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Abstract

We study the brane world cosmology in the RS2 model where the electric charge varies

with time in the manner described by the varying fine-structure constant theory of Bekenstein.

We map such varying electric charge cosmology to the dual variable-speed-of-light cosmology

by changing system of units. We comment on cosmological implications for such cosmological

models.
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Recent study of quasar absorption line spectra in comparison with laboratory spectra has

provided evidence that the fine structure constant a = e2/(4irhc) varies over cosmological time

scales [1, 2, 3]. If such result is true, then radical modification of standard physics may be

required, because time-varying a implies time-varying fundamental constants of nature, i.e.. the

electric charge e, the Planck constant h and the speed of light c. Bekenstein [4] constructed

a varying-e theory which preserves the Lorentz and the local gauge invariance but does not

conserve electric charge. Alternatively, Variable-Speed-of-Light (VSL) theories [5. 6] regard time

variation of a as being due to time-varying c and ft. Since the speed of light varies with time,

the Lorentz invariance is violated in VSL models. The VSL cosmological models attracted some

attention, because they resolve [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] the cosmological problems

that are resolved by the inflationary models [17, 18, 19], along with some other cosmological

problems.

In our previous papers [20, 21, 22], we studied VSL cosmologies in the Randall-Sundrum

(RS) models [23, 24], elaborating the resolution of cosmological problems. The VSL models in

the brane world scenarios are of interest, also because of the recent works [25, 26, 27, 28, 29,

30, 31, 32] indicating the Lorentz violation in the brane world scenarios and because the VSL

models may provide a mechanism for bringing the quantum correction to the fine-tuned brane

tension under control. In this paper, we study a varying-a cosmology in the RS model with one

positive tension brane and infinite extra spatial dimension, i.e., the RS2 model [24], assuming

time-varying electric charge e. (Cf. The standard cosmology with varying e was previously

studied in Ref. [33].) We briefly discuss the varying-a theory of Bekenstein [4] and incorporate

the Bekenstein's theory into the brane world cosmology. Then, we redefine system of units to

map the varying-e brane world cosmology to the dual VSL brane world cosmology. We find

that generally such dual VSL cosmological model cannot be used for resolving the cosmological

problems. However, our varying-a brane world cosmological models may be used for explaining

the observed variation of a with time.

We begin by discussing the varying-a theory of Bekenstein [4]. The Bekenstein's theory

attributes the variation of the fine-structure constant a to the variation of electric charge e.

From the requirement that the charges of all particle species vary in exactly the same way

(so that, for example, atoms can remain always neutral), we have e = eoe(xM), where eo is a

constant characteristic of a particle species and e is a dimensionless universal field. Since e is

the electromagnetic coupling, the field e is coupled to the gauge field as eA^. The appropriate

gauge transformation law for A^ is

eAf, -» eAM + d^x, (1)

where x is a n arbitrary function of x11. The physical field strength F^, invariant under the

gauge transformation (1) and rescaling of e by a constant factor, is given by

] . (2)



This expression for F^ reduces to the usual form when e is a constant. The general electromag-

netic action with varying e, satisfying the conditions of (i) the Maxwellian electromagnetism

and the minimal coupling of the vector potential to matter in the limit of constant e, (ii) locally

gauge invariant action, and (Hi) the time reversal invariance, is given by

Sera = j dx4^£em = ~ j dx*y/=g~ F^F"". (3)

The requirements that the variation of e should result from dynamics and be derivable from an

invariant action necessitate the introduction of a separate action for t. The action for e, invariant

under the rescaling of e by a constant factor and giving rise to causal electromagnetism, is

_ lhc f,4 r—dfledfle

where I is the length scale of the theory. To simplify the action, we redefine the field e as ip =i In e.

Then, the action (4) becomes

where a; is a coupling constant.

