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Abstrac t

We study synchronization effects in a model consisting of two identical unidirectionally cou-

pled 1-D arrays of phase oscillators. The master array is in the spatio-temporal chaos regime

and the coupling across the two arrays is not strong enough in order to reach complete synchro-

nization. The time series of the distance between the arrays is the main object of our study

and this shows on-off intermittency. We can approximate the dynamics of the aforementioned

time series with that of a first-order Markov process with two symbols. This model can be

implemented in arrays of phase-locked loops (PPL) and Josephson junctions.
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I. INTRODUCTION

Many nonlinear phenomena are modeled by arrays of coupled oscillators. Some important

examples are arrays of nonlinear electrical circuits [1] and discrete reaction-diffusion equations

[2]. A typical behaviour in these systems is spatio-temporal chaos (STC), where the informa-

tion entropy of the system is positive [3]. In this article, we study a model consisting of two

unidirectionally coupled arrays of phase oscillators, where the dynamics of each isolated array

is in the STC regime.

On the other hand, chaos synchronization is a vast field of research [4]. The concept of

complete synchronization [5] refers to a state where the trajectories of two identical chaotic

systems approach each other exponentially fast. We explore this concept in the study of our

models. There are other more subtle types of synchronization which have been extensively

considered [6]. It is known that chaos synchronization in arrays leads to a coherent motion of

the oscillators within the array. For instance, in biology and medicine, synchronization is of

interest to those who study the electrical rhythms of the brain and the cardiac rhythms. In

electrical engineering, synchronization is used in the construction of modern radio systems [4].

The problem of synchronization between single arrays has been receiving special attention in

the last few years. For instance, chaotic synchronization between two 1-D lattices of oscillators

was considered in references [7]. As for continuous in space systems, the onset of synchronization

has been studied in several one-dimensional models [8], such as pairs of coupled 1-D Ginzburg-

Landau equations and pairs of Kuramoto-Sivashinsky equations [8]. We focus our study of

synchronization to a model of a pair of coupled 1-D arrays of limit-cycle oscillators. We study

both the discrete and continuous in time versions of this model. These dynamical systems are

useful as models for several far from equilibrium systems [2,9-12].

In this article, we consider the aforementioned model with nearest neighbour interactions.

The coupling parameter along each 1-D array changes periodically. The latter alternates the

stability of the fixed points and leads to STC [13]. In this paper, we consider the case when the

coupling parameter across the two arrays is weak enough in order to be far away from the stage

of complete synchronization. We mainly study the time series of the distance between these

two one-dimensional arrays. The article consists of the following. We describe the discrete-time

version of the model in section two. In section three, we consider the aforementioned time series

in the context of on-off intermittency studies. In section four, we find that it is possible to

approximate the dynamics of the abovementioned time series with that of a Markov process. In

section five, we discuss the continuous in time version of the model. In section six, we give the

conclusions.



II. THE DISCRETE MODEL.

In this section, we describe a discrete-time model of two coupled one-dimensional arrays of

limit-cycle oscillators. However, for the sake of completeness, we will give a brief outline of the

dynamics of the 1-D single array. The single array model (SAM) is given by the following set of

equations.

0»+i - 0? = UJJ + /WTMfl?.! - &?) + sin(0?+1 - 9])). (1)

where j = 1,N and K is denned as follows. K = 1 if %T < n < %T + T/2 and K = - 1 if

iT + T/2 <n<(i + 1)T. In eq. (1), i is an integer and T is the period of modulation. That is,

the factor K is a periodic step function. Later, in section five we give a physical motivation for

this model. The SAM was considered in article [13]. In the present study, we consider the case

where the values of the intrinsic frequencies OJJ are equal. For the sake of definition, we will set

uij = 0. The range of the coupling constant / 3 i s O < / 3 < l / 2 i n order to have a single sink in

eq. (1) when K is constant.

