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INTRODUCTION
Japan Atomic Energy Research Institute (JAERI) proposed a passive safety reactor called

the System-integrated Pressurized Water Reactor (SPWR). In the SPWR design[l], the Pres-
sure Balanced Injection System (PBIS) shown in Figure 1 was introduced.

In a loss of coolant accident, the Pressurizing Line (PL) and the Injection Line (IL) are
passively opened. Vapor generated by residual heat pushes down the water level in the Reactor
Vessel (RV). When the level is lower than the inlet of the PL, the vapor is ejected into the
Containment Vessel (CV) through the PL. Then boronized water in the CV is injected into
the RV through the IL by the static head.

In an experiment using a simple apparatus shown in Figure 2, gas ejection and water
injection were found to occur alternately under certain conditions[2][3]. The gas ejection
interval was observed to fluctuate considerably. Though stochastic noise affected the interval,
the experimental results suggested that the large fluctuation was produced by an inherent
character in the system.
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Figure 1: Concept of PBIS Figure 2: Experimental Apparatus Simulat-
ing PBIS
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A set of piecewise linear differential equations was derived to describe the experimental

result[2][4]. The large fluctuation was reproduced in the analytical solution. Thus it was
shown to occur even in a deterministic system without any source of stochastic noise. Though
the derived equations simulated the experiment well, they had ten independent parameters
governing the behavior of the solution. There appeared chaotic features and bifurcation,
but the analytical model was too complicated to examine the features and mechanism of
bifurcation.

In this study, a new simple model is proposed which consists of a set of piecewise linear
ordinary differential equations with only four independent parameters.

CALCULATION MODEL
Subject for Simulation

A cover gas is constantly supplied to the main-tank the bottom of which is connected to
that of the sub-tank. Free surfaces in the main-tank and the sub-tank in Figure 2 constitute
a water column oscillation system. The water column oscillation with its natural frequency
continues until the free surface in the main-tank, pushed by the gas, reaches the bottom end
of the vertical release pipe (Figure 3 A). Soon after the water level reaches the bottom end of
the vertical pipe, the gas can not flow out, since capillary force prevents the disconnection of
water in the vertical pipe from that in the main-tank (Figure 3 B). When the vertical distance
between the water level and the pipe end reaches a certain value R (meniscus length), the water
connection breaks off and the cover gas flows out from the main-tank through the vertical pipe
(Figure 3 C). The gas is ejected rapidly, and thus, the cover gas pressure decreases almost to
the atmospheric pressure. The water level in the main-tank rises with water supply from the
sub-tank, resulting in resubmergence of the pipe end (Figure 3 D). The increasing gas pressure
pushes down the surface in the main-tank again.

The system behavior has two stages with respect to the cover gas quantity. The cover gas
increases in "Stage I" and decreases in "Stage II." The change from one stage to the other is
called a "switching" in this paper. A "switching period" is defined as the duration of Stage I
and the subsequent Stage II.

Stage I Stage I

Sub-tank

Switching

Figure 3: Observed phenomenon in the experimental apparatus
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Governing Equations
Using the variables shown in Figure 2, the equation of motion can be written as follows.

d2z2

]dr2

dz2

~d7 - Zl) =Pa~P, (1)

where P is the cover pas pressure in the main-tank, z2 is the water displacement in the
connection pipe, z\ and 23 are the water levels in the main and sub-tanks, and r is time
starting from 0 at each stage. The others are constants; p is water density, g is acceleration
due to gravity, ( is the friction coefficient of the flow, and Pa is the atmospheric pressure.
The equivalent water column height LQ is expressed as follows,

s2 _ T s2 _
°~ s3

Z3 Si*1'
where z\ and Z3 are the values of z\ and Z3 in equilibrium (P = Pa and dz2/dr = 0),
respectively. There are following relations,

(2)

dzl dz2 c dz3
0 1 - 7 - = 02-7— = —03-j—.

dr dr dr (3)

Isothermal change of the cover gas pressure P is assumed for simplicity. In Stage I, the
cover gas is injected with a constant flow rate Q (reduced volumetric rate at Pa).

dP_

~dr~

PSi dZy PaQ
+ -77- • Stage I, (4)

V dr V
where V is the main-tank volume above the bottom end of the vertical pipe. The system is
switched from Stage I to Stage II when z\ reaches —R. In Stage II, the gas is assumed to be
injected with the constant flow rate Q and simultaneously ejected with a constant flow rate