In this paper, we study the brane world cosmology in the RS2 model [24], incorporating the

varying-a theory of Bekenstein. Since it is generally assumed in the brane world scenarios that

photons are confined on the brane, we include the action (3) for the U(l) gauge field A^ in the

brane action. The action for the RS2 model cosmology with varying-e therefore takes the form

(6)S =

where £mat is the Lagrangian for the matter fields on the brane, G5 is the five-dimensional

Newton's constant, A is the bulk cosmological constant, and a is the tension of the brane

assumed to be located at the origin y = 0 of the extra spatial coordinate y. Here, the metric

g^v on the brane is given in terms of the bulk metric GMN by gII1/(x
p) = Glill(x

p,0). The field

ip is assumed to be coupled to the electromagnetic field, only, in the manner of dilaton field, as

was first considered in Ref. [33].

Varying the action w.r.t. the metric, we obtain the Einstein's equations

GMN = —J—TMN, (7)

with the total energy-momentum tensor given by

1MN — — ivLjMN \ °M°N \ ILV * •*- u.v ^ " x LLV °9[iv / r^ \^^ ^ *
L J A / — (-,-G

where T™at = —j= g9^™ is the energy-momentum tensor for the brane matter fields, and

Tfrv and T™ are respectively the energy-momentum tensors for the field ip and the C/(l) gauge

field given by



The following equation of motion for tp is obtained by varying the action w.r.t. tp:

UJ „ r . ., . _ ^ . ^ ( i Q )

which has the same form as the one obtained in Ref. [33].

We consider the expanding brane universe where the principles of homogeneity and isotropy

in the three-dimensional space on the three-brane are satisfied. The general bulk metric ansatz

is given by

GMNdxMdxN = -n2{t,y)c2dt2 + a2{t,y)lijdxidxj + b2{t,y)dy2, (11)

where 7^ is the metric for the maximally symmetric three-dimensional space given by

/ \ — 2 (IT2

jljdxidxj = (l + f Smnxmxnj 8ijdxldx> = + r2(d62 + sin2 # # 2 ) , (12)

with A: = —1,0,1 respectively for the three-dimensional spaces with the negative, zero and

positive spatial curvatures. We define the time coordinate such that n(t,0) = 1, i.e., t is the

cosmic time on the three-brane. The metric on the brane therefore takes the form

g^dx^dx" = -c2dt2 + al{t)jljdxidxj, (13)

where the subscript 0 denotes the quantity evaluated at y = 0, i.e., ao(t) = a(t,0). With the

assumption of homogeneity and isotropy on the three-brane, the field ip does not depend on the

spatial coordinates x1 (i = 1,2,3) of the three brane. We substitute the above ansatz for fields

into the equations of motion (7,10) to obtain the equations governing the evolution of the brane

universe.

First, we consider the equation of motion (10) for the field tp. This equation determines

how e, and therefore a, varies with time. For the pure radiation, £em ~ F^F^" vanishes. So,

only the nonrelativistic matter, whose dominant electromagnetic part of energy is Coulombic in

nature, contributes to the RHS of Eq. (10). Denoting ( as the fraction of mass density gm of

matter in the form of the Coulomb energy, we can put Eq. (10) into the following form:

-2^(
id

(14)

where H = ao/00 is the Hubble parameter and the overdot denotes derivative w.r.t. t. This

equation expresses that during the radiation epoch, for which ( « 0, the time-variation of e is

negligible and e varies significantly during the matter epoch, for which the universe is dominated

by nonrelativistic matter and therefore £ is not negligible. When the universe becomes dominated

by vacuum energy and begins to accelerate, e approaches constant value. This result is the same

as that for the varying-e standard cosmology considered in Ref. [33], because the equation of

motion for tp has the same form.



Next, we consider the Einstein's equations (7). Note, the total energy density of the electro-

magnetic field is sum of the Coulomb energy density (gm of the brane matter and the radiation

energy density gr. So, the Einstein's equations reduce to

b2 [a { n
1
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(16)

(17)

(18)

where prime denotes derivative w.r.t. y and ^ = ^ ^ r is the mass density of the field ip.

