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Frequency Dependence of Magnetic Shielding

Performance of HTS Plates in Mixed States

Atsushi Kamitani and Takafumi Yokono

Abstract—The magnetic shielding performance of the
high-Tc superconducting (HTS) plate is investigated
numerically. The behavior of the shielding current density
in the HTS plate is expressed as the integral-differential
equation with a normal component of the current vector
potential as a dependent variable. The numerical code for
solving the equation has been developed by using the
combination of the Newton-Raphson method and the
successive substitution method and, by use of the code,
damping coefficients and shielding factors are evaluated for
the various values of the frequency u>. The results of
computations show that the HTS plate has a possibility of
shielding the high-frequency magnetic field with o> > 1 kHz.

Index Terms—flux creep, flux flow, magnetic shielding,
superconductor

I. INTRODUCTION

Recently, the high-Tc superconductor (HTS) has
attracted great attention as a magnetic shielding material
over the high-conductivity and the high-permeability
materials. This is mainly because the superconducting state
can be easily maintained by use of the mini-refrigerator or
the liquid nitrogen. In addition, the HTS has a possibility
of shielding the strong magnetic field below its upper
critical one. For this reason, intensive studies on the
magnetic shielding performance of the HTS have been
performed experimentally [l]-[4] and numerically [5]-[7].

When the HTS is exposed to the ac magnetic field with
an amplitude above the lower critical field, it becomes the
mixed state in which the fluxoids penetrate into the HTS
and induce the phenomena peculiar to the Type-II
superconductor. In this case, the force balance between
the pinning force and the Lorentz one is violated so that
fluxoids move inside the HTS. In addition, fluxoids can
move due to the thermal fluctuation even if the static
magnetic field is applied. For this reason, both the flux
flow and the flux creep should be taken into account for
the evaluation of the shielding performance of the HTS
against the ac magnetic field.

The purpose of the present study is to develop the
numerical code for analyzing the time evolution of the
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shielding current density by means of the flux flow creep
model [7]-[10] and to investigate the magnetic shielding
performance of the disk-shaped HTS plate by use of the
code. In particular, we investigate the frequency
dependence of the magnetic shielding performance.

II. MATHEMATICAL FORMULATION

The time evolution of the shielding current density is
indispensable for the estimation of the magnetic shielding
performance of HTS plates. Therefore, we explain the
governing equation of the shielding current density in this
section. First, let us assume that a disk-shaped HTS plate
of radius R and of thickness D is placed in the ac
homogeneous magnetic field (see Fig. 1). By taking the
symmetry axis of the plate as z-axis and by choosing its
center of gravity as the origin, we use the cylindrical
coordinate system (r, 0, z) throughout the present paper.
In terms of the coordinate system, the applied magnetic
flux density BQ is written as B o = Bo* sin of ez, where Bo*
and o) are constants, and ez represents a unit vector in the
z direction. As is well known, the critical current density
j c of the HTS has a strong anisotropy due to the
crystallographic structure [11]. Its component along the
c-axis is sufficiently small as compared with that parallel
to the a-b plane so that the shielding current density can
hardly flow along the c-axis. By taking this fact into
account, we further assume that the HTS plate is composed
of M pieces of thin layers perpendicular to the c-axis and
that the spatial distribution of the shielding current density
does not change through the thickness direction in each
layer.

Under the above assumptions, the governing equation
of the shielding current density can be written as follows
[7]:

Bo = Bo* sin wt ez
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Fig. 1. Schematic view of the magnetic shielding measurements.
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Here |x0 is a magnetic permeability of vacuum and 2e
denotes the thickness of the layer. The scalar function S (r,
t) is z-component of the current vector potential and is
related to 9-componentj 9 of the shielding current density
in the/rth layer through the relation:; e = - (1 /E) dS /dr.
The first term in the left-hand side of (1) represents the
electromagnetic coupling between the p\h layer and the
other ones, and the coupling function Q* is written as
follows:

(-l)mtnkm"K(km") (2)

Here, K(x) denotes a complete elliptic integral of the first
kind and its parameter is given by km

p
n
q • An' [(r + r' )2 +

{[zp + (-1)" e] - [zq + (-1)" e]}2]"1. Here zp denotes z-
coordinate of the central plane of thepth layer. In addition,
E e represents 9-component of the electric field in the/jth
layer and is associated with; 9 through ttieJ-E constitutive
relation: EpB = sgn(jp6) E(\j \, B). Here, B denotes a
magnitude of the magnetic flux density and the function
E(j, B) represents the macroscopic characteristics of the
superconductor.

Since the HTS plate in a mixed state is treated in the
present study, both the flux creep and the flux flow should
be included in the J-E constitutive relation. For this reason,
we adopt the flux flow creep model [7]-[10] as the function
E(j, B). This model is written in the form,

' 2 p JC(B) sinh(cc j/jc(B)) exp(- a) < ;C(B)
I p JC{B) [1 - exp(- 2a)] + pfQ' - jc(B)) ; j > jc(B)

(3)

where pc and pf are the creep and the flow resistivity,
respectively. The parameter a represents a strength of the
flux pinning to the thermal fluctuation and is defined by a
• UJ{k^T). Here, Uo, kh and T denote the pinning potential,
the Boltzmann constant and the temperature, respectively.
In addition, the5-dependence of the critical current density
is included by assuming j c as a function of the magnetic
flux density. Although many kinds of models have been
so far proposed as the function, we can use only the models
that have enough accuracy for small B. This is because
only a small amount of the magnetic flux density penetrates
inside the HTS plate. For this reason, we adopt the
following two models:

Jc(B) = JcolBABj + B)] , (5)

where j ^ and fly are constants. Equation (5) is known as
the Kim model and it becomes the same as (4) in the limit

of Bj - • oo. In order to distinguish (4) from (5), we call (4)
as the constant-; c model.

As the initial and the boundary conditions to (1), we
impose S (r, 0) = S (R, t) = 0 as usual. By solving (1)
together with the conditions, we can determine the time
evolution of the shielding current density.

III. NUMERICAL METHOD

In this section, let us explain the numerical method for
solving the initial-boundary-value problem of (1). By using
the finite element method, (1) is discretized together with
the boundary condition as follows:

W(S" -S") = - * - [ ' f(S,Jc(S))dt ,
it"

(6)

where the nodal vectors, S, ft,/and Jc, correspond to the
function Sp, the applied magnetic flux density BQ, the
electric field E and the critical current density jc(B),
respectively, and the matrix Wis calculated from the shape
function and the coupling function Q* . The superscript
n indicates the value at the nth time step f (• ntst). Note
that the nodal vector Jc depends on 5. The reason for this
is explained as follows. As is apparent from the B-
dependence of j c , the critical current density depends on
both the applied and the induced magnetic flux densities.
In addition, the latter is calculated from the shielding
current density jpfj (p=l, 2, •••, M) by using Biot-Savart's
law. Therefore, the critical current density is a functional
of Sj, S2, • • •, Sy. This is why the nodal vector Jc becomes
a function of S. Incidentally, Jc has no dependence on S
for the case where the constant-;c model is employed. By
applying the 6-method [12] to the numerical integration
of the second term in the right-hand side of (6), the nodal
vector S"*1 becomes a solution of the nonlinear equation:

