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ON A GENERALIZED PHASE DIAGRAM OF SIMULTANEOUS TRANSPORT PROCESSES - A TWO-
VELOCITY UNIVERSAL PLANE OF INVARIANCE
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The problem concerning void fraction as an additional degree of freedom for a discontinuous
density continuum e.g., two-phase systems, is theoretically investigated. A generalized phase
diagram has been found to signify the evolution of two-phase systems. With due regard to the
objective property of motion, the transformation functions and its properties clearly expose the
invariance of relative velocity with superficial velocities as the vector quantities. A fundamental
one-to-one mapping involving Euclidean point spaces has been derived demonstrating a two-
velocity universal plane of invariance as two-phase equation-of-state. The utility of the phase
diagram for steady-state operations is doubtless because of the fundamental property of motion.

Introduction

A great many engineering systems such as, but not limited to, chemical and nuclear reactors,
which are encountered in chemical, power and process industries, involve, instead of a single
phase, steam-water, air-water, particle-fluid etc. While the coexisting phases, in particular, gas-
liquid systems exhibit various flow patterns; the knowledge of their spread is of designers' primary
interest. On such account, the problem at hand due possibly to an additional degree of freedom
resulting from the simultaneous motion, however, lacking a material volume, is strictly beyond the
scope of the Reynolds Transport Theorem.

In view of his discovery of the buoyancy principle, historically, Archimedes may be the first to
recognize the implication of the density discontinuity. According to his celebrity work [1] on the
Brownian motion almost a century ago, Einstein's famous expression for an apparent viscosity due
to suspension of rigid spheres in a continuum suggests complex flow behavior. Because of the ad-
hoc approaches of the semi-empirical model [2], it is not always possible to gain considerable
insight regarding the character of a two-velocity flow field. Interestingly, the concept of drift velocity
is noted [3] to be consistent with the techniques used in the kinetic theory of gases. However, the
'striking' behavior of the experimental data, that amazed its researchers [4] remains unanswered.
Furthermore, an attempt [5] was made to confirm the "generalized operational diagram", which
according to a phenomenological theory [6] for vertical moving fluidized systems, suggests the
invariance of relative motion in a vector field. Despite mathematical rigor of some [7, 8], the
interfacial constitutive relations seem to be the outstanding issues. Most importantly, as of to-date,
the fundamental void-quality relation admittedly [3] lacks an understanding on the basis of very
first principles. It is also of interest to note that the knowledge of existence and uniqueness of an
immiscible mixture is presently scarce [9].

*Present Address

In the present author's view [10], the conservation principles signify nothing unless they conform to
our perception of reality in terms of coordinating our experiences. To account for fluid deformity,
the Jacobian transformation thus becomes inevitable in support of our 'space of reference' as



'bodies of reference1 [11] where Euclidean geometry must hold true. The physical implications of
the Eulerian description of space-time, is not to let it go, but, unlike rigid body, to let loose the
center-of-mass velocity of a fluid body. It is therefore important to recognize that the crux of
Reynolds Transport Theorem, where law of the integral plays a guiding role, is the aforementioned
transformation. On the other hand, the objective property of the simultaneous motion involving
interfaces appears to be far more than trivial since by virtue it does not belong to the world tube of
Newtonian Mechanics as illustrated in Figure 1.

In order to ensure its compliance with the conservation laws, a priori, knowledge of the
aforementioned existence and uniqueness therefore appears to be the key to our understanding of
the underlying physics of simultaneous motion. If the advancement of science is to be gauged by
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Figure 1. A conceptual illustration of the world tube and a discontinuous continuum.

the establishment of a body of knowledge subject to practical applications then, instead of pre-
assuming or hypothesizing, it may be worth developing a 'simple yet consistent theory' to
understand two-phase equation-of-state on a profound theoretical foundation.