Due to the 5-function singularity at y = 0, the first derivatives of the metric components

a and n are discontinuous at y = 0. From Eqs. (15,16), we obtain the following boundary

conditions on a' and n' at y = 0:

+ + + + (19)

where [F}0 = -F(0+) - -F(0~) denotes the jump of F(y) across y = 0.

We now obtain the effective Friedmann equations for the four-dimensional universe on

the brane worldvolume, following the procedure developed in Ref. [34]. The effective four-

dimensional equations on the brane worldvolume are obtained by taking the jumps and the mean

values of the above five-dimensional equations of motion across y = 0, applying the boundary

conditions (19,20) on the first derivatives. Here, the mean value of a function F across y -= 0 is

defined as tt^tt = [F(0+) + F(0~)]/2. We consider the solution invariant under the Z2 symmetry,

y-> -y-

First, by taking the jump of the (t, y)-component Einstein's equation (17), we obtain the

following conservation equation:

( 4 ) ^ = 0, (21)

where g and p are total mass density and pressure of fields on the brane given by

Q = gm(l 6i,c
2 (22)



From the mean values of the diagonal component Einstein equations, we obtain the following

effective Friedmann equations on the brane worldvolume:

( ^A _ ** (23)

a0 16TT2G? 2 4 2 o o 2 , Cc2 4nG5 (. 4TTG5 2 \ ,_.,
° (2^ 2 c 4 +a^c 2 + 3ap + 3p^c2) + / A + ^ a 2 (24)a0 ~ 9c6 x * * b "* ' 4 3c2 V 3c4

where C is an integration constant. In obtaining the equations, it is assumed that the radius of

the extra space is stabilized, i.e., 6 = 0, and the y-coordinate is defined to be proportional to the

proper distance along the y-direction with 6 being the constant of proportionality, i.e., b' = 0.

Using these assumptions, we have defined the y-coordinate such that 6 = 1 .

As was pointed out in Ref. [6], physically it does not make sense to talk about constancy

or variability of dimensional constants such as the speed of light, since the measured values

of any dimensional quantities are actually the ratio to some standard units, which may vary

with time. So, strictly we can experimentally test the constancy of dimensionless ratios of

dimensional quantities, only. For a given dimensionless ratio of dimensional quantities, which is

experimentally observed to vary with time, we can arbitrarily choose units such that any group

of dimensional quantities (forming the ratio) vary with time and the remaining ones do not.

For example, we can regard the time variation of the (dimensionless) fine-structure constant

a = e2/(4irhc) as being due to the time variation of e, as was considered by Bekenstein [4], or

due to the time variation of c and h, as in the VSL models, depening on the choice of units.

Furthermore, we can always redefine system of units such that a given model is mapped to the

dual model for which different group of dimensional quantities vary with time. In the following,

we study the VSL dual of the brane world cosmology with time-varying e considered in the

above.

We redefine system of units such that the electric charge remains constant and speed of light

varies with time. The measured quantities in the system of units where the speed of light takes

constant value c are denoted without hats. Those in the system of units in which the speed of

light c varies with time (with the electric charge remaining constant) are denoted with hat. We

define the new system of units such that measurements in the two systems of units are related

as (Cf. Ref. [35])

C Cut —- C (to; C&05 == C&CC, r~~ = = 7T~. ( A o )

c6 c6

To find the relations between dimensional quantities in the two systems of units, we consider

the following ratios of the dimensional quantities:

cdt _ cdi n _ fi G4dE _ G4dE e2 _ e2

dx ~ dx" dEdt dEdf c4dx ~ cAdx ' dEdx ~ dEdx'

where G4 = 4TTG2O'/(3C4) is the effective four-dimensional Newton's constant, which can be read

off from Eqs. (23,24), and 6 = 60 = e/e = const. Note, the dimensionless ratios take the same



values regardless of the choice of system of units. Substituting Eq. (25) into Eq. (26), we find

that the speed of light and the Planck constant vary with time in the following manner and the

effective Newton's constant remains constant:

c = c/e, fi = h/e, G4 = G4. (27)

