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Abstract
This is the proceeding of " Study on Numerical Methods related to
Plasma Confinement " held in National Institute for Fusion Science. In
this workshop, theoretical and numerical analyses of possible plasma
equilibria with their stability properties are presented. There are also various
lectures on mathematical as well as numerical analyses related to the
computational methods for fluid dynamics and plasma physics.

Key Words: magnetohydrodynamics, MHD, plasma confinement, equilibrium,
stability analysis, helical system, resistive plasma, magnetic reconnection,
charge simulation method, neural networks, Newmark's method, Lyapunov
exponent, HTS plate, FEM-FSM combined method



11

T. Kako and T. Watanabe (Eds.)

Proceeding of 1999- Workshop on MHD Computations

"Study on Numerical Methods related to Plasma Confinement"

Nov. 1999



Preface

This volume contains 19 papers contributed at the 1999-Workshop on
MHD Computations held in Toki, November 8-10, 1999. This workshop was
held as one of the collaboration research projects of the National Institute of
Fusion Sciences (NIFS). This is also the continuation of the workshop
activity on numerical computations related to the thermonuclear fusion
research that has been continued for more than eighteen years by
researchers in plasma physics and applied mathematics.

The purpose of this workshop is to study various possible plasma
behaviors and its controllability in fusion research focused on LHD device in
NIFS. The main basic mathematical model treated in the workshop was
Magneto-Hydro-dynamics (MHD). There were also several lectures related
to various mathematical models of plasma such as kinematic models and
particle simulations.
There were more than 30 participants in the workshop, and we had 19

contributed talks under the following themes: 1) Study of plasma equilibria
and its stability analysis for helical system; 2) Study of various resistive
effect in plasma behavior; 3) Proposal of new numerical methods and
simulation techniques related to fluid dynamics and electromagnetism.
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Analytical Model of LHD Divertor Plasma

Tsuguhiro WATANABE

National Institute for Fusion Science,

Oroshicho, Toki, 509-5292 JAPAN

TEL: 81-0572-58-2283 FAX: 81-0572-58-2630 e-mail wata@mfs.ac.jp

Yutaka MATSUMOTO and Shun-ichi OIKAWA

Graduate. School of Engineering, Hokkaido University,

Kita-13, Nishi-8, Kitaku, Sapporo, 060-8628, JAPAN

Details of magnetic filed structure of LHD are shown. The connection length of divertor filed lines
are of the order of 10 km. Based on these characteristics of the peripheral magnetic filed structure, it is
proposed an analytical model for divertor plasma of LHD. Heat flow in chaotic field line region is analyzed
and criterion for detouched divertor plasma is obtained.

Keywords : LHD. divertor plamsa, detouched divertor. chaos, fractal, SOL plasma
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Construction of Generalized Magnetic Coordinates
by B-Spline Expansion

Michinari Kurata

Dept. of Energy Engineering and Science, Graduate School of Engineering, Nagoya University

and

Jiro Todoroki

National Institute for Fusion Science

Abstract

Generalized Magnetic Coordinates (GMC) are curvilinear coordinates (^,r|,Q, in which the magnetic field is

expressed in the form

B = VF(£ 77,0 x Vf + / / f ( £ 77)V£ x V77.

The coordinates are expanded in Fourier series in the toroidal direction and the B-spline function in other two

dimensions to treat the aperiodic model magnetic field. The coordinates are well constructed, but are influenced by the

boundary condition in the B-spline expansion.

Keywords:

generalized magnetic coordinates, GMC, magnetic flux coordinates, nested magnetic surface,

breaking of magnetic surfaces, magnetic islands, ABC magnetic field, B-spline expansion
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On Numerical Computation of Lyapunov Exponents

of Attractors in Free Boundary Problems*

Hitoshi IMAI1, Toshiki TAKEUCHI1, Shewli S. SHANTA2
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Abstract

In the paper a method for numerical computation of Lyapunov exponents of attractors in
free boundary problems is presented. For one-dimensional free boudary problems it facilitate
the derivation of ODE systems which are very useful in the concrete analysis. It is applied
to a free boundary problem with some parameters. Various attractors are found numerically
and their Lyapunov exponents are computed.