A few comments on the SAM dynamics are necessary. First, the values of the parameters jd

and T generate spatio-temporal chaos (STC) in the SAM. In this dynamical regime, a typical

trajectory in the array 0j oscillates between a repeller and a sink which exchange their stability by

means of the periodic modulation of (3K. In article [13], it was found that the SAM information

entropy is positive [13] and that the information entropy density tends to converge to a positive

number as N is increased. As mentioned before, a positive information entropy, by definition,

indicates the presence of spatio-temporal chaos [14]. It is common to describe the macroscopic

state of the system in terms of the order parameter Rn,

R _ I 2^j=i exp^iatj) |
un - jy , l/J

where a" = 9J+1 — 9J. Rn measures the phase coherence. In particular if Rn = 1, all the

oscillators are in phase. When Rn = 0, the phases af are typically distributed uniformly

between 0 and 2-n. As the SAM evolves in time, a succession of spatially coherent and incoherent

structures arises [13]. This is shown in Fig. la. We underline that eq.(l) has the following

symmetry, which leaves the system invariant, namely, K —v —K, aj —> erf + n, and a™+l ->

a"~+ + 7r. This indicates that the Poincare sections that differ by a phase T/2 are symmetric.

In the framework of models of coupled limit-cycle oscillators [10-12], the new ingredient

consists in the periodicity of (5K, which alters the stability of the fixed points. In mathematical

biology [10], the coupling (3K > 0 indicates excitatory coupling (coupled phase oscillators tend

to approach each other). By contrast, (5K < 0 indicates inhibitory coupling.

Next, we consider the following model to take into account unidirectional coupling. The

latter connects array 9% with array </>;. This is the coupled array model (CAM). In this model,



each iteration consists of two steps. In the first step, the following updates are carried out :

where /?(n) = f5K and therefore the arrays evolve independently. Next, in the second step, the

array 9i is coupled undirectionally with array fa as follows :

gn+l _ 0n+l/2 = 0>

where 0 < F < 2 is a coupling parameter. In the CAM, it is clear that when 5™+ ' =|
,71+1/2 ~n+l/2 , ^ in , , .

<£• Oj \< 7r/2 we obtain :

+ 1 / 2 |< 1, (5)
n+l,2I d 5

where 5"+1 =| ^)"+1 - 6™+1 |. As a result, the second step forces (/>"+1 to approach 0?+1. The

coupled arrays 0j and ^- are known as the master and slave arrays, respectively. These two steps,

i.e. eq. (3) and eq. (4), can be viewed as successive 5 function perturbations in the associated

continuous-time model described in section five.

In the present article, we study the effects of synchronization between these two coupled

arrays when 0 < T < Tu < Tc. For F > Fc, complete synchronization between the two arrays

takes place, since all the transverse Lyapunov exponents of the system are negative. In this

study, the order parameter Hn is denned as follows,

Ei=i \/[sin(0" - tf)]2 + [1 - cos(0? -
tin =

n

This is the distance between the two arrays. The order parameter Hn can also be interpreted

as the global synchronization error as a function of time. In Fig. 1, we report the simultaneous

variations of Rn and Hn. We see that when Rn in the master array 9j shows a local minima

(maxima), i.e. where R <C 1 (R ~ 1) , the order parameter Hn shows local maxima (minima).

The latter suggests that the larger the value of Hn, the smaller the extent of spatial correlation

between the master and slave arrays at a given time. This will be considered again below. We

also observe that as the synchronization parameter F increases, Hn becomes less irregular.

From now on, we will focus on that time series of Hn taken at certain instants of time n,

such that T = r + n { mod T), where r is kept fixed and 1 < r < T. r defines a Poincare section

(PS) in our model, i.e. (5{n) has period T and r defines the phase of the PS. When r = 1, the

stroboscopic time series (STS) Hn is shown in Fig. 2. Since R ~ 1 at r = 1 , the master and

slave arrays tend to be more correlated on average in space. This occurs because of the relative



large time span during which both arrays interact diffusively. On the contrary, for r = 75 the

rates of change of #™ — 9^_x and that of ffi — (ftl-i a r e much larger than those for T = 1, and

therefore Hn takes its largest values. As a result, both arrays tend to have a poor mutual spatial

correlation at r = 75. This is shown in Fig. 3. In this figure, we plot the distance from 9™ to

</>j as a function of the space index j , i.e. DJ = J(s'm(9J - <j?>™))2 + (1 - cos(9™ - </>™))2. On

average, Hn is much larger when r = 75 (R « 1) than when T = 1 (R ~ 1). There, we find

the autocorrelation function (ACF) of this spatial series D™ for two different r. For r = 75,

the ACF decays roughly at an exponential rate, while for r = 1, the ACF decays more slowly.