Theory

We begin by postulating that, in order to comply with the fundamental conservation principles, in
particular, for mass and momentum, the simultaneous motion of a discontinuous density
continuum is restricted due to a function, f, which may be a unique characteristic for
aforementioned coexisting phases undergoing complex dilatation motion. The phasic velocity of
any component 2, for example, is therefore related to the center-of-mass velocity, ucm, according
to equation (1a). Furthermore, the center-of-mass velocity including mixture density and the
associated decomposition in terms of the cross-sectional area of flow are given by equations
(1b&1c). In consideration of the center-of-mass velocity, the relative velocity, ur, which is the

argument of the abovementioned function, has been defined according to equation (1d).

ucm = C°l«l«i + / W * 2 )/Pm where Pm = Pk«k

(1a)

(1b)

(1c)
k={,2

It is realized that without compromising generality of the development, one faces the challenge of



identifying the dummy variables, in particular for the respective densities and the velocities.
Therefore, following mathematical statement of consistency appears to be in order.

Proposition (I): If the value of a variable X2 is greater than the value of the variable X1 then X1 less
than X2 must hold true; otherwise, it is greater, if and only if, the value of variable A2 is less than the
value of A-,.

Remarkably enough, the above set of equations, which thus identifies itself with a set, p , so that
the respective field and state variables, uk, cck, in addition to the center-of-mass velocity, ucm, and
the relative velocity, ur, become its elements, indeed asserts the fundamental laws of physics
such that the set, @, is well defined. In order to ascertain the conservation laws, it is therefore of
fundamental importance to secure the above set, p, in a vector field of Euclidean 3-space. It is
also critical to notice that the above set of equations may render themselves dimensionless.

Let us now imagine a pseudo continuum with different densities, however, with equal velocities for
each of its phases. As a result, our equation set (1) simply reduces to ucm =u2=ui. While it is

clear that for vanishing, f, the mixture density can not be uniquely defined, it is also true according
to the single-phase flow Reynolds Transport Theorem that there is no distinction between the
center-of-mass velocity and the center-of-volume velocities if at least any one of the components
is a single-phase fluid with a unique mass density. In an apparent anomaly, the extreme bearing of
the function, f, on the mixture density becomes clear. The assertion is that the relative velocity may
be the fundamental variable concerning an additional degree of freedom.

Instead of equal phasic velocities, if we now assume identical density of either p-i or p2 of which at
least one continuum is single-phase then an expression for the function, f, as given by equation
(2a) can be obtained from equations (1a&1b). By expressing oi of equation (1c) in terms of a2

according to equation (2b), it has thus been possible to identify mixture's continuous phase as
subscript 1 because of the limiting conditions. Consequently, subscript 2 corresponds to the
discontinuous phase. As a result, the mixture density can be uniquely defined by equation (2c).

f = {u2-ul){l-a) = ur{l~a) (2a)

al=l-a2=l-a (2b)

p = pi(l-a) + p2a (2c)

Objectivity Principle and A Fundamental Paradox

In what follows, it shall be shown that we are now in a position to investigate a much-disputed
fundamental property of simultaneous motion. For the sake of a simple yet critical analysis, let us
consider the relative velocity is not restricted by the aforementioned function. Therefore, let its
velocities correspond to two simultaneous events in Euclidean point spaces of the framing, 3.
Accordingly, equation (3) and equation (4) represent respective world lines in an inertial system,
O. Furthermore, let us consider a second system, O', which moves uniformly and without rotation
with respect to O according to equation (5).

*02-̂ 02 = "02^ -0 (3)

xm-x0l=u0l(t-t0) (4)

*oo'-*oo'=woo'(?-0 (5)

Consequently, each of the simultaneous events can be expressed according to equation (6a) and



equation (7a), which respectively relate the measurements of both the observers so that the
composition of velocities as given by equation (6b) and equation (7b) hold.