Key Words : free boundary, chaos, attractor, spectral method, Lyapunov exponent

1 Introduction

Free boundary problems are boundary value problems defined on domains whose bound-
aries are unknown and must be determined as the solution. Due to nonlinearity they easily
involve chaotic phenomena. Free boundary problems are very important from the practical
view point, so investigation of chaotic phenomena is very important.

The investigation is carried out via analysis of bifurcation and attractors. Bifurca-
tion phenomena in a free boundary problem related to natural convection were analyzed
numerically[9]. Attractors in free boundary porblems were analyzed theoretically[1]. Such
attractors are considered in the infinite-dimensional space. It is very difficult to carry out
their concrete analysis.

*This work is partially supported by Grant-in-Aid for Scientific Research(Nos. 09440080 and 10354001).
This work is also a collaboration with CCSE of Japan Atomic Energy Research Institute.
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Attractors of the ODE system is very important. This is because it is useful for concrete
analysis[7]. Numerical computation of Lyapunov exponents is easily carried out. If there
exist positive Lyapunov exponents, chaotic phenomena exist. However, it is very difficult
to derive the ODE system which approximates the PDE system describing a free boundary
problem with chaotic phenomena.

In the paper a method for numerical computation of attractors in free boundary problems
and their Lyapunov exponents is presented. To see the procedure of the method it is applied
to a free boundary problem with some parameters which is of the type of a two-phase Stefan
problem. The method consists of SCM( Spectral Collocation Method) and the fixed domain
method. For one-dimensional free boudary problems it facilitate the derivation of ODE
systems.

2 Test problem

We consider the following one-dimensional free boundary problem with some parameters.

Problem 1. For parameters la*!, |/3|, |so| < 1, 0 < r < 1, q and a;*, find w±(x,i) and
s(t) such that

u f ( x , t ) = v £ x ( x , t ) + g ± ( x , t ) , 0 < t , 0 < x < s ( t ) ,

u ± ( T l , t ) = ft±(i) , 0<t,

M±(s(t),t) = 0, 0 < t,

u+(x,0) = u+(x), - 1 < x < s0,

u~(x,0) — u~(x), s0 < x < 1,

-s{t) = -k+(t)u+{s{t),t) + k-{t)u-{s(t),t), 0 < t,

s{0) = s0

where

^(t) = r + 1 - r) l—r /?cost,
w v ; 2 i l + aisinf

^(t) = ±l + a±sin(u±t),

o (x, t) = q < ±— —(x — (3sin ̂ , _̂ .
y v ' ' y \ ( l± /?s in i ) 2 v H ' l± /?s in ;

u+(x) = a(x — So)2 + «(SQ + l ) (x — SQ)
so

u~(x) = b{x - s0)2 + 6(s0 - l)(x - s0)
2 i / ^ . \ / \ ^

So — 1
Parameters a, b should be determined such that u+{x) > 0, u~(x) < 0.

Remark. For a — b = so = r = 0, a** = 1 and 9 = 1, there are exact solutions as follows:

s(t) = sp(t) = ftsmt,

i±sp(ty

- 2 2 -



3 Our method

In analysis of chaotic phenomena attractor plays an very important role. Attractors
in free boundary porblems were analyzed theoretically[l]. Such attactors are considered in
the infinite-dimensional space. It is very difficult to carry out concrete analysis to such
attractors.

Attractors of the ODE system is very useful for concrete analysis. However, it is very
difficult to derive the ODE system which approximates the PDE system describing a free
boundary problem with chaotic phenomena.

In this section a method is presented. It consists of the fixed domain method and the
spectral (collocation) method. To see its procedure it is applied to Problem 1.

