77) is Hermitian shape function in local coordinates and

(3.24)

denotes the unknown variables as shown in Fig 3.1. T; represents the vector of nodal

degrees of freedom for the plastic strain field in local coordinates. The derivatives of 6? can

be obtained by

e* = Hj-T, (3.25)

gf, = Hj -T j (3.26)
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The gradient vector of e9 and the Laplacian of e9 are given by

• T, (3.28)

• T,. (3.29)

(3.30)

(3.31)

where Q and P are derivatives of shape function H r in local coordinate system (£,?y). To

obtain C1 continuity in the global coordinate system we must transfer all field variables into

the (x, y) system. We define

g — [..., £j, €xI, ff;y/, ^,^7jj) • • -J I-* — -1-) ̂ 5 "J) 4 j {O.oZ)

as the vector of nodal degrees of freedom in global coordinates. Note that second-order

mixed derivative is not transformed according to Petera and Pittman [61]. It turns out that

the 4th degree of freedom, e^v/, is not related to global coordinate system, although this

degree of freedom is necessary to make the plastic strain field Cl continuous [61]. The field

variables are formally expressed as

T, = T Tr (3.33)

with

T =

1 0 0 0

0 x# y,^ 0

0 £,„/ y,r,i 0

0 0 0 1

(1=1, 2, 3, 4; dimension=16) (3.34)

After lengthy mathematical manipulations we obtain the interpolation formula in the global

system and the Laplacian of plastic strain as

sp(x, y) = HT- Tg (3.35)

,y) = QT-Tg (3.36)

,y) = PT-Tg (3.37)
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The expressions of the interpolation function vector are:

where

H T

Q T

P T

p T

= H T -

= J Q

= PiH

= RD

T

T

I

Q

T

hi (. i=1,2,

RB

...,16)

P T

(3.38)

(3.39)

(3.40)

(3.41)

3 =

RD =

RB =

P =

dx dy

i i
dx dy

(3.42)

dx dy2

dy2 dx2

(3.43)

(3.44)

a2 Hi

a2
 H±

(3.45)

To avoid discontinuity in the derivatives of x and y with respect to £ and rj, care must

be taken in the design of the mesh topology. It means that the adjacent element should have

the same local co-ordinate system [61]. For mathematical prove of such formulation as well

as details of such interpolation the reader is referred to work of Petera and Pittman [61].

Under finite strain assumptions the Laplacian should be calculated under current con-

figuration. As shown by Mikkelsen [52, 53], an exact evaluation of the Laplacian of plastic

strain needs the second derivative of displacement.This makes the C° interpolation for dis-

placement field insufficient. In our study, increments of V 2 ^ as well as A(V2ep) are calcu-

lated incrementally in current configuration.Since Laplacian is a scalar, we add all increments
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of V 2 ^ and define it as the total Laplacian under current configuration. Such accumulation

is accurate under the small rotation conditions. Therefore the C^-continuous interpolation

for displacement is avoided.

3.4 Calculation of the tangent stiffness matrix

In Eqns. (3.19) and (3.20/3.22), there appear first order derivatives of the displacements

and second order derivatives of plastic strain. Therefore the discretization procedure for the

displacement field u requires C°-continuous interpolation functions N and for the equivalent

plastic strain e9 C^continuous interpolation functions H.

In this work 8-nodal serendipity interpolation functions for displacement field is applied.

Generally, the effective plastic strain is a function of plastic multiplier A. In this chapter, we

limit our interest to the yield functions for which we can write that

'? = OL\ (3.46)

with a constant and positive. For the Von-Mises yield function, we know lp = A. Then

the plastic multiplier (effective plastic strain) needs a C^-continuous shape function. At the

integration points dX, VdA and V2rfA can be expressed as

dX = HT-dA (3.47)

VrfA = QT-dA (3.48)

V2dX = PT-dA (3.49)

where dA = dT9 is the nodal degrees of freedom of effective plastic strain since dX =

In the elasto-plastic continuum we define:

^). (3.50)
ou

In one increment of finite element solution the stress is defined as:

<rt+At = ARTatAR + Ce(Ae - A A ^ ) = <rt+At - A A C e | ^ , (3.51)
OCT OCT
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where Ce, is the elastic matrix. For isotropic solids the elasticity matrix can be simplified

into

ijkl (3.52)

where K and G are the elastic bulk and shear moduli, respectively, i^ is the second or-

der identity tensor, and I[jkl is the fourth order symmetric identity tensor with Cartesian

components I'ijkl = {hklji + IuIjk)/2- Then the material derivative of Eqn. (3.51) is:

(3.53)dcr = Cede - d\Ce— - A\C^
ocr o<Tl

Eqn. (3.53) can be written as

da = C(de - dA—)

where

(3.54)

(3.55)

Substituting Eqn. (3.15), (3.35), (3.47), (3.48), (3.49) and (3.55) into the variational

functions (3.19) and (3.22) and noting J-ĵ  = n and | ^ = hp, the two basic equations for

finite element formulation are obtained

f -HnTCBdu+[(hp+ntCn)HHT+g1HQT-gHPT]dAdV= f $(A, |VA|, V2A)JfdV,
JVP JVP

(3.56)

f \{BTCB + GT&G)du - BTCnHTdA]dV = - f BTaodV + f NTbdV + f NTfdV.
Jv Jv Jv Js

(3.57)

In plane strain and axisymetric assumptions, the matrix G and & are written as

<r =

—012

0

0

022)

o2-i)

0

0

- f f l l

(3.58)
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G =

dx

j

dy

0 ML
dy

i= l , 2, ..., 8 (3.59)

Then we obtain the following set of algebraic equations:

\ / \

K
xx

du

dA

(3.60)

where

Kin, — (BTCB + GT&G)ddV

Kxx =

! -BTCnHTddV
Jv

f -HnTCBddV
Jv

f (hp + nTCn)HHT + gxHQT - gHPTddV
J y

NTbdV + f NTfdV
Js

- [ BT(TOdV
Jv

/A = [
VP

, |VA|,V2A)JJdV.

The set of Equations (3.58) governs the element behaviour during plastic flow. If all elements

are elastic, as suggested by Pamin [58], the vector n and /A are set to zero. Therefore

Ku\ = K\u = 0 and K\\ is determined as

(3.61)
iP=\

where E is the Young's modulus and Vip is a volume contribution of an integration point. If

plastic elements appear in the structure, then in elastic elements adjacent to the plastic zone

we get fx = 0 and non-zero dA from Eqn. (3.60). Referred to Pamin [58], The 8-nodal C1

continuous finite elements have the capacity that the yield strength ay = a — #V2A (</i = 0)

is reduced and new elastic elements enter the plastic regime.
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3.5 Numerical integration of the constitutive equations

In a finite element method the solution is achieved incrementally with the integration of the

governing equations. In a time interval [tn, tn+i], the stress at £n+i> 0n+i5 is calculated as

trn+i = ART <rn AR + Ce (Ae - Aep) = < + 1 - Ce • Aep, (3.62)

where crn is the known stress state of the previous step, Ae is the known strain increment

and AR is the rotation tensor. <re
n+l = ART • crn • AR + Ce • Ae is the elastic trial stress.

In this thesis 8-nodal serendipity interpolation functions for displacement field is applied.

Generally the effective plastic strain is a function of plastic multiplier A. In this Chapter,

we limit our interest to the yield functions for which we can write that

P = a\ (3.63)

with a constant and positive. For the Von-Mises yield function, we know i? = A. Then

the plastic multiplier (effective plastic strain) needs C1-continuous shape function. For each

integration point we know

(3.64)

(3.65)

(3.66)

Then we can get:

AA =

VAA =

V2AA =

Xn+i = /

VAn+1 = '

V2An+1 = 1

HT AA,

QT AA,

PT • AA.

Vn + AA,

V\n + VAA,

72An + V2AA.

(3.67)

(3.68)

(3.69)

For Von-Mises condition, under plane strain or axisymetric assumptions, it is known

= n =nn+1 = nn+l = -——.
oarn+\

Therefore whether the integration point is elastic or plastic in the increment can be judged:

IF $ K + 1 , An+1, IVAn+il, V2An+1) > 0,
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then plastic state: on+\ = 0^+1 ~ Ce • AAn+in^+1

else elastic state: on+\ = an+i

3.6 Loading/Unloading conditions

In the process of plastic loading and unloading, the Kuhn-Tucher conditions

A > 0; $(e", |Vep|, V2ep) < 0; A$(e»\ IV^I, V2ep) = 0 (3.70)

must be fulfilled. Since the yield condition is enforced globally by integration, difficulty may

arise, if the value of the yield function has different signs at the integration points within

an element. The respective contributions to residual force fx get averaged due to the weak

form. However, the 8-nodal Cl continuous finite elements have the characteristics that when

the global residual vectors, Jv H
T^((p, V 2 ? ) ^ converge to zero, the value, $ ( ? , V 2 ? ) at

all plastic Gauss points, converge to zero too. If $ < 0, the Gauss point is elastic and A is

forced to zero. Hence the Kuhn-Tucher conditions (3.70) can still be fulfilled at all Gauss

points.

3.7 Discussions on boundary conditions

Since the Laplacian of plastic strain is included into the basic governing equations, the

additional boundary conditions for plastic strain should be studied. As mentioned in chapter

2, Miihlhaus and Aifantis suggested | ^ = 0 on the boundary of the plastic-elastic domain

in the variational principle. For Cl element, this condition is not enough to avoid the

singularity of the stiffness matrix. It is useful to examine the rank of submatrices Kuu and

K\\ to determine the number of integration points and extra boundary conditions sufficient

to avoid spurious modes for both the displacement and plastic strain fields. The matrix KX\

should have at most as many zero eigenvalues as the available boundary conditions for the

plastic multiplier (effective plastic strain) field can remove, while it has a number of non-zero

eigenvalues equal to the number of integration points (matrix HHT has only one non-zero
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eigenvalue). It should also be taken into account, that a higher-order integration scheme and

too many additional boundary conditions for A may lead to an overconstrained plastic flow

problem and have a negative influence on the accuracy of finite element predictions. Since

the yield condition may be conceived as a differential constraint to the equilibrium condition

of a nonlinear solid, we realize that the number of constraints for the plastic multiplier

(effective plastic strain) field must be limited, otherwise the solution will be inaccurate or

will lock. A proper constraint ratio between the displacement and A degrees of freedom

should be preserved.

Pamin [58] suggested that the conditions $SL = 0 and J-^- = 0 on the whole boundary

of the specimen supply exactly the required number of constraints. The boundary condition

of the mixed derivative of P is unavoidable. In this dissertation, we assume ^ - = 0 on

the whole boundary of the specimen. The correct rank of the stiffness matrix is realized.

However the physical meaning of the boundary condition ^S- = 0 still need more discussions.

3.8 Mesh sensitivity analysis

3.8.1 Verification of the Hermite interpolation for gradient plas-

ticity

To examine the feasibility of the implicit Hermitian interpolation for the equivalent plastic

strains, we consider a tension-dominated specimen with a central circular hole (Fig. 3.2), in

which strain localization into shear band takes place at the onset of strain softening. The

radius of the hole is R = 0.1B. Furthermore, the dimension of the specimen is characterized

by H/B = 2. Three different meshes with 125, 500 and 825 elements, respectively, are used.

The specimen is only loaded at the upper edge by a given uniform vertical displacement.

The gradient-dependent von Mises yield condition are taken. Plane strain conditions

and infinitesimal deformation assumptions are applied. Elastic modulus is set to E = 300o"o-

Poisson's ratio is v = 0.3. The stress-strain relation is assumed bi-linear characterized by a
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Figure 3.2: Finite element meshes for a specimen with a centered hole. Due to symmetry only a

quarter of the specimen is discretised. To study mesh-dependence the meshes contain 125, 500 and

825 elements, respectively. The specimen is loaded only at the upper edge.

negative tangent coefficient hp, that is,

O = OQ + hp£
P (3.71)

with hp = — 0.9cr0. The material contains strain-softening as soon as it gets plasticity. The

yield stress is oy — o — gV2^ = <7o 4- hpe
p — a0l

2'V2ep. The material length parameter is

set to / = \/0.002.B and / = \/0.004B, respectively. For C1 elements, the extra boundary

conditions for e9 (e^v = 0 and de9/dn = 0) are introduced on the whole circumference of the

specimen. The material length l\ = 0 is assumed for strain-softening shear band analysis.

The overall stress-strain diagram for the three fine element meshes is plotted in Fig. 3.3.

It shows, without gradient influence, that the specimen discretised with the finer element

mesh loses strength more quickly than that with the coarser mesh. Setting the material

length parameter differs from zero, we can see the mesh-dependence is removed and different

meshes give numerically the same strength curve. The material strength is controlled by

material parameters, such as /, not affected by the element size.

