
the
united nations

educational, scientific
and cultural
organization

international atomic
energy agency

abdus salam
international
centre
for theoretical
physics

K72001/51

XA0102615

BRANES WRAPPED ON
COASSOCIATIVE CYCLES

Rafael Hernandez



Available at: http://www.ictp.trieste.it/"pub_off IC/2001/51

United Nations Educational Scientific and Cultural Organization
and

International Atomic Energy Agency

THE ABDUS SALAM INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

BRANES WRAPPED ON COASSOCIATIVE CYCLES

Rafael Hernandez1

The Abdus Salam International Centre for Theoretical Physics,
Trieste, Italy.

Abstract

We obtain a supergravity solution arising when D6-branes are wrapped on coassociative

four-cycles of constant curvature in seven manifolds of G? holonomy. The solutions preserve

two supercharges and thus represent supergravity duals of three dimensional Yang-Mills with

N = 1 supersymmetry. When uplifted to eleven dimensions our solution describes M-theory on

the background of an eight manifold with Spin(7) holonomy.
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An interesting possibility to construct gravity duals of field theories with low supersymmetry

is that provided by branes wrapped on supersymmetric cycles. As cycles will not in general have

covariantly constant spinors, supersymmetry will only be preserved after an identification of the

spin connection on the cycle with some external i?-symmetry gauge fields; this identification de-

fines a topologically twisted supersymmetric field theory [1] (a detailed classification of different

twists can be found in [2]). The way the cycle is embedded in a higher dimensional manifold

determines the amount of preserved supersymmetry. When the number of branes is large, the

uplifts to ten or eleven dimensions of the solutions, found in an adequate gauged supergravity,

represent a gravity dual description of field theories with reduced supersymmetry. The case orig-

inally considered by Maldacena and Nunez [3, 4] was that of fivebranes and D3-branes wrapped

on holomorphic curves, and has been applied in a series of related works to different dimension

branes wrapped on diverse supersymmetric cycles [5]-[12].

In [9], Edelstein and Nunez studied a configuration of D6-branes wrapping holomorphic

two-cycles and special Lagrangian three-cycles. When the size of the cycles is taken to zero,

their solutions represent respectively a supergravity description of the infrared dynamics of

five dimensional N = 2 supersymmetric Yang-Mills, or four dimensional Yang-Mills with N =

1 supersymmetry. D6-branes wrapping an S3 in T*S3 had previously been proposed to be

dual through a conifold transition to a type IIA geometry with the D6-branes replaced by

RR fluxes on the blown up S2 [13]. However, a better understanding of this duality came in

terms of M-theory on a seven manifold of Gi holonomy [14], where it corresponds to an S3 flop

transition [15] (see also [16]-[30] for further recent developments). These results were extended

by Gomis in [19], where it was argued how compactifications of M-theory on manifolds with

reduced holonomy arise as the local eleven dimensional description of D6-branes wrapped on

supersymmetric cycles in manifolds of lower dimension and with a different holonomy group.

The authors of [9] explicitly reproduced the geometry of a manifold with G2 holonomy and of the

small resolution of the conifold when uplifting to eleven dimensions the solutions they found in

eight dimensional maximal gauged supergravity, which is the natural arena to perform twisting

for D6-branes.

The purpose of this letter is to use the approach of [9] to study one of the lifts considered in

[19], namely D6-branes wrapped on a coassociative four-cycle in a seven manifold of G2 holon-

omy, which were shown to lift to M-theory on an eight manifold with Spin(7) holonomy group.

Coassociative four-cycles are supersymmetric cycles preserving 1/16 supersymmetry. Therefore,

a collection of D6-branes wrapped on a coassocitive cycle will lead to a three dimensional gauge

theory with N = 1 supersymmetry.

In this letter we will construct a supergravity solution corresponding to D6-branes wrapped

on a coassociative four-cycle, which represents a supergravity dual of a three dimensional gauge

theory with two supercharges. The lift to eleven dimensions of this solution, following an argu-

ment identical to that in [9], is then shown to correspond to an M-theory background which is



a direct product of three dimensional Minkowski space and a manifold with Spin (7) holonomy.

In order to do so, we will first shortly review maximal gauged supergravity in eight dimensions.

Maximal gauged supergravity in eight dimensions was constructed by Salam and Sezgin

[31] through Scherk-Schwarz compactification [32] of eleven dimensional supergravity on an

SU(2) group manifold. The field theory content in the gravity sector of the theory 2 consists

of the metric g^, a dilaton # , five scalars given by a unimodular 3 x 3 matrix Ll
a in the coset

SL(3 ,R) /50(3) and an SU(2) gauge potential A^, besides from the pseudo Majorana spinors

ipfj, and Xi o n the fermion side.

The Lagrangian for the bosonic fields is given, in K = 1 units, by

1 1 • 1 1 o2 - 1

with e the determinant of the achtbein e^ and F* the Yang-Mills field strenght. The Cartan

decomposition of the SL(3,R)/SO(3) coset defines the symmetric and traceless quantity P^ij,

as well as its antisymmetric counterpart, Quij-,

^£ - g eafhAl)Lf, j , (2)

which depends on the scalars parameterizing the coset and on the SU(2) gauge fields. The

potential energy associated to the scalar fields is given by the T-tensor

T13 = Ll
aL

3p6ap, (3)

and T = T^S1-?. Note that curved directions are labelled by greek indices, while flat ones are

labelled by latin, and that fj,, a = 0 ,1 , . . . ,7 are spacetime coordinates, while a, i = 8,9,10 are

in the group manifold.

