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HIGHER ORDER DERIVATIVES OF EXPONENTIAL FUNCTIONS AND GENERALIZED
FORMS OF KAMPÉ DE FÉREIÉT-BELL POLYNOMIALS

Riassunto
Si utilizza un punto di vista operazionale per introdurre i polinomi di Kampé de Fériét-Bell. 11
método proposto puo essere utilizzato per semplificare il formalismo associato con questa
famiglia di polinomi e puö fornire vantaggi computazionali e suggerisce l'estensione di tale
famiglia di polinomi a casi a multiindici, di cui si discute l'utilita nelle applicazioni.

HIGHER ORDER DERIVATIVES OF EXPONENTIAL FUNCTIONS AND GENERALIZED
FORMS OF KAMPÉ DE FÉREIÉT-BELL POLYNOMIALS

Abstract
We use operational methods to provide a different point of view on the theory of Kampé de
Fériét- Bell polynomials. The method we propose can be exploited to simplify the formalism
associated with this family of polynomials and may provide advanges in computation. It
suggests their extension to classes of multi-index families, whose role in application is
discussed.

Key words: Bell polynomials. H ermite polynomials, operational identities, exponential
operator functions
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HIGHER ORDER DERIVATIVES OF EXPONENTIAL
FUNCTIONS AND GENERALIZED FORMS OF
KAMPE DE FERIET-BELL POLYNOMIALS

INTRODUCTION

The Kampe de Feriet (K.d.F.) polynomials [1]

n— mr
H(

n
m)(x,,xm) = niY - ^ (1)

n v 1' m/ Z J r!(n-mr)! v J

r=0

reducing to the ordinary Hermite for m = 2, xm = - 1 and x, = 2x, can be defined through the
operational identity [2]

(m) X*K

which can be exploited as the starting point to develop the relevant theory. From eq. (2) it can
be stated that

(x1+mx ina»-1)Hgn>(x1,x in) = H5

x, n m n-1 ' m



The generating function

(4)
n=0 ""

is also a further direct consequence of the identity (2).

Along with (1) a multivariable extension of K.d. F. has been introduced [2]; it is indeed
almost natural to define the polynomials

which can also be specified by means of the following extension of the identity given in eq.

(2)

^e^^'Cxf) (6)

which leads to the generating function

{p} = eSW, (7)
n=0

eventually complemented by

S=Z

n (8)

= 3s
x HW({xq}),2 < s < m,

s=2



An important extension of the generating function given in Eq. (7) is provided by the
identity [3]

m

s = l

In the forthcoming section we will show that the K.d.F. polynomials and the associated
identities can be exploited within a very wide context involving exponential functions higher
order derivatives, Bell polynomials [4] and their extension to the multi-index case. With
reference to this last point we will show that this family of polynomials becomes crucial to
treat the expansion of multi-variable exponential functions.

EXPONENTIAL FUNCTIONS AND HIGHER ORDER DERIVATIVES

According to the discussion of the previous section, the exponential function

E(x;a,p) = e a x 2 + ( k (10)

can be expanded in Taylor series as

n=0

By keeping successive derivatives with respect to x, we find

d£E(x;cc,P) = X ^ Hg>m (a,b). (12)
n!

, thAccording to Eq. (9), we can recast Eq. (12) in a form involving mth order K.d.F.
polynomials only, namely

|3x2
 R (2 ) (= eax+|3x R ( 2 ) ( a
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which can be viewed as a kind of extension of the ordinary Rodrigues formula (it is indeed
fairly straightfordard to recover the standard result of ordinary Hermite polynomials by
setting a = 0, P = -1).

It is also easily stated that

A.

m
(14)

s=l

An important by product of the so far developed considerations is the possibility of
expanding an exponential function in series of K.d.F. polynomials of infinite variables.

We consider indeed an exponential function of the type ef(x), if f(x) is specified by a series

Zoo c

asx , we can conclude that

n=0

Furthermore, by exploiting the same arguments as before we can also conclude that

3ref(x) = e^^H^^f(1)(x),..., ^f(q)(x),...J (16)

where the superscript ('°o) denotes K.d.F. polynomials with ininite variables and fW(x) is the
rth derivative of f(x). It goes by itself that the expansion (16) demands for an infinitely
differentiable function and that f(x+t) be convergent for any 111 < oo.

To better illustrate the above result we consider the very simple example in which

P(x,{a})= ax3+r3x2+yx, in this case we find

•p,a) (17)

the polynomials on the r.h.s. of eq. (17) can be easily handled analytically or
straightforwardly implemented numerically, by exploiting the iterative algorithm suggested
by equation (5).
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Let us now consider the case in which f(x) = iasin(x), in this hypothesis, by recalling that

[5]

i a s m ( x ) =

n=-oo

where Jn(a) are ordinary Bessel functions, we can conclude that

q!
(19)

This relation can be exploited in many different ways, by setting e.g. x=0 and x = —, we

find respectively

(in)rJn(a) = (20)

n=

and

iasin
n rin+rJn(a) = (21)

11=-ao

A further possibility of linking infinite variables K.d.F. polynomials to Bessel type
functions is offered by the case f(x)=iasin(x)+iPsin(2x), by recalling that

elocsm(x)+ij3sin(2x) = ^ e
m x J

n(a, (22)

where Jn(a,(3) are two-variable Bessel functions [2], we find

_ eiasin(x)+i(3sin(2x)p|(°o)

q!
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The polynomials we have described can also be identified with Bell polynomials [4] but

most of the identities we have discussed as e.g.