Figure 3.4 shows plastic strain distribution cross the shear band with material length

parameter / = \/(X002-B and A/0.0045, respectively. The principal strain contour distribu-

tions are shown in Figure 3.5. It is clear that the width of the shear band is determined by I.

as discussed by Pamin [58]. At the center of the shear band, where intense shearing occurs,



40 Computational gradient plasticity on finite strains
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Mean strain AH/H

Figure 3.3: Overall stress-strain curves for the center-holed specimen with three different FE

meshes. The computations are conducted using gradient plasticity without damage. The material

length parameter I = 0, V0.002B and V0.004B, respectively
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Figure 3.4: Plastic strain distributions along a line perpendicular to the shear band for the center-

holed specimen. Three different meshes are used. The overall strain is denned as eyy = AH/H =

0.05. (a) I = x/00025 ; (b) / = \/0M4B ;
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125 elements 500 elements 825 elements

Figure 3.5: Effects of the element size on principal strain distributions in the center-holed specimen

(e7 = 0.1 - 1.0) with I = vU004£

the V f becomes negative, thus the gradient term will arise the flow stress at the center of

the shear band. The shear band width is uniquely correlated by the I value.

3.8.2 Effect of the hole's shape

To show the shear band is determined uniquely by the intrinsic material length, we consider

similar tension-dominated specimen but with a central rectangular hole. The length and

width of the hole is a = 0.1 B. Two different rectangular meshes with 403 and 1020 elements

respectively, are used. The same geometry, load and material conditions are used here

compared to that in the above subsection. One fourth of the specimen is discretised and

shown in Figure 3.6. Since all elements in the meshes are rectangular, the implicit Hermite

interpolation method is coincide with the explicit interpolation method used by Pamin et

al. Figure 3.7 shows plastic strain distribution cross the shear band with material length

I = \A).002i? and y/O.OOAB respectively. It is proved again that the width of the shear band

is determined by / and mesh dependence is removed by the introduction of material length

/. In Figure 3.8 we compared the width of shear band with different central hole. It is found

that the width of the shear band is not affected by the shape of holes and the geometry

imperfection, but determined uniquely by the material length /. Therefore the intrinsic

material length /, acts as a material constant in strain-softening gradient plasticity model.

The gradient plasticity model can keep the mesh-objectivity for strain-softening problem.
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Figure 3.6: Finite element meshes for a specimen with a centered hole. Due to symmetry only a

quarter of the specimen is discretised. To study mesh-dependence the meshes contain 403, 1020

elements, respectively. The specimen is loaded only at the upper edge.
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Figure 3.7: Plastic strain distributions along a line perpendicular to the shear band for the center-

holed specimen. Two different meshes are used. The overall strain is defined as eyy = AH/H =

0.02. (a) / = V0AHJ2B ; (b) / = V
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Figure 3.8: Plastic strain distributions along a line perpendicular to the shear band for the center-

holed specimen. Two different shapes of hole are used. The overall strain is defined as eyy =

AH/H = 0.02. (a) / = Vom2B ; (b) I = y/OWAB ;

With the present example we confirm that the numerical results using different inter-

polation methods coincide with the known prediction by de Borst and Co. [24, 58]. The

interpolation technique is suitable to analyze material failure process using arbitrary element

shapes. The gradient plasticity model can provide mesh-independent results for shear band

analysis and the width of shear band can be determined by the intrinsic material length / in

gradient plasticity theory.



Chapter 4

Nonlocal GTN damage model based

on gradient plasticity

All engineering metals and alloys contain inclusions and second-phase particles. In the course

of plastic deformation by either debonding or cracking, micro-voids nucleate and grow till a

localized internal necking of the intervoid matrix occurs. After a micro-void has nucleated

in a plastically deforming matrix it undergoes a volumetric growth and shape change. It

can be assumed that the voids are sufficiently far apart so that there is no initial interaction

between their local stress and strain fields. Therefore it is possible to develop a model for

the early stages of growth in terms of a single void in an infinite plastic solid [17, 18].

4.1 The GTN damage model

For a metal containing a dilute concentration of voids, based on a rigid-plastic upper bound

solution for spherically symmetric deformations of a single void, Gurson [35] proposed the

following yield condition which was modified by Tvergaard and Needleman [84]:

^ ^f =0, (4.1)

where

S = pl + <r (4.2)

45
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is the deviatoric part of the macroscopic Cauchy stress tensor <r,

q = ^-S:S (4.3)

is the Mises stress,

V=-\a:I (4.4)

is the hydrostatic pressure, / is the volume fraction of the voids in the material (porosity),

and <T3/(e
p) is the yield stress of the fully dense matrix material as a function of e7*, the

equivalent plastic strain in the matrix. The constants qx and q2 were introduced by Tvergaard

[84] to bring predictions of the model into closer agreement with full numerical analysis of a

periodic array of voids. One can recover the original GTN model by setting qx = q2 = 1.

The porous metal plasticity model is intended for use with mildly voided metals. Even

though the matrix material is assumed to be plastically incompressible, the plastic behaviour

of the bulk material is pressure-dependent, due to the presence of voids. It is noting that

/ = 0 implies that the material is fully dense, and the Gurson yield condition reduces to

that of Von Mises; / = 1 implies that the material is full of voids, and has no stress carrying

capacity. In compression the porous material 'hardens' due to closing of the voids, and in

tension it 'softens' due to growth and nucleation of the voids.

Based on the assumption of the plastic flow normality, the macroscopic plastic strain

increment is evaluated from

dep = d\^-. (4.5)

where dA is the non-negative plastic flow multiplier.

The change in volume fraction of voids is caused by both the growth of existing voids

and the nucleation of voids. Thus, the evolution equation for the void volume fraction is

written as

d / = df growth + dfnucleation- (4.6)

The void growth is described by

df growth = (1 - / )de* : I, (4.7)
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where I is the second order unit tensor. A strain-controlled nucleation law suggested by Chu

and Needleman [23] is

dfnucleation = AdeP, (4.8)

The parameter A is chosen so that the nucleation strain follows a normal distribution with

mean value eN and standard deviation SN- A can be expressed as:

1 feP-eN-21

A = ~—7= exp (4.9)
ry/2n

where /jv is the volume fraction of void nucleating. Voids are nucleated only in tension. In

this thesis the nucleation term is not taken into account if the stress state is compressive.

It is assumed that the microscopic equivalent plastic strain e9 varies according to the

equivalent plastic work expression,

<9$
(1 - f)aydep = a- : dep = a : —d\ (4.10)

The matrix material is assumed to satisfy the von Mises yield condition and the hardening

of the matrix material is described by ay = Oy^).

4.2 The GTN damage model coupled to gradient plas-

ticity

In the GTN model one only considers that the material failure process is modeled by nu-

cleation, growth and coalescence of the micro voids. The conventional constitutive relation,

which is originally suitable for the macroscopic analysis, is assumed to be valid for the matrix

material in microscopic scale. It is an obvious shortcoming in this model [39].

Nonlocal forms of the GTN model in which the delocalization is related to the dam-

age parameter were developed by Leblond [46], Tvergaard and Needleman [86] et al. In

their work the porosity is treated nonlocally by averaging the actual porosity value in an

assumed neighboring region. Ramaswamy and Aravas [66] suggested a gradient treatment

of the porosity of the GTN model. In their study, effects of void diffusion, interaction and

coalescence have been considered. The first and second derivatives of the porosity enter the
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evolution equation. Variations of the porosity are controlled by a diffusion equation. All

these efforts are assuming that the material length is only related to damage development

which may be certainly contradictory to the known experimental observation of size effects

in plasticity.

Due to existence of voids, the strain field of the porous material is inhomogeneous.

In the microscopic level the strain concentrates around the voids. According to recent

knowledge, the matrix at microscopic level may have significantly different features from

that at the macroscopic cases. Discussions about intrinsic material length make it necessary

to introduce a material length into constitutive equation of the matrix. From the view point

of gradient plasticity the strain variations may significantly change the matrix strength. In

this work, we postulate the matrix strength depending on the strain field. The gradient

plasticity is introduced into the matrix material to consider the micromechanisms by voids.

In the frame of gradient plasticity, the yield condition is expressed as

In the equation above the actual stress of the matrix, ^(e^, V2?), is a function of gradients

of plastic strains, represented by V 2^. The first order strain gradient iVe l̂ is omitted

here since only using IV?3! can not avoid the mesh dependence during damage evolution.

If material failure is accompanied with high plastic strain gradients, e.g. near a crack tip,

the matrix will be strengthened locally to prevent strain localization. Such consideration is

consistent to known experimental observations [28].

4.3 Governing equations for finite element method

In gradient plasticity theory we have two governing equations which have been introduced

in chapter 3, i.e.,

f <JA(n*<T - hpEP + gV2gP)dV = 0, (4.12)

6uT(V&)dV = 0. (4.13)
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which are valid for the damage model by substituting the new yield function (4.11). Due to

the complicated constitutive relation between the plastic multiplier A and effective plastic

strain e9 in equation (4.10), we have to discretise Eqn. (4.10) as the third basic governing

equation for the finite element formulation,

/ SiP[(l - f)oye
p - cr : ^\}&v = 0. (4.14)

Jv ocr

With these three equations, we can design the finite element method for the nonlocal mi-

cromechanical damage model coupled to gradient plasticity.

4.3.1 Interpolation functions

The basic unknown in the equations (4.12), (4.13) and (4.14) are the displacement vector u,

the equivalent plastic strain (P as well as the plastic multiplier A. The integral expressions

will be converted into algebraic equations by using suitable interpolation functions. We take

the following interpolations for the field variables

u(x) = [N(x)]unotfe, (4.15)

A(x) = [N1(x)]Aintema/, (4.16)

gP(x) = [H(x)]Ynode, (4.17)

where [N(x)] is the standard 8-nodal serendipity interpolation function for displacement,

[H(x)] is the (^-continuous implicit Hermitian interpolation function for plastic strain since

the Laplacian of effective plastic strain, V 2 ? , is introduced into constitutive relationship.

[Ni(x)] is the interpolation function for the plastic multiplier. As suggested by Pinsky [63]

and Simo[69], the field of A (re) is only to be L2(Q) and discontinuous across the element

boundaries. That means the vector Ainternai is an internal degree of freedom vector for each

individual element. The interpolation function [Nx(x)] is defined as

[Ni(x)] = [MX,-), M X J ) , h3(xj), hA(xj)} (4.18)

where

0 if i4 i
= < (4.19)

1 if i = j .
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and Xj = {x{£j,rij),y(t,j,r]j)) are Gauss points in global coordinates. In the dissertation the

element takes 2 x 2 Gauss point integration. Equations (4.19) may be thought of as defining

an orthogonal discontinuous element basis function which assumes a value of 0 or 1 over the

quadrants of the bi-unit square domain of the isoparametric coordinates. So using Equation

(4.19), the internal vector Ainternai denotes the value of A on the 4 Gauss points of each

element. Then the three governing equations can be written as

= 0 (4.20)
OX OX

8$
- dA((7 • — )]dv = 0. (4.22)

O(T

4.3.2 Numerical integration of the constitutive equations

In a finite element method the solution is achieved incrementally with the integration of

the governing equations. To solve the nonlinear governing equations we use implicit method

[1, 9]. In the time interval [tn, £n+i], the stress <rn+i is at first calculated as

trn+1 = ART (TnAR + Ce- (Ae - Aep) = tre
n+1 - Ce • Aep (4.23)

where an is the known stress state of the previous step, Ae the known strain increment, Ce

the elasticity matrix, AR is the rotation tensor of the increment and <r£+1 = ART • an •

AR-\- Ce • Ae is the elastic trial stress. The plastic strain increment at time tn+1 is given by

(^) =AA - ^ I + ^ n , (4.24)

W t = t n + 1 V 3dp dq ) t = t n + i

where n t=tn+1 = nn + i = n^+1 = 3Se/(2qe), Se is the deviatoric stress of <xe. As defined in

Eqn. (4.2), the elastic trial stress can be written as:

<re
n+1 = -pel + qene. (4.25)

Furthermore, we introduce the notation

SL (426)

-AA K L / (4-27)
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then the expression of the incremental plastic strain is given by

A e * = ^ A e p I + A e g < + 1 . (4.28)

Substituting equation (4.24) into equation (4.23), we find

trn+1 = < + 1 - KAepI - 2GAeqn
e
n+1 = -(pe + KAep)I + (qe - 3GAsq)n

e
n+l, (4.29)

where K , G are the elastic bulk and shear moduli. Defining

p = pe + KAep, (4.30)

q = qe-3GAeq, (4.31)

the equation (4.29) can be rewritten as:

(Tn+1 =-pi + qne
n+l. (4.32)

Substituting the Eqns. (4.30,4.31) into Eqns. (4.26,4.27), we find

3/AA ,
Aen = sinh (4.34)

KJy

Since in the time step [tn, tn+i], AA, A ? and qe are known, then Eqn. (4.33) is solved. Eqn.

