
XA0200435

IC/IR/2001/14
INTERNAL REPORT
(Limited Distribution)

United Nations Educational Scientific and Cultural Organization
and

International Atomic Energy Agency

THE ABDUS SALAM INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

INVESTIGATION ON BULK WATER: INTEGRAL
EQUATION APPROACH

G.A. Adebayo1

Department of Physics, University of Agriculture, P.M.B. 2240, Ogun State, Abeokuta, Nigeria
and

The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy,

O. Akinlade
Department of Physics, University of Agriculture, P.M.B. 2240, Abeokuta, Ogun State, Nigeria

L.A. Hussain
Department of Physics, University of Ibadan, Ibadan, Nigeria

and

F. Forstmann
Institut fur Theoretische Physik, Fachbereich Physik, Freie Universitdt,

Arnimallee 14, D-1^195 Berlin, Germany.

Abstract

The static structure factor of water has been investigated using the central force model
(CFM). Due to the inadequacy of the HNC closure in describing the complex hydrogen bond
interactions, we have used a bridge function obtained by adjusting the HH bond lengths. The
modification results in an improvement in the theoretical structure factors. In addition to this,
we examine other water models and provide a compilation of structural and thermodynamic
results obtained from them.
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1 Introduction

Water plays a very significant role in our daily activities yet it is problematic to describe the-

oretically both the structure and thermodynamic properties of water in a theory. In the CFM

[1] proposed by Lemberg and Stillinger, water is modeled as a three-charge interacting system

consisting of attraction and repulsion between point charges. There are several approaches to

the studies of properties of water. One of such is the Integral Equation method which can be

used to calculate the distribution functions.

The results of studies on water structure were obtained using the hypernetted chain (HNC)

and a modification of HNC to include bridge functions taken from a previous work of F.

Forstmann and M. Vossen [2].

Results of other water models are presented and discussed here in order to consider their

abilities to describe the observed experimental results.

2 Water Models

2.1 Central Force Model

In this model, water molecules are represented by point-charge attractions and repulsions en-

compassing coulombic and non-coulombic interactions. Intra-molecular degrees of freedom and

other factors were taken into considerations by making the centre of mass concentration and the

centre of charge concentration in the molecule to coincide [1], The revised pairwise potential

functions in the CFM are of the form [2]:

UHH(r) = ^ 5 + i + e x p [ 4 ^ _ 2 Q 5 ) ] - 17exP[-7.62177(r - 1.45251)*] (1)

72.269 6 . 2 3 4 0 3 1 0 4
+ ^i + exp[40(r - 1.05)] 1 + exp[5.49305(r - 2.2)] ^'

Uoo(r) = ̂ ^ + ^ ^ - 0.25exp[-4(r - 3.4)2 - 0.2exp[-1.5(r - 4.5)2] (3)

in units of kcal/mole.

2.2 Simple Point Charge (SPC) model

This is a 3-site model of water having positive charges on hydrogen and a negative charge on

oxygen sites. The model was proposed in order to improve the density and vaporization energy

of water. Optimization of SPC [3, 4] was obtained from molecular dynamics simulation and

experimental data. The parameters for SPC are: H-O-H angle = 109.47°, O - H length = lA,

qH = 0.41e, qo = -0.82e.

The dipole moment, /j, of SPC is 2.27D while it gives a value of over 80 for the dielectric

constant.



2.3 Transferable Intermolecular Potential (TIPs) functions

There are various types of transferable intermolecular potentials that were proposed [4] by

reparametration and optimization of existing models. TIPS3P is based on a reparametration of

the existing TIPS3 model to improve on energy and density of liquid water. However, the model

underestimates water structure.

TIPS4P is a 4-site model in which the charge is shifted at distance M, away from the oxygen

site. TIPS4P gives better results [2] than the 3-site model, however, it is computationally expen-

sive, because 10 distances are required to compute the potential function instead of 9 distances

as in 3-site models.

TIPS2 is similar to TIPS4P, but only with slight changes in the charges on the hydrogen and

oxygen. Both of these models give reasonable results for oxygen structure and thermodynamic

properties with diffraction results at room condition.

In ST2 [3], two lone pair sites were added to the usual 3-site model to form ST2. The charge

on the oxygen site is transferred to the lone pair and are (positioned) tetrahedrally around the

oxygen site. Since ST2 has 5 sites, 17 distances are required to compute the potential function.

Because ST2 mimics the tetrahedral arrangements of water and it has more parameters, it gives

better dynamical properties [2] e.g. self diffusion coefficient than other 3- and 4-site models.

Parameters for various TIPS are as follows:

TIPS3P, H-O-H angle = 104.52°, O-H length = 0.9572A, qH = 0.417e, qo = -0.834e

TIPS4P, H-O-H angle = 104.52°, O-H length = 0.9572A, qH = 0.52e, qo = -1.04e, O - M

length = 0.15A.