The transformation (25) then reduces to

di = e2dt, dx = edx, dE = dE/ez. (28)

This transformation determines relation between measurements in the two systems of units. In

particular, the mass densities, the pressures and the brane tensions in the two systems of units

are related as

g = g/e\ P = p/e6, a = a/e6. (29)

From Eqs. (27,29), we see that the five-dimensional Newton's constants in the two systems of

units are related as G$ — G^e.

In the new system of units, in which the speed of light c varies with time and the electric

charge e — eo remains constant, the bulk metric (11) takes the form

ds2 = e2ds2 = -h2c2di2 + a2%dxldx^ + b2dy2, (30)

where h = n, a — ea, b = b, and

= (1 + jSmnx
mxn) di-jd^dx3 = — 1~— + r2 (dO2 + sin2 0d4>2) . (31)

V / I _ fcf2 \ I

After the transformation of units, we performed a spatial coordinate transformation so that

k = k = 0, ± 1 . So, the effective Friedmann equations (23,24) in the new system of units take

the forms

16TT2(?1 /^^ . 0\ . Cc2 . 47rGs (~. 471-Gfs .o.\ kc2

^o + £ _ 2£_ = - " " ' " ° [2^t + OQCA + 3&p + 3pgcz ) - ^ - + - ^ ^ I A + ^ " r ° g 2 I , (33)

^ \ /

where C = e2C, A = A/e, the overdot from now on denotes derivative w.r.t. i, and the total

mass density and pressure are given by

Q = Q'TO ^ 2 '

)

1 . fcV l u f

We made use of the relation e = c/c to express e in terms of the speed of light.



The equation of motion (14) for the field tp — lne = ln(c/c) becomes the following equation

that determines the temporal variation of the speed of light c:
'X. ^ n ,-. ^ o

~ "I" « ~ 1 = C I ~ I (?m- (35)
C (2() C CO \C J

The temporal variation of c is driven by electrostatic Coulomb energy, parameterized by £. From

this equation, we see that the temporal variation of the speed of light is negligible during the

radiation dominated epoch (for which C ~ 0), and the speed of light varies noticeably during

the matter dominated epoch. The amount of variation is determined by the ratio £/w. Once

the universe accelerates, the speed of light approaches the constant present day value.

The conservation equation (21) becomes

^ \ (36)

Making use of the explicit expressions (34) for g and p, we can reexpress the conservation

equation as

aw + -p -J «; =

ffld ~

, / 0
+ -r To - T - ^ - T -

(37)

where we redefined mass density and pressure to contain contribution from the brane matter

field and the electromagnetic field, only:

£fld = Qm \ 1 + C ( " f3fld = \QT I - (38)

and on the second line of Eq. (37) we made use of Eq. (35). So, in the new system of units the

total mass density g^ of fields on the brane is not preserved while the speed of light c varies

with time. Unlike the case of the usual VSL models, the RHS of the conservation equation has

no dependence on the curvature parameter k. This implies that for any circumstances k = 0

does not correspond to the stable attractor. The matter will be produced or taken away while

c varies with time, even when k = 0, i.e., when the mass density of the brane universe reached

the critical density. So, the VSL model, dual to the brane world cosmology with time-varying

e, cannot by itself resolve the flatness problem.

To make contact with conventional cosmology, we assume that a

order, the Friedmann equations (32,33) take the forms

+

gc2, p. To the leading

ao c \ 8nG4 „ c" kc2

•J2
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where G4 = 4rrG2a/(3c4) and Aeff is the effective four-dimensional cosmological constant given

eft c4 \ 3c 4 J ' K J

Note, in the new system of units, the bulk cosmological constant and the brane tension vary with

time as A ~ 1/e and a ~ 1/e6. However, once the brane tension initially takes the fine-tuned

value giving rise to Aeff = 0, Aeff will stay zero throughout the cosmological evolution as long

as there is no other contribution giving rise to the correction to a.