Bosonic solutions to the equations of motion,

< j v * + e p J I / i + ^ - e - 2 *e i J ' , (4)

with ©y a combination of the T-tensor

Gij = TkT
jk - \TTij - hij{TklT

kl - \ T 2 ) , (5)

preserve supersymmetry if the supersymmetry variations for the fermions vanish,

T kle = 0, (6)
2 The fields arising from reduction of the eleven dimensional three-form are a scalar B, three vector fields B\,

three two-forms B\ and a three-form B3. However, we will only consider pure gravitational solutions of the eleven
dimensional theory, so that all B fields can be set to zero.



where the covariant derivative is

2V = fa + \tfTabe + \Q» ijTije. (7)

A convenient representation for the Clifford algebra will be

rtt = 7
a x l , r = 7 9 x a i , (8)

where 79 = r / ^ 1 . . -77, so that 79 = 1, and a1 are Pauli matrices. Furthermore, it will prove

useful to introduce Fg = ^eijkF1^ = 79 x 1.

In this letter we are going to consider D6-branes wrapped on a coassociative four-cycle 54 in

a seven manifold of G2 holonomy. The spin connection for the coassociative four-cycle is 50(4).

When we wrap the D6-branes on the four-cycle the 50(1,6) x S0(3)R symmetry group of the

unwrapped branes splits as 50(1,2) x 50(4) x S0(3)R. The twisting is performed by identifying

the structure group of the normal bundle, S0(3)R, with SU(2)L in 50(4) ~ SU(2)L x SU(2)R.

This leads to a pure gauge theory in three dimensions with two supercharges. There are no

scalars [19] because the bundle of anti self-dual two-forms is trivial (which amounts to taking

the four-sphere rigid as a coassociative submanifold [33]).

In order to describe the deformation on the worldvolume of the D6-brane we will choose the

metric ansatz

ds2 = e2fdxl2 + dr2 + <?hds\, (9)

where the four-sphere metric will be taken as de Sitter's metric on 54 ,

\ a ' S )

with u>i the left-invariant one-forms on SU(2) as a group manifold. The parameter a is the

diameter of the four-sphere, and will be later on identified with the instanton size. From the

s t ruc ture equations, t he 0 ( 4 ) connections wfflf, of 5 4 can be easily shown to be

a 2 - £2

a>3. (11)

The twisting amounts to an identification of the spin connection with the i?-symmetry. In

this case, it is possible to get rid of the scalars Lz
a,

Va = £, (12)

so that

Pij = O, Qij = -geijkA
k. (13)

Thus, the twisting is performed by turning on an SU(2) gauge field obtained by identifying the

self-dual combinations of the spin connection on 54 with Qij, A1 = — (̂— 4̂5 — W67) (+ cyclic),



where —W45 — UIQJ (+ cyclic) are self-dual combinations of the spin connection on S4 3. The

gauge field is then that for the charge one SU(2) instanton on £4,

Imposing the projections on a coassociative cycle [34]

74-5e = T23e, 746e = T31e, ^7e = T12e, (15)

and

7aV = 0> (16)

where the minus and plus signs refer to anti self-dual and self-dual parts, respectively, and

a, b = 4,5,6,7, as well as

7re = -ry9e, (17)

together with (14) for the gauge field, leads the BPS equations to

6 gaz 8

After the change of variables

a solution to the BPS equations can be shown to be

where I10' is an integration constant.
The lift to eleven dimensions of this solution, using the elfbein in [31], leads to 4

which is the metric of a Spin(7) holonomy manifold [35, 36] 5, with the topology of an R4 bundle

over 54 .
3This construction is simply related to the fact that the instanton with unit second Chern number is the Hopf

fibration of S7.
4It is immediate to check that the simpler solution e2* = g2a2/20r2, e2h = r2 to the system of equations

(18), when lifted to eleven dimensions, reproduces a solution which is three dimensional Minkowski space times a
metric whose level surfaces r = constant tend to the homogeneus squashed Einstein metric on the seven-sphere,
as already noted in [36] concerning the large p limit of (21).

5See also [37]-[39] for different approaches to this metric.



We have thus been able to reproduce, by studying the M-theory description of a configuration

of D6-branes wrapped on a coassociative submanifold, the metric constructed in [35, 36] for an

eight manifold with Spin(7) holonomy. This was one of the lifts already proposed in [19], where

it was shown how there is an M-theory realization involving Spin(7) holonomy of the strong

coupling description of D6-branes wrapped on a coassociative cycle.

Recently new explicit metrics on complete non compact Riemann eight manifolds with

Spin(7) holonomy have been constructed [40]. As a difference with the previously known metric

of [35, 36], the ones found in [40] exhibit an asymptotically locally conical behavior. It would

be interesting to understand this feature and to reproduce the metrics using a lift to eleven

dimensions of some eight dimensional supergravity solution.
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