ST2, O-H length = lA, O - L length = 0.8^

where, O-M is the distance to which the charge on oxygen atom has been shifted to and O-L

distances is the distance between the oxygen atom and lone pairs is ST2.

2.4 Fluc-q model

In this model, the point charge (of SPC and TIPS4P) on atomic sites are allowed to fluctuate in

response to electrostatic potential from neighbouring atoms, fluc-q model was proposed [5, 6]

to account for self energy involved in change of charge from gas phase to liquid phase because

there is a change in total dipole moment of water from 1.85D to 2.5D (gas to liquid phase),

charges are allowed to fluctuate according to electrostatic fields of neighbouring atoms.

This fluctuation of charges is based on the electronegativity equalization:

1. Electronegativity of an atomic site is dependent on the type of atom and charge is per-



turbed by the electrostatic potential of the neighbouring atoms.

2. Charge is transferred between sites such that electronegativities are equalized.

A small fictitious mass and kinetic energy are assigned [4] to a charge so that its motion

can be described by Newton's equation. However, since in molecular dynamics simulations one

has to worry if the condition i / m ^ ? << a (where a is the atomic lattice spacing, and all

other symbols have their usual meaning), does not hold because it means that the equation of

motion of such system can't be adequately described with Newton's equation, it then implies

that depending on the value assigned to mass on a charge the fluq-c model might not give good

results when used in molecular dynamics simulations.

2.5 Soft Sticky Dipole (SSD) model

The SSD model is not a simple point model [7, 8] it is a single-site potential model which is a

soft-sphere consisting of a L-J sphere, a point dipole and a tetrahedral sticky potentials. It is

hard to determine to what extent the SSD is good because, comparisons [7] were made only with

TIPS3P and SPC/E in the literature. Since it is already known that there are better models

(TIPS4P, TIPS2 and ST2) than SPC/E and TIPS3P one is not sure how SSD will compare with

those models.

3 Theoretical Methods

A good starting point in the theory of liquid using the integral equation is the Ornstein-Zernike

formalism. One could calculate the pair distribution function gap{r) and the direct correlation

function cQp(r) by solving the Ornstein-Zernike equation:

ha0{r) = cap(r) + p^hapir) * ca0{r) (4)

where hap(r) = gap{r) - 1

p7 = number density of species 7 and * denotes a convolution product.

Equation (4) has to be supplimented by a closure relation:

lngQ0(r) = - — — [Uap(r) + ha0{r) - ca0(r) - BQp{r)} (5)

The convolution in equation (4) can also be written as:

\Pl Jdrfhai{r/)c10{\r - rf\) (6)
7

The convolution integral is a product of the Fourier components ha0{k) and cap(k).



A Fast Fourier transform technique is performed on a grid with 2048 gridpoints and a mesh

width of 5r = 0.02to carry out the transformation:
cap(r) -> cap(k) and fjap(k) —> r]Qp(r). The direct correlation function was split into a short

ranged part c^f(r) and a coulombic part. The long range tail was transformed analytically:

/3 erf(Xr)= cg(r) -
KBT

k2

CSR(n,J - """

to ensure numerical accuracy in FFT.

Two approximations, hypernetted chain (HNC) and a variation of HNC to include the bridge

function, Bap(r), were used in the calculations. By setting the bridge function in equation (5)

to zero, one obtains the so-called HNC approximation. The variation (HNC + B) of HNC

employed in the calculation make use of the bridge function taken from hards sphere. The

HNC does not give water molecules correctly. Since there was a deficit [8] of hydrogen atoms

in intramolecular hydrogen-hydrogen peak the repulsive hard sphere bridge function BHH{T) is

given by the attractive function:

BHH{r) = -2.852 exp[-7.62177(r - 1.45251)2]

Other bridge functions, BoH{r) and Booir) w e r e taken from Liu and Ichiye [8].

In figure 1, the solid lines in the graph of potential functions of the CFM represent (middle) the

potential function for the H — H interaction and the 0 — 0 function (upper), while the dotted

line represents the O — H interaction function. In other graphs the dotted lines represent the

coordination number as calculated from equation (7) below

Fig. 1 The pairpotential of the Central force Model
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Fig. 2 The pair correlation function, gHH(r) a nd the coordination number
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Fig. 3 The pair correlation function, goo{r) and the coordination number
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4 The pair correlation function, goH{r) a nd the coordination number
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Fig. 5 The inverse of the dielectric function in the HNC+B approximation
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4 Results and discussion

4.1 On Central Force Model

Figure 1 shows the potential functions of the CFM in units of KQT. The middle plot is the func-

tion for H-H effective potential, while the upper and the lower plots represent respectively the

effective potentials for 0-0 and 0-H. The effect of the bond angle in H-H potential is manifested

in the hump of the middle plot. These potential functions are taken from the literature and

are optimized. Figure 2 to 4 show the pair distribution functions <7##(r), goo(r) a nd <?Off(r)

together with their corresponding coordination number.