Hn((xq}) = e I s=2 fXs fxi )(xf) (24)

are not usually reported in literature. We will show in the forthcoming section that the so far
developed point of view allows a fairly direct extension of the K.d.F.-Bell polynomials to the
multi-index case which can be employed in the analysis of exponential functions with many
variables.

MANY-INDEX K.d.F.-BELL POLYNOMIALS

Hermite-like polynomials with many indices and many variables have been introduced by
Hermite himself [2]. A slightly different family, defined as

r(z-w) / 0 0

7i^-r)!(n-r)! ( 2 5 )

more useful for our purposes has been discussed in ref. (2). It satisfies identities of the type
(3), namely

(x + 2y3x + x92) r(z + 2w3z + x3x)s •

• Hg?(x,y;z, w | x) - H^^Cx,y;z, w | x),
(26)

x) = mB(^ln(x,y;z,w | x),

9zHg;?(x,y;z, w | x) = nH^Cx.yjz, w | x).

is characterized by the generating function

°° u1 vf.ir2,2 / ^ xu+yu2+zv+wv2+Tuv
l-p)=0 T p! H m + l , n + p ( x ' y ' z ' W X) - e

^ + vx,y;z + 2vw + ux, w | x)

and by the operational definition
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•H2
m^(x,y;z?w | x) = (xmzn). (28)

It is now evident that we can construct more general polynomials involving K.d.F.-Bell of
h igher o rde r . For c l a r i t y ' s sake we consider the case

3}((xoc};(yaJ ! TaX« = 1,2,3,|3 = 2,3) defined by the generating function

m! n! m ' n

(:m,n)=0

This class of polynomials can be constructed by successive steps. We first note that (for

conciseness we will omit the superscript

where

(m,n)=0
( 3 0 )

H
rifm-r)'fn-rV

(31)

By the next step we write

(m,n)=0 m!

where we have defined

H fixn m n U x

The third and final step yields

min([f],n)

r=0

e-s=i

(m,n)=0



14

with

mm(m,q])
T3Hm-r,n-2r({xa};{yot}|Ti,T2)

r!(m-r)!(n-2r)!
r=0

The so far developed formalism can be further generalized, the iterative procedure
leading to Eq. (35) can be extended, so that we can construct K.d.F. like polynomials
generated by

X (x> Q) T S °°

(£sy=0xr,s"V_ y um vn ({p},{Y})
(m,n)=0 '

The operational identities characterizing this class of polynomials can be written as an
extension of those previously discussed, thus getting e.g.

(P,q) (37)

r=2 ' s=2 ' r,s=l

and

m! n! Hm+l.n+j
(m,n)=0 ' ' (38)

where
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Y -
P~

:rcuV

X =J-dq

q ! vq!
d! v

(r,s)=O

m,n

.(r.s)=O

p! q!

m.n

(r,s)=O

(39)

The results of this section have shown that K.d.F. polynomials with more than one index
can be explicitly constracted and their properties studied in analogy with those of the ordinai'y
case, the relevant application with be discussed in the forthcoming section.

CONCLUDING REMARKS

According to the discussion of the previous sections we can exploit the last result by
expanding exponential functions with more than one variable. A straightforward example is
given by

(m,n)=O TT1

(40)

the relevant derivatives can be written as

(m,n)=0

(m,n)=0

(41)

With aj^k and a^^ for k=0,1,2,3- It is also worth noting that
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) e e H f [ - ^ f ( x v V l | r ) f Y x v ^ l J r ) 3 f Y x
x o y e — e np-q I 1 J-I^X1 vx>y;N1 s ; ° y I v x ' y / f r, s, °x °y H x>

which requires that f(x,y) be infinitely differentiable both in x and y.

In the previous sections we have quoted the relevance of the K.d.F.-Bell polynomials to
ordinary and generalized Bessel functions, here we consider the case of two index Bessel
functions defined as [2]

oo

V e(im<t>)e(inS)vnj ^ ^ _ eixsin(<j>)+iysin(5)+iTsin(<|)-8) ,^)

(m,n)=—°°

by keeping successive derivatives with respect to (j) and 8, we find

| x) = e^m^y^(8)+hsm(^-8}^^ ( 4 4 )

(m,n)=-oo

where

Fr,s = Hft^dXpl^Yq} | {Zm}) (45)

and

(46)

The possibilities and the implications offered by this family of polynomials are wide and
involve so many fields of research from pure analysis to combinatorics that is very difficult to
give an account in the space of an introductory paper. In a forthcoming investigation we will
describe more accurately the possible applications and the extension to the case with an
arbitrary number of indices by developing a general treatment of multi-indices Bell partial
polynomials [1].
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