(4.34) can be solved by using Newton iteration method. With known AsQ, Aep and n£+1,

<rn+i is determined by Eqn. (4.32). It is noted that all calculations are performed under the

current configuration considering the finite strain assumptions.

4.3.3 Plastic loading/unloading conditions

In a continuum formulation, the Kuhn-Tucher conditions

A > 0; ${e») < 0; A$(e") = 0 (4.35)

must be fulfilled at every point of the continuum. Since the yield condition is enforced

globally, rather than locally, by integration of variational equation, some cares should be

taken to the loading/unloading conditions.
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The plastic multiplier vector Ajnternoj denotes the value of A on the four Gauss points of

each element. It is an internal vector in an element. At the integration points, if $ < 0, the

Gauss point is elastic and A is forced to zero. It follows that the second and third governing

equations become trivial. On the other case, if $ > 0, the point is judged plastic and the

governing equation Jv NjQ^, V 2 ? ) ^ = 0 is satisfied. When the three governing equations

are solved, A is positive and great than zero. The condition A^e?) = 0 is achieved at all

plastic integration points.

In the 8-nodal C^-continuous Hermite element, Vanishing of the global residual vector,

/„ HT[(1 — f)cry?
> — <7ij-J^-\]dv, follows that the values {\ — f)ay<? — &ij-§^-X, approaches

zero at all plastic Gauss points in the element. Thus the classical Kuhn-Tucker conditions

(4.35) are fulfilled. The integral formulation is equivalent to the deterministic condition. The

discrete Kuhn-Tucker conditions suggested by Ramaswamy and Aravas [66] can be avoided.

4.3.4 Calculation of the tangent stiffness matrix

In the Newton iteration method one must provide the tangent matrix of the nonlinear al-

gebraic equations to obtain the new incremental solution. In the finite element method the

stiffness matrix must be renewed after each iteration when the full Newton method [1] is

applied. From Equation (4.23) we get

(4.36)do- = ^ d e + ^

Substituting the equation above into (4.20), (4.21) and (4.22) we rewrite the governing

equations of the finite element method as

K K

K

U£

A,

ee

du

dA

\

=

V

R-loac

fx

ie

\
I

I

(4.37)

where

K,,,, —
de

,dN i :~\ dv
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KuA =

Kue =

* • - -

l-f
df 1 +

K£U =

KE£ =

fx =

Rioad = I BWv + / N*tdu
J v J dv

In equations above B is the strain-displacement relation matrix. The detailed expressions of

the derivatives are summarized. Jv a- f2BTB — (f£f)rf^) dv in Kuu is the part of geometric

stiffness matrix [1].

Expressions in stiffness matrix and residual vector

_ KdAep dAeqmA — -is. 1 - 2 G n
o\ oX

Tu =

Te = (1 "

1 - / dAep
Au = de
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_ 1-f dAep
-<i.X — Z—

1-f'dAep

doy

Bf =

The set of Eqn. (4.36) governs the element behaviour during plastic flow. If all elements

are elastic, as suggested by Pamin [58], the vectors n , fx as well as fe are set to zero.

Therefore the submatrice, Ky,\, K\u, Kue, Keu, K\e a n d KtX are equal to zero. K\X

and Kee are determined by

Kxx = J2 ENlipNxlVip, (4.38)
ip=l

4
f V^ IP IT TjT\r (A nf\\

ip=\

4.3.5 Boundary conditions

Compared to the formulation of Von-Mises gradient plasticity, more nodal values are involved

in the formulation of GTN damage gradient plasticity. Introducing additional gradients into

governing equations, one needs set more boundary conditions to maintain uniqueness of the

finite element equation. Note A is an internal vector in elements. The submatrix K\\ is a

four rank matrix and has no zero eigenvalue. No boundary condition of A need be involved

in the formulation. Only the boundary condition of e has been introduced. It is the same as

the von-Mises gradient plasticity formulation.

It is state here again that Miihlhaus and Aifantis suggested to introduce

deP _

as additional boundary condition for all plastic boundary. For C1 element, this condition
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alone is not enough to avoid the singularity of stiffness matrix. Pamin [58] added

dndm

as the additional boundary condition to avoid the system singularity. In the above equation

m and n denote the tangent and normal vector of the boundary of specimen, respectively.

According to analysis of Pamin [58], this condition assures the correct rank of the stiffness

matrix. In our C1 element, implicit Hermite interpolation function is applied. Only

is valid in nodal vector. Then J -^ = 0 on the whole boundary of specimen is enforced

and can assure the correct rank of the stiffness matrix. The number of constraints for the

effective plastic strain field must be limited, otherwise the solution will be inaccurate or will

lock. A proper constraint ratio between the displacement and A degrees of freedom should

be preserved.

4.4 Mesh sensitivity analysis

4.4.1 Shear band analysis in combining with damage

Strain localization is observed only when the material possesses strain softening, which can

be introduced either by the unstable stress-strain relation or caused by, for instance, void

growth. In this section, shear band evolution in ductile damage process is investigated using

the nonlocal GTN model.

We consider a rectangular unit cell with an initial length AQ and width Bo- Plane

strain loading conditions are assumed here. The unit cell represent a material with a doubly

periodic array of soft spots, containing initial porosity, as has also been studied by Tvergaard

and Needleman [86]. The soft spot locates at the bottom left corner of the cell and the area

of the soft spot is (0.1^L0) x (0.1B0). Symmetric boundary conditions are applied on all

edges,

ux = 0 at x = 0 (4.40)

uy = 0 at y = 0 (4.41)
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(a) I = 0 ; overall strain eyy = AB0/B = 0.2

(b) / = 0.02Bo ; overall strain eyy = AB0/B = 0.25

Figure 4.1: Mesh distortions in shear band analysis with the nonlocal GTN model. Three

different finite element meshes with 10 x 10, 20 x 20 and 40 x 40 elements are used, (a)

Without strain gradient regulator; (b) with strain gradient regulator I = O.O2i?o, where Bo

stands for the initial specimen height.

uy = Ui at y = Bo

ux = U2 at x = AQ

(4.42)

(4.43)

where ux, uy are the displacement components in the x and y direction, respectively. Ux,

U2 are the given displacements. In this analysis, only Ux is prescribed. U2 is not given but

keeps the form of the boundary. The initial porosity distribution in the soft spot is specified

to 0.05 and strain controlled nucleation is assumed in the whole domain except the soft spot

with /N = 0.04, eN = 0.3, SN = 0.1 in equation (4.14). Young's modulus is E = 300cr0,

Poisson's ratio /x = 0.3, qx, q in Eqn (4.1) are assumed to be qx = 1.5, q2 = 1. Finite strains

are taken into account. The stress-plastic strain relation is assumed as a power law,

(4.44)
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Figure 4.2: Overall stress-strain curves in shear band analysis with the nonlocal GTN model.

Three different FE meshes are used with I = 0 and / = 0.02B0, respectively.

where N = 0.1, G is shear modulus. The yield stress is determined by

(4.45)

Figure 4.2 shows the overall stress-strain curves with the classical GTN model as well

as the modified GTN model coupled to the gradient plasticity with / = O.O2J3o, respectively.

Results are shown for Ao/Bo = 1.5 using three uniform meshes consisting of from 10 x 10,

20 x 20, 40 x 40 quadrilateral 8-nodal elements. It is clear that the post-localization response

is very sensitive to the mesh resolution without the gradient regulator. The finer are the

elements, the lower the stress levels will be (Fig. 4.2). Under gradient plasticity all three

different meshes show a numerically unique solution, as we learned from the results of the

strain softening analysis.

Mesh distortions with and without strain gradient regulator are shown in Fig. 4.1.

Without the gradient regulator (1 = 0), the shear band develops within a layer of elements,

that is, the shear band width is as narrow as an element size. For a finer mesh, one needs less

energy and so less applied load to reach the given local plastic strain state, which is related to

the material porosity. By introducing the gradient term into the constitutive equation, the

local strain state is affected by its local variations. Fig. 4.1(b) shows the mesh distortions
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Figure 4.3: Variations of the porosity and plastic strain from shear band analysis using

the GTN model with / = 0.02B0. The overall mean strain eyy = AB/B0 = 0.25 (a) Void

volume distribution versus x at y = OABQ; (b) Effective plastic strain distribution versus x

a,ty = 0AB0.

with / = O.O2Z?o are independent of element sizes. Shear band is uniquely described by the

material parameter I and the applied loading condition, instead of the finite element size.

Figures 4.3 and 4.4 display distributions of the void volume fraction / and the equiva-

lent plastic strain cross the shear band, with I = 0.02B0 and / = 0.04B0, respectively. Using

the classical GTN model, the variations of the void volume fraction and the equivalent plas-

tic strain are restricted in a band as narrow as an element size. Within the frame of gradient

plasticity the curves are characterized by the parameter I. With the increasing material

length parameter I, the region of the high porosity and high plastic strain grow.

The strength of the specimen increases with /, as plotted in Fig. 4.5. By smoothing the

plastic strain distribution, the material becomes stronger, which slows down development of

voids and so the damage zone.



Mesh sensitivity analysis 59

0.05

0.04

0.00

' | " " | • " ' | I " ' ' I " " I ' " ' I

l=0.04B0

100 elements -
400 elements I
1600 elements —

i I i i i i I i i i i I i i i i I i i i i I i i i i I i i i i I

4 6 8 10

x co-ordinates

12 14

0.45

0.40

0.35

•i °-30

Z 0.25

1
•Q. 0.20

'S 0.15

"" 0.10

0.05

0.00

: " ' i I i i i i I i

l=0.04B0

100 elements ;
400 elements _:

—1600 elements :

i n l M n l n n l n i i l i

4 6 8 10

x co-ordinates

12 14

Figure 4.4: Variations of the porosity and plastic strain from shear band analysis using

the GTN model with I = 0.04£0- The overall mean strain eyy = AB/B0 = 0.25 (a) Void

volume distribution versus x at y = 0.4_B0;(b) Effective plastic strain distribution versus x

at y = OABQ.
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Figure 4.5: Effects of the intrinsic material length scale parameter / from the shear band

analysis using the GTN model.
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Figure 4.6: Finite element meshes for a specimen with a centered hole. Due to symmetry

only a quarter of the specimen is discretised. To study mesh-dependence the meshes contain

125, 500 and 825 elements, respectively. The specimen is loaded only at the upper edge.

4.4.2 Failure analysis of bars with a central hole

We consider a rectangular specimen with a central hole which has been analyzed in Chap.3.

Now the nonlocal GTN model is applied. Due to symmetry only one fourth of the specimen

is discretised as shown in Fig. 4.6. The specimen is subjected to tensile loading along the

Y direction under plane strain conditions. The initial porosity is / 0 = 0.05 and the void

nucleation is not considered. The same values of Young's modulus E, Poisson's ratio //

and the stress-strain relation as in the shear band analysis are used. To analyze the mesh

sensitivity of the specimen's failure, the effects of rapid void coalescence is taken into account.

The void volume function / is replace by /*, which is defined as

/* = (4.46)

The onset of rapid void coalescence is assumed to begin at a critical void volume

fraction, /c , with f* being the value of /* at zero stress, i. e. /* = l/q\. As / —)• ff,

f* —> f* and the material loses all loading capacity. The parameters are given by q\ = 1.5,

q2 — 1, ff = 0.388, fc = 0.15. To prevent numerical difficulties occurring at failure, we
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Figure 4.7: Development of porosity in the center holed specimen using the classical GTN

model, / = 0.065 - 0.15 (I = 0)

assume that the flow stress is ten percent of the initial yield stress at failure. It means the

material cannot lose all loading capacity at failure.

Using different material length parameter I does not change the failure mechanism

of the material but delay the material failure and remove the mesh-dependence. Figure

4.7 shows that the failure begins at the bottom of the mesh near the hole and extends

outside along the bottom of the mesh. Whereas the maximum porosity develops towards

the maximum shear direction, the final material failure occurs at the symmetric plane. The

intrinsic material length does not change the global distribution of the porosity.

The overall stress-strain diagrams with and without regulation of plastic strain gradient

using three different finite element meshes are plotted in Fig. 4.8. For the classical GTN

model with / = 0 the critical loading point for void growth is effected by the mesh size.

For the finer mesh the specimen reaches the critical point earlier than the coarser mesh

does. The deviation is proportional to strain gradients. One may expect much stronger

mesh-dependence in crack analysis. The mesh sensitivity is removed by adding the gradient

regulator if the element size is smaller than that the material length needs. As shown in

Fig. 4.8, for / = 0.045 the mean stress-mean strain curves with 500 and 825 elements are

unique. The coarse mesh shows slight mesh-dependence due to too coarse elements.

