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Abstract

Several topics of the MHD stability studies in helical system plasmas are reviewed with respect to

the linear and ideal mode mainly. Difference of the method of the MHD stability analysis in helical

system plasmas from that in tokamak plasmas is emphasized. Lack of the cyclic (symmetric)

coordinate makes an analysis more difficult. Recent topic about TAE modes in a helical system is

also described briefly.
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3. Initial Value Code
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4. Ballooning Mode Equation
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\

- 3 6 -



A.H.Glasser

\ 04

5, a,

ttS X,
, (5,

ergodic

attracting

, caustics

- 3 7 -



5. TAE Mode (Toroidicity-induced shear Aifven Eigenmode)
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Abstract

New applications of multi-layer neural networks for numerical solution
methods were studied. It is quite in the nature of things that developing numerical
methods with higher efficiency and higher accuracy for solving large-scale problems
in the physics and the engineering fields is most important, nevertheless it is also
very important that numerical formulation of the problems can be carried out easily
or complicated constraining conditions often encountered in the real world can be
imposed easily. As a multi-layer neural network is a flexible mapping device
representing a continuous function, the learning process of the network can be
regarded as a solution process of partial differential equations or integral equations
which satisfies the above requirements.

Keywords: Neural Network, Differential Equation, Integral Equation, Collocation
Method, Computer Tomography

1. Introduction
Researches of artificial neural networks (hereafter neural networks) revived

in the 1980s and since then various kinds of problems are being studied intensively
[1-3]. Research themes of the neural networks are categorized as (1) the basic theory
of the neural network and problems relating to the biological neural network, (2)
development of new learning algorithms with high speed and high accuracy, and (3)
applications of the neural networks to real world problems.

As for the application to the scientific diagnostics and relating numerical
simulation requirement for high speed and nonlinear analysis methods for data
processing is increasing [4]. In relation with it we are aim ing at development of new
applications of the multi-layer neural network to the field of numerical
computation.

2. Neural network collocation method
Learning process of the multi-layer neural network(Fig.l) is to determine the

weights assigned to connections between neurons belonging to two adjacent layers
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so that the quantity representing the error of the output value from the target value
(the object function) is minimized. There are, therefore, various possibilities to

apply the neural network to different kinds of problems by choosing the object
function in accordance with the problems to be solved. In the usual applications of
the multi-layer neural networks a supervising dataset composed of many sets of
input data and corresponding output data is first prepared and the network is trained
so that the difference between the network output data and the supervising output
data is minimized. For this kind of training (learning) process the sum of squared
error of the network output data from the supervising output data is employed as
the object function to be minimized.

Input
Layer I Hidden Layers

Fig.l Structure of a multi-layer neural network

Output
Layer

When we use the multi-layer neural network for solving partial differential
equations indepndent variables and the unknown variables are employed as the
input variables and the output variables of the network, respectively. In this case, as
a matter of course, there are no supervising data for the unknown variables. The
object function of the network is, however, constructed as described in the following.
First, it should be noted that the output variables of the multi-layer neural network
can be expressed as analytical functions of the input variables, and, therefore,
derivatives of the functions with respect to the independent variables can be
expressed analytically. On the basis of the above fact the sum of the squared residuals
of the differential equations for collocation points chosen beforehand can be derived
instead of the sum of the squared errors of the unknown functions. After the
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completion of the learning process a mapping device is constructed, whose input
data and output data are the dependent variables and the unknown functions for the
present differential equations, respectively. For simplicity we consider a
three-layered neural network. The output variables yk (k=l,...K) are expressed
analytically as functions of the dependent variables x, (i=l,...I) as follows.

y. = £<<*£<*,+<> a)
7=1

where x, y, w, and c are the input variables, the output variables, the weights, and
the activation function (sigmoid function), in the respective order.

As described in the above this solution method is regarded as a kind of the
collocation methods. Two methods for imposing boundary conditons are
considered. Milligen, et al. imposed boundary conditions by using an object function
with penalty terms representing the conditions [5\ and Lagaris, et al. adopted a
method where the solution of the differential equations is composed of the output of
the network multiplied by appropriately prepared form factors and additional terms
satisfying the boundary conditions [6].