The STS Hn for r = 75 is shown in Fig. 4a. The general patterns are similar to those of Fig. 2,

except that for r = 75, the upper and lower bounds of the STS Hn differ in just a few orders of

magnitude. On the other hand, when T — 1 the upper and lower bounds of the STS Hn differ

in almost seven orders of magnitude. In general, as T increases, the length of the time intervals

with the smallest values of Hn increases. This is clearly observed in Fig. 2 for r = 1. These

observations will be discussed and quantified in the next section.

III. ON-OFF INTERMITTENCY

The on-off intermittency paradigm has been reported in several models of synchronization

[15,16]. A system shows on-off intermittency dynamics if the following two ingredients are met.

(1) there is some hyperplane which is invariant under the evolution of the system and (2) there

are orbits which enter and leave a given neighbourhood of that hyperplane [16]. In our coupled

array model (CAM), the hyperplane is the synchronization manifold, i.e. 9^ = ffi. On the

other hand, we have plotted in Fig. 1 that the orbit approaches the synchronization manifold

recurrently. Roughly speaking, when the orbit is localized within a given small neighbourhood

of the synchronization manifold , the system is by definition in the laminar phase. Below we

give a quantitative characterization of laminar and nonlaminar phases.

Our main goal in this section is to study statistically the stroboscopic time series (STC)

Hn for a given r. We set the range of values of the coupling parameter V below the coupling

FCrit ~ 0.4 above which complete synchronization sets in for an array of N = 2048 oscillators. For

a class of one-dimensional maps, it was found [15,16] that the probability distribution function

(PDF) P(n) for the length of the laminar phases follows a power law. The latter takes place

beyond the onset of on-off intermittency for laminar phases whose length is smaller than nc,

where nc >̂ 1. For laminar lengths larger than nc, the PDF P(n) is an exponential function

[15,16]. These theoretical results have been observed experimentally in electronic circuits [17].

Similarly, the abovementioned results were obtained in a system which consists of two coupled

sine-Gordon soliton equations [18].



In contrast to the aforementioned results, Fig. 4 and Fig. 5 suggest that beyond the onset

of intermittency, the core of the PDF P(n) is given by :

P(n) = (exp(A) - 1) exp(-An), (7)

where n is the length of the laminar phase for a given STS Hn. The same situation occurs with

the corresponding PDF for the nonlaminar lengths as we will show below. I/A (I/A) is the

average laminar (nonlaminar) length.

In order to characterize the laminar phase duration in a STS Hn, it is necessary to take a

threshold value e(r, F) such that if Hn < e(r, F), the STS Hn is in the laminar phase. It is clear

that e(r, F) will depend on the Poincare section r and the coupling F. To find the duration

of a given laminar phase, i.e. the laminar length, we have to count the number of periods T

where the STS Hn falls below e(r, F). We have chosen e(r, F) = ^/HmaxHmin where Hmax and

Hmin are the upper and lower bounds of the STS Hn. As observed in Fig. 2, e(r, F) is several

orders of magnitude smaller (larger) than the upper (lower) bound. However, most important

is the following observation. In Fig. 2a and Fig. 2b, we clearly see that there are roughly two

regions which are most often visited by the STS Hn. If we identify the region of small (large)

amplitude Hn with the laminar (nonlaminar) phase, it is easy to verify that a middle region

around precisely e(r, F) is poorly visited by the STS Hn. In other words, a PDF of Hn consists

of two large peaks, where the minimum between the peaks is given roughly by e(r, F). As we will

see later, e(r, F) determines the Markov partition of the STS Hn. As the coupling parameter

F is further increased, the magnitude of the peak, which corresponds to the largest values of

Hn in the PDF of Hn, decreases drastically as observed in Fig. 2c. For larger values of F, this

peak becomes negligible. In this latter case, the description of the aforementioned time series in

terms of laminar and nonlaminar phases looses its meaning. Therefore, we concentrate on that

range of F where the two peaks of the PDF of Hn differ in just a few orders of magnitude.

In Fig. 4(b), we observe that the core of the PDF P(n) for the laminar lengths is an exponen-

tial function. The slope of Iog10(-P(n)) versus n, i.e. A, is very sensitive to the variations of F for

r = 1. The latter is related to the large variations observed in the STS Hn as F changes. This

is shown in Fig. 2. In contrast, when r = 75, the corresponding PDF P(n) is poorly sensitive

to F as seen in Fig. 4(c).

