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Abstract

Studying the mathematical structure of the noncommutative groups in more detail, we prove
a no-go theorem for the noncommutative gauge theories. According to this theorem, the closure
condition of the gauge algebra implies that: 1) the local noncommutative u(n) algebra only admits
the irreducible nxn matrix-representation. Hence the gauge fields, as elements of the algebra,
are in n x nmatrix form, while the matter fields can only be either in fundamental, adjoint or
singlet states; 2) for any gauge group consisting of several simple group factors, the matter fields
can transform nontrivially under at most two noncommutative group factors. In other words, the
matter fields cannot carry more than two simple noncommutative gauge group charges. This no-
go theorem imposes strong restrictions on the construction of the noncommutative version of the
Standard Model and in resolving the standing problem of charge quantization in noncommutative
QED.



I. INTRODUCTION

During the past two years, there have been a lot of work devoted to the theories formulated on
the noncommutative space-time [1]. Apart from the string theory interests, the field theories on
noncommutative space-times (Moyal plane) have their own attractions. To obtain a noncommu-
tative version of the action for any given field theory one should replace the usual product of the
functions (fields) with the -̂ --product:

where 6^ = —9VI1. In a more mathematical way, the fields of a noncommutative field theory should
be chosen from the C*-algebra of functions with the above ^-product.

Although in the noncommutative case the Lorentz symmetry is explicitly broken, one can still
realize the same representations as in the commutative case where, depending on the space-time
(Lorentz) representation, the fields can be scalars, Dirac fields, vector bosons, etc. This can be
done noting the notion of "trace" in the corresponding C*-algebra. This "trace" is basically the
integration over the whole space-time, which is already there in the usual definition of the action.
Therefore, the notion of "trace" implies that the *-product in the quadratic terms of the actions
can be removed. In other words, only the interaction terms in the action receive some corrections
due to the ^-product [2-5]. However, in order to quantize the theory, besides the quadratic parts
of the action, we should specify the Hilbert space of the theory (or, equivalently, the measure in
the path integral quantization), as well as the conjugate momentum of any field. For the space-like
noncommutativity, 6^9^ > 0, this Hilbert space (or the path integral measure) can consistently
be chosen the same as in the commutative case [6-8].

The next step in constructing a physical noncommutative model is to develop the concept of
local gauge symmetry. Intuitively, because of the inherent non-locality induced by the ^-product
(I.I), the notion of local symmetry in the noncommutative case should be handled with special
care. As a result, the pure noncommutative f/(l) theory, which we shall denote by C/*(l), behaves
similarly to the usual non-Abelian gauge theories, but now the structure constants depend on the
momenta of the fields [4]. We shall discuss this point in more detail later.

However, before turning to more physical questions, one should develop the noncommutative
groups underlying the gauge theories, as well as their representations. In general, as discussed in
[9,10], it is not trivial to define the noncommutative version of usual simple local groups, as the
^-product will destroy the closure condition. For example, let g\ and gi be two traceless hermitian
x-dependent nxn matrices (elements of the usual su(n)). It is very easy to check that gi*g2 — 92*9i
is not traceless anymore. Consequently, the only group which admits a simple noncommutative
extension is U(n) (we denote this extension by f/*(n)). The noncommutative extensions of the other
groups are not trivially obtained by the insertion of the ^-product. However, the noncommutative
SO and USp algebras have been constructed in a more involved way [9,10].

Besides the simple noncommutative group U*(n) and its representations, we also need to define
the direct product of noncommutative groups, such as U*(n)xU*(m). In this case, since the group
elements are matrix valued functions, in general the usual definition of the direct product of group
elements does not work. We will show that this fact imposes strong restrictions on the matter
fields (those which are in fundamental representations).

This work is organized as follows. In the next section, reviewing the pure noncommutative
Yang-Mills theories, we discuss the gauge invariance issue in more detail and show that the only



consistent representation of the noncommutative algebra for the gauge fields is the adjoint repre-
sentation of the group. More precisely, the only possible representation for the u*(n) algebra is the
one generated through nxn hermitian matrices. In section 3, we consider the matter fields and
their gauge invariance. This will lead to the charge quantization for noncommutative QED [11].
Then we proceed with the cases in which our gauge group consists of a direct product of some
simple U±(n) factors. We show that group theory considerations (closure condition) will restrict
our matter fields to be charged at most under two £/*(n) factors of our gauge group. We close this
work with discussions and conclusions.