There are many unique features in this solution method which are not seen
in the conventional solution methods. The most important feature is that the
obtained solution is, virtually, not a numerical solution but an analytical solution.
Therefore, the solution is differentiable infinite times in the computational domain.
If one express a solution by using series of some orthogonal functions the solution
has the similar feature, but the solution by the neural network collocation method is
considered to be superior in expressing a function by a small set of variable
parameters. Secondly this method is essentially an element-free method, and it is
very easy to control locally the computational accuracy. Another important feature
is that a solution can be obtained easily even when initial conditions and/or
boundary conditions are not given on regular mesh points. This feature may be
utilized efficiently for a data assimilation problem. A weak point of this method is
that it requires, generally, a lot of computational time because a single solution
process corresponds to a single learning process of the neural network. Generally
speaking the computational cost of the learning by the error back-propagation
algorithm carried out on a conventional computer is considerably high and,
therefore, the solution method based on the neural network is disadvantageous.
However, for problems which require the above features of solution methods there
is a possibility that the neural network collocation method may be advantageously
used in comparison with the conventional solution methods. Moreover, there is
also a possibility that the computational cost may be reduced considerably by
employing higher order optimization algorithms instead of the error
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back-propagation method of the first order convergence.

2.1 Neural network collocation method
First, the differential equation to be solved is given as

Dy =£(*), xeQ (2)
As the analytical expression of the output variables is given in Eq.(l) for a
three-layered neural network, the derivatives of the output variables with respect to
the input variables are given as

axicfXm /=' ' = 1

By using these expressions the residuals of the differential equations can be expressed
analytically, and the object function of the neural network for solving the
differential equation (Eq.(2)) is given as

y=>f(x,w)

E = j{Df(x,w)-g(x)}2dx
To solve the equation we then discretize the above integral and the following

equations are obtained.

pattern

(6)

pattern

where pattern denotes each collocation point.

2.2 Treatment of boundary conditions
For simplicity we consider Dirichlet type boundary conditions given as

y(xh) = yt, xheT (7)
where b denotes the boundary. As described previously the object function for the

penalty method is given as

x)-~\2 ( 8 )

On the other hand, for the method using form factors the solution of the differential
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eauatios f is given by using the form factors and the output of the neural network fNN

and an additional term A as

/(*, w) = A(x) + H{x,]m (x,w)) (9)

A{xh) = yb (10)

H(xb,fNN(xb,w))=0 (11)

2.3 Numerical experiments
To investigate the applicability of the method several problems are solved by

the neural network collocation method. In the following we show two examples
among them where the Navier-Stokes equations are solved under different
boundary conditions.

The Navier-Stokes equations are given as

du du dP (d2u d2u) n . _ n . .
dx dy dx ydx dy )

d2v) n . o / 1 O_

^+^=0 inQ (12c)
dx d/

(1) Flow of sigmoidal stream lines in a square domain
Flow in a box with the following boundary conditions (Fig.2) is solved.

(u,v)= (AjSin'^O) x = -lni/<=[-l,0] (13)
(0,0) elsewhere

P(U)=0 (14)

• 4 4 -



(-1,1);

A

A

(1,1)

0,-1)

Fig.2 Computational domain

The boundary conditions were imposed by the method of form factors and
two numerical experiments by using different training algorithms, i.e., the
conventional error back-propagation method and the Gauss-Newton method (one of
nonlinear least square method) were carried out (Figs.3 and 4). The computational
times and accuracies are summarized in Table 1 for the above two numerical
experiments.

i I I I I i I ±

•0.5

Fig.3 Flow pattern obtained by the error back-propagation method.
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Fig.4 Flow pattern obtained by the Gauss-Newton method.

Table

Algorithm

Error

back prop

Gauss
Newton

1 Computational time and accuracy

Structure

1-12-1

1-12-1

No. of

training

patterns

121

121

No. of
executing
patterns

441

441

Iterations

10000

3

Average
residual

error

8.90x10"3

6.53xlO3

CPU time
h:m:s

00:02:08

00:00:11

(2) Problem of calculating the wall rule
To investigate if the neural network collocation method is applicable to the

problem where the behavior of the solution changes abruptly within the
computational domain we solved the Navie-Stokes equations in a flow channel
with a wavy wall (Fig.5).
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Fig.5 Computational domain for the wall rule problem.

In this computation the boundary conditions were imposed by the penalty method
for the wavy wall and by the method of form factors for the other boundaries. An
example of the result of the numerical experiment is shown in Figs.6 and 7.

0.2

-0.2
0.4 0.6 oe

Fig.6 An example of the result of the computation of wall rule (flow pattern).
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Fig.7 An example of the result of the computation of wall rule (horizontal
velocity profile at x=0.5)

3. CT image reconstruction by using a multi-layer neural network
Similarly as the previouslu described differential equation solver a

multi-layer neural network can be applicable for solving an integral equation by
employing the sum of the squared residuals of the integral equation as the object
function [7]. As a practical example we applied the method to the CT image
reconstruction from a small amount of projection data. This kind of CT image
reconstruction method is especially useful for data analyses in laboratory
experiments or in field observations because in these applications the number of
projection paths and their distribution are strongly limited the experimental or the
observational conditions in comparison with the medical applications where the CT
image reconstruction technique is extremely well-developed.