Fig. 4.9 shows the influence of the gradient parameter on the stress-strain curve using

the 500 elements mesh. With the increasing value of the material length parameter, the
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Figure 4.8: Overall stress-strain curves with three finite element meshes for the center holed

specimen using the nonlocal GTN model, with I = 0 and I = 0.04SQ, respectively
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Figure 4.9: Effects of the intrinsic material length scale parameter / on failure analysis of

the center holed specimen using the nonlocal GTN model.
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material strength increases significantly and the material failure is delayed. The influence

of gradient plasticity in Figure 4.9 represents some kinds of size effects in material failure,

as observed in experiments [34]. For a given material, that is, for a given intrinsic material

length, the material strength varies with the specimen geometry: the smaller specimens have

higher strength than the larger ones.

The present GTN model based on the gradient plasticity provides a tendentious pre-

diction about size effects in material failure. To obtain a quantitative agreement, much

detailed computations and experimental efforts are needed. Furthermore, the finite element

mesh must be finer than the certain size determined by the intrinsic material length /.

In this chapter, computational analysis of ductile material failure shows that a mesh-

independent solution can be achieved by incorporating the strain gradients into the mi-

cromechanical constitutive equations. The fact that increase of the material strength will

delay the computational material failure prediction is consistent to the known size effects in

ductile materials. The gradient plasticity has the potential to give a more reliable and more

accurate prediction of material failure.

4.5 Microscopic strain fields in multiphase metallic al-

loys

Three parameters are introduced in the GTN yield function by Tvergaard and Needleman

[82, 83, 85] to take care of interactions of voids and improve its predictions. Nevertheless, An

essential question is the transferability of the three parameters of the model under varying

conditions of stress triaxiality. In order to study the effect finite element computations

of a cell model, i.e. a unit cylinder containing a spherical hole have been performed by

many researchers [17, 84, 74, 41, 96, 55, 90]. The numerical 'mesoscopic' stress, strain, and

void growth responses are then compared with the predictions of the GTN model. The

parameters are chosen in the way that the responses of the homogeneous constitutive model

fit the responses of the cell model best.
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macro-scate

micro-scale

Figure 4.10: Micro-mechanical modeling of a porous material a) Macro- and meso-scale:

structure and unit cell b) Dimensions of the unit cell and definition of mesoscopic quantities

In this section, it is not investigated whether the three parameters are material param-

eters or not and how to quantify the parameters under different loading conditions. The aim

here is that the cell model analyzed by other researchers is applied to consider the effect of

gradient plasticity. The influence of gradient plasticity on the 'mesoscopic' strain fields is

performed and analyzed.

4.5.1 Cell model

The mechanical behaviour of porous solids can be simulated by cell model calculations.

Koplik et al. [41] and Brocks et al. [17] adopted an axisymmetrical cylindrical unit cell

with one void in it to study void growth under different given stress triaxialities, in order to

examine GTN damage model, and, to fit the three parameters of the modified GTN damage

model.

The continuum considered here consists of a periodic assemblage of hexagonal cylin-

drical unit cells which are approximated by spherical cylinders. The porous solid is plotted

in Fig. 4.10. Furthermore, the hexagonal cylinder is simplified as axisymmetrical cylindrical

unit cell with a spherical void in it. Every cell has the initial length 2L0 and radius RQ and
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the radius of the spherical hole is ro- The cell is subjected to homogeneous radial and axial

displacements, U\ and w3.

The 'mesoscopic' principle strains and the effective strain are given by:

El=E2 = lnA; E3 = /n(^); Ee = \\Ez-Ex\. (4.47)

The corresponding 'mesoscopic' true principal stresses, Si = £2, £3, are the average reaction

forces at the cell boundaries per momentary areas. Effective stress, hydrostatic stress and

triaxiality result in:

Ee = | E 3 - E 1 | ; £ / l = ^ (£ 3 + 2£1); T = | ^ . (4.48)

For elastic-plastic matrix material there is just one structural void in the center of the

cell, hence the initial void volume fraction, /o, is given as:

Mu (4-49)

The current cell volume is:

V = 2TTR2L. (4.50)

The current void volume fraction / can be expressed using the condition of incompressibility

for plastic deformation:

(1 - f)V - AVe = (1 - fo)Vo (4.51)

where AVe is the volume increase of the cylindrical cell due to the elastic dilatation arising

from the imposed hydrostatic stress which is approximated by Koplik, Needleman [41] and

Brocks et al. [17]:

f{1~2fl)
h. (4.52)

Here E and /i are Young's modulus and Poison ratio, respectively.

To keep triaxiality constant during the loading history, the ratio of E3/S1 should remain

constant, whereas the ratio of the prescribed strains, E3/E1, will vary with time. If T is

constant, then £1 and £3 has the following relation:

vr _ 1
E l = (5TT2)E3- ( 4 5 3 )
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The cell is discretized by a 400-elements mesh in Fig. 4.11. Axisymmetric condition

is enforced. The structure is subjected to a homogeneous elongation U3 in axial direction.

The radial displacement is kept homogeneous too, by constraint condition. A special user

supplied load routine has been written for the FE program ABAQUS to guarantee a constant

T,3/T,i ratio. This is realized by the user subroutine interface MPC which defines multi-point

constraints supported by ABAQUS. In this subroutine two spring elements in axial and

radial directions are introduced to measure the axial stress S3 and radial stress Si. In our

computations the cell model which has been performed by Koplik et al [41] is investigated

by means of introducing the Laplacian of effective plastic strain V 2 ? into flow stress, while

the first-order gradient of plastic strain, jVe l̂ is omitted.

Figure 4.11: Finite element mesh of a cell. Due to symmetry only 1/4 part of the cylindrical

unit cell with a spherical void is discretized. The two springs in the mesh is used to keep the

constant triaxiality during loading by means of a user element subroutine MPC in ABAQUS.

/o = 0.0013

4.5.2 Influence of gradient plasticity on the strain fields

In this part we investigate the parameter dependence of void growth in proportional stressing

history using the axisymmetric cell model. The varied parameters are stress state triaxiality,
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matrix material strain hardening and intrinsic length of material. The stress-strain relation

is given as power-law hardening:

a = <70(—-)N (4.54)

where N is the strain exponent and assumed to be N = 1/10. <To is the initial yield stress

and Young's modulus E is E = 500<r0. Poison ratio v is 1/3. In this analysis the initial void

volume fraction is set to 0.0013 (/ = 0.0013). It represents the case of high density porous

ductile material. The stress triaxiality is changed from 1 to 3. Different intrinsic length

scales, / = 0, / = O.358ro, I = O.566ro and / = 0.8r0 are used to analyze the effects of plastic

strain gradients on the deformation field.

i i i i i i i i i i i i t i i i i i i i i i i i i i
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Figure 4.12: The 'mesoscopic' effective stress vs effective strain for varying stress triaxiality

and different intrinsic length scales, a): nominal effective stress vs effective strain, b):

nominal effective stress vs nominal effective strain, E® is the effective strain at the onset of

cell collapse without material length scale (1=0)

Triaxiality ratios 1 < T < 3 are applied covering the range from rather blunt notched

bar specimens (T fs 1) to the triaxiality prevailing in crack tip fields for lightly hardening

solids (T ~ 3) [41]. Fig. 4.12 shows various influences of different material lengths in macro-

stress variation with macro-strain E when the stress triaxiality T is set to 1, 2, 3, respectively.

It is expected that the pre-necking curves are not changed by the effects of gradient terms due

to small deformation gradient under different loading conditions. The strength of material
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increases significantly in post-necking with the strong effect of the plastic strain gradients.

For the three loading conditions (T = 1,2,3), when / is in the magnitude of the radius

of voids, r0, the size effect of material strength is strong and material collapse is delayed

noticeably. This prediction coincides with [92] although different boundary conditions are

set.

Fig. 4.13a shows the 'mesoscopic' effective stress vs effective strain curve for T = 1.

The damage evolution vs 'mesoscopic' effective strain is plotted in Fig. 4.13b. With the

increase of material length, the void growth decreases. It means that the strength of material

increases and the failure of material caused by void growth delays due to slow growth of void

volume fraction. Fig. 4.13c illustrates the reduction of area vs mesoscopic effective strain

curves for T = 1 using different intrinsic length /. The last figure shows that an effective

strain is eventually reached at which the cell radius remains constant. It implies that further

deformations take place in a uniaxial straining mode which corresponds to flow localization

into the ligament between radially adjacent voids. The involvement of material length in the

flow stress does not qualitatively change the cell collapse, but postpone the collapse point

significantly later with the increase of material length value.

Fig. 4.14 and 4.15 summarize computational results for the stress triaxiality T = 2 and

T = 3, respectively. It can be concluded from these figures that the introduction of plastic

strain gradient in yield function influences the strain fields of the cell and makes it more

'diffused' and 'homogeneous'. Effects of plastic strain gradients arise the material strength,

slow down the damage evolution and delay the collapse of the cell. The gradient plasticity

theory can affect the micro-scale deformation field of material and then predict the size effect

of material behaviour in macro-scale level when the material length is determined from the

micromechanical analysis.

From these figures the range of material length can be determined. When the material

length / is almost equals to l/3r0, the size effect of material strength is obvious. For / = 0.8r0,

the size effects of material strength depends on specimen size significantly for different stress

triaxiality. In this case it means that the material length less than the radius of voids can

predict the size effects of material failure for the high density porous ductile material.
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Figure 4.13: Finite element results for LQ/RO = 1.0, /o = 0.0013 with stress triaxiality

T = 1.0. a) Mesoscopic effective stress vs effective strain response, b) Void volume fraction

vs effective strain, c) Reduce of area vs effective plastic strain. Different length scales are

used.
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Figure 4.14: Finite element results for LQ/RO = 1.0, /o = 0.0013 with stress triaxiality

T = 2.0. a) 'Mesoscopic' effective stress vs effective strain response, b) Void volume fraction

vs effective strain, c) Reduce of area vs effective plastic strain. Different length scales are

used.
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Chapter 5

Application of computational gradient

plasticity: Simulation of

micro-indentation based on gradient

plasticity

Recently, experiments on micro- and nano-indentation hardness tests have been extensively

adopted for determining material characteristics in micro-dimension [49, 50, 65, 70]. It has

been found that the micro-hardness of materials is significantly higher than the macro-

hardness by a factor of two or more in the range from about 10 microns to 0.1 micron.

Generally, it can be said the smaller the scale, the stronger will be the solid. Based on

experimental observations Nix and Gao [56] predict a linear dependence of the square of the

micro-hardness, H, and the inverse of the indentation depth, \/h, that is,

where Ho is the macro-hardness and h* is a material specific parameter depending on in-

denter angle as well as on the mechanical property of materials. Nix and Gao [56] suggest

h* = 3(cos(3)2/(16bps), where b is the Burgers vector and ps is the statistically stored

dislocation density. The statistically stored dislocations are related to the plastic strain.

73
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Consequently the micro-hardness is related to the indentation depth through the statisti-

cally stored dislocations ps. It is verified that Equation (5.1) can be used to predict the size

effect of micro-hardness for many kinds of metallic materials [32, 37, 56].

In conventional continuum mechanics the whole stress and displacement fields are in-

dependent of the absolute geometry size. Should the indenter be sharp enough and should

the specimen be large enough, the stress filed near the indenter tip can be scaled by the in-

dentation depth. That is, the hardness computed in conventional continuum mechanics is a

constant due to the geometrical similarity. Hence the strain gradient effect should be consid-

ered into nano- and micro-indentation simulations. According to the authors' knowledge, no

result of the depth-dependent micro-indentation using high order gradients of plastic strains

(Aifantis gradient plasticity theory) has been reported. The aim of this chapter is to inves-

tigate effects of the strain gradients in micro-indentation simulations and to check whether

or not the phenomenological gradient plasticity model can capture the depth-dependence

of the micro-hardness. Furthermore, we are going to examine the relationship between the

micro-hardness and the indentation depth as proposed by Eqn. (5.1). In this sense the pa-

rameter h* is used as a fitting parameter in the gradient plasticity model based on suitable

assumptions. The role of the first-order and the second-order derivatives of equivalent plastic

strain is systematically investigated.

5.1 Modeling

It is assumed that the uniaxial stress-strain relation can be described by a power-law hard-

ening as

o = ao(—)N, (5.2)

where E is Young's modulus, N < 1 is the plastic strain hardening exponent, aQ is the initial

yield stress and e? is the equivalent plastic strain.

To simplify computational modeling the indenter is assumed to be axisymmetric con-

ical. The half angle of the axisymmetric indenter is taken to be 72°, which correspond to

Berkovich indenter (Fig. 5.1). This assumption has been adopted by many previous micro-
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indentation simulations based on other different gradient plasticity models [14, 56, 93]. 3D

effects to such simplification have been discussed in [45]. The contact radius is defined as a

and the depth of penetration of the indenter is S. The indenter is assumed to be rigid. The

contact between the indenter and the work piece is postulated frictionless.