II. PURE U*{N) GAUGE THEORIES

To define the pure C/*(n) Yang-Mills theory, we start with introducing the U*{n) group and the
corresponding algebra. The n*(n) algebra is generated b y n x n hermitian matrices whose elements
(which are complex valued functions) are multiplied by the ^-product (I.I) [12]. If we denote the
usual n x n su(n) generators by Ta, a = 1, 2, • • •, n2 — 1, normalized as Tr(TaTb) = |<Joj>, by adding
T° = 4= l n X n we can cover all n x n hermitian matrices* [13]. Then any element of u*(n) can be
expanded as

n 2 - l

/= E Mx)TA, (11.1)

and the u*(n) Lie-algebra is defined with the star-matrix bracket:

[f,g]* = f*9~ 9*f , /,3

Evidently the above bracket closes on the u*(n) algebra. For the case of n = 1, the «*(1) case, the
above bracket reduces to the so-called Moyal bracket.

The U*(n) gauge theory is described by the u*(n) valued gauge fields

G$l*)TA • (H.3)

It is straightforward to show that the field strength

under the infinitesimal ti*(n) gauge transformations:

G» -» G^ = G^ + id^X + g[X, G^l , A €

transforms covariantly:

G> -> G'^ = G^ + ig[X, G^]+ .

*We note that the normalization factor -s= for T° is chosen conveniently, so that dABC =
2Tr({TA,TB}Tc) is totally symmetric. As it is expected, the renormalizability of the gauge
theory does not depend on the relative normalization for the su(n) and u(l) generators. We are
grateful to L. Bonora and M. Salizzoni for a discussion on this point.



To construct the gauge invariant action we need to define a "trace" in the C*-algebra of the
functions (elements of n x n matrices). It can be shown that the integration over the space-time
can play the role of this trace; it enjoys the cyclic permutation symmetry and can be normalized.
Hence, the action we are looking for is [13]

= - J- I
where the trace is taken over the n x n matrices.

The first peculiar feature of the pure U±{n) gauge theory we would like to mention here is
that, fixing the number of gauge field degrees of freedom (which is n2) the dimension of the matrix
representation is automatically fixed, i.e. the gauge fields must sit in the n x nmatrix form. This
is a specific property dictated by noncommutativity and in particular the fact that the algebra
bracket (II.2) also involves the ^-product. To make it clear, let us consider a particular example
of M*(2) and take the 3x3 representation for the matrix part, which we denote by Sz,i = 1,2,3
and 1.3x3. It is easy to see that in order to close the algebra with the star-matrix bracket (II.2), in
fact besides the S"s we need all the other six 3 x 3 hermitian matrices. Therefore, the algebra is
not u*(2) anymore (it is what we call tx*(3)). The above argument for u*(2) can be generalized
to the u* (n) case. Let us start with a N x N representation (N > n). The enveloping algebra of
u{n) for this representation closes in u(N) (and not u(n)), unless N = n or our representation is
reducible. Therefore, this irreducible NxN representation (N>n) is not forming a proper basis
for Ui,(n) gauge fields.

The finite U^(n) gauge transformations are generated by the elements of the group (in the
adjoint representation) which are obtained by star-exponentiation of the elements of the algebra:

U = {e*)ix = l+i\- ^ A * A - - - , UeU*(n). (II.8)

Then under finite gauge transformations G^ should transform as

G^ -»• G^ - U * G^ * U~l + -U* d^U'1 . (II.9)

It can be easily checked that G^ —> U * G^ * U'1 and hence the action (II.7) remains invariant.

III. THE MATTER FIELDS
Now that we have introduced the pure U+ln) gauge theory and the adjoint representation of

U*{n) group we are ready to add the matter fields, which are in the fundamental representation of
the group. Hence if we denote the matter fields by ip, under gauge transformations [11]

^ _». ip1 = u * ik . (III.1)

Of course, the anti-fundamental representation is also possible:

For the fermionic (Dirac) matter fields, it is straightforward to show that the action for the
•0-field, defined as [11]

is invariant under the above gauge transformations. We also note that ip and the anti-fundamental
matter field, x, are related by the noncommutative version of charge conjugation [14].



A. The charge quantization

Before proceeding with the more complicated gauge groups we would like to point out a pe-
culiar property of the !7*(1) theory with matter fields, which may be called NCQED. It is well
known that in the non-Abelian gauge theories the corresponding "charge" is fixed by specifying
the representation of the fields (like the SU(2) weak charges in the usual electro-weak Standard
Model). The noncommutative C/*(l) theory in many aspects behaves like a non-Abelian gauge
theory whose group structure constants depend on the momenta of the particles [2,4,5]. So, one
expects to see the charge quantization emerging also in the NCQED. In fact this has been shown by
Hayakawa [11]: the noncommutative fermions can carry charge +1 for ip-type fields, —1 for ^-type
fields and zero for ^-type fields (<p —> <f>' = U * <$>•* U~l) [15,16]. We would like to mention that
the latter (0-type field), although is not carrying any C/*(1) charge, similarly to noncommutative
photons, carries the corresponding dipole moment [4,14,16].