G(S,Jc(S))=WS + QAtf(S,Jc(S))-u = O , (7)

where u is written as u • WS" -b- (1-6) Mf(S",Jc(S
n))

and 9 is a constant such that 0 < 9 «: 1.
In genera], either the successive substitution method or

the Newton-Raphson method has been often employed to
the numerical solutions of the nonlinear equation. Although
the successive substitution method has been applied to the
solution of (7), the scheme does not converge in most cases.
It is only when both the time step and the underrelaxation
factor are sufficiently small that we can obtain the
converged solution. This fact implies that the successive
substitution method is impracticable for the solution of
(7). On the other hand, in order to apply the Newton-
Raphson method to the solution of (7), the Jacobian matrix
has to be calculated analytically. As mentioned above, j c

is a functional of Sv 52, •••, SM through Biot-Savart's law
in which the induced magnetic flux density is determined
as a definite integral of the shielding current density. This
leads to the complicated dependence of Jc on S and, hence,
it is very difficult to calculate the Jacobian matrix
analytically. For these reasons, we apply the combination
of the successive substitution method and the Newton-
Raphson method to the solution of (7). In this method, the
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solution of (7) is determined iteratively. In the klh cycle,
the nonlinear equation,

is first solved by use of the Newton-Raphson method to
obtain S*. Since the nodal vector Jc is a function of position
only in (8), the Jacobian matrix of F with respect to S*
can be easily evaluated. Next, the approximate solution is
corrected by

where the superscript (k) denotes an iteration number label
and Y is an underrelaxation factor. The above iteration cycle
is repeated until the series {Sw} converges to a tolerable
accuracy. The nodal vector S"+1 is obtained as a converged
vector of {Sw}. For the case that the constant-;,, model is
adopted as/c(B), the nodal vector/c is no longer a function
of 5. Therefore, the Newton-Raphson method can be
directly applied to the solution of (7) in this case.

By using the above method at each time step, we can
solve the initial-boundary-value problem of (1) to
determine the time evolution of the shielding current
density. When the spatial distribution of the shielding
current density is calculated, the induced magnetic flux
density can be evaluated by use of Biot-Savart's law. As
the measure of the shielding performance of HTS plates,
we adopt two types of quantities: the shielding factor o
and the damping coefficient a. Both quantities are defined
as follows: a - Bz/BOz and a • 10 log10((B2)/(B0

2)). Here
B and BQ are the total and the applied magnetic flux
densities, respectively, and the subscript z denotes z-
component of the vector. Also, the square bracket means
the time average. The shielding factor a indicates the time-
dependent shielding performance, whereas the damping
coefficient a represents the time-averaged one. In this
sense, the desirable shielding performance should be
characterized by both a weak time dependence of a and a
large absolute value of a-

IV. MAGNETIC SHIELDING ANALYSIS

The numerical code for calculating the time evolution
of the shielding current density has been developed by
using the method explained in the previous section. In this
section, let us investigate the magnetic shielding
performance of the disk-shaped HTS plate by use of the
code. Throughout the present analysis, we fix the
geometrical and the physical parameters as follows: R =
20 mm, D = 2 mm, T = 77 K J ^ = 1.5xlO6 A/m2, Uo = 92
meV, pf = 7.620x10-10 Qm and pc = 6.666x10" n Qm.

Let us first investigate the influence of the B-dependence
of j c on the shielding performance of the HTS plate. In
Fig. 2, we show the damping coefficients as functions of
the parameter Bj in the Kim model. This figure indicates
that the shielding performance of the HTS plate is not
affected by the B-dependence of ;'c. This is because the
penetrating magnetic flux density is too small to change
j c drastically. From this result, we can conclude that the
magnetic shielding analysis of the HTS plate can be
performed by assuming the constant-^, model. Hence, not

Parameter in Kim Model, B7(T)

Fig. 2. Damping coefficients a as functions of the parameter Bj in
the Kim model. Here, the values of a are calculated at (z/R, r/R) = (-
0.06, 0.0) and the amplitude BQ* of the applied magnetic flux density is
fixed as BQ' = 1 T. The symbols, O , A and T , denote the values for u>
= 10 Hz, 100 Hz and 1 kHz, respectively.
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Fig. 3. The time dependence of the shielding factor a at (z/R, r/R) =
(-0.06, 0.0) in case of (a) BQ' = l.OxlO"2 T and (b) Bo* = 1 T. The
symbols, • , A and T , denote the values for u = 1 Hz, 100 Hz and 1
kHz, respectively.

the Kim model but the constant-yc model is used in the
following.

Next, we investigate the time dependence of the
magnetic shielding performance. The shielding factors a
are evaluated on the symmetry axis and are depicted as a
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Fig- 4. Frequency dependence of damping coefficients a at (z/R, r/R)
= (-0.06, 0.0). • : BQ* = l.OxlO"2 T and V : BQ* = 1 T.

function of time in Figs. 3(a) and 3(b). We see from these
figures that the shielding factor a increases monotonously
from u)t - (w-l)n to oof = tin («: integer number). For the
case with Bo*= l.OxlO"2 T, the time dependence of o
becomes weak with an increasing frequency (see Fig. 3(a)).
On the other hand, the slightly different tendency is
observed for the case with BQ*- 1.0 T. The shielding factor
is almost always equal to unity in case of o> = 1 Hz, and
this means that the shielding performance is very poor in
this case. As the frequency is increased above 1 Hz, the
time dependence becomes remarkable. A further increase
in the frequency will weaken the time dependence of the
shielding factor until it is almost equal to zero (see Fig.
3(b)). From the above results, it might be said that the
shielding factor has no time dependence in the high-
frequency range with co > 1 kHz and that its value is nearly
equal to zero.

Finally, we investigate the frequency dependence of the
magnetic shielding performance of the HTS plate.
Damping coefficients a are calculated at (z/R, r/R) = (-
0.06, 0.0) forfl0* = l.OxlO-2 T and 1 T, and are depicted
as functions of to in Fig. 4. The damping coefficient
decreases slowly with an increasing frequency of the
applied magnetic field in the low-frequency range below
10 Hz, whereas it diminishes remarkably with to in the
frequency range with 10 Hz < to < 1 kHz. A further increase
in o> will cause a to approach a constant value. In other
words, the damping factor will almost approach to a
saturated value in the frequency range with to > 1kHz.
From the above results, it might be said that the time-
averaged shielding performance of the HTS plate is
enhanced remarkably with an increase in the frequency.

V. CONCLUSIONS

We have developed the numerical code for analyzing
the time evolution of the shielding current density on the
basis of the flux flow creep model. In the code, either the
Kim model or the constant-;c model is used to the
description of the fl-dependence of the critical current
density. By means the code, we have investigated the
magnetic shielding performance of the disk-shaped HTS

plate. Conclusions obtained in the present study aTe
summarized as follows.
1) The magnetic shielding performance of the HTS plate

is not affected by the values of the parameter B} in the
Kim model. This result implies that the magnetic
shielding analysis of the HTS plate can be performed
by using the constant-;^ model.

2) The shielding factor has no time dependence in the high-
frequency range with a> > 1 kHz and its value is nearly
equal to zero. On the other hand, the damping coefficient
decreases monotonously with the frequency of the
applied magnetic field. In particular, it approaches to a
constant value in the frequency range with to > 1 kHz.
From these results, we can conclude that the HTS plate
has a desirable shielding ability in the frequency range
with to > 1 kHz even when it remains in a mixed state.

ACKNOWLEDGMENT

The authors wish to thank Prof. S. Ohshima, Yamagata
University for valuable discussions from an experimental
standpoint in the course of this work.

REFERENCES

[I] S. Ohshima. and K. Okuyama, "Magnetic shielding effect of
Ba^CiijO^g plates," Jpn. J. Appl. Phys., vol. 29, pp. 2403-2406,
November 1990.

[2] A. Hussain, and M. Sayer, "Simple magnetic shielding experiment
on high Tc superconducting bulk ceramics and thin films, metals
and alloys," Cryogenics, vol. 32, pp. 64-68, January 1992.

[3] S. Ohshima, H. Ohtsu, A. Kamitani, S. Kambe, and K. Okuyama,
"Magnetic shielding effect of overlapped BPSCCO plates," Proc.
5th Int. Symp. Superconductivity, pp. 1273-1276, November 1992.

[4] G. Mizuochi, S. Ohshima, K. Okuyama, A. Kamitani, and T.
Mochizuki, "Magnetic shielding effect of BSCCO(2223) plate and
composite plate," Proc. 7th Int. Symp. Superconductivity, pp. 1321-
1324, November 1994.