Making use of the explicit expressions (34) for g and p, we can reexpress these Friedmann

equations as
f'hr. 'r\2 R-n-n, A-rr,.,a.'r2 r2^ Or2 hr2

(42)

(43)

We notice that the effective Friedmann equations for the dual VSL cosmology have different

structure from those of the VSL brane world cosmologies that we studied in our previous papers

[20, 21, 22]. Namely, there are additional terms involving the time: derivatives of the speed of

light c. Such additional terms arose due to the fact that the above effective Friedmann equations

for the dual VSL cosmology do not describe expanding universe in the preferred frame, in which

the equations of motion take the conventional forms with the constant speed of light just replaced

by the variable speed of light. In the preferred frame, the above effective Friedmann equations

for the dual VSL cosmology would take the forms of the Friedmann equations for the ordinary

VSL cosmologies. Note, our dual VSL cosmology cannot by itself resolve the flatness problem,

whereas the usual VSL brane world cosmologies [20, 21, 22] can. So, whether a particular

cosmological problem can be resolved or not depends on the frame used. However, cosmological

problems that require faster speed of light during very early stage of comological evolution such

as the horizon problem and the problem of unwanted relics cannot be resolved by our varying-a

cosmology regardless of the frame used, because during the very early stage of the comological

evolution the universe is dominated by radiation and therefore the speed of light does not take

large value (due to negligible Q. Nevertheless, our varying-a cosmological model may be used

for explaining time-varying fine-structure constant observed in our universe.

References

[1] J.K. Webb, V.V. Flambaum, C.W. Churchill, M.J. Drinkwater and J.D. Barrow, "Evidence

for time variation of the fine structure constant," Phys. Rev. Lett. 82 (1999) 884, astro-

ph/9803165.

[2] M.T. Murphy et a/., "Possible evidence for a variable fine structure constant from QSO

absorption lines: motivations, analysis and results," astro-ph/0012419.

9



[3] J.K. Webb et al., "Further evidence for cosmological evolution of the fine structure con-

stant," Phys. Rev. Lett. 87 (2001) 091301, astro-ph/0012539.

[4] J.D. Bekenstein, "Fine structure constant: Is it really a constant?," Phys. Rev. D25 (1982)

1527.

[5] J.W. Moffat, "Superluminary universe: A Possible solution to the initial value problem in

cosmology," Int. J. Mod. Phys. D2 (1993) 351, gr-qc/9211020.

[6] A. Albrecht and J. Magueijo, "Time varying speed of light as a solution to cosmological

puzzles," Phys. Rev. D59 (1999) 043516, astro-ph/9811018.

[7] J.D. Barrow, "Cosmologies with varying light speed," Phys. Rev. D 59 (1999) 043515,

astro-ph/9811022.

[8] J.D. Barrow and J. Magueijo, "Varying-alpha theories and solutions to the cosmological

problems," Phys. Lett. B443 (1998) 104, astro-ph/9811072.

[9] J.D. Barrow and J. Magueijo, "Solutions to the quasi-flatness and quasi-lambda Problems,"

Phys. Lett. B447 (1999) 246, astro-ph/9811073.

[10] J.W. Moffat, "Varying light velocity as a solution to the problems in cosmology," astro-

ph/9811390.

[11] M.A. Clayton and J.W. Moffat, "Dynamical mechanism for varying light velocity as a

solution to cosmological problems," Phys. Lett. B460 (1999) 263, astro-ph/9812481.

[12] J.D. Barrow and J. Magueijo, "Solving the flatness and quasi-flatness problems in Brans-

Dicke cosmologies with a varying light speed," Class. Quant. Grav. 16 (1999) 1435, astro-

ph/9901049.

