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Abstract

We study the localization properties of bulk form potentials on dilatonic domain walls. We

find that bulk form potentials of any ranks can be localized as form potentials of the same ranks

or one lower ranks, for any values of the dilaton coupling parameter. For large enough values

of the dilaton coupling parameter, bulk form potentials of any ranks can be localized as form

potentials of both the same ranks and one lower ranks.
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The Randall-Sundrum (RS) scenario [1, 2] provides an alternative compactification method,

where our four-dimensional spacetime is realized as a 3-brane on which the bulk graviton can be

localized even with noncompact extra spatial dimensions due to warped spacetime. Localization

of various bulk fields on the brane has been studied, e.g., Refs. [3, 4, 5, 6, 7, 8, 9, 10]. In

particular, it was shown that, whereas the bulk scalar can be localized on the RS domain wall,

bulk photon and form potentials cannot be localized [4, 11]. Later, it was found out [12] that the

bulk three-form potential, which is Hodge-dual to bulk scalar in five-dimensional bulk spacetime,

can also be localized as a two-form potential in one lower dimensions with a choice of a modified

Kaluza-Klein (KK) zero mode ansatz. (Cf. See also Ref. [13].) It was proposed in Ref. [14],

whose work was extended to the supersymmetric case in Ref. [15], that a U(l) field on the brane

is originated rather from two bulk two-form potentials. Alternative methods for localizing bulk

U(l) field on the brane through topological Higgs mechanism [16] and by adding a potential of

the bulk U(l) field to the brane action [17] were also proposed.

We showed [18, 19, 20] that dilatonic domain walls can localize bulk gravity, provided that

the tension of the wall is positive. Bulk fields with various spins, including bulk U(l) field, were

shown [19] to be localized on such dilatonic domain walls, in the sense that the KK zero modes of

the bulk fields are normalizable. It is the purpose of this paper to study localization of bulk form

potentials of various ranks, which were not considered in our previous work. Unlike the case

of non-dilatonic RS domain wall, any bulk p-form potentials can be localized on the dilatonic

domain wall both as p-form potentials and as (p — l)-form potentials in one lower dimensions,

provided the dilaton coupling parameter a is large enough. Furthermore, for any values of a,

any bulk p-form potential can be localized on the dilatonic wall as a p-form potential or as a

(p — l)-form potential in one lower dimensions.

We begin by summarizing dilatonic domain wall solution and localization of bulk graviton,

studied in Refs. [18, 19, 20]. The total action for the dilatonic domain wall solution is the sum

of the .D-dimensional action in the bulk of the domain wall:

] , (1)

and the (D - l)-dimensional action on the domain wall world volume:

SDW = - / dD-lx^aDWe-a4>, (2)

where 7 is the determinant of the induced metric j ^ = 8llX
MduX

NGMN on the domain wall

worldvolume, a^w is the energy density (or tension) of the domain wall, M, N = 0,1,..., D — 1

and /i, v = 0,1,..., D — 2. In this paper, we consider the case in which the gravity can be localized

on the domain wall. For such case, the domain wall solution is Z2-symmetric and has naked

singularities on both sides of the wall [18]:

GMNdxMdxN = W \-dt2 + dx2 + ... + ds2
D_



- K\y\),

(D-2)a* I> - 1
2I?-2' ( 3 )

the domain wall tension, which can be fixed by the boundary condition at y = 0, has the

following fine-tuned positive value:

and the effective (D — l)-dimensional gravitational constant has the nonzero value K^)_1 =

^2^v fk^l)- Note, from the expression for if in Eq. (3) we see that such solution exists only

for A < 0 [A > 0] when A < 0 [A > 0]. We have shown [18, 19, 20] that the normalizable

KK zero mode for the bulk graviton exists and therefore the gravity can be localized on such

dilatonic domain wall, for any values of a.