Indenter

mmmmm

1

— _ ^ ^

d

Specimen

V

...3B|

2

2

r

a

P

Original
surface p

h

free

2a0

Figure 5.1: Axisymmetric micro-indentation model used in the present computations. /3 denotes

the half angle of indenter, h is the indentation depth and <5 the displacement of indenter, a the

radius of the contact area of the indentation, ao a global measurement of the specimen.

To make use of the contact element technique in ABAQUS and to visualize the finite

element results, an additional sheet of conventional isoparametric elements is embed on the

user element mesh with vanishingly small strength. It makes also possible to evaluate the

reaction forces and strain distributions in the specimen.

The contact radius of indentation, a, can be determined by the vanishing contact force

computed by ABAQUS. Due to the scattering of the a value proportional to the element

size near the indenter tip, the final radius value must be smoothed. As soon as a is known,

the indentation depth is calculated as

h =
tan/5'

(5.3)
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Using the force applied on the indenter, P, the hardness is computed as

H = it- <5-4>
This method can be taken for all possible indenter angles and different indentation depths.

The remote radius ao is introduced to get non-dimensional computation. a0 should be

large enough in comparing with a. To obtain the macro hardness value, if the mesh used for

computations is fine enough, the final results of macro-hardness are independent of a§.

In this chapter different finite element meshes are used to study the mesh-(in)dependence.

It is confirmed that computational results under finite strain assumption are numerically

mesh-insensitive when the contact surface is discretised by more than 10 elements. The

scattering due to discrete element size is limited in 5 % for performed computations. In

this chapter we just report numerical results with a kernel mesh of 30 x 20 8-nodal gradient

plasticity elements near to the indenter tip. It means that only in this kernel mesh the

gradient plasticity theory is applied. The conventional 8-nodal displacement element is used

in the outer mesh due to the small plastic strain and its gradients. The mesh is show in Fig.

5.2. In computations the absolute element size near the indenter tip varies with the given

intrinsic material length scale proportionally. The final computational step just reaches half

of the kernel. The whole mesh has a size as large as ten times of the kernel and the overall

mesh size is defined as a0 in our computations.

In most computational work on gradient plasticity published by de Borst and co-

workers [24, 58], only the Laplacian of equivalent plastic strain was introduced into the

constitutive relationship and flow stress, namely ay = <r(ep) — gV 2 ? with g = o"o//(ep). In

the analysis of strain-softening, Pamin [58] suggested the gradient parameter / = —&'((?),

where — o'{t) is the slope of the stress-strain curve measured in uniaxial tests. Such as-

sumption leads to a smooth increasing and decreasing of the gradients of plastic strain in

computations. It is specially of importance as soon as the strains are concentrated increas-

ingly. Ramaswamy [66], Sverberg [78] and Mikkelsen [52] use / = 1 in the shear band

analysis for strain-hardening material. As stated by Pamin [58], in the shear band, where

intensive shearing occurs, V2?3 is negative, thus the gradient term will arise the flow stress

there, while V 2 ? becomes positive near the elastic-plastic boundary, which makes it possi-
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Figure 5.2: A typical finite element mesh with C1 continuity, with 650 elements and 3700 nodes,

used for computations. All elements have 8 nodes for interpolation of displacement and 4 additional

nodes for the effective plastic strain. The indenter is simulated with a rigid surface, (a) full mesh,

(b) elements near to the indenter tip.

ble for the localization zone to spread out the plastic zone due to the decrease of the flow

stress. Furthermore, from torsion solutions one may conduct that the parameter g must be

a function of the plastic strain to avoid singular strain distribution.

In the numerical analysis of micro-indentation, it is observed that in the area near the

indenter tip, the Laplacian of the equivalent plastic strain oscillates strongly and /2V2ep is

over hundreds times of the strain itself. Similar phenomena can be found in crack tip field

analysis of ductile material. It implies that using a constant parameter g makes numerical

computations difficult.

Generally we assume that, when the equivalent plastic strain is small, the influence of

V 2 ^ should not be very strong on the strength of material in the area near the indenter tip.

For large plastic strains the amplitude of g should be limited and positive, i.e.,

(5.5)

1

Above two parameters, the exponent n and the range ep
Q are introduced. Computations with

1 < n < 3 show a stable numerical convergence. The final computational results are slightly
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affected by n and eg values. In computations reported in this chapter we set n = 2 and

Co = 0.1. This assumption will not change our conclusions.

5.2 Results

The initial input data adopted in the present computations are taken from the paper of

Bergley and Hutchinson [14], with plastic strain hardening exponents N = 1/3, N = 1/5 and

N = 1/10, Young's modulus E = 3OO<7o and Poisson's ratio v = 0.3. For these parameters

the finite element computations predict macro-hardness of Ho = 7.89o"o, 5.28o"o and 3.89CTO

for N = 1/3, 1/5 and 1/10, respectively, under finite strain assumptions and plastic flow

theory. These predictions agree with the results of Begley and Hutchinson [14].

It is worth noting that to avoid artificial effects in numerical fitting, we did not take any

additional fitting algorithm in hardness evaluation. The scattering of the data is caused by

finite element discretization. The contact area is directly evaluated from the contact elements

and, therefore, spreads discontinuously. This scattering grows with the strain exponent TV.

For materials with higher plastic strain hardening, the scattering is larger.

5.2.1 Role of the Laplacian of the plastic strain

In this subsection we assume l\ = 0 and study effects of the second-order derivative (Lapla-

cian) of equivalent plastic strain, /, only. The assumption in (5.5) is introduced. The

micro-hardness H over macro-hardness HQ is plotted as a function of indentation depth h

in Fig. 5.3. In the figures the symbols denote the computational results and the solid lines

are fitting according to suggestion of Nix and Gao [56]. Variations about / are shown for

N = 1/10 in Fig. 5.3(a). The gradient regulator / arises the strength of the continuum

model and so the hardness. For the same macro-hardness, the micro-hardness for small h

from the finite element computations is significantly larger than Nix and Gao's prediction.

In Fig. 5.3(b) the depth is normalized by the intrinsic material length /. These figures

verifies that the micro-hardness explicitly depends on h/l, i.e. H = Hoijj(h/l). Influence of
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Figure 5.3: Depth-dependence of the micro-hardness. The symbols stand for computational finite

element results. Lines are predictions of Nix and Gao [56]. Only the Laplacian of plastic strain is

considered into the formulation of the flow stress (l\ = 0). (a) Effects of intrinsic material length

I. (b) Effects of strain hardening exponent N.

the parameter / can be scaled if the horizontal axis is normalized by /.

From Nix and Gao [56] it is known that H2 is a linear function of l/h. In Fig.

5.4 the normalized hardness is plotted as function of l/h. Figure 5.4(a) depicts that the

correlation between H2 and l/h is nonlinear. The solid lines are a least square fitting of

the computational results. The Aifantis' model with Laplacian gradient regulator provides

a significant overestimate in comparison with experimental fitting for some metals in [56].

It is interesting to note in Fig. 5.4(b) that the present results are similar to those ob-

tained using Fleck-Hutchinson strain gradient plasticity model in [14]. According to Beglecy

and Hutchinson [14] the computational prediction of micro-hardness is approximated by a

linear function, that is,

1 {)
where c*(n,ao/E) is a coefficient depending on mechanical property of materials. For the

present computations the linear fitting is valid only for l/h > 1.
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Figure 5.4: Micro-hardness as a function of the inverse of indentation depth. The symbols are

computational results with N = 1/10, /5 and 1/3, respectively. The solid lines are the least

square fitting using a square function. Only the Laplacian of plastic strain is considered into the

formulation of the flow stress, (a) A square plot, (b) A linear plot.

5.2.2 Role of the first-order derivative of the plastic strain

In the previous discussion the gradient regulator is related to the second gradient of the

plastic strain. To catch the size effect one should include the first order of plastic strain

gradient into the constitutive model.

It is known that g\ = o"0/i/i(e
p). We set /i(ep) = 1 and g = 0. The flow stress is

defined as ay = &((?) + croii|Vep|. Due to the positive value of V ? , the strength of material

is 'hardened' when the strain gradient exists.

Computational micro-hardness, H, is shown in Fig. 5.5 as a function of the indentation

depth h. The diagrams are non-dimensionalized by the macro-hardness Ho and by ao or /i,

respectively. The symbols are finite element computations and the solid lines are predictions

of Nix and Gao [56]. Significant increase of micro-hardness is restricted near h —> 0. As

in [93] variations about the intrinsic material length in Fig. 5.5(a) can be scaled by the
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Figure 5.5: Depth-dependence of the micro-hardness. The symbols stand for computational finite

element results. The solid lines are predictions of Nix and Gao [56]. Only the first-order derivative

of plastic strain, IVe l̂, is included in the constitutive equations (/ = 0). (a) Effects of intrinsic

material length l\. (b) Effects of strain hardening exponent iV.

material length, as plotted in Fig. 5.5(b).

The present computational results using the first order gradient of equivalent plastic

strain agree reasonably with the prediction of Nix and Gao [56], as shown in Fig. 5.5(a). A

plot of (H/H0)
2 over li/h of Fig 5.6 confirms, furthermore, that this agreement is limited

within li/h < 6. Beyond this region the finite element computation under-estimates the

micro-hardness, in comparison with Nix and Gao [56]. It is reasonable that with the depth

h decreasing, the micro-hardness cannot increase to infinite, as h —> 0, and should have a

maximum value depending on material length scales, that means, the linear relations between

H/Ho and 1/h should be satisfied only in an appropriate range. Then gradient plasticity

theory, only using the first-order derivative in constitutive formulation can give a reasonable

approximation for small l\/h to the prediction of Nix and Gao [56].

It is interesting to see that in the micro-indentation simulations, the first-order deriva-

tive of equivalent plastic strain, iVe^l, is more suitable to model the known hardness varia-

tions than the Laplacian of plastic strain, V 2 ? , whereas in shear band analysis, only V 2 ?
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Figure 5.6: Micro-hardness as a function of the inverse of indentation depth. The symbols stand for

computational finite element results. The solid lines denote the least square fitting using a square

function. Only the first-order derivative of plastic strain, IVe^l, is included in the constitutive

equations (I — 0).

can prevent strain localization.

5.2.3 Role of the two material length scales

The previous discussions illustrate that modeling with the Laplacian of plastic strain may

give a strong effect on micro-hardness variations, while the first gradient of equivalent plastic

strain leads to a moderate increasing of the predicted hardness. To fit hardness variations

in different materials, it is necessary to adjust both material length parameters. From this

point of view, both parameters have to be determined by experimental data.

In Fig. 5.7(a) three curves are depicted with different l\ and / for N = 1/10. This

figure indicates that to fit the linear relationship, the length scale I is far less than the length

scale /i since V 2 ? has much stronger effects on increasing of micro-hardness. In Fig. 5.7(b)

the data are depicted with different / and constant /i for the same plastic strain exponent.
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It shows that using different length scale I, the effect of V 2 ^ increases or decreases strongly

and the micro-hardness deviates gradually from the linear relation. From these figures and

numerical calculation we find when lx = 3/ ~ 8/ the computational results do produce the

linear relation between H/HQ and \/h over the whole computational range.

I
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Figure 5.7: Interaction of both intrinsic material length parameters. The symbols stand for

computational finite element results. The solid lines denote the least square fitting using a square

function, (a) / = 0.00316a0. (b) h = 0.01a0-

5.2.4 Discussions

In this chapter we discussed simulations of micro-indentation tests using the Aifantis gradient

plasticity model. Both gradient terms of equivalent plastic strain in the gradient plasticity

model are considered.

Computations confirm that the micro-hardness predicted by the gradient plasticity

varies with indentation depth, as soon as the gradient regulators differ from zero. Depth-

dependence of micro-hardness can be simulated using gradient plasticity models.

Variations of micro-hardness is correlated with the intrinsic material length parameters.

In comparison with experimental results of Nix and Co. [56], the Aifantis' model provides an
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overestimate using the Laplacian term of equivalent plastic strain, whereas the first gradient

term under-estimates the hardness variations.

Based on extensive computations one can figure out correlation between the intrin-

sic material length, mechanical property and micro-hardness, as discussed in [93]. Micro-

hardness tests provide a method to determine the intrinsic material length in the gradient

plasticity models.



Chapter 6

Applications of computational

gradient plasticity: Simulation of

failure of quasi-brittle materials

The size effect of material strength is well documented for concretes. It has been verified

that the mechanical behaviour of concrete ranges from ductile to brittle when the structural

size alone is increased and the material and geometrical shape is kept unchanged. Small

specimens fail in a ductile manner with slow crack growth. The shape of the load versus

displacement response changes substantially according to the variation in size [19]. Therefore

it is important to assess the ductility of concrete structures for safety reasons. The gradient

plasticity model has been applied for concretes [58]. In this chapter, we focus on the size

effect of concrete fracture and the gradient plasticity is applied for the analysis. Here the

method of Pamin [58] is summarized and used to analyze the size effect of wedge splitting

tests of different sized concrete specimens. Since there is no significant difference between

plane strain and plane stress for concrete, plane stress condition is used in this chapter.