Q'.
dP_ _ PS±dzi_ + PaQ_ _ PaQ[
dr ~

: Stage II. (5)
V dr V V

The system is switched from Stage II to Stage I when z\ reaches 0.
Simplification of Equations

By substituting equations (3) into equation (1), zi and z3 can be eliminated. The second
term (pressure loss term) on the left side of equation (1) is linearized using the time-averaged

, v (constant). Then the equation of surface motion in the main-tank is givenvalue of

by the fo
dr
lowing linear equation,

where C = -, D =
S3)

dr

, and E =

(6)

2Lo L0S1S3 p
The changes of P and z\ are not linear because P is included in the proportional coefficient

on the right side of equation (4). In order to linearize the equation, P in the coefficient is
approximated by a constant value in the Nth Stage I, Pi(N), the gas pressure at the beginning
of the Nth Stage I. The following equation can be obtained by integrating equation (4),

(7)
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where h is the vertical distance between Z3 and the end of the vertical release pipe.

Similarly, P on the right side of equation (5) is approximated by a constant value in the
iVth Stage II, P2(N), the gas pressure at the beginning of the iVth Stage II. The following
equation can be obtained by integrating equation (5),

P = T + {zi

In the following, the notation (N) is omitted unless special notation is needed. Rewriting
rp p 1 p

equation (6) by using z\ = -y^rx — h, r — —t, and y = — , non-dimensional equations are

obtained as follows,
D , Dh

x + x+—x + y = l + -^-, (9)

where [•] represents —. — and -=—- are negligibly small judged from the experimental data,
(XT O J-J - l a

thus,
x + x + y = l. (10)

Equations (7) and (8) can be non-dimensionalized as follows,

fit + 7 Viz + Yi : Stage I

v\
[ -at + -yY2x + Y2(l + 7<5) : Stage II,

where Y\ = — and Y% = —.
•* a • ' a

The system behavior is governed by only four independent non-dimensional parameters, a,
P, 7, and 6,

CV ' P CV ' 7 C2V ' EPa ' { '

where a represents the net gas injection rate, P represents the gas injection rate, 7 represents
the spring constant of the water column oscillation system, and 5 represents the water level
difference in the main-tank between the switchings. The system is switched from Stage I to
Stage II when x reaches —5, and from Stage II to Stage I when x reaches 0.

Now the behavior of the PBIS can be described by the set of two piecewise linear ordinary
differential equations (10) and (11) with the four parameters, a, /3, 7, and <5. Naturally the
equations do not describe exactly the behavior of the PBIS because of the assumption and
approximation. Still it is interesting to examine the behavior of these equations to discuss the
actual phenomenon shown in Figure 3, since the simplified equations give diverse solutions.
The cause of large fluctuation of the gas ejection interval in the deterministic system may
be revealed using the solutions. In the following, a number of calculations are made using
equations (10) - (12).
General Solut ions

The governing equations (10) and (11) are linear second order ordinary differential equa-
tions, and their characteristic equations are as follows,

? = 0 ,
(13)

= 0 .



When the conditional expressions are negative, the general solutions can be written as follows,

-WA • . r> * P . 1-Yi 8 _ .
e 2 (A\ sm ui\t + B\ cos u\t) —t H — 1—r—̂  : btage I ,

(14)x = <

e 2 M 2 sin w2t + 5 2 cosw2i) + ——i + 2 . . ^70 : Stage II ,
7 ^ 7*2 7 * 2

where

(15)

2
Equations (14) give general solutions even in the case positive conditional expression makes
uj\ or UJ2 imaginary.

Y\, Y2, U\, and U2 are the values of y and x at the beginning of Stage I and Stage II ,
respectively. Considering continuity condition of the pressure and velocity, they are determined
only by their previous values as follows,

Y2(N) = /3T1(iV)-7^y1(iV)+y1(iV),

U2(N)

T2(N) ( / Ao\

= e" 2 I -(B2LO2 + -^) sinLO2T2(N)

where Ti(iV) is the duration of the Nth Stage I and T2(N) is the duration of the Nth Stage
Stage II . The constants of integration, A\, B\, A2, and B2, are determined so as to satisfy
continuity of x and x at the switchings.

Al = ±(%+Ul + ± ) ,

1
^ V 2

= - s -
where ^4 l t B\, A2, and 5 2 are the A^th values. T\ and T2 are the minimum positive values
which satisfy the following equations.