3.1 Spectral collocation method
The spectral methods are superior in accuracy[3]. In particular, SCM (Spectral Colloca-

tion Method) is preferable to nonlinear problems.
In the paper, SCM using Chebyshev Polynomials and Chebyshev-Gauss-Lobatto case's

collocation points is used. A function u(x) in [—1,1] is approximated by the N the order
Chebyshev Polynomials as follows:

Tk(x) — cos (fc arccosx).

2 " 1
uic = > —i

There is an

where

u(x) --
N

= ^ « J i Tk{x)
fc=0

inversion formula

Uj =

~r I 2 '
Cj = 1,

N

-- J^UkTkixj),
ifc=0

othewise '
i l ? _ o 1 ... N

\ N' J ~ ' ' '

{XJ} is called Chebyshev-Gauss-Lobatto case's collocation points. Derivatives at the collo-
cation points are easily computed from {UJ}. These mean that it is easy to increase the
order of the approximatin by increasing the number of collocation points. This feature is
quite remarkable and different from other discretization mthods. By using this feature we
developed IPNS( Infinite-Precision Numerical Simulation )[5, 6]. The application of SCM is
similar to that of FDM. So, it is easily applied to the nonliear system.

3.2 Fixed domain method
SCM can not be applied directly to free boundary problems due to the unknown shape

of the domain. To avoid this difficulty, we use the fixed domain method[4, 8, 9]. Mapping
functions are introduced for mapping the unknown domain to the fixed rectangular domain.

We use the following variable transformation : (x,t) —> (£,i) such that

t = t(i) =i, 0 < t,

- l ) + l, 0<t,
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Using these mapping functions, we define
~s(t) = s(t(t)), u+(Z,i) = u+(x(£,t),t(t)), u~(H,t) = u-(x

Then, Problem 1 is transformed in the following fixed boundary problem.

Problem 2. Find ^(£,1) and s{t) such that

\S(T) + 1)

1 + /3sint J

l + a+sin{uj+t), 0<t,

0, 0 < i,

, t)

+

cosb
(1 — o;~ sini)3cost 1

= 0, 0 < i,

= -l + a~sin(u}~i), 0 < i,

5(0) = s0-

3.3 ODE system
Numerical computation of attractors can be carried out by the applicaiton of SCM

in space and time[4] to Problem 2. However, this procedure is not proper for numerical
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computation of Lyapunov exponents. The derivation of the ODE system is necessary. The
ODE system is very important not only in numerical computation of Lyapunov exponents
but also in theoretical analysis. For its derivation SCM not in time but in space is applied.

In the paper the order of the approximation in space Nx is fixed to be 2. Of course,
it is very easy to increase Nx. This means original attractors of the PDE system can be
approximated arbitrarily by the method. So, the method is very important from the theo-
retical view point. After the application of SCM in space with Nx = 2 the ODE system for
parameters <? = 0, r = 1, a ± = /3 = O.5is derived as follows.

Problem 3. Find ^(t) and s(t) such that

JtU+{t) = -8(s(0 + l)
2 ) (S l n (W+*) + 2 )

{s{t)+l) +(*) - S l n (W+*) - 2 ) ' * > 0 '

Jtu'{t) = ~8(s(i)*-i) (8u+( t ) " s i n {co+t) ~ 2) (sin (w~f) ~ 2)Jt ( ( )

~ s i n

- sin

+ 2 ) (s in ( w ~ ^ ~

2) , « > 0,

2 )

«+(0) = i*o, u~(0) = UQ, S (0 ) = so-

Here it+(i) and u (t) represent u+(s"'2 * ,t) and u (—|^-, t), respectively. For the other
parameters the derivation of the ODE syste is same.

3.4 Transformation into the autonomous system

The ODE system in Problem 3 is not autonomous. So, transformation into the au-
tonomous system is necessary for numerical computation of Lyapunov exponents. It can be
done by introducing a new parameter 6[2]. Then, Problem 3 is transformed into the following
problem.