We consider p-form potentials in the bulk of such dilatonic domain wall. The action for a

massless jo-form potential AMI...MV with the field strength -FMI...MP+I — (P + ^)^{M1AM2...MP+1]

in the D- dimensional bulk spacetime is given by

...Mp+1FNl...Np+1. (5)

If we choose the following KK zero mode ansatz for the p-form potential

Alil...^p(x
tt,y) = aAll...Mj>(s'4), (6)

then the action (5) becomes

l/K

/ a xy/ gg •••g >• / / L j 1 . . . A i p + 1 j/ Lj1 . . .A ip + 1jv1 . . . i ,p + 1 , {<)

where g^u{xp) is the KK zero mode for the bulk metric GfMAf(a;'i)y) and /w...^p+i = (p +

l)d[fj.iaH2-it +il ^s *^e field strength of the (D — l)-dimensional p-form potential a^j.. .^. The

bulk p-form potential AMX...MP
 c a n be localized on the dilatonic domain wall, if the j/-integral

in Eq. (7) is finite, which is the case when

D - 3 (D - 2fo? _ ( D - 2 ) ( A + 4)
P < ~ 2 ~ + 8 ~ 4 • ( 8 )

As observed in Ref. [11], non-dilatonic domain wall (a = 0) therefore cannot localize p-form

potentials with p > (D — 3)/2. In particular, the RS domain wall (the (D,a) = (5,0) case) can

localize only a 0-form field or a scalar field. However, the dilatonic domain walls (a ̂  0) can

additionally localize the higher rank p-form potentials, as long as the dilaton coupling parameter

a is large enough: The higher the rank p of the form potential, the larger the value of a required



for localizing the form potential. All the bulk form potentials (up to rank D — \) can be localized

on the wall, when

So, for example, the five-dimensional dilatonic domain wall in string theories obtained by com-

pactifying branes with one type of constituent brane on a Ricci flat manifold, for which A = 4,

can localize bulk form potentials of all ranks.

The problem with the KK zero mode ansatz of the form (6) is that the ansatz of such form for

the pair A^...^ and AtJ,l...flD_p_i are not compatible with the following Hodge-duality formula

in the bulk spacetime:

P ^ . . . N p + 1 . ( 1 0 )

Another problem is that a higher rank form potential hodge-dual to a lower rank form potential

which can be localized on the wall may not be localizable, as can be seen from the criterion (8).

To resolve such contradictions, it was proposed in Ref. [12] to choose the KK zero mode ansatz

for a p-form potential with p > (D — l)/2 as

A(ll...(h,_iy(x'i,y) = W-E=%=1(y)aftl...ttp_l(x»), (11)

with all the other components vanishing. Then, ansatz (6) and (11) are compatible with with Eq.

(10), and the bulk Hodge-duality formula (10) reduces to the following Hodge-duality formula

in D — 1 dimensions:

/dTW*1^1 . . . nPD-p-iVD-p-i f — _,/xi—Mr>-P-i"i""p f
V 9 9 - - - g * " M...i/D_p_i — ,e F Jv1...vv-

Substituting the ansatz (11) into the bulk action (5), we obtain

rl/K

S p = -

...,*/„,...*,. (13)

From this we see that the criterion for a bulk p-form potential with the KK zero mode of the

form (11) to be localized on the wall is

So, for any values of a, all the bulk p-form potentials with p > (D — l)/2 can be localized on

the wall as a (p — l)-form potential. In the bulk of dilatonic domain wall (a ̂  0), bulk form

potentials with the lower ranks can be additionally localized on the wall in such a manner: The

larger the value of a, the less stringent the lower bound on p for such localization. All the bulk

p-form potentials with p > 1 can be localized on the dilatonic wall as (p — l)-form potentials, if



So, for example, all the domain walls obtained from (intersecting) branes (with equal charges)

in string theories through the compactification on Ricci flat manifolds, for which A — 4/N

with N € Z + , can localize any rank bulk p-form potentials as (p - l)-form potentials in D — 1

dimensions.

When the KK zero mode is chosen to be of the form (6) for the lower rank form potentials

and of the form (11) for the higher rank form potentials, the only cases in which the non-

dilatonic domain walls (a = 0) cannot localize the bulk form potentials are p — (D - 3)/2 and

p = (D - l)/2, as can be seen from Eqs. (8,14). For the RS domain wall (D = 5), these

correspond to bulk £7(1) field and two-form field. On the other hand, dilatonic domain walls

can localize bulk p-form potentials with p — (D — 3)/2 and p = (D — l)/2 when KK zero modes

are chosen to be of the forms (6) and (11), respectively, for any values of a. So, bulk p-form

potentials of any ranks can be localized on the dilatonic domain wall (with any a) as p-form

potentials or (p — l)-form potentials in D — 1 dimensions. Furthermore, from Eqs. (9,15) we

see that bulk p-form potentials of any ranks can be localized on the dilatonic domain walls as

both p-form potentials and (p - l)-form potentials in D — 1 dimensions, if the condition (9) is

satisfied.

