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DETERMINATION OF THE POTENTIAL SCATTERING PARAMETER
AND PARAMETERIZATION OF NEUTRON CROSS-SECTIONS IN
THE LOW-ENERGY REGION. Different cross-section parameterization
methods in the low-energy region are considered. It is shown that the
potential scattering parameter value derived from analysis of experimental
cross-section data is dependent essentially on the method used to take
account of the nearest resonances. A formula describing this dependence is
obtained. The results are verified by numerical model calculations.

Introduction

The potential scattering parameter is one of the characteristics of the nucleus whose
determination is given significant attention when analysing experimental data on
cross-sections in the resonance region [1]. In the various formalisms this parameter is
associated with different values: the optical radius, the potential scattering radius R', the
potential scattering parameter R°° (R-matrix approach), the potential scattering phase shift cp
(S-matrix approach), etc. However, all these values are interrelated and may be regarded as
one and the same parameter.

Most information on the potential scattering parameter is obtained by analysing
cross-section data in the resolved resonance region. The problems that occur in this region are
usually related to inadequate experimental resolution, possible partial resonance overlap, the
Doppler effect, etc.

Nevertheless, however accurate the experimental data and however reliable the
knowledge of the other resonance parameters, the reconstruction of the potential scattering
parameter can be ambiguous. The cause, as will be shown below, lies in incorrect allowance
for the contributions of the nearest resonances.

1. Influence of the number of resonances taken into account on the calculated
cross-sections

As an example we shall examine how a difference in the numbers of resonances taken
into account affects the neutron cross-section energy dependence. We shall confine ourselves
to a very simple case of well isolated resonances of a non-fissionable even-even nucleus,
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taking only the s-wave into account. In this case, both S- and R-matrix formalism employ
Breit-Wigner formulae to describe the cross-section energy dependence [2-5]. Specifically,
the total cross-section and radiative capture cross-section are represented as follows:

(la)

(lb)

where k is the wave number, <p is the potential scattering phase shift, E\ is the energy of the
X-th resonance and Tu, r\y, and Tx are its neutron, radiation and total widths: T% = T%n + F\r
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Total neutron cross-sections (top) and scattering cross-sections (bottom)
calculated taking into account a different number of resonances to the left and
right of E°= 2000 eV: 100_100 - one hundred resonances on each side (o);
100_2 and 2_100 - 100 resonances to the left and 2 to the right and vice
versa. The unbroken curves in both figures represent the 2_2 situation where
2 resonances are taken into account on each side.

In the upper figure, points are used to represent the total neutron cross-sections (la) in
the 1980-2020 eV energy range, calculated using a set of equidistant resonances with identical

radiation widths (T%r = Tj) and reduced neutron widths (r£, = T°n) with the following

average values:
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rn° = 0.002 eV, f Y= 0.1 eV, D = 20 eV, g> = 0.0776. (2)

In these calculations account was taken of 200 resonances arranged symmetrically
relative to E° = 2000 eV (we designate this case 100_100). The broken curves show the
results of two other calculations: for the variant 100_2, which takes into account
100 resonances to the left of is0 and 2 resonances to the right (upper curve), and for the reverse
situation 2_100 (lower curve). Lastly, the unbroken curve (almost coinciding with the points)
corresponds to the 2_2 case, taking into account 2 resonances on either side of £°.

As the figure shows, a difference in the numbers of resonances taken into account on the
different sides of the energy level under investigation causes a clear and systematic increase or
decrease in the total cross-sections. A similar situation may be observed for the scattering
cross-sections cs(E) = ot(E) - a^E) (lower figure).

Since the resulting deviations are small, the relative changes in the ot(E) or <ss(E)
cross-sections caused by these differences are not significant near the resonances, but they
become noticeable between resonances, especially at the interference minima. Therefore,
when solving the reverse problem of determining the resonance parameters from
experimentally observed cross-sections, one might expect that such differences would have
little effect on the parameter values of the resonances themselves but could noticeably
influence the value of the phase shift 9 to be determined.