. (6b)

+(^oi -^oo') (7a)

0'l ( 7 t > )

Equation (6a) and equation (7a) together yield equation (8a) where the relative velocity between
the events is objective according to equation (9a), which readily follows from equation (6b) and
equation (7b) so that equation (10a) and equation (11a) must also hold true in signifying the law of
composition of velocities in any inertial frame i.e., irrespective of the reference systems.

x02 -x 0 1 =un(t-t0)+(x02 -x0 1) (8a)
(9a)

(9b)

(10a)

= W 1 2

With the aid of equation (6b) and equation (7b), one can express the relative velocity of the set, p,
as given by equation (1d) in the inertial system, O', also as % 2 -M 0 . , =ur. Paradoxically, one can

therefore arrive at equation (9a) above. This is remarkable enough to draw our attention to
equation (8a) in a vector field. Accordingly, equation (8a) becomes equation (8b) and the
corresponding law of composition of velocity can be expressed according to equation (10b) such
that the identity as given by equation (12c) holds.

*01 ~X02 =M2l( ' - 'o) + fol -^02) (8t))
"01 - M 0 2 = W 2 1

uu+u2l=0 (10c)

If we now resort to equation (9b) then in order for the law of composition of velocity to hold true in
the system O', one must also have equation (12a). In a manner similar to the above, consequently,
equation (12b), equation (11b) and equation (11c) can be easily found.

- * o ' 2 = "21 ( ' -o'2

(*02 - * 0 l ) (1 2 a)

foil - *<a) (1 2 b)
= " 2 1

M12 + M 21 = 0

As a result, use of equation (8a) and equation (12a) or equivalents, equation (8b) and equation
(12b) yield equation (13), which signifies invariance of two events i.e., the distance between two
points according to the respective law of composition of velocities, hitherto derived. It becomes
apparent using equation (5), equation (6a) and equation (7a) that the aforementioned invariance is
in accord with the well-known "Galilean Transformation" [11] as given by the respective equations
(14a&14b) where we assume without loss generality xO2-xw =3c01 -xw =a. Thus, equation

(13) in relating the measurements of both the observers, O and O' of the events signifies the
principle of material frame indifference.
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x'2=x2-um4-a (14a)

x[=x^-uw4-a (14b)

The foregoing exposition of the law of composition of velocity demonstrates the fundamental
importance of the objective property of motion since it allows us to fix a scale of measurement. For
instance, if the relative velocity between the objects 1 and 2 under consideration is zero then
according to the sets of equations (8 & 12) their left-hand sides become invariant in time
corresponding to the right-hand side, which represents a fixed interval between two arbitrary points
of a rigid body. It is thus shown with rigor that as long as space-time is a priori where "space of
reference" according to the development is indeed "bodies of reference"; the objectivity becomes a
guiding principle of physics. In Eulerian space-time, the axiom of the continuum signifies a trivial
scalar decomposition as stated in the following lemma.

Lemma: For vanishing force-in function due to the vanishing relative velocity, the ratios of the
mass fractions, flow volumetric and hence, void fractions are always in equal proportions such that
center-of-mass velocity and the center-of-volume velocity becomes a trivial identity.

x/{\ -x) = J3/{1 -J3) = a/(\ - a\ ucm =ucv=u (15a)
x1+x2=GjG+G2/G = l, A + /32=Qi/Q + Q2/Q = l (15b)

According to the present theory, on the other hand, the two-component flow because of the
function, f, cannot be two simultaneous events, if and only if, the relative motion is an invariant
parameter in a vector field. Therefore the aforementioned decomposition principle, which lends
itself to the following fundamental theorem, must be far more than trivial.

Theorem: If and only if, there exists a force-in function of non-vanishing relative motion as a
fundamental constraint to the void fraction then the principle of material frame indifference
demands a unique relation between mass fraction and void fraction such that a fundamental
identity between mixture center-of-mass velocity and center-of volume velocity must hold true for
every stable solutions, which lie at the intersection of the set, p, and set, 91, hitherto developed.

l-x px \-cc

s=^- (16b)

Notice, for equal densities equation (16a) reduces to equation (15a), if and only if, the slip ratio as
defined by equation (16b) becomes unity corresponding to the vanishing relative velocity of
equation (17). On the other hand, the knowledge of slip ratio and relative velocity is of utmost
important for any given value of the mass fraction of the set, 91, hitherto identified with equation
(16). According to the theory, the values of the flow properties including void fraction becomes the
intersection of the set,#?, and the set, 91, which together may belong to a universal set, 0.

ur=u,{s-\) (17)

In search of a phase diagram for the universal set, 0, let us next proceed with the formulation of
the two-phase equation-of-state without, however, resorting to the typical control volume
approach.
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Formulation

The Characteristic Function and The invariant Relative velocity:

As a foremost requirement, it is necessary to evaluate the characteristic function, f, as given below
for the set, p.