In Fig. 5(b), the PDF P(n) for the nonlaminar lengths n is shown. This figure suggests that

the core of the PDF is also an exponential function. In this case, we find that the larger the

value of F, the smaller the mean length of the nonlaminar phase I/A. In Fig. 5(a), we plot the

histogram P(n) for the laminar lengths of the time series (TS) < H >. < H > represents the

geometric average of Hn over a full period T. The corresponding PDF P(n) for the TS of the

arithmetic average of Hn is indistinguishable from that PDF for the TS of the geometric average.

It is also relevant to state that the TS of consecutive laminar lengths is strongly uncorrelated.
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A typical TS of consecutive laminar lengths is shown in Fig.6(a). Therefore, this suggests that

the sequence of laminar lengths is i.i.d. with PDF P(n), whose core is well approximated by an

exponential function. We mentioned above that the mean laminar length < n > is proportional

to I/A. In Fig. 6(b), (1) stands for I/A while (3) represents the corresponding mean laminar

length obtained directly from the STS Hn. In Fig. 6(b), (2) stands for the ratio of the mean

nonlaminar length to the mean laminar length. This ratio describes qualitatively the variations

of the phases in Fig. 2 as F is changed within the aforementioned range.

IV. THE MARKOV PROCESS APPROXIMATION

In this section, we will see that the STS Hn can be approximated by a first-order Markov

process [19]. It is well known that a Markov process is a stochastic process where present events

depend on the past only through some finite number of generations. In a first-order Markov

process, the present can be fully accounted for by the last generation [19].

The first step to set up the aforementioned approximation is to generate a discrete time

series (TS) from the STS Hn. To this end, we replace the element Hn of the STS by the symbol

"0" if Hn < C(T, F) (laminar phase) or by the symbol "1" if Hn > e(r, F) (nonlaminar phase).

Let us call this binary TS In(r, F). In Fig. 7, we observe the autocorrelation function (ACF) of

the STS Hn and that of In(r, F) when r = 1. The ACF is defined as follows [20] :

C(Q) = ^ - ^ 7, " " " ^ — = ^ . (8)

In this equation, <5 is the time lag, M is the number of data, and H is the average of any given

TS Hn. Fig. 7 suggests that there is a good agreement between the ACF of the STS Hn and

that of In(T, F). In fact, both ACF decay exponentially fast. In this figure, we also see that as F

increases, the correlation length decreases. This takes place because as F increases, the symbols

"1" in the TS /n(r, F) become more sparse, i.e. most of the time, the STS Hn is in the laminar

phase. This is shown in Fig. 2. However, if we decrease F below 0.065, a situation where the

symbol "1" ("0") switches for the symbol "0" ("1") arises. In this case, most of the time, the

STS Hn will be in the nonlaminar phase. This behavior looks like that of Fig. 2, except for

the fact that it should be rotated 180 degrees. The smaller the value of F, the more often is

visited the nonlaminar phase. We underline that, the ACF C(Q) is invariant with respect to the

switching of symbols "1" and "0". As a result, the maximum correlation length of the ACF is

reached when the mean laminar and nonlaminar lengths of the STS Hn are the same, i.e. when

A = A.

The second step to construct our Markov process is to assign a probability p (q) to an event

with the symbol " 1 " ("0"). Thus, an event where n (n) times the symbol " 1 " ("0") repeats has

7



probability pn (qn)- On the other hand, in the previous section we have found that the cores

of the PDF for the length of both the laminar and nonlaminar phases are well approximated

by eq. (7). Therefore, we can find the probabilities p and q by using the relations exp(—A) = p

and exp(—A) — q. For several values of F, p and q have been calculated by finding the values

of A and A from Fig. 4 and Fig. 5. Finally, the dynamics of the Markov process is completed

by giving the transition probabilities from state "1" to state "0" and from state "0" to state

" 1". These are 1 - p and 1 — q respectively. Let us call the binary time series generated by this

Markov process Jn (p, q). It is well known that the ACF of a first-order Markov process is an

exponential function of the time lag [20]. For different values of F in Fig. 8, we observe that

for finite time horizons, i.e. 106 data points, the ACF of Jn{p,q) and that of Jn(r,F) are in

good agreement. We observe that both ACF are well approximated by exponential functions for

about three orders of magnitude of C(Q). The fluctuations of the tail of C(Q) are roughly of the

order of l/y/s, i.e. 10~3, where, s stands for the number of periods T. The latter fluctuations

are precisely of the order of magnitude of the ACF of a white noise process with s data [20].