^ ^ ^ ^ ^ ^ = -6,

(20)

= 0.
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The calculation starts from Stage I. The initial conditions are 21 (0) = 0, -——
CLT

= 0, and
r=O

Pi(l) = Pa, i.e., x{0) = 0, Fi(l) = 1, and Ui(l) = 0.
The procedure of calculating Yi(N) and Ui(N) is as follows. A\ and B\ are determined

by equations (18). T i ( l ) is determined by substituting A\ and B\ into the first of equations
(20). Then 12(1) and ^ ( 1 ) are determined by equations (16) and (17). A2 and B2 are
determined by equations (19). T2(l) is determined by substituting A2 and B2 into the second
of equations (20). Then Yi(2) and Ui(2) are determined by equations (16) and (17). Yi(N)
and Ui(N) can be obtained by repeating the above process.

Now the local behavior of the system in the Nth switching period can be calculated
uniquely from Yi(N) and Ui(N) because all values in the governing equations are determined
by Yi(N) and U\(N) if the four parameters are determined.

CALCULATED RESULTS
Waveform of x

Let us consider the solution sufficiently large To after the initial condition so as to neglect
the transient oscillation. The experimental conditions[2][3] were/3 = 3.4xlO~3, 7 = 2 .8x lO \
and S = 5.2 x 10~4. There was little information as regards a. A waveform similar to the
experimental result is obtained in the case of a = 7 x 10~2 as shown in Figure 4. The
calculated switching period does not fluctuate in this case. The system behavior is period-1.
However, the period does fluctuate if the parameters are varied. In the next section, it is
shown that multi-period and chaotic solutions are obtained by varying them.

a=7x10~2, PS3.4X10"3, Y=2.8x10', 8=5.2x10'

0 5 10 15 20 25 30X10

Figure 4: Waveform of x (a = 7 x 10~2,
(3 = 3.4 x 10"3, 7 = 2.8 x 10\ 5 = 5.2 x
io-4)

Figure 5: Poincare Map of (Yi(N),Ui(N))
(a = 1.085 x 10"1, 0 = 5 x 10~3, 7 = 3 x 101,
6 = 5 x 10"4)

Trajectory and Poincare Section
The system behavior describes a trajectory in the phase space (x, x, y).
A Poincare section, the cross section of the trajectory at the switching from Stage Stage

II to Stage Stage I, is introduced to reduce the dimension using a discrete system. The
local orbit in the iVth switching period depends only on the initial condition of (y, x) at
the beginning of Stage Stage I, (Yi(N),Ui(N)). Therefore, if the behavior of the Poincare
section (Yi(N), Ui(N)) is clarified, the system behavior is fully revealed. The system behavior
is discussed using the values of (Y\(N), Ui(N)) in the following section. Figure 5 shows the
Poincare map in the case of a = 1.085 x 10"1, (3 = 5 x 10"3, 7 = 3 x 10\ and 8 = 5 x 10"4.
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The dots on the Poincare section are not extended on two-dimensional plane but attracted to
the single line, which forms an arc.

Figure 6 shows the trajectory in the case of a — 1.085 x 1CT1, 0 — 5 x 1CT3, 7 = 3 x 101,
and 8 = 5 x 10~4. It is composed of deformed convergent spirals. The trajectory seems to be
narrowed at the switchings and expanded in stages. Figures 7 - 9 show the trajectory of the
same parameters in Figure 6 projected on (x,x), (x,y), and (x,y) plane, respectively. The
trajectory in Figure 7 makes spirals. The center of a spiral moves to the negative direction of
x in Stage I, and there is only one-fourth arc in Stage II. This means the water level goes down
with several periods of transient oscillation in Stage I and rises suddenly in Stage II. Figure 8
shows the maximum change of gas pressure appears at the switching from Stage II to Stage I.
The gas pressure in the main-tank is increased by the sudden water surface rise because of the
inertia force. The trajectory in Figure 9 shows the convergent spirals in Stage I and diverged
spiral in Stage II.