{u2-ull\-a) (18)

By invoking Proposition (I), it is noticed that the results are indeed remarkable to support the
invariance of the relative velocity. If for example the magnitude of the phasic velocity, u2, for the
discontinuous phase is greater than the velocity, ul, of the continuous phase corresponding to the
positive value of the center-of-mass velocity, ucm, then it is true that the function, f, for that
particular Set (1) as indicated in the Table I always remain positive if and only if the discontinuous
phase velocity becomes less than that of the other; otherwise, ux >u2, corresponds to the
negative center-of-mass velocity. Furthermore, the function, f, always remains negative for the
converse to be true according to the Set (2). It is also evident from Table I that the differences
between the phasic velocity and the center-of-mass velocity bear unique relations, which are
consistently enough invariant to the vector field.

ucm>0

« c m<0

(A)

(B)

SET1

/(«,-)= G°l/A»X«2-«l

«2-«Cra>0

/(«r)=-U//»»X«2-«
«cm ~M2 > (

Xi-«)>

iXi-«)
)

SET 2
0

>0

/(«r)=-(AMX«i-«^Xi-a)<o

«2-«cm<°
/ (« r ) = ( A / pra X«i - »2 Xi - «) < °

ucm-u2<0

Table 1a. The invariance principle concerning center-of-mass and phasic velocities.

In order to determine the bearing of Proposition (I) concerning density discontinuity, the
fundamental role of the aforementioned invariance in dictating the center-of-volume velocity, j ,
must now be examined.

Universal Transformation Function, A Universal Parameter and The Fundamental
Identity:

It is necessary to resort to the simple kinematics equation (19) for each phase.

j2=u2a (19a)

(19b)

Consequently, an equivalent expression for the fundamental variable, ur, of equation (1d) can be

easily obtained as given by equation (20). Furthermore, a "new" parameter, r\, as defined by
equation (21a), which is thus related to the total volumetric-flux density, j, according to equation
(21b), has been found. As a result, an equivalent expression for the slip ratio as given by equation
(22) is readily obtained from equations (16a&20). Alternatively, equation (16a) and equation (22)
together yields equation (20). Thus, equations (22&24) signify transformed relative velocity and
slip ratio respectively.
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~ a{\-a) Jl

Jl/J2

(20)

(21a)

(21b)

(22)

On the other hand, use of equation (19a) and equation (21b) in equation (20) results in equations
(23a&23b) relating phasic velocity of the discontinuous phase and the total volumetric flux
densities as the center-of-volume velocity. Following the very first principles, the present theory
thus allows us to formulate the well-known drift velocity, u2J, in terms of the characteristic function,

f, without invoking concept similar to the kinetic theory of gases. Accordingly, it now becomes
clear, as Table 1b indicates, that it must be an invariant quantity also.

Pm

2 Pi

u2J =u2-j

(23a)

(23b)

SET 1 SET 2
7 > 0

j<o

(A)

(B)

«2y=(p«M)/(«r)>0

u2-j>0

«2j={Pm/Pl)fM>0

j-u2>0

U2j=(pJPl)fk)<0
u2-j<0

U2j={pJPl)fk)<0

j -u2 <0

Table 1b. The invariance principle concerning center-of-mass and phasic velocities.

