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I- INTRODUCTION

Runaway electrons have been widely studied in tokamak plasmas1. Their influence on

confinement properties and on diagnostics sensitive to non-Maxwellian distribution functions,

as well as on disruption dynamics, are the main motivation for such extensive investigations.

Runaway electrons rarely suffer collisions and are only slightly sensitive to radial electric fields,

making them a good probe of magnetic topology, and they have been used as a diagnostic tool

for magnetic turbulence2 and related items3.

Under the approximation that runaway electrons mainly follow magnetic lines, runaway

transport studies can be performed using techniques that are simpler than those needed to study

bulk electron transport4. The main problem is that the source term of the runaway transport

equation must depend on the behaviour of bulk electrons. But the solution of this problem

involves expensive calculations in terms of computation time. Therefore a good approximation

is needed to obtain a feasible expression for runaway generation rate that can be used as a

source term in a runaway transport calculation.

Some source terms are analysed in Reference \ where a version of the Fokker-Planck

equation is solved to estimate the runaway electron generation rate. The calculated rate is

compared with those obtained in previous references. But the solution of the Fokker-Planck

equation requires a considerable calculation effort, equivalent to solving the full runaway

transport problem.

A new procedure to calculate the runaway production rate is presented in this work. The

main advantage of the proposed method is that it is not necessary to solve the whole electron

dynamics to estimate it. The method consists of introducing a generalised potential in 2D

momentum space. The runaway generation can be understood as an escape process in this

potential: The stochastic movement of the electrons in momentum space due to Coulomb

collisions enables the electrons to jump the potential barrier. The generation rate can then be

calculated using the standard techniques for stochastic equations with noise and potential terms.

The remainder of the paper is organised as follows. The relationship between the

Langevin and the Fokker-Planck approaches to studying electron-ion collisions is described in

section II. Section III is devoted to studying the structure of Langevin equations and the nature

of stochastic noise, while the techniques used to estimate the runway generation rate are

introduced in Section IV. Finally some conclusions are made in section V.



II- FOKKER-PLANCK VERSUS LANGEVIN APPROACHES.

The evolution of the electron distribution function in momentum space due to Coulomb

collisions and external fields can be described by the Fokker-Planck equation6:

dt mo
dv e 3v; 2dv,

4 71 M¡

Here E and B are the electric and magnetic fields, v the velocity, me the electron mass, Mi

the ion mass, qe/i the electron/ion charge, fe/¡ the distribution function of electrons/ions and A the

coulomb logarithm. This description is equivalent to the Langevin approach for deriving

equations for particle motion. The Langevin equations that govern the movement of a single

particle are:

(2)

where Fj are the drift coefficients, and D& the diffusion coefficients, while Ç(t) is a random white

noise with the following characteristics:

= 0 (3)

Langevin equations are related to the Fokker-Planck equation by the following formulas

which give the coefficients of the former in terms of the coefficients of the latter7:

1 n * «F-A
(4>

where the definition of a stochastic integral has been done following the Stratonovich algebra.



One can use any of these ways to solve the problem, which implies using different

techniques, since one of them involves stochastic equations and the other one is a deterministic

equation of a probability function.

The Fokker-Planck equation (1) for electron-ion collisions can be simplified when it is

applied to runaway electrons. If we neglect energy exchange between electrons and ions (as

Mion»me) we can treat electron-ion scattering as a pitch-angle scattering of electrons against the

infinitely massive ions. The latter are characterised by a distribution % proportional to a delta

function, and their velocity is considered to be approximately zero. The Fokker-Panck equation

for electrons is then reduced to:

d ó0/ Ŵ  OV; 0V; V 2
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where n^ is the electron density and Zeff is the effective charge ( Zeff = ]£ n¡ Zf /ne ).

The corresponding Langevin equations are written as8:

dt
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It is possible to average the stochastic terms in equations (6) and hence obtain the average

particle in momentum space9. These are the so called test ensemble electron trajectories and they

are plotted in figure 1.



Ill- THE STRUCTURE OF LANGEVIN EQUATIONS AND THE POTENTIAL
FORMALISM

Momentum space is divided into two parts by the averaged Langevin equations. One

corresponds to the trajectories that terminate in zero velocity while the other corresponds to

trajectories that are not limited. Here the first one corresponds to the bulk part of the distribution

function and the second to the runaway part. A critical trajectory that separates the runaway and

the thermal parts in 2D-momentum space has been obtained from these equations (figure 2).

When thermal fluctuations are not considered in the equations, the electrons cannot pass from

one zone to another, and therefore keep their character as runaway or bulk electrons.

Nonetheless, this simple picture allows one to obtain interesting properties of runway

behaviour10.

If we keep the stochastic fluctuations due to collisions in our description, then the

electrons can pass from the thermal the to runaway zone thereby generating a source term of

runaway electrons. To calculate this flux, the drift terms of Langevin equations can be written as

derived from a bistable potential field with two wells that correspond to the two stable solutions,

bulk and runaway electrons. The second well of the potential is only obtained when synchrotron

radiation losses are included, since they provide a mechanism that limits the maximum attainable

energy of a runaway electron. The two wells are separated by a barrier, which is situated in

momentum space just at the critical trajectory. Thus the random force associated to the

collisional process enables electrons to jump the barrier and generate a net flux through the

critical trajectory in momentum space.