[5] A. Kamitani, M. Shibata, and S. Ohshima, "Magnetic shielding
effect of multiple-layer thin superconducting plates by T-method,"
IEEE Trans. Appl. Superconductivity, vol. 7, pp. 2562-2565,1997.

[6] A. Kamitani, S. Ohshima, T. Yokono, and M. Natori, "Frequency
dependence of magnetic shielding performance in HTS plates,"
Proc. 10th Int. Symp. Superconductivity, pp. 1365-1368, October
1998.

[7] A. Kamitani, and S. Ohshima, "Magnetic shielding analysis of
axisymmetric HTS plates in mixed stale," IEICE Trans. Electron.,
vol. E82-C, pp. 766-773, May 1999.

[8] M. Uesaka, A. Suzuki, N. Tanaka, Y. Yoshida, and K. Miya, "A.c.
magnetic properties of YBaCuO bulk superconductor in high Tc
superconducting levitation," Cryogenics, vol. 35, pp. 243-247,
1995.

[9] Y. Yoshida, M. Uesaka, and K. Miya, "Evaluation of dynamic
magnetic force of high Tc superconductor with flux flow and creep,"
Int. J. Appl. Electromagn. Mater., vol. 5, pp. 83-89, 1994.

[10] Y. Yoshida, M. Uesaka, and K. Miya, "Magnetic field and force
analysis of high Tc superconductor with flux flow and creep," IEEE
Trans. Magn., vol. 30, pp. 3503-3506, 1994.

[II] M. Murakami, S. Gotoh, H. Fujimoto, K. Yamaguchi, N.
Koshizuka, and S. Tanaka, "Flux pinning and critical currents in
melt processed YBaCuO superconductors," Supercond. Sci.
Techno!., vol. 4, pp. S43-S50, 1991.

[12] K. W. Morton, and D. F. Mayers, Numerical Solution of Partial
Differential Equations. Cambridge University Press, Cambridge,
1994.

- 1 5 0 -



On the Structure of Numerical Solutions of Flow Simulation
by Implicit Scheme

Itaru Hataue
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Kurokami 2-39-1, Kumamoto, Kumamoto 860-8555, Japan

Abstract

In the present paper, the structure of the asymptotic numerical solutions given from
the implicit schemes. Analytical duscussion and numerical tests on the fully implicit
scheme of the Burgers' equation and its linearized form were performed. Furthermore,
we tried to investigate the characteristics of ghost numerical solutions of incompressible
fluid equations from the viewpoints of the effect of popular fourth order artificial viscosity
terms. The calculation model adopted in the present paper was the flow around the circular
cylinder and the Reynolds number was 2000. The non-dimensional governing the incom-
pressible Navier-Stokes equations and the continuity equation were solved numerically by
using the MAC (Maker-And-Cell) method and implicit temporal scheme. Unsteady dynam-
ical structure was investigated in detail by applying the nonlinear dynamics approaches
on the calculated time series data of drag coefficients. Ghost numerical solutions appear
not only in the cases of explicit scheme cases but also appear in those of implicit cases.
It was shown that the amplitude of fourth order artificial viscosity term and has a great
influence on the structure of the asymptotic numerical solutions.

Keywords
Asymptotic Numerical Solution, Implicit scheme, Burgers' equation, Flow Simulation, Im-
compressible flow, Ghost solution
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1 Introduction
The development of high performance computing has made the numerical fluid dy-

namics calculations routine. Today, we can get the numerical turbulence easily as the
result. However, complicated chaotic solutions, even when true solutions of the original
differential equation approach limit cycles or fixed points, are often obtained as a conse-
quence of the omission of the local discretization errors in the transfer from the continuous
differential equations to their discretized counterparts. In particular, there is a possibility
to get several types of asymptotic numerical solutions even when the same physical param-
eters such as the Reynolds number and the same conditions such as the boundary ones are
used. Solutions which do not correspond to the true one are often called spurious solutions
or ghost ones and they have been studied in detail by a lot of researchers.x~9) We also
studied the characteristic behavior of the asymptotic numerical solutions of simple scalar
nonlinear differential equations.8~9^ In those papers, we discussed the dependence of initial
data and boundary conditions on the nonlinear instability and concluded that we may get
ghost solutions which are never seen in the case of linear cases even if we adopt the more
accurate scheme, e.g. high-order Runge-Kutta scheme due to many kinds of errors and
the characteristics of schemes. Furthermore, I am sorry to say that this phenomenon also
appears in the case of the system of fluid equations. 10~11) In most cases, the approximate
conditions of calculations are set to be physically reasonable. However even if we use the
popular fourth order artificial viscosity terms and upwind schemes, the complicated flow
structure appears in the cases of the low Reynolds numbers where the flows are expected
to be laminar. The artificial viscosity terms which are added explicitly and implicitly in
order to stabilize the system change the characteristics of numerical solutions. Needless
to say, we can not perform calculations stably without these stabilizing terms in the cases
of the high Reynolds number because the nonlinear instability grows and the calculations
diverge. However the added terms bring other nonlinear instabilities and the qualitative
structure of the asymptotic numerical solution changes. In other words, there is a pos-
sibility for us to get multiple stable and unstable asymptotic numerical solutions under
the same physical conditions and parameters. To select correct solutions among these
multiple ones depends on experimental and physical intuitions of researchers. Only one
thing which has been clarified in a lot of kinds of approaches is that most of numerical and
discretization errors induce the spurious nonlinear instability and the make complicated
the system.

By the way, we studied the cases of explicit calculations of compressible flows in which
the simultaneous equations does not need to be solved in our previous papers.10"11) When
researchers in the field of computational fluid dynamics(CFD) solve the Navier-Stokes
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equation numerically, they usually use implicit schemes owing to its high performance and
efficiency in computations. Usefulness of implicit schemes may be originated from the
unconditional stablity in the linear case. However, is the high stability available also in
the nonlinear case? Do not ghost solutions appear in the calculation in using very large
values of A£? On the other hand, most of implicit schemes used in the field of CFD need
the linearization. How about the effect of this linearization on the nonlinear structure of
the steady state numerical solutions? In the case in which the nonlinear source terms are
included in the PDE such as the reaction-diffusion equation, reaction-convection equation,
reaction - convection - diffusion equation and so on, we can find quite important mean-
ings in this linearization. However, literatures which refer to these problems in detail are
few. Therefore, to analyze these problems makes a great contribution to CFD studies. In
the present paper, we considered the initial boundary value problem of one-dimensional
Burgers' equation and their backward Euler temporal finite difference approximations as
a simple example and discussed the structure of the numerical solutions of fully implicit
systems and their linearized ones. Next, we discuss the structure of numerical solutions of
practical incompressible flows. One of the most popular method in the incompressible cal-
culations is MAC (Maker-And-Cell) method12) in which the Poisson equation for pressure
has to be solved and it is necessary to solve the simultaneous equations. One of purposes in
the present paper is to investigate the characteristics of ghost solutions from the viewpoints
of the effect of popular fourth order artificial viscosity terms. Concretely, we compare the
dependence on the amplitude of artificial viscosity term. In a lot of contributions in the
field of computational fluid dynamics, computed results are discussed by using the flow
visualization technique and calculating some statistical quantities and so on. Though these
methods are usuful to discuss the simultaneous and global structure of the computed flow
fields, most of those methods are not so effective that we can not elucidate their clear un-
steady characteristics in detail. In our previous papers, we applied the nonlinear dynamics
approaches which were effective in analyses of the unsteady structure of numerical results
of direct simulations of the practical fluid motions. Generally speaking, these analyses of
the nonlinear structure are equivalent to studies of instability of dynamical system. In the
present study, we adopted the flow around the circular cylinder as the simple model and
discussed the difference of the unsteady structure by comparing the data reconstructed
from the long period of time series of Co (drag coefficient).