85
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6.1 Vertex-enhanced Rankine fracture function

It is well known that the maximum principal stress criterion, i.e., Rankine yield function,

can be used for concrete structures. The yield function can be written in the following form:

(6.1)

where O\ is the maximum principal stress for plane stress condition

^ )

For the yield criterion the definition of the equivalent plastic strain rate is

? = | c f | > (6.3)

where ef is the maximum principal plastic strain rate:

Substitution of the associated flow rule ep — An where n = dF/dcr into (6.4) gives

6? = A. (6.5)

The Rankine yield criterion is assumed to be activated only when the maximum principle

stress, <7i, is positive. Consequently i\ is positive and e = ef = A. It is clear that in the

principle stress plane, the Rankine yield surface for plane stress problems has a vertex if the

two principle stresses, <j\ and 02, are positive. It is difficult to deal with the vertex of yield

surface by means of gradient plasticity algorithm. As suggested by Pamin [58], the vertex

smoothing approach has been used in the region near the vertex. It means that when a\ and

02 are positive, the new yield function,

Fs = (a2
x + a2

y + 2aly)^-a (6.6)

is used to substitute the Rankine yield function 6.1. The corresponding equivalent plastic

strain rate, ep is equal to (e^ + e^ + -^L)1^2. It assures that ep = A. As pointed out by Pamin

[58], the use of fi = 0 is advantageous to assure the robustness of the algorithm and this

assumption introduces a marginal error in the model only. Therefore this vertex-smoothing

Rankine yield function is adopted for concrete fracture analysis.
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6.2 Softening material curve for concrete

As suggested by Bazant [11], if a continuum formulation based on stress-strain curves with

strain softening is to be used, it is necessary to complement it with some conditions that

prevent the strain from localization into a region with zero dimension. Such conditions are

generally called localization limiters. The model with the simplest localization limiter is the

crack band model suggested by Bazant [12]. In this approach, the width of the crack band

cannot be less than a certain characteristic value hc. By introducing

hce
f = w (6.7)

where w is the cohesive opening displacement, the stress-strain curve for smeared cracking

can be written as

* V ) - f(w) = f(hcef) (6.8)

where f(w) is the equation of the softening curve for the cohesive crack model. Consequently

there is a unique relationship between the crack band model and the cohesive crack model.

As suggested by Aifantis, the flow stress in gradient plasticity theory is

59{?) = <j{<?) - gV2? (6.9)

and the yield function is:

F = $(a)-ag(e
p,V2ep)=0 (6.10)

From the ID shear band analysis, de Borst and Miihlhaus [24] derived that the width

hc of a shear band and the intrinsic length / suggested by gradient plasticity can be linked

by the following relationship

hc = 2irl (6.11)

and the coefficient g then is

9 = -a<(eP)l2 (6.12)

where o"(ep) is the derivative of the stress-strain curve &{(?)• In [25], these relations are

applied to concrete fracture.

For all points in the cracking band, when o{P) decreases to zero, the nonlocal stress

os(e
J),V2ep) should decrease to zero too, otherwise the crack cannot propagate when the
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gradient plasticity model is used. Since the Laplacian term V 2? can be negative or positive,

g should not be a constant as has been assumed in ductile material analysis. In concrete

structures, the Eqn. (6.12) suggested by de Borst et al. is used in this chapter. That means

nonlinear strain-softening curves can be selected only since &'(€?) will be constant when linear

or bi-linear strain-softening curves are selected. Hence a nonlinear strain-softening curve

should be used for the computation and in this way crack propagation can be simulated.

Here the Cornelissen-Hordijk-Reinhardt curve [36] which was formulated originally in

the context of cohesive cracking is adopted. The choice is suggested by Pamin [58]. In his

work of gradient plasticity he has re-written the function in continuum format:

= /ti t1 + (ci^p)]exp(-C2Zp) ~ ZpO- + cl)exp(-c2)}, (6.13)

where c\ = 3.0, c<i = 6.93; ft is the uniaxial tensile strength and e£ is the ultimate value of

the equivalent fracture strain. The relation between the curve and the fracture energy Gf is

assumed to be

_ 5.14C/

heft

The general form of the yield function is shown in Fig. 6.1.

(6.14)

Figure 6.1: Nonlinear softening for concrete under Mode-I fracture (cf. Hordijk [36])
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6.3 Application to concrete fracture: wedge splitting

test

6.3.1 Experimental results

The performance of stable fracture mechanics tests on concrete specimens is difficult due

to the small deformations at rupture of concrete and the stiffness of concrete specimens

compared to the stiffness of the testing machine. The wedge splitting test overcomes these

difficulties. A schematical illustration of the test set-up is given in Fig. 6.2. Two wedges

are pressed symmetrically between four roller bearings under controlled condition in order

to split the specimen into two halves. The test set-up is similar to the one as described in

RILEM recommendation AAC 13.1 (1994). The crack mouth opening displacement (CMOD)

at both sides of the specimen at the level of the loading points, and the applied vertical load

F can be measured [81]. From the measured vertical load and the known wedge angle the

horizontal splitting force is calculated. The measured CMOD is the mean value of the two

displacement transducers on the two opposite sides of the specimen. All tests are run under

Figure 6.2: Schematic representation of the wedge splitting test: a), specimen on 2 linear

supports, b). displacement transducers on both sides of the specimen, c). steel loading

devices with four roller bearings, d). load introducing traverse with wedges
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CMOD control. The geometrical data are listed in Fig. 6.3 and Table 6.1. Experimental

results will be compared with numerical predictions.

Figure 6.3: Geometry of the wedge splitting specimens

Height (H)

mm

100

200

400

800

1600

3200

Width(B)

mm

100

200

400

800

1600

3200

Thickness (t)

mm

200

200

400

400

400

400

s

mm

30

30

100

100

100

100

k

mm

40

40

100

100

100

100

H*

mm

85

185

350

750

1550

3150

a0

mm

42.5

92.5

175

375

775

1575

Table 6.1 Geometrical data of wedge splitting specimens

In order to determine numerically the non-linear fracture mechanics parameters from

experimental results of specimens with similar geometry but different size, a cohesive model
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crack mouf h opening displ. CMOD jmwj crack mouth ojKrning dispi. CMOD \mm\

Figure 6.4: Mean load deformation curves and numerical simulations for all normal concrete

specimens from [79], [81]

based on a nonlinear finite element program SOFTFIT earlier developed at ETH has been

used to determine the strain softening diagram as a bilinear function by inverse analysis.

The experimental and numerical data from [81] are listed in Table 6.2 and Fig 6.4. In [81]

similar results obtained on specimens prepared with hardened cement paste, mortar and dam

concrete can also be found. In this chapter, the task is to apply gradient plasticity theory

to the numerical analysis of concrete specimens and to try to reproduce the size effect which

has been found in experiments. Therefore we will use both the experimental and numerical

data from [81] as the initial input data for gradient plasticity modeling.

Height [ mm ]

F™ [ kN ]

Gfp [ N/m }

Qnum [ Njm ]

ft [ N/mm2 ]

100

3.78

161

156

2.43

200

10.06

196

188

3.36

400

28.13

244

251

2.42

800

47.52

303

297

2.10

1600

86.49

369

387

1.95

3200

167.32

322

340

2.5

Table 6.2 Experimental data obtained by wedge splitting tests (normal concrete) [81]

From Table 6.2 and Fig. 6.5 it is found that uniaxial tensile strength is not constant,
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Figure 6.5: The size effect of experimental data [79], [81]

but decreases gradually with an increase of specimen sizes. This can be explained by Weibull

theory. The size effect of fracture energy is obvious: fracture energy increases with the in-

crease of size of specimens and finally reaches a constant value. In [79, 80], the dependence

of the specific fracture energy Gf of specimens with equal size is also given as function

of the maximum aggregate size $mox- The observed fracture energy increases with maxi-

mum aggregate size. This means that the ductility of the material increases with maximum

aggregate size $max.

6.3.2 Numerical simulations

In the FE simulations using gradient plasticity, we assume Young's modulus E = 31500iV/ram2

and Poison ratio \i = 0.2 for the elastic region and n is forced to become 0 in the plastic

region as suggested by Pamin [58]. The nonlinear softening stress-strain relation is given by

Eqn. (6.13). The value of material length I is in the range of 1 mm - 8 mm as suggested by

Pamin [58]. Therefore the corresponding width of fracture process zone is between 6.5 mm

and 50 mm if Eqns. (6.7), (6.11) are used.

To simulate the crack propagation and to find the influence of strain gradient on the

size effect on strength, one half of the wedge splitting specimens is discretized using 8-nodal
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a: Mesh b: Deformation

Figure 6.6: a). Undeformed mesh of wedge splitting specimen, b). Final incremental

deformation of the configuration

elements. The initial mesh and its mesh distortion are shown in Fig. 6.6. The gradient

plasticity model is used in the fine mesh area near the notch only and the conventional

elastic model is used in the area far from the notch. It is clear that using gradient plasticity

the fracture zone is not limited to one layer of elements but it is rather distributed to the

neighboring elements due to the gradient effects. To simulate the experiments, displacement

control is used in the numerical analysis.

In the gradient plasticity model we need to assume the tensile strength ft and the frac-

ture energy Gf or we have to determine these values by inverse analysis. The corresponding

ultimate equivalent fracture strain is derived from Eqn. (6.14). From Fig. 6.5 it is found

that the values of fracture energy and tensile stress are not constant. ft = 2.5N/mm2 and

Gf = 345N/m are realistic values for specimens with a height H = 1600 mm or larger, while

ft = 2.75N/mm2 and Gf = 275N/m are good assumptions for specimens where the height

H is 400 mm. To analyze the effect of material length I, different length values, / = 1 mm,

I = 6 mm and / = 8 mm, are selected. The simulated Loading-CMOD curves of different

sized specimens using three different material lengths are shown in Fig. 6.7. It is shown

that the Loading-CMOD curve is not strongly influenced by the material length. This phe-
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0.5 1.0 1.5

CMOD (mm)

H=1600 mm
f=2.5 N/mm", G=.345N/mm

Figure 6.7: The influences of different material lengths I on load-CMOD curve for different

sized specimens, a). H=400mm b). H=1600mm

nomenon has also been found by Pamin [58]. The reason is that in this case the fracture

energy is a material constant and governs the softening process. Therefore the observation

is important if one considers the problem of experimental determination of length scale as

a material parameter. It seems that the material length influences the deformation pattern

and the distribution of fracture strains only, but it does not influence the load-displacement

relation since the released energy does not change. It seems that to obtain mesh-objective

results any non-zero value of material length within a recommended region can be assumed.

This is quite different from ductile materials such as steel. Fig. 6.7 verifies that gradient

plasticity model if applied to concrete-like composite materials can supply mesh-independent

results.

From the analysis of experimental data shown in Fig. 6.5, it is obvious that if the

specimen is big enough, fracture energy and tensile strength can be considered to be constant

[81]. The width of the fracture process zone for normal concrete is around 50 mm [80].

Hence it is reasonable to assume that fracture energy Gf, tensile strength ft and the width

of fracture zone are material constants when the height of a given specimen is at least 1600

mm. In order to check whether or not the fracture energy is constant numerical simulation

of CMOD-curve has been carried out using the gradient plasticity model. The material
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parameters, ft = 2.5N/mm2 and Gf = 345iV/m, are used for all specimens with different

size (H = 100 — 3200 mm). To analyze the relation between size effect and material length,

a unique stress-strain curve should be applied. Therefore / = 8 mm is a realistic choice. The

results of numerical simulations are shown in Fig. 6.8 and Table 6.3. It can be seen that the

assumptions of Gf and ft is realistic for large specimens but lead to too ductile Load-CMOD

curves for small specimens.

I

Computational data-:
* * * Experimental data :
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Figure 6.8: Numerical simulations of Mean load-deformation curves for all normal concrete

specimens.

Height [ mm ]

Frnax [ kN ]

Qnum [• N/m ]

100

3.87

265

200

8.19

260

400

26.12

280

800

50.2

288

1600

87.16

265

3200

156.32

286

Table 6.3 Results of numerical simulations with ft = 2.5N/mm2 and Gf = 34bN/m

One reason for the fact that the calculated Gf from numerical simulations is smaller

than the assumed Gf which is introduced by the stress-strain equation (6.13) is that the

long tail of stress-CMOD curves can not be captured due to numerical difficulties. Another

reason is that the width of the fracture process zone (Eqn. (6.7)) is not accurate when a

nonlinear stress-strain curve is used in analysis because Eqn. (6.11) is derived from ID shear

band analysis and a linear stress-strain curve is assumed. It is known that the strain is not
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constant in the fracture process zone. Therefore Eqn. (6.11) will lead to a larger width of

the process zone and the assumed fracture energy is higher than the calculated one.

f=2.5 N/mm", G =.345N/mm

0.00
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

Nominal strain CMOD/I^

Figure 6.9: Numerical simulations of nominal stress-strain curves for all normal concrete

specimens.

