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ABSTRACT

The use of fuzzy arithmetic is proposed for the evaluation of containment event trees. Concepts
such as improbable, very improbable, and so on, which are subjective by nature, are repre-
sented by fuzzy numbers. The quantitative evaluation of containment event trees is based on
the extension principle, by which operations on real numbers are extended to operations on
fuzzy numbers. Expert's knowledge is considered as state of the base variable with a normal
distribution, which is considered to represent the membership function. Finally, this paper pres-
ents results of an example calculation of a containment event tree for the CAREM-25 nuclear
power plant, presently under detailed design stage at Argentina.

I. INTRODUCTION

Among the various paradigmatic changes in science and mathematics, one such change con-
cerns the concept of uncertainty. The problem is that there is a great deal of ambiguity in every-
day language, and it cannot be handled by standard logical processing. Fuzzy sets can be con-
sidered appropriate in this case. According to the alternative view, uncertainty is considered
essential to science; it is not only an unavoidable plague, but it has, in fact, a great utility.

Fuzzy sets were first advocated by Professor Lotfi A. Zadeh in 19651. In fuzzy sets theory the
objects are sets with boundaries that are not precise. The membership in a fuzzy set is not a
matter of affirmation or denial, but rather a matter of a degree.

The concept of a fuzzy number plays a fundamental role in formulating quantitative fuzzy vari-
ables. These are variables whose states are fuzzy numbers. When the fuzzy numbers represent
linguistic concepts, such as very probably, probably, and so on, the resulting structures are
usually called linguistic variables. Each linguistic variable, the states of which are expressed by
linguistic terms interpreted as specific fuzzy numbers, is defined in terms of a base variable, the
values of which are real numbers within a specific range.

To deal with linguistic variables, not only the various set-theoretic operations are needed, but
also some arithmetic operations on fuzzy numbers.

Fuzzy arithmetic is based on two properties of fuzzy numbers:

1. Each fuzzy set, and thus also each fuzzy number, can fully and uniquely be rep-
resented by its a-cuts2; and

2. a-cuts of each fuzzy number are closed intervals of real numbers for all ae [0,1].

These properties enable to define arithmetic operations on fuzzy numbers in terms of arithmetic
operations on their a-cuts. There are two methods for developing fuzzy arithmetic. On method is
based on interval arithmetic. The other method employs the extension principle3, by which op-
erations on real numbers are extended to operations on fuzzy numbers. This later method was
employed in the calculations of the present work.

371



II. FUZZY SETS

The significance of fuzzy variables is that they facilitate gradual transitions between states and,
consequently, possess a natural capability to express and deal with observation and measure-
ment uncertainties. Traditional variables, which we may refer to as crisp variables, do not have
this capability.

The characteristic function of a crisp set assigns a value of either 1 6 0 to each individual in the
universal set, thereby discriminating between members and nonmembers of the crisp set under
consideration. This function can be generalized such that the values assigned to the elements
of the universal set fall within a specified range and indicate the membership grade of these
elements in the set in question. Larger values denote higher degrees of set membership. Such
a function is called a membership function, and the set defined by it a fuzzy set.

Although the definition of states by crisp sets is mathematically correct, it is unrealistic in the
face of unavoidable measurement errors. A measurements that falls into a close neighborhood
of each precisely defined border between states of a crisp variable is taken as evidential support
for only one of the states, in spite of the inevitable uncertainty involved in this decision.

The uncertainty reaches its maximum at each border, where any measurement should be re-
garded as equal evidence for the two states on either side of the border. When dealing with
crisp variables, however, the uncertainty is ignored even in this extreme case; the measurement
is regarded as evidence for one of the states, the one that includes the border point by virtue of
an arbitrary mathematical definition.

Since fuzzy variables capture measurement uncertainties as part of experimental data, they are
more attuned to reality than crisp variables. It is an interesting paradox that data based on fuzzy
variables provide us, in fact, with more accurate evidence about real phenomena than data
based upon crisp variables.

III. MEMBERSHIP FUNCTIONS

Although mathematics based on fuzzy sets has far greater expressive power than classical
mathematics based on crisp sets, its usefulness depends critically on our capability to construct
appropriate membership functions for various given concepts in various contexts.