We now explicitly study the KK modes of massless bulk p-form potentials by considering

the following equations of motion obtained from the bulk action (5):

= 0. (16)

We will find above all that the KK zero modes of a bulk form potentials are indeed given by

Eqs. (6,11).

First, we consider the dimensional reduction of a bulk p-form potential to a form potential

of the same rank p. By using the gauge degrees of freedom, we can take the gauge conditions

AMi...Mp~iy = 0. We consider the following KK mode ansatz for the bulk p-form potential:

A^.^ix^y) = aN.^/j^fe), (17)

where a^.../xP is assumed to satisfy the following field equations for a massive p-form potential

in (D — l)-dimensional flat spacetime:

- 0

along with the gauge conditions d/najj™...Mp = 0, where fj^Y..(ip+1 = (p + 1 ) 5 ^ a ^ ^ , is the

field strength of a^;..^. Then, the equations of motion (16) for the bulk p-form potential with

the bulk metric (3) substituted reduce to the following form of the Sturm-Liouville equation

satisfied by um(y):

dy [W£^1dyum\ = m2W£=f^um. (19)
/ D-2p— 1 \

The operator C — dy [W 2 dy\ is self-adjoint, provided the boundary condition
D — 2p—l D — 2p— 1 1 / - ^ o

[(W 2 u'n)um — (W 2 u'm)un] = 0 is satisfied. For such case, the eigenvalue m is
-\jK



real and the eigenfunctions um with different eigenvalues are orthogonal to each other w.r.t. the

weighting function w{y) = W ~2 , i.e., f_[/Kdyum(y)un(y)w(y) = 0 for m2 ^ n2. By using
p_2p-l

a new y-dependent function um = W * um, we can bring the Sturm-Liouville equation (19)

into the following form of the Schrodinger equation with zero energy eigenvalue:

- ^ r + v(y)um = o, (20)

where the potential is given by

In the case of the KK zero mode (m = 0), by substituting the expression for the warp factor (3)

into Eq. (21), we obtain the following explicit expression for the potential:

2(D - 2p - 1)K2 2(D -2p-l)-(D- 2 ) V 4 ( P - 2p - \)K
[V)~ ( P 2 ) 4 a 4 ( l ^ | y | ) 2 {D2fa2 KVh [ '

From this we see that the solution to the Schrodinger equation (20) satisfies the boundary

condition u'0(0
+) - «o(0") = -^j£r§j$r-uo(0)- T h e solution to Eq. (20) satisfying this bound-

2(P-2p-l)

ary condition is uo(y) ~ (1 — K\y\) (°-2)2a2 . So, the KK zero mode is constant: uo(y) =
1

uo(y) — constant. This zero mode uo(y) is normalizable if its norm

l/K 4(P-2p-3)+(P-2)2a2

dyul{y)w{y) ~ (1 - K\y\)
- V * -l/K

l/K

(23)

is finite, which is the case when 4(D — 2p — 3) + (D — 2)2a2 > 0. This normalization condition

coincides with the condition (8) obtained by considering the effective action (7). For such case,

the normalized zero mode is given by uo{y) = W-̂ —~ 2(~D-2)2cfi ^' ^ e m a ^ e couple of

comments on the KK zero mode. First, had we just considered the Sturm-Liouville equation

(19) with m = 0, the most general form of the KK zero mode would have been given by

(24)

where c\ and C2 are integration constants. This solution expressed in terms of UQ = W * UQ

is also a general solution to the Schrodinger equation (20) in the region y ̂  0. The boundary

condition at y = 0 due to the (̂ -function term in the potential (22) requires that C2 = 0. However,

when just the Sturm-Liouville equation (19) is considered, such restriction due to the boundary

condition at y = 0 does not exist. If we use the general zero mode (24), then the bulk action