To check the brittleness of the descending branch, the nominal stress crm = -jf^ and

the nominal strain a = CA^D are introduced. HL, t and H* are shown in Table 6.1 and

Fig. 6.3. The results are shown in Fig. 6.9. It can be seen from the descending branch

that the brittleness of the tested specimens increases with increasing specimen size. The

nominal peak stress increases with decreasing specimen size. The characteristic size effect as

observed by testing of brittle solids is obvious: the bigger the size of the specimen, the lower

the failure load will be. It verifies that the mechanical behaviour of concrete ranges from

ductile to brittle when the structural size is increased and both the material and geometrical

shape are kept unchanged.

6.3.3 Discussion

The conclusion from Fig. 6.7 and 6.8 raises some doubts. The question here is: Is it true

that the size effect of fracture energy can be captured by the gradient plasticity model? It

is said in the gradient plasticity theory that the increase of material length / does increase
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the material strength (load carrying capacity) of ductile materials. Fig. 6.9 also shows the

size effect of the peak stress and strain softening branch for concrete. For ductile materials,

the material parameters can be given from stress-strain curve and this curve is uniquely

determined from experimental data of the tension test when specimens are smooth and large

enough. However the stress-CMOD curve is more often determined for concrete materials. In

gradient plasticity, Gf and ft have to be assumed before the calculation and a realistic stress-

strain curve is necessary. Different material lengths lead to different ultimate fracture strain

e£ in Eqn. (6.14). It means that different stress-strain curves derived from Eqn. (6.13)

are used for different material lengths. Fig. 6.7 verifies that when Gf is assumed to be

constant, if different material lengths, i.e. different stress-strain curves are used, almost the

same load-CMOD curve is obtained. The length scale introduced by the gradient plasticity

theory does not change the value of the fracture energy, but it determines the width of the

fracture process zone.
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Figure 6.10: Numerical simulations of Mean load - CMOD curves with different values of

Gf and ft

In [58], the gradient plasticity model is applied to direct tension tests of concrete. The

width of the fracture band is assumed to be equal for all specimens with different size due

to the introduction of material length / = 2 mm. The size effect in both the peak stress

and strain softening response of nominal stress - average strain curve has been observed

[58]. However, no strong size effect of nominal stress - displacement curve can be captured



98 Simulation of failure of quasi-brittle materials

because the fracture energy is set to be constant. That means that the computational results

guarantee that the fracture energy is a constant.

From Fig. 6.8, it can be seen that when the height of an element is at least 1600

mm, the set of material parameters Gj = 345N/mm, ft = 2.5N/mm2 and / = 8 mm gives

reasonable numerical simulations of the load-CMOD curve data for large specimens. The

computational results fit experimental data well. It is usually assumed that the value of

computational fracture energy does not change when the gradient plasticity model is used.

However, the experimental results supply evidence that the fracture energy is a function of

the size of specimens (Fig. 6.5). Therefore, to capture the size effect of fracture energy

which has been supplied from experiments (Table 6.2 and Fig. 6.5), different values of Gf

and ft should be assumed for smaller specimens. Fig. 6.10 gives computational results for

several specimens using different values of Gf and ft which are taken from the fitted data

in Fig. 6.5. The results in Fig. 6.10 show clearly that the size effect of load-CMOD curves

can be simulated by gradient plasticity model when fracture energy and tensile strength are

introduced in a realistic way.

It can be concluded that gradient plasticity model can describe the size effect of peak

stress (load carrying capacity) and strain-softening if the size dependence of fracture energy

and tensile strength are introduced in a realistic way. The failure of concrete changes from

ductile to brittle when the size of an element increases. However, the relationship between

the internal length scale and the fracture energy can not be determined at this moment.

This point should be further considered.



Chapter 7

Applications of the nonlocal damage

model: failure analysis of ductile

materials

There are more and more experimental indications to show that fracture mechanics param-

eters depend on both specimen size and geometry. In investigating the size dependence

of fracture mechanics parameters, the size and geometry of specimens should be carefully

considered. If the size of a structural element is comparatively small with respect to the

maximum heterogeneity of the material, the heterogeneity of the material's structure should

be taken into account [79, 80]. It is interesting to find and quantify the size and scale ef-

fects of fracture mechanics. In the EU research project REVISA extensive experiments of

a reactor pressure vessel steel 20MnMoNi55 have been performed in Paul Scherrer Institute

to find the size effects in plastic flow and failure [42, 43, 44]. To simplify data processing

and computations, the specimen geometries are restricted in most conventional tension and

bending. Specimens with and without notches in scaled dimensions are tested in detail to

characterize the influence of specimen size, strain rate and strain gradients on plastic flow

and failure. The characteristic sizes of the specimens vary from 3 mm up to 140 mm and

the geometry factor is up to 10 for each sort of geometry configuration. In this section

the nonlocal damage model is used to investigate the geometry dependence of the plasticity

99
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behaviour and material failure, and to fit the experimental work.

For engineering materials stress-strain relation is determined from the uniaxial tension.

The relation of the matrix stress and strain is assumed power-law hardening. The present

steel reveals a considerable Liider band and significant strain hardening after yielding. From

uniaxial tensile tests, the stress-strain curve is assumed as:

€ = <

% 0 < e < 0.002

0.002 < e < 0.01 (7-1)

e > 0.01

where Young's modulus E = 500cr0, a = 2.5, a0 = 435MPa. The exponent n is fitted to

7.25.

Constitutive parameters (ft and q2 in the GTN model are fitting parameters. Studies

of Koplik and Needleman [41] found out that qi = 1.0 — 1.5 and q2 = 1 are a good choice

for ductile solids. In our study we set qi = l.b, q2 = 1. Zhang [95] reveals that effects /o

and fpf in the GTN model are computationally analogous. One cannot uniquely separate

the parameter /o from /jy. In this study it is found that the void nucleation is secondary in

comparing with void growth due to high plastic deformations. The initial damaged material

behaviour can be characterized by /o value. Hence the initial void volume fraction /o is set

to 0.001. The critical void volume for coalesce fc is 0.01. The void volume fraction at final

failure of the material / / is assumed to be 0.15 and fu* = \jq\. The intrinsic length scale

/ in the nonlocal damage model acts as a fitting parameter here. From computations for

all sorts of specimens it is found that the length scale of about 0.2 mm - 0.3 mm fits the

experimental data of tensile specimens reasonably. In the present study we set / = 0.24 mm.

Here I acts as a fitting parameter of experimental results although / is much larger than the

size of voids. The real range of material length / need more theoretical and experimental

studies in the future.
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18 (R1)

105 (R2)
312 (R3)

Figure 7.1: Selected smooth tensile specimens Rl, R2, R3, dimensions are given in millimeter

7.1 Uniaxial tension specimens

Three groups of size-different but geometry-similar tension specimens (Rl, R2, R3) have

been investigated (Fig. 7.1). The diameters of the specimens are 3 mm, 9 mm and 30 mm,

respectively. The measuring length of specimens is 6 times more than the corresponding

diameter. To study efficiency of the nonlocal damage model, we use a single finite element

mesh (200 elements) which is fine enough for each type of specimens as shown in Fig. 7.2.

To generate a concentrated necking at the symmetric cross-section of the uniaxial

tension specimens, we introduce a local geometric defect, i.e. the radius at the symmetric

section is 0.5% smaller than the overall radius. The geometric defect does not affect the

necking but strength of the specimen slightly. A variety of specimens tension are tested at

room temperature under quasi-static loading conditions. In Fig. 7.3 a specimen of type

R3 after fracture is shown to demonstrate the shape of local deformation. Computational

and experimental results are plotted in Fig. 7.4 and 7.5. In Fig. 7.4a the engineering

stress vs. elongation and in Fig. 7.4b the engineering stress vs. necking are shown. The

relation of two deformation components, i.e elongation vs. necking, is given in Fig. 7.5. The

symbols represent the experimental results for the three size-different groups of specimens

and the lines are the computational predictions. The results of two specimens for each
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Figure 7.2: Finite element meshes for axisymmetric specimen. Due to symmetry only a

quarter of the specimen is discretized. The mesh for smooth round bar contains 200 elements.

The specimen is loaded only at the upper edge.

30 31 32 33 34 3:>

Figure 7.3: Example of the experimental tests. The numbers within the circles denote the

radii of the circles, while the number near the smallest cross-section of the specimen denotes

the smallest diameter during necking. Specimen R3009, strain rate 10~3/s
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Figure 7.4: Comparisons of experimental with computational results for three groups of

smooth round specimens Rl, R2 and R3. Each group contains two specimens summarized

in the diagrams, (a): Mean stress vs. elongation; (b): Mean stress vs. necking at the

fracture cross section

group are selected in these figures. The present reactor pressure vessel steel is highly ductile

and deformations around the necking develop rather uniformly, so that the actual loading

capacity decreases gradually. From the experimental data in Figs. 7.4 and 7.5, the evolution

of damage does not affect the stress vs. elongation curves up to the maximum stress point.

No size effect is obtained till the maximum stress point is reached. Also for the ultimate

tensile strength no significant influence of size can be derived. Our computations confirm

that the yield stress and the pre-necking behaviour of material is not influenced by the size

due to small strain gradients. Only in the post-necking region, the load capacity of small

specimens is slightly stronger than that of the large and medium specimens (R3 and R2)

with increase of strain gradients. The elongation and the necking (reduction of cross-area

diameter) show only a slight decrease with size increase, in agreement with experimental

results.

Fig. 7.6 shows the distributions of damage evolution at the symmetric cross-section
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Figure 7.5: Correlations of the elongation and necking. The symbols are experimental

records, lines computational results
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Figure 7.6: Distributions of damage evolution along the axisymmetric cross section; The

radius is normalized by initial radius of specimen; (a) Large specimen D=30 mm; (b): Small

specimen D=3 mm
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18Qto,z(T3)

Figure 7.7: Selected notched tensile specimens Tl , T2, T3, dimensions are given in millimeter

for small and large specimens Rl and R3. The radius is normalized by the initial radius

of specimen. It shows that damage (porosity) grows mainly at the center of specimens and

lead the material to fracture. The damage evolution is quite similar for both different sized

specimens. The size effect on damage evolution and distribution is weak due to small strain

gradients.

7.2 Round-notched tension specimens

A notch in a tension specimen changes stress triaxiality significantly. In a notched specimen

the strain concentration occurs much earlier than the smooth one. Three groups of size-

different but geometry-similar tension specimens with round notches (T1,T2 and T3) are

studied (Fig. 7.7). The diameters of the specimens are 3 mm, 9 mm and 30 mm, respectively.

The radii of notches are 0.3 mm, 0.9 mm and 3 mm respectively. The measuring length of

specimens is 6 times more than the corresponding diameter. The finite element mesh for

notched specimens is in Fig. 7.8.

In Fig. 7.9a the engineering stress vs. elongation curves and in Fig. 7.9b the engineer-

ing stress vs. necking curves are plotted. The symbols represent the experimental data and

the lines the FE simulations. The experimental observations show that material strength
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Figure 7.8: Finite element meshes for axisymmetric specimen with a round notch. Due to

symmetry only a quarter of the specimen is discretized. The mesh for notched bar contains

396 elements. All specimens are loaded only at the upper edge.

and failure are related to the size of specimens. By integrating the strain gradient of the

specimens into the flow stress, the strength of specimens increases and the material failure is

delayed significantly with decrease of the sizes. The initial yield stress and the pre-necking

behaviour do not change due to small strain gradients, which are in agreement with the

experiment results. For the large specimens T3, the computational results meet both axial

and radial deformations reasonably. For the medium specimens T2, experimental results

show almost no size effect on the stress vs. elongation relation, but the diameter reduction

is slightly larger than that of T3. Our computational simulations give reasonable stress vs.

elongation fitting but the diameter reduction is smaller than that of experimental records.

For small specimens Tl, the FE simulation for the stress-elongation data is suitable. The

strength of the material is 'hardened' and the fracture point is well determined by compu-

tation. The diameter reduction of FE simulation is slightly smaller than the experimental

results but still acceptable compared with the experimental results in Table. 7.1. In Fig.

7.10 the elongation vs. necking diagram is shown. In the post-necking region, the relation

between elongation and necking is well fitting. The local deformation shows a clear size
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Figure 7.9: Comparisons of experimental with computational results for three groups of

notched specimens Tl , T2 and T3. There are two specimens results in the diagrams for each

group, (a): Mean stress vs. elongation; (b): Mean stress vs. necking at the fracture cross

section

effect. Due to effects of strain gradients and intrinsic length scale, the deformation around

the notch is more 'homogeneous'. With the same elongation for different sized specimens,

the smaller specimens has a smaller necking than the bigger one.