B. The case with more than one group factor

So far we have only discussed the gauge groups which were consisting of a simple noncommuta-
tive group C/*(n). However, for building a physical model, it is necessary and important to consider
noncommutative groups which are semi-simple, i.e. composed of some simple £/*(n) group factors.
To study these cases we have to develop the direct product of groups in the noncommutative case.
In order to show the obstacle, let us first review the direct product of groups in the commutative
case. Let G\ and C?2 be two local gauge groups. Then, the group G = G\ x Gi is defined through
the relations:

9= 9\ x 92 , g' = g[ x 92, 9i,g'i € Gu g,g' £ G,

9-9' = (9i x 92) • (si x 92) = (9i • 9i) x (92 • S2) , (HI.4)

where the "•" corresponds to the relevant group multiplication. Now, let us turn to the noncommu-
tative case and consider G\ =U*(n) and G2 =£/*(m). Since both the U*(n) and £/*(TO) products,
besides the matrix multiplication also involve the ^-product, one cannot re-arrange the group ele-
ments and therefore it is not possible to generalize Eq. (III.4) to the noncommutative case. As a
consequence of the above argument we cannot have matter fields which are in fundamental repre-
sentation of both U*(ri) and U^m) factors. However, still we have another possibility left: a matter
field, ty, can be in the fundamental representation of one group (e.g. t/*(n)) and anti-fundamental
representation of the other, i.e.

For the most general case where the gauge group contains N U*(ni) factors, G = Plili ^*(nz)>
the matter fields can at most be charged under two of the C/*(rii) factors, while they must be
singlets under the rest of them. Hence, we have N types of matter fields which are charged only
under one U+foi) factor and ^N(N — 1) types of them which are carrying two different charges.
Therefore, altogether we can have ^N(N + 1) kinds of matter fields.

We would also like to make two other remarks:
i) there are also N different < -̂type fields, which only carry dipole moments under each group
factors and no net charges.
ii) for the gauge bosons we do not face any further problem when the gauge group has more than
one simple U*(n) factor. This is because the gauge fields are always carrying only one type of
charge (or/and dipole moment), i.e. they are singlets under the remaining group factors.
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IV. DISCUSSION

In this letter, elaborating more on the structure of noncommutative local groups we have uncovered
some facts about these groups and their representations. We show that the closure condition on
the representations of u*(n) algebra restricts these representations only to the one realized through
nxn hermitian matrices, i.e. higher irreducible representations for the u*(n) algebra do not exist.

We have discussed that the concept of direct product of local gauge groups in the noncom-
mutative case cannot be obtained by a simple generalization of the commutative case. Therefore,
the matter fields (which are, in general, in the fundamental representation of the group(s)) cannot
carry more than two different charges. More explicitly, the matter fields are either non-singlet
under only one of the simple U+(n) factors of the semi-simple gauge group or they are in funda-
mental representation of one factor, while in anti-fundamental representation of another factor, as
indicated in (III.5).

However, we comment that, if we only consider the infinitesimal gauge transformations (8ip =
\ip, A € gauge algebra), since the direct product of groups is replaced by the sum of the elements at
the level of the algebra, one can relax the discussions of previous section and fermions can transform
under more than two different groups. But, one should note that in fact what we need for handling
the gauge theories at quantum level (e.g. running the Fadeev-Popov machinery), is the invariance
under finite gauge transformations and invariance just under the infinitesimal transformations are
not enough. As a famous example we recall the Chern-Simons theories.

Although in our group theoretical arguments we have considered the ^-product (I.I), our dis-
cussions and results are independent of the specific form of the space-time noncommutativity and
hold for a general noncommutative product between functions.

We would like to note that, as we have discussed, although J7*(n) as a noncommutative group
is a simple group, it has some sub-groups. These sub-groups and their classification in their own
turn are very interesting and important. As the first example, it is straightforward to check that,
for A £u*(n), TrA forms a u*(l) sub-algebra of u*(n), and in the same line, the star-exponentiation
of TrA defines a £/*(l) sub-group. As for other examples, one can define 0*(n) and Usp±(2n), as
sub-groups of £/*(n) [10]. However, we should note that, unlike the commutative case, £/*(m) is
not a sub-group of U*(n) (m < n , m ^ 1). The physical significance of these sub-groups is that,
besides the matter fields which we have studied so far, one can consider the matter fields which are
charged only under a sub-group of C/*(n), and not the whole group. It turns out that such fields
are indeed necessary for building physical noncommutative models [17].

In the present work we have mostly focused on the mathematical structure of the noncommu-
tative gauge theories. As for more physical models, the construction of a realistic noncommutative
version of the Standard Model, i.e. the SUL{2) X U(l) X SUC(3) gauge theory together with its
specific matter content, which has not the problem of charge e = 0, ±1 quantization, can be the
main goal. Such a theory can be constructed uniquely thanks to the present no-go theorem [17].

The financial support of the Academy of Finland under the Project No. 163394 is greatly
acknowledged. The work of P.P. was partially supported by VEGA project 1/7069/20. We would
like to thank C. Montonen and L. Bonora for helpful remarks.
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