Equation (18a) and equation (23a) finally yields equation (24a). The formulation thus demonstrates
with rigor that if we invoke Proposition (I) for the density difference of equation (24b), then the
fundamental identity of our theorem is in fact an invariant equation in a vector field, as noticed in
TableiC. This is an outstanding result, which asserts the volumetric flux densities of equations
(19a&19b) must be vector quantities. The total volumetric flux density of equation (21b) is
therefore the center-of-volume velocity. Furthermore and most importantly, the invariant character
of equation (26) asserts another inherent principle called buoyancy.

«, ) = 7 + «r (24a)

(24b)

SET 1 SET 2

ucm < 0, j < 0

(A)

(B)

A/0 = A>-A<O

a{&p/pi)f(ur)<0

«cm-J<0
a(V/A)/(«r)<0

7-«cm
< 0

Ap = p2-pl >0

4 V / A )/(",)< o

a(Ap/Pl)f{ur)<0

i-ucm <o

Table 1c. The invariance principle concerning center-of-mass and center-of-volume velocities.

According to their transformed expressions, clearly, slip ratio and relative velocity stand out as sets
where in may lay the solutions. For every value of the void fraction there is a slip ratio and hence,
a relative velocity as stated symbolically given a value of the "new"' parameter,r|.
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Conversely, It is possible that there may exist real solutions for void fraction with due regards to
the relative velocity as an invariant parameter. The concept of a universal transformation function
as defined by equation (26a), which readily follows from equation (20), has therefore been
introduced in a unit interval [a e 0,1]. Similarly, its first derivative with respect to the void fraction
and the limiting values are given by equations (27a&b) respectively.

ura(a-l)-
= 1

=o x>

)

=-n\

where ur=utjj%

\a=0
= [ur{2a-\)-t]]a=o=-ur-7], —

da
= ur-tj

(26a)

(26b)

(27a)

(27b)
<*=i

Now the aforementioned solution for the void fraction can be readily obtained as given by equation
(28) such that the transformation function is satisfied.

a = -2M,
-1 such that = 0 (28)

Properties of the Transformation Function

In order for the real solutions to exist, clearly, the following condition of equation (29) must hold
true.

{wr + (l + T])}2 -4ur>0 (29)

Upon rearranging and expanding, the condition for the "new" parameter is given by equation (30a).
With zero being the lower limit, consequently, the interval of equation (30b) allows us to determine
an extremely important condition for the modified relative velocity of equation (26a) also, according
to equation (30c).

77 > 1 - ur/2 - (l + 7jf/2ur (30a)

0 < 1 - ur/2 - (l + rffJ2ur < T) (30b)

0 < {ur f + (l + rj)2 < 2ur (30c)

As a result, we arrive at the following properties corresponding to the Set (1).

Property (IA): If the relative velocity, ur, as dictated by the set (1A) is greater than zero then the

superficial velocity, j2, must be also greater than zero such that the modified relative velocity, ur,

is positive. Consequently, the universal parameter, rj, is positive if and only if, the superficial

velocity, _/,, is greater than zero.

0 ur > 0 and ur>0;rj>0 :. j2 > 0 yields jx > 0}-Property (IA) (31a)

Property (IB): If the relative velocity, ur, as dictated by the set (1A) is less than zero then the

superficial velocity, j2, must be also less than zero such that the modified relative velocity, ur, is



OOOO
positive. Consequently, the universal parameter, 7], is positive if and only if, the superficial

velocity, j\, is less than zero.

0 « , < O and ur>0;?]>0 :. j2 < 0 yields j \ < O}-Property (IB) (31 b)

The following interval for the universal parameter may also hold true in consideration of zero as
the upper bound and the corresponding interval for the modified relative velocity can therefore be
given according to equation (33).

1 - ur/2 - (l + rifJ2ur < rj < 0 (32)

1 -urj2 - ( l + TJfJ2ur < 0, 0 < 2ur < {iirf + (l + Tjf (33)

As a result, the additional property as stated below follows Property (IA).

Property (IC): If the relative velocity, ur, as dictated by the Property (IA) is greater than zero then

the superficial velocity, j2, must be also greater than zero such that the modified relative velocity,

ur, is positive. Consequently, the universal parameter, rj, is negative if and only if, the superficial

velocity, j\, is less than zero.