It is reported in [43] that a semicircle notch remains its shape (Fig. 7.11). Starting

with a real semicircle the notch opening becomes a chord of segment of a circle. The notch

shape at fracture is a segment of a circle. In Fig. 7.12 the local deformation near notch at

fracture for the three different specimens Tl , T2 and T3 is plotted. Computation reveals

that the deformed notch in the present specimen remains almost a co-axial circle of initial

notch. For smallest specimens Tl , the notch opening and necking is larger than that of large

specimens.

Fig. 7.13 shows the damage evolution and plastic strain evolution along the axisym-

metric cross section for Tl and T3 specimens, respectively. In Figs. 7.13a and 7.13c it

is confirmed that the voids grow rapidly at the center of specimens where the hydrostatic
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Figure 7.10: Correlations of the elongation and necking. The symbols are experimental

results, lines computational predictions

m 31 32 Si

Figure 7.11: Example of a notched specimen (T3017) at fracture, the numbers with the

circles exhibit the radii of the circles, while the number near the smallest cross-section of the

specimen denotes the smallest diameter during necking
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T3 T2 Tl

Figure 7.12: Local deformations at fracture; The shaded meshes are the initial meshes

stress is high. The void distribution for small specimens Tl is smoother than that of large

specimens T3. In Figs. 7.13b, d the evolution of effective plastic strain is plotted. The

maximum effective plastic strain is concentrated around the notch. At the beginning the

distribution of plastic strain for both small and large specimens are similar due to small

plastic strain gradients. With the increase of deformation and damage formation, the effect

of intrinsic length scale becomes important. The influence of the length scale leads to a

more 'homogenized' deformation for the small specimen. This figure demonstrates that the

gradient plasticity doesn't change the failure pattern and deformation characteristics for the

size-different specimens but 'strengthen' the material and make the deformation field more

homogeneously.

In Table 7.1, the diameter reduction and notch opening for both experimental tests

and FE computations are summarized. The FE computations with the nonlocal damage

model give reasonable notch opening displacement (NOP) for Tl and T3. For T2, the

computational result is slightly smaller than the test. The FE simulations of diameter

reduction for all three groups are in the scatter band of experimental results. Only for Tl

specimens the computation is less than 10% smaller. The computations of local deformations

in the notch area show that the nonlocal damage model fits the experiment results well. The

size effects of local deformations observed from experiments, i.e. the reduction of diameter

and increasing of NOP with the decrease of size, are well captured by the nonlocal damage

model.
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Figure 7.13: The distribution of damage and effective plastic strain evolution along the ax-

isymmetric cross section; The X co-ordinate is the normalized radius; (a): damage evolution

of large specimens T3, D=30 mm (b): plastic strain evolution of large specimens T3, D=30

mm (c): damage evolution of small specimens Tl, D=3 mm (d): plastic strain evolution of

small specimens Tl, D=3 mm
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Table 1: Experimental and computational results of the local deformation parameters

Diameter Reduction

(Ro - R)/Ro * 100%

Experiments FE simulation

Notch Opening Displacement

Unotch/r0

Experiments FE simulation

small specimens Tl 40% - 52% 42% 1.2- 1.55 1.5

medium specimens T2 30% - 40% 36% 1.28 - 1.55 1.14

large specimens T3 30% - 35% 35% 1.0- 1.3 1.11

Ro: initial radius of specimen, r0: initial radius of notch

7.2.1 Predictions of the size effects from computations

From the computations, the nonlocal GTN model can fit the experimental results well for

the three groups of notched specimens. It is interesting to use the model to analyze the size

effects of material failure for a wider range of specimens' sizes. In Fig. 7.14 the size effects

of material strength and deformations are plotted for different specimens. The diameters of

specimens vary from 1.25 mm to 20 mm. It is confirmed that the material is strengthened

and the material failure is delayed with the decrease of the specimen's size. From the

analysis of Fig. 7.14, the size-dependent local deformations at fracture are summarized in

Fig. 7.15. It shows that the intrinsic lengths of material has almost no influence on the

material failure for the specimens which diameter is larger than 4 mm. For the specimens

which diameter is smaller than 4 mm, the elongation, necking and notch opening at fracture

increase dramatically. The normalized size effects of elongation, necking and notch opening

are drawn in Fig. 7.15d. Due to the strain concentration around notch area, the size effect

of notch opening is more significant than the size effect of elongation. From Fig. 7.15d it is

obvious that size effect of notch opening is much stronger than the size effect of necking at

notch area. Therefore the notch opening is very appropriate to measure the size effects of

local deformation for tension tests with notch.
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Figure 7.14: Computational predictions for different specimens; the diameter of specimens

is from 1.25 mm to 20 mm
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Figure 7.15: Computational predictions of the deformations at fracture depending on size of

specimens, (a): elongation (b): Necking (c): Notch opening (d): normalized size effects at

fracture
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In this chapter only Laplacian term is used. As pointed out in chapter 5, only con-

sidering the Laplacian term of plastic strain into constitutive law, may overpredict the size

effect of material deformation at failure with the significant decrease of specimen's size. If

the size effect of material strength changed smoothly with the change of the size, the first

gradient term, jVe**|, may be taken into account.

It is reasonable that the critical deformations at fracture cannot increase to infinity

when the size of specimen decreases to infinity. As mentioned in chapter 2, the intrinsic length

scale should be a measurement of the microstructure of material. Therefore the length scale

should be useful only in some appropriate range in which the size of microstucture is still

small comparing with the size of the material's structure.

7.3 Notched bending specimens

Three groups of size-different but geometry-similar three-point bending specimens (SI, S2,

S3) with U-form notches have been investigated. The specimens are 140mm, 25mm and

10mm wide (H), respectively. The lengths (L) are 770mm, 137.5mm, 55mm and the notch

radius (r), are 14mm, 2.5mm, lmm, respectively. The depth of notch is 3r for all the three

groups of specimens. Due to symmetry only one half of the specimens is used for modeling.

The finite element mesh used for computation and the mesh distortion are plotted in Fig.

7.16. The length between the two rigid circular supports are defined as 5 = 2H. The upper

rigid support is fixed during deformations and the radius of it is 0.4H. The radius of the

lower circular support at loading point is 0.5H. Frictionless contact between supports and

specimen is assumed during loading process. To analyze the size effect in material failure,

the bending strength is defined as

a = F/A (7.2)

where F is the load on the specimen, A = (H — 3r)t is the area of cross section ahead of the

notch and t is the thickness of specimens. The bending angle a can be expressed as

'" 18° (7.3)
b 7T

where vx is the x-direction displacement of the lower rigid support.
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r ;

(a) (b)

Figure 7.16: Finite element mesh for three-point bending tests, a). 1050 elements are used,

b). the deformation of the bending specimen.

Experimental results and numerical predictions of conventional 2D and 3D GTN dam-

age model are plotted in Fig. (7.17a). From the study of 3D experiments, it is known that

the crack initiates at the center of the notch and propagates gradually and slowly, in both

thickness and ligament directions. It results in that the bending strength can not decrease

rapidly since the strength capacity does not exhausted immediately. Strong necking around

notch help to arise the bending strength of specimen furthermore. It can be found in Fig.

(7.17a) that the bending strengths of both experiment result and numerical simulation have

no dramatic decrease due to slow crack propagation. In the present computation plane strain

assumptions are used. However, the plane strain assumptions give strict restraint along the

Z direction. When crack is formed at the center of the notch, the material at the damage

region lose strength capacity in the whole front area due to 2D assumption. The crack will

propagate uniformly along ligament direction. It follows that the bending strength decreases

rapidly. The difference between 2D and 3D simulations shows that 2D model is not suitable

to simulate the seen 3D crack propagation.

Although accurate numerical analysis of the bending tests needs 3D gradient plasticity
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Figure 7.17: Comparisons of experimental with computational results for three groups of

notched specimens Si, S2 and S3. There are two specimens results in the diagrams for

each group, (a): Experimental results and numerical results of conventional Gurson damage

model ; (b):Experimental results and numerical results of nonlocal Gurson damage model

models, in this part we only check whether or not the nonlocal GTN damage model based

on gradient plasticity theory can capture the size effects in crack initiation in bending con-

figuration. Therefore the plane strain version of the nonlocal damage model is used here. In

the bending simulations, all material and damage parameters used in tension tests are still

applied.

In Fig. (7.17), the experimental results show strong size effect of bending strength for

size-different specimen. The 2D computational results using the nonlocal damage Gurson

model has been plotted in Fig. (7.17)b. The scattering of these curves is due to the discreti-

sion of contact area in the commercial program ABAQUS. Computational results show that

the size effect is very weak between the largest and smallest specimens. The reason is that

the strain gradients in 2D simulation is smaller than the realistic 3D strain gradients since

under plane strain condition ezz, ezx and ezy are assumed to be zero. Therefore using 2D

model the increase of bending material is smaller than the observation from experimental

results.
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angel curves, the width of specimen is from 140mm to 2 mm; (b): The bending strength for

size-different specimens at bending angel a = 30°

To realize stronger size effect for the bending strength, two smaller specimen, S4 and

S5 are used in 2D nonlocal computation. The widths H are 5mm and 2mm for S4 and S5,

respectively. The corresponding lengths are 27.5mm and 11mm respectively. The bending

strength vs. bending angle curves for Si, S2, S3, S4, S5 are plotted in Fig. (7.18)a. The

strength of S4 is obviously larger than that of SI, S2 and S3. The strength of S5 is strongly

larger than all the others. To analyze the size dependence, the bending strength of different

specimens at the bending angle a — 30° are drawn in Fig. (7.18)b. For the specimens

which width are less than 10mm, the bending strength increases significantly. This figure is

similar to Fig. (7.15). It is clear that the strength increases fast when the size is less than

the threshold for 2D plane strain assumptions. The size effects of bending strength can be

investigated by the nonlocal GTN model based on gradient plasticity although the numerical

results of 2D model deviate from the 3D experimental results.



Chapter 8

Conclusions and outlook

In the dissertation, a new algorithm of computational gradient plasticity on finite strain

assumptions is formulated. Based on the new algorithm of gradient plasticity, the formulation

and finite element implementation of a micro-mechanical damage model by implementing

gradient plasticity theory into GTN damage model is presented. In this model, the matrix

material is gradient-dependent and the shape of the constitutive equation is not changed.

Results confirm that the algorithm is suitable for computing the strain-softening problem.

Shear band analysis shows that the width of shear band is uniquely determined by the

material length scale parameter, not by the geometry factors.

Due to the introduction of material intrinsic length into constitutive relationship, the

size effects of material can be investigated by the gradient plasticity theory and mesh-

dependence of computational results can be eliminated. In the dissertation several ap-

plications to the investigation of size effects phenomena are performed. The simulations

of mico-indentation using Aifantis' gradient plasticity theory are discussed. Computational

results confirm that the micro-hardness predicted by the gradient plasticity varies with in-

dentation depth, as soon as the gradient regulators differ from zero. Depth-dependence of

micro-hardness can be simulated using gradient plasticity models. Micro-hardness tests pro-

vide a method to determine the intrinsic material lengths in the gradient plasticity model.

The size effects of concrete material is investigated. It is turned out that the mechanical

behaviour of concrete ranges from ductile to brittle when the size of structure is increased

119
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along without the change of shape of geometry.

Computational analysis of ductile material failure shows that a mesh-independent so-

lution can be achieved by the micro-mechanical damage model. The result that increase of

the material strength will delay the computational material failure time is consistent to the

known experimental results in ductile materials. Computational analysis of ductile failure

in notched specimens shows that the size effects observed from experiments are predicted

by the intrinsic length scale introduced into gradient plasticity model. The nonlocal GTN

damage model based on gradient plasticity has the potential for the assessment of material

failure and provide reliable explanation for the size effects of material behaviour.

As discussed in the dissertation, The physical meaning of the additional boundary con-

ditions is still an open issue. Delicate considerations and discussions of boundary conditions

should be investigated from thermodynamical approach.

Although c1 continuous interpolation method has its own advantages, the mesh topol-

ogy has some limits and 3-D formulation and simulation is still unreachable due to the

difficulty of the requirement of high order continuity. In order to capture the size effects of

material behaviour accurately in some cases, i.e. 3 point bending tests of ductile material,

3D model is necessary. Therefore 3D gradient plasticity model should be considered. At the

one hand, New interpolation method for finite element implementation should be taken into

account, at the other hand, the nonlocal damage model based on gradient plasticity may be

implemented into other numerical methods, i.e., meshfree methods. In the commonly used

approximation theories for meshfree discretization, non-locality is embedded in the weight

function. The support size of the weight function is usually greater than the nodal spac-

ing and therefore the approximation is inherently non-local. Hence it is attractive to embed

gradient-type plasticity theory and micro-mechanical damage model into meshfree methods.
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