We have also considered the STS of the distance DJ between two phase oscillators at site

j , i.e. DJ = ^/(sin(0? - cp]))2 + (1 - cos(0£ - <f>]))2, in an array of N = 2048 oscillators. In

this case, the cores of the PDF for both the laminar and nonlaminar phases are exponential

functions. The ACF C(Q) of the STS DJ decays exponentially fast as well. This is shown in

Fig. 9. On the other hand, when the number of oscillators in the array is very small (N = 4),

the ACF of the STS Hn drops drastically towards zero. In this case, the core of the PDF for the

laminar lengths is an exponential. This is also shown in Fig. 9. The drastic drop of the ACF for

N = 4 is related to the values of the associated probabilities p and q. In this case, p ~ 1 while

q ~ 0 for the corresponding Markov process Jn(p, q)- In contrast, we find that p ~ 1 and q ~ 1

for N >̂ 1 such as when N = 2048. As we have seen above, the decay of the ACF in this case

is smoother. When N = 4, the threshold value e(r, F) has been chosen such that e(r, F) is the

coordinate for the local minimum between the two peaks in the PDF of Hn. Finally, in order

to get the exponents A and A such that A/cr(A) ~ 10~2, where cr(A) stands for the standard

deviation in the linear regression analysis, we had to consider about 106 periods T in the STS

V. THE CONTINUOUS MODEL

In this section we consider the continuous in time version of the CAM which is given by

eq.(3) and eq(4). Here, we point out that the CAM and its continuous in time version behave

similarly within a range of parameters. The continuous in time version of the CAM reads as

follows :



^ n ^ i - h) + sin(^+1 - <f>j)] + r[sin(% - fy)], (9)

where j — 1,N. Here, t stands for time and the meaning of the parameters /?, K and F are

the same as those of the previous sections. We normalize time with respect to the half-period

T/2 of the function K, which is a periodic step function of time. The values of the parameters

used in our model are the following : N = 33, /? = 20.0, T = 8.0, ..,11.0, T/2 = 1.0 and the

transient time consists of 105 periods. Usually more than 106 periods are generated in order to

get a reliable statistics for the laminar and nonlaminar phases. The fourth order Runge-Kutta

method is used to integrate eq. (9).

The change of sign of the coupling f3K leads to a periodic change of the stability of the fixed

points. A typical trajectory in this system shows STC and oscillates between a sink and a node

whose stability alternates. With the aforementioned parameters, we are able to obtain results

qualitatively similar to those of the previous sections. The distance function H(t), which is given

by eq. (6), gives qualitatively similar pictures as those of Fig. 1 and Fig. 2 when in eq.(9) we

set F = 8.0,..., 11.0 and when the Poincare section is given by r = 0. The core of the PDF for

the lengths of both the laminar and nonlaminar phases are given also by exponential functions.

Again, it is possible to approximate the STS Hn of eq. (9) by means of a first-order two-state

Markov process.

Next, we will describe two physical systems where the model and results discussed above

can be implemented. With regard to phase-locked loops (PLL), we first consider a single one-

dimensional array of PLL elements where the phase change in each PLL element is driven only by

the phase-mismatching signals of the nearest neighbor PLL elements. The latter can be carried

out by comparing the output signals of two neighbor PLL elements using a phase discriminator

and then apply this phase-mismatching signal for frequency control for the PLL elements [21]. In

addition to the latter, the phase-mismatch must instantaneously change by vr at times separated

by the time interval T/2. This will mimic the change of sign of the coupling /3K in eq. (9). On

the other hand, the coupling between the master and slave arrays can be carried out again by

means of phase-mismatching signals between the corresponding PLL elements in each array.

With regard to Josephson junctions (J J), let us consider a single one-dimensional array of

overdamped JJ. In order to mimic the change of sign of the coupling constant, we have to

change perodically the external flux per plaquette i.e. the frustration parameter / must change

periodically in time, such that during a given half-period T/2 one has / = 0 and during the

next-half period / = 1/2 and so on. This system can be described by the master array of eq. (9)

[22].