Analytical approaches on the one-dimensional Burgers' equation are discussed in Sec-
tion 2. For the practical calculations for fluid motions, the numerical schemes used in the
present paper are expressed briefly in Section 3. Other conditions of computations such
as the grid systems, boundary conditions and so on are also discribed in this section. In

- 1 5 3 -



Section 4, the effect of artificial viscosity term are discussed in detail.

2 Analytical approach for Burgers' equation
we considered the initial boundary value problem of one-dimensional Burgers' equa-

tion^. 1) and its finite difference approximation as a simple example. Though there are
infinite numbers of steady state solutions of one-dimensional Burgers' equation, only one
trivial solution, u(x)—0 , is allowed in the physical meaning.

ut + uux = vuxx, (0 < x < (n - l)Az)
u(x,0) = u°(x) , (2.1)
u(0,t) = u((n- l)Ax,t) = 0.

Euler backward temporal difference scheme are applied to eq.(2.1). Derived multi-dimensional
discrete dynamical system has different complex structure composed of various solutions
which are not the solution which numerically diverges to infinity and no longer corre-
spond to solution of original continuous DE. We discuss the characteristic features of two-
dimensional^ points) and three-dimensional(5 points) discrete dynamical system gener-
ated by the spatial central difference scheme, fully implicit form, eq.(2.2), and its linearized
form, eq.(2.3).

(m+l) (m) .
U — 7i -4-

% I • *

(0 < t < (n - 1) , m > 0)
u\0) : (Initial data) , (2.2)

( , , N (T" + 1) , ( m + 1 ) , , ( m + 1) O (m + 1) _|_, ( m + !) 1
I (m-H)«i + 1 - " , _ ! " , + i ~2ut +u%_l I

(m) (m) n

Jm+1) - JUi - Ui
A* i (m)^,+1 -«,_! u<+1 -2«. +«,_! I

(0 < t < (n - 1) , m > 0)
ujo) : (Initial data) , (2.3)

(m) (m) ,-,

In order to solve eq.(2.3), we must solve n-dimensional algebraic equation.

(a)Two-dimensional discrete system
Two-dimensional(4 points) discrete system by fully implicit scheme, eq.(2.4), has the

two roots shown in eq.(2.5). Though one solution which has a negative sign before in
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R.H.S. of eq.(2.5) corresponds to the true solution, another one corresponds to the ghost
solution. The former converges on the equilibrium point-(0, 0), the latter converges on
(6v/Ax, -Qu/Ax).

_At ' ""I 2Ax

(m+l) o 2 (m+i)' (m+i) (2-4)
+ r 1 — " ^ ^-At ^ ""2 2Ax "" " (Ax)2 '

and
—a ± \ / a 2 — 46 (m+i)

where

x^ + zd _ Ai
?

c 2 Ax'
, A< (m+l) , (m + 1) /T x/ (m) , (m)x

( A x P ' Z = X ^ = ( 1 ~ C ) ( : C 1 +X2 )•

In the case of fully implicit scheme, we can not determine which alternative solution
in eq.(2.5) we should adopt. On the other hand, we can solve that problem by linearizing
eq.(2.4), eq.(2.6).

X2

At

4 m )
2Ax "" " (Axp '

(2-6)
=VAt ^ - " 2 2Ax ~" (Aiy

By the linear stability theory, eigenvalues of Jacobian matrix of the discrete map of
eq.(2.6) are follows.

(for (0, 0)),

x _ (Ai)2+3i/At x _ (Ax)2+3i^At / f (§v_ &v \\
l "" (Axp ' ^ 2 ~ (Ax)2+4i/At V1U1 VAz' Ax ) ) •

These results show tha t the origin is the stable equilibrium point because of |Ai| < 1

and |A2| < 1, and (6u/Ax, —%v/Ax) is the unstable equilibrium point because of |Ai| > 1(,

if i/>0).

(b)Three-dimensional discrete system
Three-dimensional(5 points) discrete system by fully implicit scheme eq.(2.7) has three

roots shown in eq.(2.8). We can get three real solutions in the present case. Though one of

solutions of eq.(2.8) corresponds to the true solution which converges on the equilibrium
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point-(0, 0, 0), other two solutions correspond to ghost solutions. One of the ghost solutions
numerically diverges to (2i>/A:r, oo, —2v/Ax). Another ghost solution may be devided
into several types such as 4- or 8-periodic points and so on due to the parameters^, Ax)
and initial condition. We can show the existence of these attractors((0, 0, 0), (2^/Ax,
oo, —2i//Ax) and 4-periodic points) practically, e.g., for the case of i/=l/22, Ax=l / l l .
Therefore, we must determine the reasonable scheme among the complicated branches
described above in order to get the true solution in the physical meaning in the case of
fully implicit scheme.

At

x<,m + 1 ) -

At

x(m+l)_.

X2

~ r x l ~2Aa- _
) -2x[m + 1) +0

<
X 2

) oJ-' + l l i J
2 "*" i

2Ax (Ax)2 (2.7)

At

X]

+X
3 2 Ax

=A + B- f,

_
(Ax)2

(m+l) _ x£±

where
a =

l+2z-yx<m + 1> '

— 62 - 10z2 — Az"

(2.8)

2z)
c =

4m)) + 4

u =

y-8

At
2 ' ^ ~ 2A^

- I + IN/3
, z = i/

At
(A^)2'

A=\ -^ + \r- + ̂ —, B=\ ~-\ v + ^,
2a3 ab

On the other hand, we can solve that problem by linearizing eq.(2.7), eq.(2.9).

^ (m+l)_ (m)

~" At

(m+l)_i(m)

At

At

^1

( m ) „
'— 0

2Ai

(m+l)

= V-

2Ax = V-2- -, (2-9)

Jm)Q-4-+"
y3 2Ax = V-
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By the linear stability theory, eigenvalues of Jacobian matrix of the discrete map of

eq.(2.8) for the equilibrium point(0, 0, 0) are follows:

(Ax)2

(Ax)2+2vAt'

i4 + (4+v/8) (Az)2i>At

(AxfvAt

_
2 ""

These results show that (0, 0, 0) is the stable equilibrium point because of
jAij < 1 , jA21 < 1 and |A3j < 1 (, if v >0). By practical computation of eq.(2.8) in the
case of f=l/22, Ax=l / l l , we get only the true solution, (0, 0, 0), for all At values with
very fast convergence speed. This linearized scheme of eq.(2.2) is quite excellent scheme
to get only the true solution and calculate steady state solutions efficiently. Furhermore,
we tried another linearization forms, eq.(2.10). In the present numerical experiments, we
could not find any ghost numerical solutions in several dimensional discrete systems in the
case of this linearization schemes, too.

(
2 A x

_ (m)
— u i

+ 1) (m) o (m) (m+1)

v

(1< i < ( n - 1) , m > 0)
0) : (Initial data) , (2.10)

(m) (m) ,-.

Generally speaking, dynamical structure of the low-dimensional(n=2,3) discrete sys-
tem is more complicated than that of the higher-dimensional ones. Therefore, the effects of
linearization in implicit schemes is so effective that we may be able to get the true solution
without the trouble of occurrence of ghost solutions in higher-dimensional cases. However,
we have not got the almighty criterion in analyzing the nonlinear dynamical system, yet.
The several methods which we suggested and used in the present paper are expected to be
indispensable for studies in the field of CFD.

3 Practical Calculation of Flow Motion
3.1 The incompressible Navier-Stokes equation

The non-dimensional governing the incompressible Navier-Stokes equations and the
continuity equation are given as follows:

divV = 0 (3.1)

(3.2)
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where V = (u,v), p and Re denote velocity vector, pressure and the Reynolds number,
respectively.