0 ur > 0 and ur>0;?]<0 :. j2 > 0 and j \ < 0} - Property IC (34)

In view of the Set (2), it is also imperative to investigate the relevant transformation properties,
which are consistent with the corresponding characteristic function, f, as given in the Table I. for
«* <0. Accordingly, as opposed to equations (26&28), one can easily find equations (35a-35c).

"¥ = ura
2-a[ur-{l + tj)]-l = 0 (35a)

a = -
1

2ur

fc-(l + i7)}±j4«r
u (I**)"ZiLJl_vu_v/l + 1

4 u. f
(35b)

{icr - (l + T])}2 +4ur>0 (35c)

The necessary conditions readily follow as given below for the corresponding Properties (IIA&IIB).

0<2ur?]<2ur+u? + (l + 7j)2, 0<T]<l + ur/2 + (\ + T]f/2ur (36)

Property (IIA): If the relative velocity, ur, as dictated by the set (2A) is greater than zero then the

superficial velocity, j2, must be greater than zero such that the modified relative velocity, ur, is

also positive. Accordingly, the universal parameter, rj, is positive if and only if, the superficial

velocity, j{, is greater than zero.

9 « r > 0 and ur > 0; T} > 0 .-. j2 > 0 yields j: > 0} - Property IIA (37a)

Property (IIB): On the other hand, if the relative velocity, ur, as dictated by the set (2B) is less

than zero then the superficial velocity, j2, must be less than zero such that the modified relative

velocity, ur, is positive. Consequently, the universal parameter, rj, is positive if and only if, the

superficial velocity, jl, is less than zero.

0 ur < 0 and ur>0;Tj>0 :. j2 < 0 yields j \ < 0}- Property IIB (37b)



If, on the other hand, we set zero as the upper limit then Property (IIC) follows because of the
inequality of equation (38).

2 + {l + tjf/2ur<0, \<-ur/2-(l + 7}f/2Ur (38a)

Property (IIC): If the relative velocity, ur, as dictated by the Property (HA) is greater than zero

then the superficial velocity, j2, must be less than zero such that the modified relative velocity,

ur, negative. Consequently, the universal parameter, rj, is negative if and only if, the superficial

velocity, j\, is greater than zero.

0 ur > 0 and ur<0;rj<0 .: j2<0 and j \ > 0} - Property (IIC) (38b)

Indeed, the concept of universal transformation function including its properties is significant
enough to confirm the invariance of relative motion since it lends itself to the superficial velocities
as vector quantities. One is therefore left with the most challenging task of securing the vector field
in terms of the superficial velocities by deriving a fundamental transformation of Newtonian
Mechanics.

Transcendental Transformation Function:

Since fundamental importance of a plane of invariance due to a two-velocity flow field appears to
be profound for existence of a two-phase mixture, let us therefore proceed with the formulation of
the universal set, 0, by seeking a complementary universal transformation function. In view of
space-time plane where Euclidean geometry holds, if the superficial velocities are related to
transcendental functions according to equation (39a) such that the relative angle is given by
equation (39b) then the individual angles become arc tangent of the respective normalized phasic
velocities of equation (1d). Therefore, following one-to-one mapping must exist, if and only if, the
relative velocity and the relative angle are related to each other.

tan#2 = ji/oc, tan#i = jj{l-cc)} (39a)
er=e2- 0] (39b)

62 = tan'w.,, <9[ = tan"1w1} (39c)

« t (« i^2)«^(« . ,»2 ) k = \,2 (40)

The above mapping in physical terms signifies sets of values of the two-velocity flow field
corresponding to the sets of values of the angles of transcendental functions for every real value of
the void fraction, follows.

A Fundamental One-to-One Mapping of Euclidean Point Spaces

In order to reveal the much-sought universal plane of invariance, let us now invoke the following
trigonometric identity such that the transformed relative velocity of equation (20) is restricted
according to equation (42) for non-vanishing relative angle. Conversely, the relative angle must
exist because of the non-vanishing relative velocity.

tan<9 = - -
1 + tantf, tan ^

ur = tan#J 1 + w^2- I g = tan"1 uA'.