It is interesting that, in the radiative capture cross-sections Gj(E), there are practically no
differences caused by the different numbers of resonances taken into account.

2. Cross-section parameterization in R-matrix theory

We shall use the R-matrix approximation to evaluate how the numbers of resonances
taken into account affect the potential scattering parameter value to be determined. In formal
R-matrix theory, cross-sections are expressed as elements of the collision matrix U, which in
turn is combined with the jf?-matrix [4, 5].

U = nP/2 (l-RL^il-RL0*)'1?-1^, (3)

where R is the matrix with the elements

n _
ab~

TXc are the width amplitudes in the channel c; £2, L°, and P are diagonal matrices with the
elements Qc— exp(-i<pc), L° = S®+iPc and S° = Sc-Bc; Sc and Pc are the permeability and shift
factors, and Bc is the boundary condition parameter.

In moving from the matrix of channels (1-RL0*)'1 to the matrix of levels, the elements of
matrix (3) for isolated resonances may be represented thus:
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-.1/2/-.1/2
l

(5)

Here

F^ = 1Pcy\c is the partial width of the A,-th resonance in the channel c,

Tx= X rM is i t s t o t a l width, and

is the energy shift.
c

For neutral particles <pc = tyc is the scattering phase on an impermeable sphere.

The summation in (4) and (5) is carried out for all levels, which is clearly not feasible in
practice. More acceptable expressions are obtained if the R-matrix element (4) is broken
down into two parts: a resonance part Rab containing the sum for actually observable levels,
and a background part R~b which takes into account the contributions of all remaining
resonances:

Kb = Kb+Kb, (6)

(7)

Expressions (3) and (5) retain their form pursuant to the formal substitution/?-^^,

where

, s c-(s c+/ c) i?r c . p c .
ac ac

d. ={l-RZS^r+(RlPr) , <p'=<pr-arctg-

For Z=0 Po=p, So=O, <]>o=p (here p=ka; a is the channel radius, it being usual to assume
that a=1.35A1/3 fm [1]; and A is mass number). Thus, when expression (6) is broken down in
the above case of a single neutron channel and a large number of radiation channels, the
neutron cross-sections <st(E) and o-y(£), expressed via the elements of the collision matrix (5),
can be represented in the form of expression (1), where

(8a)
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2, (8b)

"0 "0

and £A incorporate the shifts

A^~rxPR". (8c)

In the above expressions, and below, the neutron channel indices in the designation of
the element /?~ are omitted.

Owing to their simplicity, formulae of type (1) are used widely for neutron cross-section
parameterization in the low-energy region. However, the applicability of these formulae, and
of expression (5), is limited by the condition [4]

Tn«D, (9)

where Tn is mean neutron width, and D the mean distance between levels. Even if there is
only partial resonance overlap, formulae (1) and (5) can not be applied. Thus, even in the
2_100 example looked at above, the scattering cross-section, determined as the difference
between cross-sections (la) and (lb), is negative at the interference minima.

It should be noted that, in contrast to (la), expression (lb) is obtained from (5) using
another approximation - disregarding of the level cross-terms when calculating the elements |
Uny |2. However, by using the more detailed Breit-Wigner formulae to calculate the

cross-sections, which take into account these terms [6], does not substantially alter the
situation: in the 2_100 case, the calculated values for the total cross-section at the
interference minima are not equal to the sum of the radiative capture and scattering
cross-sections. The reason is that the unitarity of the properties of the collision matrix (5) is
not preserved.

A more systematic multi-level R-matrix approach which does preserve unitarity has
been proposed by Reich and Moore [7]. In this approach, when selecting the boundary
condition BC=SC (for /=0 this is equivalent to 5=0) in the above example of s-neutron
interaction with a non-fissionable even-even nucleus, the diagonal element of the collision
matrix (3) may be expressed in the form:

U =e'n

l-iK(E)
where

(10b)

and the total neutron cross-section and radiative capture cross-section are, respectively,



- 3 4 -

(a2+b2+b)cos2p-asin2(p

7 k2(l+b)2+a2

where a=Re #(£) and b=lm K(E).