The most commonly used range of values of membership functions is the unit interval [0,1]. In
this case, each membership function maps elements of a given universal set, which is always a
crisp set, into real numbers in [0,1].

Each fuzzy set is completely and uniquely defined by one particular membership function; con-
sequently, symbols of membership functions may also be used as labels of the associated fuzzy
sets.

Fuzzy sets allow us to represent vague concepts expressed in natural language. The repre-
sentation depends not only on the concepts, but also on the context in which it is used.

The use of fuzzy arithmetic in the evaluation of containment event trees is proposed. When the
fuzzy numbers represent linguistic concepts, such as improbable, very improbable, high im-
probable, and so on, the resulting constructs are usually called linguistic variables. To view
them in this way, they can qualify as a fuzzy number each state of the base variable.

In this work, the proposal is made to express each of the numeric categories of expert judge-
ment as a state of the base variable. Each state is expressed by a normal distribution with a
media and standard deviation equal to the media and standard deviation of the corresponding
uniform distribution. This normal distribution represents the membership function for character-
izing the corresponding state.
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IV. APPLICATION CASE

A level III Probabilistic Safety Assessment (PSA)4 was performed for the CAREM-25 nuclear
power plant, which is a passive, inherently-safe rector being designed in Argentina. This reactor
required a PSA which involved the elaboration of event trees for each accident sequence, fault
trees for each safety function, and containment event trees to analyze and simulate the con-
tainment response under severe accident conditions.

The containment event trees were developed for several containment failure modes, taken into
account the particular characteristics of the CAREM concept. An example of a containment
event tree is given in Figure 1.

Figure 1. An example of a containment event tree of CAREM 25 reactor

Each failure mode constitutes, therefore, one of the headings of the containment event trees,
under a binary logic scheme.

EP4 represents a particular Plant Damage State, and the greek letters on top represent different
containment failure modes.

The likelihood of each failure mode for each Plant Damage State was quantified on the basis of
the recommendations on ref. 5. These recommendations establish numerical categories for the
expert opinions according to the Table 1.

From this table, unique numerical values were obtained for each branch in each tree, and used
for the quantification of the corresponding trees. However, the use of unique values does not
accurately represent the fuzzy nature of the expert's opinions, and in this context the present
work allows for a representation closer to reality.

Phenomenon

Certain

Highly Probable

Very Probable

Probable

Undetermined

Improbable

Very Improbable

Highly Improbable

Impossible

Probabilit and Range

P=1

0.995 < P < 1

0.95 < P< 0.995

0.7 < P<0.95

0.3<P<0.7

0.05 < P<0.3

0.005<P<0.05

0 < P < 0.005

P=0

Table 1. Numerical cathegories for expert opinions
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The expert's knowledge, considered as fuzzy variables, is assumed in the present work as the
consideration of each state of the base variable with a normal distribution, as indicated in the
next Figure 2.
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Figure 2. Expert's knowledge

Note that a real number (P=0 or P=1) may also be regarded as a special (degenerated) interval
[0,0] or [1,1]. When one of the intervals is degenerated, it is obtained special operations; when
both of them are degenerated, it is obtained the standard arithmetic of real numbers.

V. ARITHMETIC OPERATIONS

In this work, the calculation of one containment event tree6 of CAREM 25 reactor is presented.
To operate on fuzzy numbers, the extension principle is employed, by which operations on real
numbers are extended to operations on fuzzy numbers.

To calculate a containment event tree it is necessary to use two operations: multiplication and
addition. Employing the extension principle, these two operations are:

(A.B)(z)= sup min[A(x),B(y)] (1)
z=x-y

B)(z)= sup min[A(x), B(y)] (2)

A, B let denote fuzzy numbers which, in this case, are the membership function. Sup let denote
the largest membership function of the set min [A(x), B(y)]. Min let denote the minimum mem-
bership function between A(x) and B(y).

In the Figure 3, a very simple containment event tree taken from ref. 4 is represented.
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Figure 3. CAREM reactor containment event tree
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This containment event tree was originally represented as given below, which corresponds to
the step previous to the quantification process in the PSA.