Stage

x 10"

xio

Figure 6: Trajectory in the phase space
(x, x, y) (a = 1.085 x 10~\ 0 = 5 x 10~3,
7 = 3 x 10\ 8 = 5 x 10-4)

Figure 7: Trajectory projected on (x, x)
plane (a = 1.085 x HT1, 0 = 5 x 10"3,
7 = 3 x 10\ 5 = 5 x 10-4)

• 6 - 4 - 2 0 2 4

Figure 8: Trajectory projected on (x, y)
plane (a = 1.085 x HT1, /3 = 5 x 10"3,
7 = 3 x 10\ 8 = 5 x 10~4)

Figure 9: Trajectory projected on (x, y)
plane (a = 1.085 x 10"1, 0 = 5 x 10~3,
7 = 3 x 101, <5 = 5x 10~4)



Bifurcation
The system behavior bifurcates with change in the values of a, (3, 7, and 8. The parameters

are varied around a reference condition of a — 1 x 10~\ (3 = 5 x 10~3, 7 = 3 x 101, and
8 = 5 x 10~4 near the experimental condition.

Figure 10 shows the bifurcation diagram of Yi(N) when the bifurcation parameter a varies
from 1.055 x 10"1 to 1.085 x 10"1 remaining the other parameters constant. Y\(N) takes
a single value when a is 1.055 x 10"1. The system behavior is period-1. With increasing
bifurcation parameter a, it changes to period-2 suddenly around a — 1.058 x 10"1 because a
jump between attractors occurs. It reaches a chaotic region after experiencing period-doubling
bifurcations. Some windows can be observed in the chaotic region. U\(N) bifurcates in the
same manner as Yi(N), because (Yi(iV), Ui(N)) is a Poincare section.

Figure 11 shows the bifurcation diagram of Yi(iV) when the bifurcation parameter (3 varies
from 4.7 x 10~3 to 4.85 x 10~3 remaining the other parameters constant. The system behavior
is period-1 when (3 is 4.7 x 10~3. With increasing (3, it changes to period-4 suddenly around
(3 = 4.745 x 10~3 because a jump between attractors occurs. Then it reaches a chaotic region
after experiencing period-doubling bifurcations. With increasing /? more, the behavior reaches
period-2 after reversed period-doubling bifurcations, then changes to period-1 discontinuously.
The parameters a and /3 appear symmetrically in equations (11). A similar bifurcation diagram
to Figure 10 is obtained when a = 5 x 10~3 and (3 varies from 1.055 x 10"1 to 1.085 x 10 - 1 .
a and (3 play almost the same role in the bifurcation.

Figure 12 shows the bifurcation diagram of Y\(N) when 7 varies from 2.2 x 101 to 2.4 x 101

remaining the other parameters constant. The diagram is similar to Figure 6. Figure 13 shows
the bifurcation diagram of Y\{N) when 8 varies from 3.1 x 10~4 to 3.5 x 10~4 remaining the
other parameters constant. This figure looks much different from the others. With increasing
8, the system behavior changes from period-1 to chaos suddenly around 8 is 3.19 x 10~4. After
passing through the chaotic region, the behavior changes to period-1 again. The bifurcation
parameter 8 does not always cause this type of bifurcation. A diagram similar to Figure 10
appears in other parameter regions. The bifurcation in Figure 13 is not peculiar to the case
varying 8. A similar diagram can be obtained when a, (3 or 7 is varied. These four parameters
govern the bifurcation and jump of the system behavior intricately affecting each other.
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Figure 10: Bifurcation diagram of Y\ (N)
for a ((3 - 5 x lO"3, 7 = 3 x 10\ 8 =
5 x 10-4)

Figure 11: Bifurcation diagram of Y\(N)
for 0 (a = 1 x 10-1, 7 = 3 x 10\ <J =
5 x 10"4)
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ct=lx10"', p=5x10"3, 8=5x10"4
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Figure 12: Bifurcation diagram of Yi
for 7 (a = 1 x KT1, /3 = 5 x HT3, 5 =
5 x 1(T4)
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Figure 13: Bifurcation diagram of Y\{N)
for 5 (a = 1 x l ( r \ /? = 5 x lO"3, 7 =
3 x 101)

CONCLUSION
A set of two piecewise linear ordinary differential equations with four independent param-

eters were derived to describe the behavior of a water column oscillation system simulating
a passive safety cooling system of an advanced reactor. The trajectory in the phase space
(x,x,y) showed deformed convergent spirals. The Poincare section, (Yi(N), Ui(N)), was
shown to determine the system behavior. The system behavior bifurcated with changing the
parameters, and showed chaotic features after period-doubling bifurcations and/or a jump
between attractors.
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