[13] M.A. Clayton and J.W. Moffat, "Scalar-tensor gravity theory for dynamical light velocity,"

Phys. Lett. B477 (2000) 269, gr-qc/9910112.

[14] B.A. Bassett, S. Liberati, C. Molina-Paris and M. Visser, "Geometrodynamics of variable

speed of light cosmologies," Phys. Rev. D62 (2000) 103518, astro-ph/0001441.

[15] M.A. Clayton and J.W. Moffat, "Vector field mediated models of dynamical light velocity,"

gr-qc/0003070.

[16] M.A. Clayton and J.W. Moffat, "A scalar-tensor cosmological model with dynamical light

velocity," Phys. Lett. B506 (2001) 177, gr-qc/0101126.

[17] A.H. Guth, "The inflationary universe: A possible solution to the horizon and flatness

problems," Phys. Rev. D23 (1981) 347.

[18] A.D. Linde, "A new inflationary universe scenario: A possible solution of The horizon, flat-

ness, homogeneity, isotropy and primordial monopole problems," Phys. Lett. B108 (1982)

389.

10



[19] A. Albrecht and P.J. Steinhardt, "Cosmology for grand unified theories with radiaiively

induced symmetry breaking," Phys. Rev. Lett. 48 (1982) 1220.

[20] D. Youm, "Brane world cosmologies with varying speed of light," Phys. Rev. D63 (2001)

125011, hep-th/0101228.

[21] D. Youm, "Variable-speed-of-light cosmology from brane world scenario," hep-th/0102194.

[22] D. Youm, "A scalar tensor bimetric brane world cosmology," hep-th/0108073.

[23] L. Randall and R. Sundrum, "A large mass hierarchy from a small extra dimension," Phys.

Rev. Lett. 83 (1999) 3370, hep-ph/9905221.

[24] L. Randall and R. Sundrum, "An alternative to compactification," Phys. Rev. Lett. 83

(1999) 4690, hep-th/9906064.

[25] G. Kalbermann and H. Halevi, "Nearness through an extra dimension," gr-qc/9810083.

[26] E. Kiritsis, "Supergravity, D-brane probes and thermal super Yang-Mills: A comparison,"

JHEP9910 (1999) 010, hep-th/9906206.

[27] G. Kalbermann, "Communication through an extra dimension," Int. J. Mod. Phys. A15

(2000) 3197, gr-qc/9910063.

[28] D.J. Chung and K. Freese, "Can geodesies in extra dimensions solve the cosmological hori-

zon problem?," Phys. Rev. D 62 (2000) 063513, hep-ph/9910235.

[29] S.H. Alexander, "On the varying speed of light in a brane-induced FRW universe,"

JHEP0011 (2000) 017, hep-th/9912037.

[30] H. Ishihara, "Causality of the brane universe," Phys. Rev. Lett. 86 (2001) 381, gr-

qc/0007070.

[31] D.J. Chung, E.W. Kolb and A. Riotto, "Extra dimensions present a new flatness problem,"

hep-ph/0008126.

[32] C. Csaki, J. Erlich and C. Grojean, "Gravitational Lorentz violations and adjustment of

the cosmological constant in asymmetrically warped spacetimes," Nucl. Phys. B604 (2001)

312, hep-th/0012143.

[33] H.B. Sandvik, J.D. Barrow and J. Magueijo, "A simple varying-alpha cosmology," astro-

ph/0107512.

[34] P. Binetruy, C. Deffayet and D. Langlois, "Non-conventional cosmology from a brane-

universe," Nucl. Phys. B565 (2000) 269, hep-th/9905012.

[35] J.D. Barrow and J. Magueijo, "Varying-a theories and solutions to the cosmological prob-

lems," Phys. Lett. B443 (1998) 104, astro-ph/9811072.

11