The existence of this potential is not guaranteed for a multi-dimensional case, where two

or more coupled stochastic equations have to be considered. In order that a potential can be

defined, the drift terms of Langevin equation must fulfil the condition:

f = î (7)
and the potential can be defined as:

F¡ s — (8)

For the case presented here the potential can be obtained by simplifying the two

dimensional system (6). In order to do that, we define a local reference system that allows us to



express the potential in one dimension. When the By matrix is diagonalised to pass from the

Fokker-Planck to the Langevin formalism, we find that the eigenvalue associated with the

eigenvector v (the electron velocity) is zero. Then we can rewrite Langevin equations in the

reference system (vj,v2), with v = v2 at t=0, and v; corresponds to the direction perpendicular

to the velocity, hi this way, one obtains:

dvx
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where v is now normalised to the speed of light and all expressions are in SI units. The new

reference system is defined at any point in momentum space. It is also observed that

stochasticity only remains in the perpendicular equation, as the parallel equation is a

deterministic one. Near the critical trajectory, where v is almost parallel to the critical trajectory,

the runaway flux is produced by the fluctuations in the direction perpendicular to the critical

trajectory (vj).

This equation has a multiplicative noise force because the diffusion coefficient depends

on V[ through v . This noise must appear in an additive form if one wants to put the equation in

potential form. A change of variable permits a multiplicative noise to be converted to an additive

one if the following conditions are fulfilled: 1) the drift and diffusion coefficients in Langevin

equations are time independent and 2) the diffusion coefficient is non-zero. With these

assumptions, the multiplicative noise becomes additive by performing the following variable

change6: u¡ is defined as v¡ = Uy/v^2 . In this way one obtains an equation for uj, given by:

du, d
*\ —

dt du
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It can be seen from equation (10) that a generalised potential function <I>, related to the uj

equation, can be defined. By letting:

du, d ,
-77 = — $dt dux

a generalised potential is introduced, where



\ -1.' 4

.1/2 (11)

The form of this potential can be seen in Figure 3. This expression for the potential is only valid
for trajectories close to the critical one, as it has been obtained considering that v¿ is

approximately constant. This is a good approximation here as we are only interested in

estimating the movement across the critical trajectory.



IV- THE RUNAWAY GENERATION RATE.

Once the potential has been defined, the runaway source term can be studied as an escape

process in this potential11, provided that the system has reached steady state. The thermal noise

enables such particles to jump the potential barrier and thereby become runaways. Therefore, the

escape rate can be obtained using the conventional techniques for stochastic differential

equations with a potential term. By considering that the condition A<3> » D2 holds for runaway

electrons, then the escape rate can be calculated using an Arrenius type formula for a cusp-

shaped potential. This is given by:

where uimjn/max are the values where the potential is minimum and maximum, respectively.

The total runaway generation rate is obtained with these equations and can be compared

with previous results. In Figure 4 our results are compared with those of Figure 1 in Reference

5, where several generation rates per collision time are plotted. It is seen that good agreement is

obtained with the Kulsrud method. The main advantage of the present method is that the

estimation is fast, considering the accuracy that we obtain, and that it has been obtained from

first principles without using experimental data.

Moreover, the angular dependence of generation rate is appears in this method, since we

consider the generation in a 2D pattern, while other schemes only considered runaway

generation in the direction parallel to electric field. In Figure 5, the dependence of runaway

generation rate on the angle of the velocity vector to electric field is plotted. It is observed that the

generation is non-zero for angles larger than 90° and is only zero for 180°. This phenomenon is

due to the fact that the stochastic movement of the electrons can cause them to cross the critical

trajectory even for backward angles.



V- CONCLUSIONS

Runaway electron generation has been studied as a escape process in a statistical

potential. This point of view allows one to estimate runaway generation rates using the standard

techniques for solving stochastic equations with a potential term. Any electron that "jumps" the

potential barrier in momentum space becomes runaway, and this can occur at any point along the

critical trajectory, the frontier between the bulk and the runaway regions in momentum space.

A fast and accurate formula has been developed to obtain the runaway generation rate in

steady state. The results obtained with this formula have been compared with previous results

and good agreement has been obtained when they are compared with the most sophisticated

methods.

In addition, the present method permits one to study the angular dependence of runaway

generation. This capability can be most useful when the electric field is not parallel to the

magnetic field and when other terms, like those coming from additional heating, are included in

the equations.

The runway generation obtained using the techniques proposed in this work can be used

as a source term for a runaway transport code. In this way the potential techniques can be used

to study the runaway electron transport in tokamaks.
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Figure 1: Deterministic electron trajectories in momentum space, under the following

conditions: Electric field E=-2.1 V/m, electron density ne=0.7 1 0 ^ m~3, electron temperature

Te=l keV.
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Figure 2: Critical trajectories in momentum space for parabolic profiles of electric field, density

and temperature. The central value of electric field is -2.1 V/m, and the edge value is -0.66 V/m.

The central values of temperature and density are lkeV and 0.7 1 0 ^ m~3 respectively.
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Figure 3: Potential associated to the coordinate u¡. The height of the potential barrier is plotted

schematically as well as the points in which the potential presents local maximum and minimum.
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Figure 4: Comparison of the runaway generation rate obtained from this work with rates

obtained with previous expressions.
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Figure 5: Angular dependence of runaway generation rate. The plotted quantity rk is normalised

to the maximum value. The angle considered is that formed by the electric field and the electron

velocity vector.
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