The containment event tree with fuzzy variable is illustrated in Figure 4.
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Figure 4. Containment even tree with fuzzy variables

Now, EP5, EC3 and EC5 are represented by membership functions.

VI. RESULTS

In the following, the results of the assumptions and calculations are presented. These corre-
spond to the Plant Damage State, which initiates the event tree, and for each of the decision
points.

A. Plant State 5

To express this plant state, its representative values were obtained from the CAREM-25 PSA
report. The membership function was considered as a normal distribution whit mean equal to
2.2 10~8 and standard deviation equal to 5 10~3.

B. Very Improbable Membership Function

To evaluate the containment state 5 (EC5), the linguistic variable very improbable was used.
The membership function was calculated as a normal distribution whit mean equal to 0.027 and
standard deviation equal to 0.013.

C. Containment State 5

This containment state was calculated by the equation (1) using the following two membership
functions:
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Figure 5. Plant state 5 and very improbable membership function
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The containment state 5, evaluated by equation (1), is indicated in Figure 6:

,3.117-lCi"4,

1

0.5

u

(

\
\

0

1

\

5-10"4

1

• 1

0.001
prob

1

1

0.0015

-

0.002

J.6-10'3,

Figure 6. Containment state 5

Membership degree 1 is at a probability equal to 5.94 10'10. A probability equal to 1.1 10'9 is the
result at the traditional arithmetic study.

D. Very Probable Membership Function

This membership function was calculated as a normal distribution whit mean equal to 0.973 and
standard deviation equal to 0.013.

E. Improbable Membership Function

This membership function was calculated as a normal distribution whit mean equal to 0.175 and
standard deviation equal to 0.072.

F. Probable Membership Function

This membership function was calculated as a normal distribution whit mean equal to 0.825 and
standard deviation equal to 0.072.

G. Containment State 3

This containment state was calculated by the equations (1) and (2).

First, one component of the state is calculated, as shown in Figure 7.
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Figure 7. Fuzzy multiplication: EP5, Very Prob., Imp.

376



Membership degree 1 is at a probability equal to 3.746 10'10. A probability equal to 2.09 10'9 is
the result at the traditional arithmetic study.

The second component of the containment state 3 results of the fuzzy multiplication of plant
state 5, very improbable and probable. This calculation is shown by the function in Figure 8.
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Figure 8. Fuzzy multiplication: EP5, Very Imp., Prob.

Membership degree 1 is at a probability equal to 1.765 10'8. A probability equal to 1.947 10'8is
the result at the traditional arithmetic study.

Finally, these two components are evaluated by the fuzzy addition as is illustrated in Figure 9.
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Figure 9. Fuzzy addition

Membership degree 1 is at a probability equal to 2.1406 10'8. A probability equal to 2.156 10'8 is
the result at the traditional arithmetic study.

CONCLUSIONS

Most natural language contains ambiguity and multiplicity of meaning. The ambiguity of "very
probable", comes from the adjective "very". Fuzzy set theory works with quantification of the
meanings of words.

The uncertainty of probability generally relates to the occurrence of phenomena, as symbolized
by the concept of randomness. Randomness and fuzziness differ in nature; that is, they are
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different aspects of uncertainty. The ambiguity lies in the meaning of the words, and since it is
an essential characteristic of the words, it always follows them around to some extent.

In the present work, the classical representation of the probabilities by unique numbers has
been replaced by fuzzy numbers, which better represent the necessary expert's opinions for
containment failure modes.

The boolean structure of the trees has been kept, and therefore the use of fuzzy mathematics
does not distort the logical representation. The mathematical operations (addition, multiplication)
have been replaced by fuzzy numbers operations.

The difference between fuzzy mathematics and standard mathematics in the calculation of EC5
was observed to be in one magnitude order. On the other hand, there was no change in the
magnitude order in the calculation of EC3.

The method is particularly useful to represent the containment event tree, but it can also be
applied to other logical structures. Actually, it is studied the application of fuzzy techniques on
classic event and fault trees.
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