Although in [7] the R-matrix was not broken down into the resonance and background
components in expression (6), the approach described there enables this to be done easily.
Breaking down expression (6), for the matrix C used in our paper (zero in our example) we
must assume C=Pm R°° Pm. R°° being the quadratic diagonal matrix,

Consequently, the diagonal element of the collision matrix takes the form:

^

and in the expressions for the cross-sections (11) it must be assumed that a = Re K + PR°°.

It can be shown [8] that, within the limit set by expression (9), the multi-level
expressions given above for the cross-sections convert to the corresponding Breit-Wigner
expressions. When calculating the cross-sections shown in the figure, multi-level
approximation yields virtually the same result as approximation of isolated resonances.

3. Evaluation of resonance contribution

An evaluation of the contribution of different numbers of resonances in expression (4)
in the equidistant resonance approximation was carried out in [9]. Here we will examine how
such an evaluation may be carried out taking into account both types of fluctuation: both of
the width amplitudes and the inter-level distances.

Assuming that the width amplitudes are distributed normally with a zero average (for
the widths this corresponds to the Porter-Thomas distribution [10]), averaging (7) with respect
to the amplitude distribution yields:

R=V2^^-, (13)

where y2 is the average value of the square of the width amplitude.
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Let EQ be the energy of the resonance nearest to the point E. If we assume that it is
zero and assign positive numbers in series to the resonances situated to the right of EQ, (with
energies ofEx> EQ) and negative numbers to the resonances to the left (2Ln < EQ), we get

Ex=E0 + ZDt, E.»=EQ - (14)

Let us assume that in the summation in (13) m resonances are taken into account to the
left of EQ and n to the right. Then

D
(15)

u Eo-E , A
where x=—^=—, a,= ^ .

£> ' Z)

When averaging (15) with respect to the distributions of the di values, it is advisable to
switch to new independent variables, namely the summations of the di values contained in this
expression. According to the central limit theorem, regardless of the specific distribution
pattern of the di values, the sum of k such terms may be assumed to be normally distributed
with a mathematical expectation k and a dispersion kr\2, where r\2 is the dispersion of di. For
the Wigner distribution [11]

n 2 = - - l « 0.273. (16)
k

However, here for the sake of simplicity we shall assume that the values tk = 2X have a
j=i

Cauchy distribution:

0 7 )

Averaging (15) with respect to the distributions (17) and then to the possible values of x
from the (-1/2, 1/2) range yields the following:

Assuming for the sake of specificity that m<n,

ID
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When ra=ftH>°°, expression (19) yields the known limit value of (4), namely R=0 [5].

Therefore, in accordance with (6), the following formula may be used to evaluate R°°

2
+ / t ' , (20)

ID { U2fl2

where, according to (16), l\ ~ 0.546 n.

Since I* is linearly dependent on n, in most cases the second terms in the numerator
and denominator in (20) may be disregarded in favour of the quadratic first terms. Then
expression (20) equates to the formula we obtained earlier in our formula for approximation
of equidistant resonances [9].

£ * ± I (21)j r £ l n .
D 2n+l

4. Numerical verification

The following calculations were performed to verify the formulae obtained. In a process
similar to that used to construct the graphs in the upper figure, the total neutron cross-sections

of (is,) of an arbitrary nucleus (A=200) were calculated for 160 equidistant values of £, in the

1980-2020 eV energy range using formulae (1) and (8). Apart from the two resonances shown
in the figure, a further 99 resonances on either side of the energy range in question were taken
into account. Their energies and the squares of their neutron width amplitudes were obtained
using the Monte Carlo method. The general procedure for this is described in detail in [12].
It was assumed that inter-level distances had a Wigner distribution and the reduced neutron
widths a Porter-Thomas distribution. The radiation widths were assumed not to fluctuate: Txy

= Ty. For the mean resonance parameter values, the set in (2) was used, with R"=0.