3.1 Formulation

We consider CT image reconstruction for the geometry given in Fig.8. Within
the 2 dimensional domain distribution of some quantity is given as f(x,y) and line
integrals of the quantity f along a path k is observed as

where n is noise with zero average value.
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Fig.8 Two dimensional domain where image is reconstructed.

3.2 Object function and training
The object function to be minimized is given as

where the line integral gm(rk,Ok) is evaluated by trapezoidal formula as

gNN(rk,ek) = jkf(x,y)<b - 5 > |

(16)

(17)

By using the above object function updating of the weights of the neural network is
carried out as

=-r-
JE

pNN

k=l i = l

K I

dw.
(18)

where y is the learning rate, and the training is carried out by semi-online mode.

3.3 Numerical experiments
As a test problem we tried to reconstruct the following double-peak Gaussian

distribution (Fig.9).
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f(x,y) = 7exp[-(* -18.5)2 / 7 - {y -13)2 / 22]

+ 2.5exp[-(x-12)2 / 1 2 - (y -13)2 / 22]
(19)

- 0-5

- • y

- -0.5

Fig.9 Birds eye view and contour plot of the function to be reconstructed

Two kinds of projection paths, i.e., the fan-beam projection paths and the

paralle-beam projection paths are adopted. The error of projection (line integral)

data Ep and the average function error Es are defined as

(20)

(21)

1 K

11
N

K

N

The neural network consisting of four layers with the structure, 2-12-12-1, is chosen
experimentaly. Numerical experiments for the following cases were carried out, i.e.,
(1) fan-beam projection paths of 30 x 30 = 900 without noise, (2) fan-beam projection
paths of 30 x 30 = 900 with 5 % noise, (3) asymmetric fan-beam projection paths of 15
x 30=450 without noise, and (4) paralle-beam projection paths of 30 x 30 = 900 without
noise. The last case was carried out to compare our result with (5) the result by the
widely usedfiltered back-projection (FBP) method. The contour plots, and the
correlation diagrams between the reconstructed and the original distributions,
corresponding to the above experimantal cases, (1),(4), and (5) are shown in Figs.
10-12. The errors of reconstructions are summarized in Table 2. From Figs. 11 and 12
the method by the neural network is superior to the FBP method for the image
reconstruction of small amount of projection data.
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Fig.lO Contour plot of the reconstructed image, and the correlation diagram
for the case of (1).

- 0.5

- 0 y

- -0,5

-1 -0.5 0.5

Fig.ll Bird's eye view and contour plot of the reconstructed image, and the
correlation diagram for the case of (4).
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Fig.12 Bird's eye view and contour plot of the reconstructed image, and the
correlation diagram for the case of (5).
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Table 2 Errors of image reconstructions corresponding to the above cases.
Method

Neural network

Neural network

Neural network

Neural network

FBP

Projection paths

Fan: 30 x 30

Fan: 30 x 30

Fan: 15 x 30

Parallel: 30 x 30

Parallel: 30 x 30

Noise

A <V0 /Q

O 0/
O To

r\ o/

0%

0%

Error of projection

data (ED)

0.0167

0.0578

0.0226

0.0192

-

Average function
error (E)

0.0191 (0.26%)

0.0341 (0.47 %)

0.0267 (0.37 %)

0.0219 (0.3 %)

0.143 (1.9 %)

By taking advantage of our method it can be applied to a large-scale image
reconstruction such as determination of the plasma density in the ionosphere or the
moisture density distribution in the air detected by the radio wave from satellite.
Conceptual diagram of the projection paths and an example of image reconstruction
is shown in Figs.13 and 14.

-1500km AlffliS 1500km

! 000km

600km

100km

500km

Fig.13 Conceptual diagram of the projection paths.

600

- 500

- 400

-500
100

-500
100

500

Fig.14 An example of image reconstruction. Projection paths: 10 x 50. Left:
Original, right: reconstructed. Average error: 3.0 %.
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4. Summary and conclusion
The results of our studies on the neural network collocation methodare

summarized as
(1) We carried out numerical experiments for several problems and attained

promising results.

(2) Because of the good generalzation(smoothing and interpolation) functions of
the neural network this method will be effectively applied to various kinds of
problems.

As for the CT image reconstruction method our studies are summarized as
(3) We carried out numerical experiments for several problems and attained

promising results.
(4) Because the numerical formulation of our method is very simple it can be

applied to problems of geometrically complicated objects.
(5) This method is effective for problems where only a small amount of projection

data or projection data from asymmetrically positioned paths is available.

(6) As long as the error-back-propagation is used as the learning algorithm the
computational cost is necessarily expensive and it is desirable that more efficient
learning algorithm is implemented.
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