L al-a\ 1 a \-a
(42a)

10
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With the aid of equation (20) and equation (42a), a transcendental transformation function, v|/T.
which is consistently enough a quadratic in void fraction, also, has been developed as given
below. As a result, the solutions for void fraction can be easily found according to equation (44).

= tan Qr (a - \)a - (1 + rj)a+1 - j \ 7;tan 6r where tan 6r = tan Or jj2

for
(1 + 77 + tan 9r) ± \ (l + 77 + tan <9r f - 4tan ^ (1 - j \

2tani9r

(1 + ̂  + t a n ^ ) 2 -4tan9 r(1 -y2
2^tan6r) > 0

= 0

(43)

(44a)

(44b)

The above solutions for void fraction corresponding to the values of the relative angle for any given
value of the universal parameter including the superficial velocity of phase 2 yield sets of values for
the invariant relative velocity. The transformation indeed confirms the existence of the sets of
equation (25) for both the slip ratio and the relative velocity. Consequently, the phasic velocities
can be determined from equation (16b) and equation (17). The result is a remarkable family of
hyperbolic curves as shown in Figure 2, which in passing through a 45° line of slip ratio one
include sets of values of our much-sought void fraction. It is worth noting that the possibility of the
aforementioned curves had been cited in the literature [12]. The numerical results, as listed in
Table 2, have also been computed for values of the universal parameter. It is noticed that with the
increasing value of I//7 the upper limit of the unit interval for the cross-section average void
fraction approaches the 45° line of homogeneity, such that except in the limit as indicated by the
asymptote, the phasic velocity of the discontinuous phase (Ap = p2- pl < 0) is higher than that
of the continuous phase.

8

1

0.8

h

25

100

250

9r

0.1°
0.01°
-.01°
-0.1°
-0.3°
-0.5°
-1.5°
2.0°

o.r
-0.3°
-0.4°
-.56°
0.2°
0.15°
0.1°
0.05°
-.01°

Equation
(44a)

Oi

0.115
0.149
0.227
0.305
0.693

0.7618
0.8491
0.9887

0.5749

0(2
0.072

0.033
0.4127

0.1677
0.2647
0.3616
0.4586

Equation
(44a)

Ur,1

-8.57
-68.5
-149
-206
-615

-289
-545
-876

-35.7

Ur,2

130.01
9.12

538.4
72.00

1250
672.6

378.02
175.7

Equation
(22)

Si

0.962
0.701
0.424
0.285
0.055

0.313
0.18
0.011

0.92

s2
1.6

1.04

3.60
1.42

6.20
3.47
2.21
1.48

Equation
(17)

U1.1

226.0
235.3
258.9
287.8
651.6

419.8
882.6
8856

470.5

U1,2

215.6
224.1

206.9
170.3

240.3
272.0
313.3
369.4

Equation
(18b)

U2,1

217.4
166.8
109.9
81.95
36.07

131.3
117.8
101.1

434.8

U2,2

345.7
233.2

745.38
242.29

1491
944.6
691.3
545.1

Equation
(39b)

9r,1
0.1°

0.01°
-.01°
-.09°
-.23°
-.49°

-1.5°
2.0°
0.1°

-0.3°
-.39°
-.56°
0.2°
0.15°
0.1°

0.05°
.009"

6r.2

.099°
0.01°
-.01°
-.1°

-0.3°
-0.5°
-1.5°
1.99°
.099°
-0.3°
-0.4°
-.56°
0.2°
1.49°
.099"
.049°
-.01°
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GO 0 O