Problem 4. Find i r^t) , s(t) and 0(t) such that

+(t) ~ sin+ 1) 6(t)) - 2) (sin (u+9(t)) + 2)

y _ 1} (8iT(t) - sin (u-9(t)) + 2) (sin (u+6(t)) + 2)

- 2 5 -



2) , t > 0,

I--")

d

sin
- 2) (sin (""'(*)) - 2)

(8ti-(«) - sin (uT0(i)) 4- 2) (sin (u-0(t)) - 2)

2) ' ' > °'- s i n

- s i n 2 ) '

-r9(t) = 1

0(0) = 0.

U +(0) = l4, U"(O) = UQ, S(O) = S0-

4 Numerical results

In this section, numerical results are shown.
Fig. 1 shows numerical results for q = 1, r = 0, a^ = fi = 0.5, a = b = 0, CJ* = 1.

For So = 0 exact solutions are known as in Remark and they are periodic. Fig.l (a) shows
numerical solutions are very satisfactory in accuracy. Unfortunately, Fig.l (b) shows these
solutions are not attractors.

(a) so = O (b) s0 = 0.1

Fig.l. Numerical results in the (s, s) plane for q = 1, r = 0, a^ = (3 = 0.5,
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Fig.2 shows attractors in the (s, s) plane for q = 1, r = 1, w± = 1. In these cases there
are no exact solutions. Numerical solutions converge to the attractors. Fig.2 (a) shows in
this case the attractor is a closed curve. This means periodic solutions are stable. Fig.2 (b)
shows in this case the attractor is a fixed point. This means the steady state is stable.

(a) <** = /? = 0.5, a = 6 = 0 (b) a* = (3 = 0

Fig.2. Attractors in the (s,s) plane for q — 1, r = 1, a;± = 1.

Fig.3 shows the attractors in the solution space (u+, u , s). Fig.3 (a) shows the same
attractor in Fig.2 (a). Fig.3 (b) shows in this case the attractor is a torus.

-0 1
-0.2
-0.3
-04
-0.5

u

(a) q=\, (b) q = 0, u+ = 1, u)~ = 10\/2

Fig.3. Attractors in the solution space for r = 1, a ± = (5 = 0.5, a = b = 0.

Figs. 4 and 5 shows attractors and Lyapunov exponents. Attractors are computed from
Problem 3. The exponents are computed from both Problem 4 and its linearized problem.
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0.2

U

Fig.4. Attractor in the solution space for q = 0, r = 1, a* = /? - 0.5, a - b - 0 w
Lyapunov exponents : A! = -1.360, A2 = -6.712, A3 = -19.13, A4 = 0.000

0.4
0.3
0.2
0.1

0
-0.1
-0.2
-0.3
-0.4

0.8 0.7 0.6 0.5 0.4 0.3 0.2

u

Fig.5. Attractor in the solution space for q = 0, r = 1, a* - /? - 0.5, a -
u+ = 1, u~ = \ /2. Lyapunov exponents : Ai = -1.289, A2 = -7.228,

- 0,

A3 = -15.75, A4 = 0.000

A4 = 0.000 is due to the artificial parameter 9 which is introduced in the transformation into

the autonomous system.
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5 Conclusion

In the paper a method for numerical computation of attractors in free boundary prob-
lems and their Lyapunov exponents is presented. The method consists of SCM( Spectral
Collocation Method) and the fixed domain method. To see the procedure of the method it is
applied to a free boundary problem with some parameters which is of the type of a two-phase
Stefan problem. Various attractors are found numerically and their Lyapunov exponents are
computed.

For one-dimensional free boudary problems the method facilitate the derivation of ODE
systems which approximate PDE system describing free boundary problems. SCM is used
in the methos, so original attractors of the PDE system can be approximated arbitrarily.
This means the method plays a very important role in theoretical analysis.
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Abstract

Several topics of the MHD stability studies in helical system plasmas are reviewed with respect to

the linear and ideal mode mainly. Difference of the method of the MHD stability analysis in helical

system plasmas from that in tokamak plasmas is emphasized. Lack of the cyclic (symmetric)

coordinate makes an analysis more difficult. Recent topic about TAE modes in a helical system is

also described briefly.