3.2 Numerical algorithm
The Poisson equation for pressure can be derived on the basis of MAC method.12^

=-div(V-grad)V + fl , (3.3)

where
= ~^- + — AD , D = divV .

dt Re
In the present study, we employed the generalized transformation of coordinates, (x, y)

(£,77), then we get the transformed Poisson equation as follows:

^ _

^ - XM , ,
J&i

where J is the Jacobian of transformation. The Poisson equation is solved using SOR
scheme. All spatial derivatives except for those of the nonlinear convection term is dis-
cretized by using the central finite difference. For those of the convection terms, we con-
sidered parameter e in order to discuss the effects of fourth order artificial viscosity term,

fdu _ fj(-ui+2 + 8uj_i - 8ul+1 + tt,_2) I /,I (ui+2 - 4ttj

(3-5)
Eq. (3.5) is based on the third-order upwind schemes13). In the present paper in which the
two-dimensional generalized coordinates are used, e^ shows the parameter for ^-direction
and ev for ^-direction, respectively. For the time marching of the Navier-Stokes equations,
the first order Euler implicit scheme is employed. In the case of the implicit scheme, the
nonlinear convection term is linearized for V n + 1 as follows:

(V n + 1 • V) V n + 1 « (Vn • V) V n + 1 . (3.6)

3.3 Grid systems
The O-type grid systems are used in all cases. The body surface corresponds to K = 1,

the circle of which radius is equal to 1. Outer flow region corrsponds to K = KM AX, the

circle of which radius is set to from 60 to 70. The mesh points are strongly concentrated in
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the boundary layer and the minimum spacing normal to the surface of the body is set to
be less than °'%^ • Therefore this grid system is fine enough to resolve the flow structure
in the boundary layer.

3.4 Boundary conditions
The boundary conditions on the body surface are as follows: The no-slip condition is

used for the velocity components. The pressure p along the body surface is obtained by
solving a normal momentum equation. At the far boundaries, the free-stream values are
specified.

4 Results and Discussions of Practical Computation
In this section, we discuss about the computed results which are given by using the

implicit temporal scheme in detail. The calculation model which is adopted in the present
paper is the flow around the circular cylinder and the Reynolds number is 2000. Flows
around a circular cylinder have been reported by a lot of experiments of which the results
were summarized in the paper by James et al. 14^ and were discribed in the textbook by
Schlichting.15) In a lot of historical studies, the larger the Reynolds number becomes, the
more complicated the flow field becomes. In the range of the low Reynolds numbers, the
fixed points of the time series of Co which correspond to the laminar flow(the two recircu-
lating standing eddies) first bifurcate (Hopf bifurcation) to the limit cycles which physically
correspond to Karman vortex street. At this bifurcation point, where the Reynolds number
is about 50, this first true loss of symmetry occurs. The subcritical flow regime is located
at Reynolds numbers below 1-2xlO5 and it has long been agreed that in this Reynolds
number range the flow around a circular cylinder is laminar.14) Furthermore, the larger
Re becomes, the larger the amplitude of the time series of Co becomes and the second
bifurcation occurs which shows the onset of turbulence and a chaotic motion can be seen.
Therefore, the flow field is expected to be still periodic at /2e=2OOO. In the implicit Euler
scheme which is used in the present paper, the nonlinear convection term is linearized like
eq. (3.6). Therefore, we must solve two linear systems which are the Poisson equation for
pressure and time marching step by iterative methods. The number of limit of iteration in
solving the Poisson equation for pressure is 1000 times and that in time marching step is
200 times. The criterion of norm of error is below 10~6 in solving the Poisson equation for
pressure and is below 10~7 in time marching step. Of course, the criterion of norm of error
is never satisfied in early stage of calculations. Here we must select one physical variable
which represent the qualitative unsteady feature of the whole computed system in order

- 1 5 9 -



to compare the structure of the numerical solutions. Time series of physical variables in

a grid point is not suitable because it is difficult to select the best point without any self-

will. The integrated variables such as the drag coefficient(CD) and the lift coefficient(CL)

show the typical profile. We adopted the drag coefficient (CD) as the variable. In order to

get the remove the effect of initial condition, we adopted the sampling period of the time

series of CD from T(non-dimensional time) =400 to 500. In this period, the flow fields are

expected to be almost quasi-steady. We compared several characteristics of structure of

quasi-steady flow field on the basis of nonliniear dynamics approaches such as the three-

dimensional profiles of at tractor which are reconstructed from the time series of CD data.

We got some asymptotic solutions such as limit cycles and so on for different parameter

e. Figure 1 is the comparison of the typical characteristics of structure of attractors given

from the time series of CD- Grobally speaking, if we find only one clear maximum point in

time history profile or the trajectory reconstructed three-dimensionally is the simple closed

curve, we call this at tractor "Limit cycle". In the cases of two different clear maximum

points in time history data, we call them "Periodic two(P2)". We can classify these asymp-

totic solutions by estimating three da ta shown in figure 1 totally. In the present section,

parameter e value for ^-direction is same as that for 77-direction in all cases. Figure 2 shows

the regimes in which several at tractors in some e values exist. Calculations in the cases

of e >1.2 diverged and we could not get the stable solutions in the case of Ai=0.02. We

got an interesting bifurcation sequence with the decrease of parameter e as shown in this

figure. It is clearly seen that the larger e value becomes, the simpler structure of at tractor

becomes. In the region if e >0.8 , calculated at tractor is P2 which maybe corresponds

to the true solution in all At value cases. Because the artificial viscosity term stabilizes

the system, this phenomenon is expected to be reasonable. When P2 attractors become

unstable, a cusp appears and the trajectories look like tori. In the region of e ~ 0.75 in the

case of A£=0.02, the P4 at tractor which has five local maximum points in the time series

of CD appears. Though these P4 attractors have four clear local maximam points and one

more quite fine fluctuation, we neglect this and do not call them P5 but P4. These P4

attractors become unstable and the stable P8 at t ractor appear. Furthermore, the stable

P16 attractor appears in the cases of smaller e. This (P2-P4-P8-P16) bifurcation sequences

which is similar to the period-doubling one is quite interesting. However, what we must

pay attention is that the unstable complicated at tractors(T) also appear even if these hard

criterions were satisfied. This phenomenon may be a transient one. However, though we

performed longer and longer period calculations in several cases, numerical solutions never

converged to the stable attractors. Furthermore, multiple stable attractors coexist around

the complicated unstable attractor. In order to get the physically reasonable numerical
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solutions, it becomes clear that we should add the relatively large amplitude of fourth
order artificial viscosity terms. Though to add the higher order aritificial viscosity terms
may be a necessary condition to remove the ghost solutions, it is not still unknown what
is the sufficient condition to obtain the physically reasonable numerical solitions. On the
other hand, when the At values become small, first bifurcation points moves to the small
e region where ghost solutions appear becomes narrow. This result is the most impor-
tant because it is quite luckyfor the researchers who analyse the flow motion by using the
implicit scheme.