0.5 400

-.05°
-0.1°
0.1°
0.05°
.001°
-.01°
-.02°
-.04°

0.6525
0.7495

0.6899
0.7132
0.7504

0.4339
0.5503
0.6644

-192
-465

-65.3
-137
-268

568.4
282.1
6.26

0.67
0.42

0.89
0.80
0.67

2.61
1.63
1.01

575.5
798.3

645.1
697.3
801.4

353.3
444.75
597.23

383.1
333.6

579.8
560.8
533.0

921.7
726.9
603.5

-.05°
-.09°
0.10°
0.05°
.001°
-.01°
-.02°
-.04"

-.05°
-0.1°
.099"
.049°
.001°
-.01°
-.02°
-.04°

Table 2. Computational results of the universal plane due to a fundamental one-to-one mapping

According to the fundamental theorem, hitherto developed, it is now clear that the stable solutions
for the evolution of two-phase mixture, as illustrated by the dotted lines, must lie in the non-
dimensional plane such that the total mass-flux can be obtained from equations (45a-45b) where
as the normalizing velocity is due to Stoke's law of equation (45c).

= pj* + p2f2 = u^ (p,j\ + pj2)
(45a)

(45b)

(45c)

Besides its utility, it can be easily shown that the existing correlating planes are different
manifestations of the universal plane or the generalized phase diagram. For example, the plane of
drift-flux versus void fraction well-known drift-flux model,
j2i =ura(l-a) = j2 -cg = (l-a)j2 -qjlt which involves relative velocity as a function of void
fraction, readily follows from transformed equation (20). Alternatively, it can also be rewritten in the
form j2 = (a/l-a)j\ + aur for a one-to-one correspondence between the superficial velocities for
a given void fraction, however, of varying mass fraction and slip ratio according to equation (22)
respectively. The present theory thus confirms the phenomenological theory for relative velocity as
an invariant parameter, which was pointed out over half a century ago. It is furthermore recognized
that if equation (23) stands alone then it signifies local drift velocity. According to the present
formulation, it is therefore necessary and sufficient to ensure u2 as the weighted mean velocity of

equation (1a) where ucm satisfies equation (24). In other words, there must be a drift velocity, u2j,

Figure 2. A two-velocity universal plane of invariance for two-phase equation-of-state.
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which cannot be independent of the characteristic function, f, and hence the drift velocity, u2J, of

equation (24). If equation (23) is expressed according to equation (46a), then equation (46b)
relates the aforementioned drift velocities as given by equation (48b) such that the fundamental
identity becomes equation (46c). This appears to explain, in support of the generalized phase
diagram, the 'striking linear dependence' of the data using the so-called distribution parameter
according to equation (48a), herein developed.

u2=^- = CJ + u2J (46a)

u2J = (Co - 1 ) ; + u2J where Co > 1 (46b)

"cm = J + (P2 -Pl/PmH{C0-^)j + U2j\ (46c)

CONCLUSION

According to a fundamental theorem and the properties of the set theory, a universal set has been
found representing two-phase systems, in general, due primarily to its characteristic function,
which uniquely restricts the relative velocity as the fundamental variable for an additional degree of
freedom called void fraction. In ensuring the objective property of simultaneous motion, it signifies
a fundamental invariance so that according to a universal transformation law of the Euclidean point
spaces the motion of a discontinuous density continuum can not be simultaneous events i.e.,
stand-alone systems without interactions. As a result, the existence of fluidized systems has been
revealed as a two-velocity universal plane of invariance, called "Generalized Phase Diagram,"
which most importantly involves void fraction. Accordingly, it appears that the locus of the stable
solutions, which must lie on a remarkable family of hyperbolic curves passing through a 45° line of
slip ratio one, is an asymptote. In securing two-phase equation-of-state as a scalar decomposition
principle concerning mass and void fractions, the utility of the plane for evolution of two-phase
mixture is doubtless because of the fundamental property of motion. In supporting the phase
diagram, the consolidation of current state-of-the art void-quality models including a 'generalized
operational diagram' readily follows the present development. In a unified approach, the theory
shall be extended further to formulate the conservation laws in the papers to follow. In addition, the
analysis of fluidized systems including classical empirical results for two-phase pressure drop shall
be put to proper prospective.
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