The values obtained for of (£,.) were assigned 1% error levels; these cross-sections

were then treated as if they were experimental. The advantage of such model cross-sections
as compared with actual experimental data for any specific nucleus is that we have an a priori
accurate knowledge of all the required resonance parameters, thus avoiding further
uncertainties.

As before, in each variant of the calculation different numbers of resonances were
assigned to the left and right of E? (these numbers are given in the first column of the table).
Using the least squares method, the value of R°° was varied to fit the calculated cross-sections

to the "experimental" cross-sections of (£,.). The FT values obtained in this manner are

given in the fourth column of the table. The second and third columns of the table give the
values calculated using formulae (20) and (21).

In practice, another parameter is often used instead of R°°, namely the potential
scattering radius R'=a (1-iO [1]. Accordingly, in the fifth column of the table, alongside the
values obtained for R°°, the corresponding values for R' are given; the sixth column gives the
phase shift values (p (8a). The error levels given in brackets were obtained exclusively using



- 3 7 -
the least squares method and do not incorporate fluctuation errors due to the
limitations on the number of resonances taken into account [5,13]. As the table shows, on the
whole the calculated values of R°° are fully consistent with those determined using (20) or
(21).

Potential scattering parameter obtained taking into account different numbers of resonances to
the left and right of the energy interval under investigation

Calculation
variant

100_100
2_2
1_1
1_5
5_1
l_100

100_l
l_2000

R~
evaluation using

(20)

0.78-10"6

0.0010
0.0026

- 0.0330
0.0358

-0.116
0.118

- 0.202

evaluation using
(21)

0.0
0.0
0.0

- 0.0375
0.0375

-0.121
0.121

- 0.207

numerical
calculation

0.76(46)-10"5

-0.0022(15)
-0.0044(33)
-0.037(2)
0.023(1)
-0.156(4)
0.120(2)
-0.228(5)

R'.fm

7.89(1)
7.91(1)
7.93(3)
8.19(2)
7.71(1)
9.13(3)
6.95(2)
9.69(4)

9

0.0776
0.0777(1)
0.0779(3)
0.0805(2)
0.0757(1)
0.0897(3)
0.0683(2)
0.0953(4)

The calculations also showed that differences in the numbers of resonances taken into
account have little effect when determining other resonance parameters. For example, at the
1% accuracy level assigned to the "experimental" cross-sections, for both the 100_l and
l_100 case, the neutron widths of the two resonances shown in the figure are reproduced with
a minimum accuracy of 3%.

5. Discussion and conclusions

The numerical calculations also confirm the other important conclusions which may be
drawn from formulae (20) and (21). Thus, the potential scattering parameter may be
determined correctly not only within the limit m=ft->°°, but even where there are small but
equal numbers of resonances (m=ri) on either side of the energy under investigation, if the
local strength functions are identical. Conversely, if these numbers are not equal, errors
inevitably arise.

According to (20) or (21), if the relationship between m and n changes from m«n to
m»n, the parameter FT may, in principle, change from - » to +°°, which corresponds to a
change in the phase in (8a) over the whole period from p-n/2 to p+n/2. Naturally, a spread of
this kind is unlikely in practice, although sometimes such errors can be significant. Usually,
when studying neutron cross-sections in the very low energy region (e.g. thermal), there are a
large number of known resonances in the higher energy side but no information is available on
resonances on the lower energy side. This situation does not change significantly even when
one, two or three negative levels are introduced, with a view to achieving a better description
of the cross-sections of a series of nuclei [1].

Finally, we would note that, although in this paper we have used a very simple case of
s-neutron interaction with an even-even nucleus as an example, the results obtained are also
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valid for the general case of non-zero spin and an arbitrary partial wave, since each
system of resonances Jn with a specific moment / and parity % may be studied independently.
Clearly, these conclusions are also valid for overlapping resonances.

This work was carried out with support from the International Atomic Energy Agency.
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