4 Conclusions
The supercomputer and the development of visualization technique have made it pos-

sible to simulate the complicated phenomenon such as flow motions as if they were open
before our eyes actually. However, on the other hand, the strong nonlinearlity of the com-
putational discrete dynamical system still makes it difficult to make the computed results
reliable as shown in the appearance of the ghost numerical solutions. In the present study,
we showed the ghost numerical solutions appear not only in the cases of explicit scheme
cases but also appear in those of implicit cases in solving the nonlinear equations ana-
lytically and numerically. In the study of fully implicit scheme of Burgers' equation, we
showed that there is a possibility that the multiple steady solutions exist simultaneously.
However, the ghost solutions disappearby using the effective linearization technique. Fur-
there, we discussed the asymptotic numerical solutions of imcompressible Navier-Stokes
equations. In order to discuss the reliability of their numerical solutions, since only the
usual methods used in the common analyses in the field of computational fluid dynam-
ics is not adequate, we need more effective methods to analyze the complicated unsteady
structure of the numerical solutions in detail. We proposed some nonlinear dynamics ap-
proaches which are used in the fields of mathematics, theoretical and experimental physics
and so on. To study the characteristics of attractors which were constructed by the com-
puted time series of CD at the quasi-steady state can not only make the differences of
the unsteady structure clear but also give us the important information. In particular,
to evaluate the influences of degree of convergence in the iteration steps on the structure
of asymptotic numerical solutions becomes clear by using nonlinear dynamics approaches.
Furthermore, it is shown that some strange phenomenon ocuur when we use the small e
parameters even if the stable implicit temporal schemes are utilized. Further, as if the
adequate convergence condition of the Poisson equation of the pressure was not attained
in each time step, we can get the non-diverging numerical solutions which never appear
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actually. As described above, we must pay much attention to the selection of suitable

schemes and the descretized parameters in order to the physically reasonable results.
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ABSTRACT

Consider the Poisson equation —Au = / in a planar exterior domain of a bounded domain 0. Assume that

/ = 0 in the outside of a disc with sufficiently large diameter. The solution u is assumed to be bounded at

infinity. Discretizing the problem, we employ the finite element method (FEM, in short) inside the disc, and the

charge simulation method (CSM, in short) outside the disc. Results of mathematical analysis for this FEM-CSM

combined method are reported in this paper.

In the mathematical analysis for the method, especially in the proof of an a priori error estimate for the

approximate solutions obtained by the method, a relation between continuous and discrete Fourier coefficients

of equi-distant piecewise linear continuous 27r-periodic function plays a key role.

CSM is a typical example of the fundamental solution method (FSM, in short), through which the solution of

homogeneous partial differential equation is approximated as a linear combination of fundamental solutions of

differential operator. Hence the combined method for 2D exterior Laplace problem is extendable to the planar

exterior reduced wave equations. Our discretization procedure for the reduced wave equation is also described

in the paper.

Keywords: two dimensional exterior Laplace problem, finite element method, charge simulation method, FEM-

CSM combined method, reduced wave equation, two dimensional exterior Helmholtz problem, fundamental

solution method, FEM-FSM combined method.

1. Relation between continuous and discrete is defined through

Fourier coefficients for equi-distant piecewise
1 ^1}linear continuous 27r-periodic functions f(N) _ V^ f(Q)e~in9>.

3=0

Let f(8) be a complex valued continuous 2TT-

periodic function of 6. For n G Z, a continuous It is to be noted that we have for any continuous

Fourier coefficient /„ of the function f{0) is defined 27r-periodic function f(9),

through ,„,,

1
 2 ; (1) / J & r = /<">. neZ, r € Z - { 0 } .

fn = ^ f(e)e-ined0.
o Let w(9) be the reference roof function defined

Fix a positive integer TV. Set through

1 0 : |0| > 1.
For any j G Z, denote jQ\ by Oj. For n G Z, a

discrete Fourier coefficient /„ of the function f(8) For any j G Z, define a piecewise linear basis func-
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tion Wj ' (6) through the following formula:

A complex valued function f(0) is said to be an
equi-distant piecewise linear continuous 2TT-
periodic function (with N nodal points) in this
paper if f{8) is represented as

N

with

j=Q

/(2TT) = /(0).

Introduce a function a(0) through the formula:

a(0) = 2 ( 1 ~™S{<))) for 0, with a(0) =

Theorem 1 We have the following relation for
any equi-distant piecewise linear continuous 2TT-
periodic function (with N nodal points) f(0),

Proof A straightforward calculus leads the rela-
tion. •

Corollary We have the following identity for any

equi-distant piecewise linear continuous 2ir-periodic

function (with N nodal points) f(9),

(3)

fn+Nr —
+ Nr

Proof Since we have

a{8n+Nr) =

/„, neZ, r e Z - { 0 } .

n + a(Bn), neZ, re Z-

Theorem 1 together with Equality (1) implies Equal-
ity (3). •

2. Boundary bilinear forms of Steklov type
for exterior Laplace problems and its

CSM-approximation forms

With the full use of identities (1), (2) and (3),
the author has obtained several estimates concern-
ing differences between the boundary bilinear form of
Steklov type for the exterior Laplace problems and it-
s CSM-approximation forms. Here the abbreviation

of CSM has been employed for the charge simulation
method (See [1]).

Let Da be the interior of the disc with radius a
having the origin as its center, and let Fa be the
boundary of Da. Let fie = (Da U F a ) c , which is
said to be the exterior domain. We use the notation
r = T(6) for the point in the plane corresponding
to the complex number reie with r = |r| where |r|
is the Euclidean norm of r € R2. Similarly we use
a = a(#), and p = p(6), corresponding to ae'e with
o = |a|, and pe'0 with p = \p\, respectively.

For functions u(a(0)) and u(a(0)) of tf1/2^), let
us introduce the boundary bilinear form of Steklov
type for exterior Laplace problem through the fol-
lowing formula:

(4) b(u,v) = \n\fn9n,

where /n , and gn, are continuous Fourier coefficients
of u(a.(8)), and i>(a(0)), respectively.

It is to be noted that the following fact:
1/ u(a(8)) is the boundary value on Fa of the

function u(r) satisfying the following boundary value
problem (E):

(E)

with

then

(5)

- A n

1 sup

b(u, v)

= 0 in
= ip on

\u\ < oo,

> = «(a(0)),

ne,

(In (5), dT is the curve element of F a . Namely

oT = ad6

in the polar coordinate expression.)
Fix a positive number p so as to satisfy 0 < p <

a. For a fixed positive integer N, set the points
Pj;, aj, 0 < j < N - 1, as follws:

&j — BL(6J), = p(6j) with 0 < p < a.

The points pj, and aJ; are said to be the source, and
the collocation, points, respectively. The arrange-
ment of the set of points of source points and collo-
cation points introduced as above is called the equi-
distant equally phased arrangement of source
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points and collocation points, hereafter in this
paper.

The CSM approximate form for b(u, v) of the first

type, which is denoted by b^(u,v), is represented

through the following formula (6):

(6)

Let

or

where u^^(r) , and v^N\r), are CSM-approximate

solutions for u(r), and v(r), satisfing (E) with if =

u(a.(6)), and (p = v(a.(9)), respectively. Namely

is determined through the following problem

N-l

3=0

N-l
= 0.

where the set of points {pj,a.j : 0 < j < TV — 1} is the

equi-distant equally phased arrangement of source

points and collocation points, and

Gj(r) = E(r - p3) - E{v), E(r) = - i - log r.

Problem (E^)) is to find N + 1 unkmowns g ,̂ 0 <

j < TV, and it is uniquely solvable for any fixed p e

(0,a).

The CSM approximate form for b(u, v) of the sec-
—(N)

b

(7) r\
j=o

which is the quadrature formula for b(N)(u,v) with

the use of trapezoidal rule.

We use the following notations:

b(v) =b{v,v)l>'\

T(N). . T(N) 1 / 2

6 (u) = o (v,v) ' .

Denote the totality of equi-distant piecewise lin-

ear continuous 27r-periodic functions (with JV nodal

points) v(&(6)) by V^:

— log 7
with 1=

P-.
a

Theorem 2 We have the following relation for

any v £ VN .

+ 2C(3) " 2 V ;

provided that N > N(j), where

oo 1

= E ̂

Theorem 3 For u,v € Vjv,

provided that N > N(j).

3. Proof of Theorem 2

For a fixed positive integer N, introduce sets of

integers Afr through

TV TV
Nr = {n : - — < n - Nr < —}

with

r = 0 ,±l ,±2, •••.

Define functions siN\j) of 7 G (0,1), 1 < n <

ond type, which is denoted by b (u,i>), is repre- ** •*•' through

sented through the following formula (7):

- L i-\
N—n—l

Proposition 1 For w, v 6 V}v, we

and

where

and

b (u,v) = 2?r

l < n < T V - l

Kn< N-l
j=Q
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and /„ , and #„ , are discrete Fourier coefficients

ofu(a.(0)), andv(a.(9)), respectively.