One can notice the presence of characteristic peaks in the goH(r) and 9HH{T) which are due

to the arrangement of oxygen and hydrogen atoms as well as the presence of hydrogen bonds

between different water molecules. These peaks signify a large number of hydrogen bonds per

molecule (see Table 1); another approach to find the coordination number is to integrate the

curve under the pair distribution functions up to the first peak and this is achieved in our cal-

culation making use of the equation:

rr
Na(i{r) = A-npp drr2ga0{r) (7)

Jo

The results of our calculation is shown in Table 2. Since it is possible to deduce from goii{r)

the number of hydrogen bonds per molecule, we concentrate only on this and just present the

results of other pair distribution functions as in the figures. Due to the arrangement of atoms in

the graph of goH, the nearest neighbour to the oxygen atom is a hydrogen atom, but the second

peak is also occupied by hydrogen atoms which are responsible for hydrogen bonding; therefore,

one is able to estimate the number of hydrogen bonds by subtracting the coordination number

at first peak from the coordination number at second peak.

In fig.5 we present results for the inverse dielectric constant. As can be seen in the limit k = 0,



the inverse of the dieletric constant also goes to zero which signifies that the dielectric constant

has a value of infinity.

4.2 Comparison of other water models

Water is essential to life yet it is very difficult to have a model that explains all of its properties,

instead a model can reproduce very well either the structural properties or the thermodynamic

properties, but not both. The bond angles and the hydrogen bonds make modelling of water

problematic. It is therefore difficult to be specific on which water model is best, since a model

that performs very well in reproducing the structural properties of water might turn out to

describe not very well the static and thermodynamic properties of water. As seen in Tables 1

and 2 all of the models describe well the structural properties of water, when compared with

experimental results, however, one can notice discrepancies in the static and thermodynamic

properties of the models when compared with experiments. A reason for this is, because the

optimization of some of these models was based on the structure of water, while little or no effort

is directed toward self-consistence of the equation of state or of thermodynamic properties.

Although, the number of interacting sites is a contributing factor to improvement in results of

water models, it also make computation to be expensive as it turns out that the more the num-

ber of these sites the more the number of distances required to compute the potential functions.

It is observed that the determination of the number of distances required to compute the po-

tential functions in a model follows a simple rule given as:

{n2, charge on O2

where n is the number of charge car-
n2 + l, charge is transferred from O2

rying sites and the first result holds if a charge is present on the oxygen atom (site), while if a

charge has been transferred from the (n + l)th oxygen site the rule n2 + 1 holds. For example,

in SPC model, since a charge is present on the O2 atom, the number of distances required to

calculate the potential functions is 9, while in TIP4P, there are still 3 charge-carrying sites, but

the charge on the O2 site (+1) is transferred, so using the simple rule above 10 distances are

required to calculate the potental functions in a 4-site model. Applying the same rule to 5-site

models gives the value of 17. Overall, the SPC gives dipole moment of 2.27D, it overestimates

the diffusion coefficient. The peak in the goo(r) is better than in TIP3, but the peak is in poor

agreement with x-ray data. TIP3s are good for organic liquids and solutions, however, they

might not be good to study variation in p and temperature. TIPS2 and TIP4P give reasonable

agreements with neutron diffraction results for structure in goo(r)
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Table 1. Table of thermodynamical and dynamical properties of water obtained from Refs.[3,4]

water

model

expt

SPC

TIPS3P

TIPS2

TIPS4P

ST2

fluc-q

SSD

isoth. compre.k

x ltf>(deg~l)

25.7

58.0

41.0

88.0

94.0

-69

therm, expans.

xlO^iatm-1)

45.8

27.0

18.0

56

35

63

diff. coeff.

1.78(15°C)

3.6(27°C)

3.2(20°C)

3.6(25°C)

1.9(10°C)

1.9(25°C)

M

D

2.274

2.347

2.18

2.62

2.42

Table 2. Table of water properties from Ref.3'4

water

model

expt

SPC

TIPS3P

TIPS2

TIPS4P

ST2

fluc-q

SSD

h-bond number

~ 4

3.9

3.9

3.8

3.9

4.1

3.6(4.0)

h-bond strength

kcal/mol

-5.44±0.7

-6.59

-6.50

-6.20

-6.24

-6.84

-4.50

P

0.997

0.971

0.982

0.927

0.999

0.925

dielect. const.

^78.3

64.5 ±4.6

96.9 ±6.7

53 ± 2.0

79 ± 8.0

81.0
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