(5) takes the form

1 r/ / 2(P-2p-3) !_2(P-2p+l)N

Sp = -r—i/ dylawlZ^F+czm1 W»* / dxy/=df$
z • p. J — l/K \ / J

+c2 J' dyjdP-lxV=ga^aW^-^ (25)



where w — 1 - K\y\ and the constant 62 is proportional to ci- So, with c^ ^ 0, we have finite

mass term 2 for the p-form potential in the effective action, which is contradictory to the fact

that UQ is the KK zero mode. Furthermore, the fmiteness of the kinetic term in Eq. (25) requires

larger value of a than the value satisfying Eq. (9). Second, we have seen that the KK zero modes

for the bulk p-form potentials are independent of the extra spatial coordinate y. Although such

zero modes are normalizable, one might argue that the zero modes are not localized on the wall

because they are spread evenly in the bulk (rather than localized sharply near the wall). On the

other hand, the KK zero mode of the bulk scalar field, which is widely regarded as being localized

on the wall, is also independent of y. Furthermore, the KK zero mode of the bulk graviton is

also independent of y, if the bulk graviton h^ is defined as W^q^v + h^u)dx^dxu + dy2. Perhaps,

we might wish to choose to consider the product iiQ(y)w(y) for determining distribution of the

bulk field across the y-direction rather than the zero mode UQ itself, since it is this product

that appears as the integrand of the y integral in the kinetic term of the effective action and

may be interpreted as being related to the form potential charge density along the y-direction.

Then, we find that the bulk p-form potential is localized around y = 0, spread evenly in the

bulk and localized around \y\ = 1/K, when p < (D - 3)/2, p = (D - 3)/2 and p > (D - 3)/2,

respectively. So, for D = 5, the distribution of the KK zero mode is localized around the wall

only for the bulk scalar field case. For the KK zero mode ansatz (11), the bulk p-form potential

is localized around y = 0, spread evenly in the bulk and localized around \y\ = 1/K, when

p > (D — l)/2, p = (D — l)/2 and p < (D — l)/2, respectively, as can be seen from the integrand

of the y-integration in Eq. (13). So, for D — 5, the distribution of the KK zero mode is localized

around the wall only for the bulk 3-form potential case. (Also, with such criterion, the KK zero

mode for the bulk graviton is localized around both dilatonic and non-dilatonic domain walls.)

Second, we consider the dimensional reduction of a bulk p-form potential to a (p — l)-form

potential. The KK ansatz is chosen to be

Alxl...tlp_,y(x^y) = alil...flp_1(x^v(y), (26)

with all the other components taken to vanish. Substituting this ansatz into Eq. (16), we obtain

the following equation satisfied by v(y):

dy [wS=^v] = 0, (27)
— 2p— 1D 2p 1

from which we obtain v ~ W~ 2 .So, the KK ansatz (26) coincides with the ansatz (11)

proposed in Ref. [12], thereby providing a justification for such choice.

It is pointed out in Ref. [12] that if we would additionally require the consistency with the

bulk Einstein's equations then only the p = 0 case with the ansatz (6) and the p = D — 2 case

with the ansatz (11) are allowed. Actually, considering the Einstein's equations means looking
2For the non-dilatonic domain wall case, the integration interval for the y-integration is infinite, so the mass

term would diverge.



for the solution for gravitating (non-dilatonic) charged (p — l)-brane or (p — 2)-brane (coupled

to the bulk p-form potential) within the domain wall, depending on the choice of the KK zero

mode ansatz. We have seen in our previous works [21, 22] that such solutions do not always exist

due to the constraint following from the equations of motion. In this paper and other related

papers, where just the KK modes of bulk fields are studied, the gravitational backreaction of

the bulk fields are ignored (thereby, the bulk metric remaining as a static background in which

the bulk fields propagate) and therefore the Einstein's equations should not be considered. If

we would insist on consistency with the Einstein's equations, then we should rather consider the

solution for (non-dilatonic) charged brane within the wall, which, according to Ref. [21], does

not exist except for the p = 0, D — 2 cases mentioned in the above, as the bulk metric, instead of

the domain wall solution (3). In the case in which the kinetic term for the bulk form potential

has the dilaton factor e2ap^, the solution for the charged brane exists for any p, provided a and

ap satisfy the constraint resulting from the equations of motion [21, 22].
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