Using the representation of An , we obtain

Proposition 2 If N > N(j), then

An elemental calculus leads
Proposition 3 It holds

< a{9) < 1, -7T < 0 < n.

For r £ Z - {0}, we have

n

n + Nr <-w
Therefore

r = l

Hence the second inequality of the conclusion is valid,
while the 1st one is trivial by definition of b(u,v). •

Propositions 4 and 5 complete the proof of Theo-
rem 2.

Proposition 4 For v £ Vjv, we have

n€.Vo

n€JVo

provided that N >

Proof Due to Theorem 1 and Proposition 1, we

have

Propositions 2 and 3 imply the conclusion of Propo-
sition 4. Q

Proposition 5 For v £ Vjv, we

< b(v,v) <

2C(3))|27r T \n\\gn\A.

Proof Due to Corollary of Theorem 1, we have

\n\\9r.
n + Nr

with the following notaional convention:

n

n + Nr
= 1.

4. Proof of Theorem 3

P r o p o s i t i o n 6 For an integer n £ [l,N — 1],

define Bn through the following formula:

,\n+Np\_ 1I
j

Then we have

provided that N > N(>y).

Proof A lengthy but straightforward calculus leads
the conclusion. •

Proposition 7 For N > N(-y), we have

Proof Let

Then we have

and

S^(72)
2 '

A : ' =rn
2 -

Hence Proposition 6 implies the conclusion. D

The proof of Theorem 3 is now straightforward. In

fact, we have

n=r=0
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Hence it holds

1/2

Let N > N(j). Proposition 7 implies

Therefore we get

<8 7
2 x 2*

I

provided that N > TV (7). Due to Proposition 1 we

have the conclusion of Theorem 3.

5. Application to mathematical analysis of
an FEM-CSM combined method for exterior

Laplace problems

Fix a simply connected bounded domain O in the

plane. Assume that the boundary C of O is suffi-

ciently smooth. The exterior domain of C is denoted

by ft.

Fix a function / e L2(il) whose support, supp(/),

is bounded.

Choose a so large that the open disc Da may con-

tain the union O U supp(/) in its interior.

The following Poisson equation (E) is employed as

a model problem.

(E)
sup
|r|>a

-Au = /

u — 0

| | < oo.

in H,

on C,

The intersection of the domain S7 and the disc Da

is said to be the interior domain, denoted by fij :

iii = nnDa.

Consider the Dirichret inner product a(u, v) for

u,v £ Hl(fli) :

a(u, v) =
Jn,

gradu gradf

Since the trace jav on Fa is an element of Jf1/2(Fa)

for any v G //^(fij), the boundary bilinear form of

Steklov type b(u,v) is well defined for u,v & i71(f2i).

Therefore we can define a continuous symmetric bi-

linear form :

t(u, v) = a(u, v) + b(u, v)

foru,v e H^fli).
Let F(v) be a continuous linear functional on

Hl(Cti) defined through the following formula:

F(v) = f fv dtl.

A function space V is defined as follows:

V = {veH1(Qi):v = 0 on C} .

Using these notations, the following weak formu-

lation problem (II) is defined.

(n)
t(u,v) = F(v),
ue v.

Admitting the equivalence between the equation

(E) and the problem (II), we consider the problem

(II) and its approximate ones hereafter.

Fix a positive number p so as to satisfy 0 < p <

a. For a fixed positive integer TV, set the points

pj,aij,0 < j < N - 1, as in the equi-distant equally

phased arrangement of source points and collocation

points defined in Section 2.

A family of finite dimensional subspaces of V :

is supposed to have the following properties:

(VN - 1) VNC C(TU).

(VN - 2)

For any v € Vjy, v(a(8)) is an equi — distant

piecewise linear continuous2ir - periodic

function with respect to 9.

(VN - 3)
v6
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In the property (VN — 3), C is a constant indepen-

dent of N and v, and

a(v) = a(v,v)x/2, v £ V.

An explanation concerning a costruction method

of the family of spaces {V̂ v : N = N0,N0 + 1, • • •}

is added here. Let a polygonal domain Q\ be

an approximate domain of the interior domain Q{.

A triangulation of fl\ yields a standard piece-

wise linear continuous finite element space VN-

Adding a modification for triangles which have their

edges on the boundary of ii\ through the way of

curved element due to Zldmal[6] , we can change

VN to a space contained in C(Qi). A family

{VN : N = No, No + 1, • • •} which satisfies condition-

s (VN - 1), (VN - 2), (VN - 3), can be costructed

through the procedure just mentioned.

For u,v G H1(ni)nC(ili), we define bilinear forms

v) and t (u,v) as follows.

and

t (u,v) = a(u,v) + b (

Now two approximate problems

are stated as follows.

and (II )

veVN,

Let k be the length of the wave number vector.

Consider the following reduced wave problem (Ef) in

the exterior domain Ue of the circle F a with radius

a having the origin as its center.

(Ef)
lim

r—too

-Au- k2u = 0 in fle,

u = f o n r a ,
^ -iku] = 0.

In the above, / is a complex valued continuous func-

tion on F a .

The solution u = u(r) of the problem (Ef) is rep-

resented as

Jn

where fn is the continuous Fourier coefficient of the

function /(a(0)),

and Hn ( z ) is the n-th Hankel function of the first

kind.

The boundary bilinear form b(u, v) of Steklov type

corresponding to the problem (Ef) is given by the

following formula:

oo

b(u,v) = 2TT ] T fi\n\fngn,
7 1 = — OC

where for n = 0,1,2, •

dz n

With the aide of Theorems 2 and 3 and other nec-

essary discussions, we can show the following error

estimate.

Theorem 4 For a constant C, we have the fol-

lowing estimate.

I
\u — uN\\Hl(Q,)

In the above, the constant C is independent of the

solution u of (II) and N.

6. Reduced wave problem in the outside of
an open disc

7. FSM approximate problem for the
reduced wave problem in the outside of an

open disc

Fix a positive number p so as to satisfy 0 < p <

a. For a fixed positive integer TV, set the points

Pj,&j,0 < j < N — 1, as the equi-distant equally

phased arrangement of source points and collocation

points defind in Section 2.

An FSM, (foundamental solution method), ap-

proximate problem (E\ ') of the problem (Ef) is de-

fined through the following :

(Ef>)
= f(aj),0<3<N-l.
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We use basis functions Gj(r) in this problem repre-
sented as follows with the use of the constant multi-
ple of the foundamental solution of Helmholtz equa-
tion, H™(kr),

GJ(T) = H{
0

1](k\r - pe-i9 0 < j < TV - 1.

8. FSM approximate form for the boundary
bilinear form of Steklov type

Setting

we define for / € Z,

9i =

The two-sided infinite sequence {gi : I =
0, ±1, ±2, • • •} has the period TV. Further it is sym-
metric with respect to TV/2. A wave transmission
vector g € RN is defined through

And a wave transmission matrix G is defined
through

G = w*)o<j,/t<jv-i'

9jk=9k-j, 0<j,k<N-l.

It is to be noted that the matrix G is a complex
valued symmetric cyclic square matrix of order TV,
which is not hermitian symmetric. Namely we have

9jk=gkj, 0<j,k<N-l.

Noticing the collocation condition:

N-l

]T Gk(^)qk = /(a,),
ife=0

and the following identities:

= 9jk,

we see that the problem (E[ ) is represented as

(E) Gq = f,

where q and f are defined as follows.

\ / /(ao) \
/(ai)

f =

\QN-I/

Denote eigenvalues of the matrix G by Xj, 0 < j <
TV — 1. Then we have the following representation:

/=o

where
2TT

AT"
The eigenvector (pj of G corresponding to the eigen-
value Xj with the unit length is given by

The set of TV vectors {0j,O < j < TV - 1} forms an
orthogonal system of basis of C . All the eigenval-
ues of G differ from zero if and only if the matrix G
is regular. Therefore the problem (Ej ') is uniquely
solvable if and only if the following condition holds
good:

(8) 0 < j < TV - 1.