VI. CONCLUSIONS AND DISCUSSION

In this article, we have studied synchronization effects in a model of two coupled identical

one-dimensional arrays of phase oscillators. We have considered the continuous-time and the

discrete-time versions of this model. We found that both versions behave similarly when the

1-D arrays show spatio-temporal chaos (STS). As for the discrete-time version, each iteration

consists of two steps. In the first, the 1-D arrays evolve independently in a STC regime. In

the second, the oscillators at site j in each array tend to synchronize their motions by means

of an unidirectional coupling mechanism. Since the system is driven periodically, we can define

a Poincare section (PS). The advantage of the discrete-time version is that it permits to study

ensembles with a large number of oscillators.

In this article, we considered the case when the coupling between the 1-D arrays is weak

enough to be away from the regime of complete synchronization. We mainly study the strobo-

scopic time series (STS) Hn generated by the changing distances between the 1-D arrays. The

model shows on-off intermittency. In contrast to previous reported models which show on-off

intermittency, our model generates STS Hn whose laminar and nonlaminar lengths have PDF

whose cores are exponential functions. The aforementioned holds for large and small numbers

of oscillators in the 1-D array. The autocorrelation function of all these time series decays

exponentially fast.

Finally , our study suggests that the aforementioned time series can be approximated by a

first-order Markov process with two symbols. The observation and characterization of two bands

in the STS Hn is what permits a description of the STS Hn in terms of a Markov process. To

my knowledge, the latter has not been reported in the context of synchronization between pairs

of chaotic oscillator arrays. Contrary to our model, dynamical systems whose equations are not

of a skew product form and which display on-off intermittency have been described recently in

terms of a Markov process with semi-infinite chains of states [23]. It would be interesting to

know if the Markov description still holds for arrays described by eq.(9) with dimensions larger

than one. We also discuss the physical implementation of these models in arrays of phase-locked

loops and Josephson junctions. It would be interesting to know if our results also also in other

types of arrays of phase oscillators.
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FIG. 1. (a) Plot of the order parameter Rn for the master array versus number of iterations

i. T — 400, (3 — 0.14 and N — 2048 are the same everywhere unless otherwise stated, (b) Plot

of log10 Hn versus number of iterations. F = 0.065. (c) Same as (b) but for F = 0.085.

FIG. 2. (a) Plot of the STS log10 Hn versus number of periods T for a PS with r = 1. (a)

F = 0.065; (b) F = 0.075 ; (c) F = 0.085.

FIG. 3. (a) Plot of log10 D" versus space index for n fixed, (b) ACF C(Q) of the space series

DJ. F = 0.070 and T = 1 (r = 75) stands for the solid line (dashed line).

FIG. 4. (a) Plot of the STS log10 Hn versus number of periods for r = 75 and F = 0.070.

(b) Plot of log10 P(n) versus the laminar length n of the STS Hn. r = 1 and (1) F = 0.065; (2)

F = 0.070; (3) F = 0.075; (4) F = 0.080; (5) F = 0.085. (c) same as (b) but for r = 75 and

F = 0.065, F = 0.070 and F = 0.075.

FIG. 5. (a) Plot of log10P(n) versus laminar length n of the time series < Hn >. The

plots for the PDF P{n) of the arithmetic and geometric time series are indistinguishable. (1)

F = 0.065, (2) F = 0.070 and (3) F = 0.075. (b) Plot of log10 P{n) versus nonlaminar length n

of the STS Hn when r = 1. The larger the absolute value of the slope, the larger the value of

F. 0.065 < F < 0.085.

FIG. 6. (a) Plot of the time sequence of the laminar lengths for T = 1 and F = 0.085. (b)

Plot of the coupling constant F versus (1) I/A, (2) A/A and (3) average laminar length obtained

from the STS Hn when r = 1.

FIG. 7. Plot of the ACF C(Q) of the time series In{T, F) (solid line) and the STS Hn (dashed

line) versus log10(Q). r = 1, Q is the time lag and (a) F = 0.065 and (b) F = 0.075.

FIG. 8. Plot of log10 | C(Q) | of the time series In{r, F) (solid line) and Jn(p,q) (dashed

line) versus time lag Q. r = 1 and (a) F = 0.065, (b) F = 0.075 and (c) F = 0.085.
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FIG. 9. (a) Plot of log10 P(n) versus laminar length n for the STS D™ when r = 1, j fixed,

N = 2048 and T = 0.070 (dashed line). Same plot for the STS Hn when r = 1, T = 0.04 and

N — 4 (solid line), (b) Plot of log10 j C \ versus lag Q. In figures (a) and (b), the type of line

(solid or dashed) correspond to the same time series.
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