Hereafter the unique solvability condition (8) is as-
sumed.

The FSM approximate form for b(u, v) of the first
type, which is denoted by b(N^(u,v), is represented
through the following formula (9):

(9) or

where w^^(r), and i/N ' (r), are FSM-approximate
solutions for u(r), and v(r), satisfing (Ef) with / =
u(a(0)), and (Ef) with / = V(SL(6)), respectively.
Namely u ^ ( r ) is determined through the problem
(E(

{N)) with / = u(a(0)). In the right hand side of
(9), vW> is the complex cojugate of v^N^(r).

The FSM approximate form for b(u, v) of the sec-
—{N)

ond type, which is denoted by b (u,v), is repre-
sented through the following formula (10):

(10) b >.«) = - ^ dr
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which is the quadrature formula for b(N^(u, v) with

the use of trapezoidal rule.

Let Hj be the radial derivative towards the coor-

dinate origin of the function Gj(r) of the variable r.

Namely

Hj(r) =-j^

We define for / e Z,

) , 0 < j < N - 1.

hi = H0(ai).

The two-sided infinite sequence {hi : I =

0, ±1, ±2, • • •} has the period N. Further it is sym-

metric with respect to N/2. A wave derivative

vector h £ RN is defined through

And a wave derivative matrix H is defined

through
H =

hjk = hk-j, 0 < j , k < N - 1.

The matrix H is a complex valued symmetric cyclic

square matrix of order N.

Consider the value of the exterior normal deriva-

tive on the boundary Fa with respect to the exterior

domain fle of the solution u^ ' ( r ) of the problem

(E[ '). The value at the point r = â  is the j-th

component of the vector i/q. Namely, using q of the

problem (E) in this Section, we have

V

Now a matrix representation of FSM approximate

boundary bilinear form b (u, v) can be given in the

following Theorem 5.

Theorem 5 Let the function h(0) be defined

through the following formula:

For integers j = 0,1, • • •, N — 1, setting

k=0

let

Supposing the unique-solvability condition:

Aj ^ 0, 0 < j < N - 1,

put

c = G~ h = (cj)0<j<AT-i.

Defining the value of Cj for any integer j so as that

the sequemce Cj : j = 0, ± 1 , ± 2 , ••• may have the

period N, set

Then we have

where

u -

In Theorem 5, (Bu, vj is the usual inner product

i n C " .

It is to be noted that the following representations

hold.

(=0

N-l

The eigenvalue of the matrix B is given by the

following formula for an integer I with 0 < I < N — 1,

with the corresponding eigenvector (pi.

The following formula holds good as a spectral rep-

resentation of the FSM approximate boundary bilin-

ear form 6(u, v).

h = (hj)0<j<N-i.

n€A/"o

where /A , and <?„ , are the discrete Fourier coef-

ficients of the function f{6) = u(a(0)), and f(9) =

v(a.(6)), respectively.

9. FEM-FSM combined method for the
reducued wave probblem in the exterior of a

general scattering body
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Fix a simply connected bounded domain O in the
plane. Assume that the boundary C of O is sufficient-
ly smooth. The exterior domain of C is denoted by
fi. Let g be a function representing the plane wave
with the wave number vector (l,m). More precisely,
set

g(x, y) = el{lx+my), I2 + m2 = k2 .-

Consider the following reduced wave problem (E).

-Au - k2u = 0 in 11,
(E) \ u + g = 0 on C,

lim y/i" {jfj; — iku) = 0.

As in the case of Poisson equation in Section 5, the
intersection of the domain fi and the disc Da is said
to be the interior domain, denoted by fi;.

For complex valued functions ti,ti€ Hl(Qi), con-
sider the Dirichret inner product a(u,v) :

a(u, v) — / gradu gradi; dU,
Jiii

where v represents the complex conjugate of v. Fur-
ther L2 inner product for u,v G L2(Cli) is denoted
by m(u,v) :

m{u
Jn,

uv dil.

Since the trace jaV on Fa is an element of H 1/2(Fa)
for any v S H1 (fij), we can see the boundary bilinear
form of Steklov type b(u, v) is well defined for u, v 6
if1(f2i) (See, for example, Zebic[5] ). Therefore we
can define a continuous bilinear form :

t(u, v) = a(u, v) — k2m(u, v) + b(u, v)

for u, v £ i/1(f2i). Hereafter, denoting the function

space if1 (n<) by W, let

V = {v :v = 0 on C} .

With these notations, the following weak formula-
tion problem (II) is defined.

(n)
t(u,v)=0, veV,
u + g — 0 on C,
uGW.

Admitting the equivalence between the equation (E)
and the problem (II), we consider the problem (II)
and its approximate ones hereafter.

Fix a positive number p so as to satisfy 0 < p <
a. For a fixed positive integer N, set the points
Pj, aj, 0 < j < N — 1, as in the equi-distant equally
phased arrangement of source points and collocation
points denned in Section 2.

A family of finite dimensional subspaces of W,

is supposed to have the following properties:

(WN - 1) WN C ft

(WN - 2)
For any v G Wjv, v(a.(9)) is an equi — distant
piecewise linear continuousiir — periodic
function with respect to 6.

Define an approximate space VJV of V through

VN = WNn V.

For u,v e ), set

t (u,v) = a(u,v) — k2m(u,v) + b

Fix an element g^ of WN which coincides with g at
the nodal points on the interior boundary C.

Now we can set the following approximate problem

in1"')

-(N) —

t (uN,v) =0, v G VJV,
uN + 9N = 0 on C,
uN £ WN.

Thus we have formulated an FEM-FSM combined
method for the reduced wave problem in the exterior
of a general scattering body.

10. Spectral representation of the wave
transmission matrix G

Now the author is trying to find answers of the
following problems.

—(AT)

Unique solvability of the problem (II ).
Convergence of its solution uN to the genuine so-

lution u.
Estimate of the difference between uN and u.
The following is a preliminary consideration for

the first problem.
Applying Graf's addition theorem ([4] pp.359-361)

for the 0-th order Hankel function of the first kind
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to the present basis functions Gj, 0 < j < N — 1, we
obtain an analytical representation for the eigenval-
ues of the matrix G. Namely we have the following
Theorem 6.

Theorem 6 Define X3•,, 0 < j < N — 1, as follows.

where Jn{z), and Nn(z), are the n-th order Bessel,

and Neumann, functions, respectively, and

K — ka, 7 = - .
a

Then Xj, 0 < j < N - 1, are the eigenvalues of the

wave transmission matrix G. The eigenvector (pj

with the unit length corresponding to the eigenvalue

Xj is represented as

ft = ("Jk)O<k<N-l

From the above representation for the eigenvalues
of the matrix G, we have

= N X ^ Jj + Nr{K-)Jj+Nr{lK)-

The right hand side of the above equality with
yields

N X > 0.

Hence, for the fixed N, tending 7 sufficiently near to
1, we have that all the eigenvalues Xj, 0 < j < N — 1,
differ from zero, and that the wave transmission ma-
trix G is regular. The regularity of G would likely
hold good in more general setting. Under the as-
sumption of the regularity of G, we have the repre-
sentation formula for the solution of FSM approxi-
mate problem (E[ ') for the reduced wave problem
in the outside of an open disc in the following Theo-
rem 7.

Theorem 7 Assume the miique solvability condi-

tion:

A, / 0, 0 < j < N - 1.

Then the solution U^N^(T) of the problem (EJ- ') is

represented as follows.

N-l

j = 0

fiN) lfi [

Jj (N)j (ao)

jwhere / j ,0 < j < N — 1, are the discrete Fourier

coefficients of the function f(8) = u(a(6)), and

with

s=r-.
a

It is to be noted that the eigenvalues Xj of the
transmission matrix G is represented as
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