Keywords
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5. TAE Mode (Toroidicity-induced shear Aifven Eigenmode)
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Abstract

New applications of multi-layer neural networks for numerical solution
methods were studied. It is quite in the nature of things that developing numerical
methods with higher efficiency and higher accuracy for solving large-scale problems
in the physics and the engineering fields is most important, nevertheless it is also
very important that numerical formulation of the problems can be carried out easily
or complicated constraining conditions often encountered in the real world can be
imposed easily. As a multi-layer neural network is a flexible mapping device
representing a continuous function, the learning process of the network can be
regarded as a solution process of partial differential equations or integral equations
which satisfies the above requirements.

Keywords: Neural Network, Differential Equation, Integral Equation, Collocation
Method, Computer Tomography

1. Introduction
Researches of artificial neural networks (hereafter neural networks) revived

in the 1980s and since then various kinds of problems are being studied intensively
[1-3]. Research themes of the neural networks are categorized as (1) the basic theory
of the neural network and problems relating to the biological neural network, (2)
development of new learning algorithms with high speed and high accuracy, and (3)
applications of the neural networks to real world problems.

As for the application to the scientific diagnostics and relating numerical
simulation requirement for high speed and nonlinear analysis methods for data
processing is increasing [4]. In relation with it we are aim ing at development of new
applications of the multi-layer neural network to the field of numerical
computation.

2. Neural network collocation method
Learning process of the multi-layer neural network(Fig.l) is to determine the

weights assigned to connections between neurons belonging to two adjacent layers
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so that the quantity representing the error of the output value from the target value
(the object function) is minimized. There are, therefore, various possibilities to

apply the neural network to different kinds of problems by choosing the object
function in accordance with the problems to be solved. In the usual applications of
the multi-layer neural networks a supervising dataset composed of many sets of
input data and corresponding output data is first prepared and the network is trained
so that the difference between the network output data and the supervising output
data is minimized. For this kind of training (learning) process the sum of squared
error of the network output data from the supervising output data is employed as
the object function to be minimized.

Input
Layer I Hidden Layers

Fig.l Structure of a multi-layer neural network

Output
Layer

When we use the multi-layer neural network for solving partial differential
equations indepndent variables and the unknown variables are employed as the
input variables and the output variables of the network, respectively. In this case, as
a matter of course, there are no supervising data for the unknown variables. The
object function of the network is, however, constructed as described in the following.
First, it should be noted that the output variables of the multi-layer neural network
can be expressed as analytical functions of the input variables, and, therefore,
derivatives of the functions with respect to the independent variables can be
expressed analytically. On the basis of the above fact the sum of the squared residuals
of the differential equations for collocation points chosen beforehand can be derived
instead of the sum of the squared errors of the unknown functions. After the
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completion of the learning process a mapping device is constructed, whose input
data and output data are the dependent variables and the unknown functions for the
present differential equations, respectively. For simplicity we consider a
three-layered neural network. The output variables yk (k=l,...K) are expressed
analytically as functions of the dependent variables x, (i=l,...I) as follows.

y. = £<<*£<*,+<> a)
7=1

where x, y, w, and c are the input variables, the output variables, the weights, and
the activation function (sigmoid function), in the respective order.

As described in the above this solution method is regarded as a kind of the
collocation methods. Two methods for imposing boundary conditons are
considered. Milligen, et al. imposed boundary conditions by using an object function
with penalty terms representing the conditions [5\ and Lagaris, et al. adopted a
method where the solution of the differential equations is composed of the output of
the network multiplied by appropriately prepared form factors and additional terms
satisfying the boundary conditions [6].

There are many unique features in this solution method which are not seen
in the conventional solution methods. The most important feature is that the
obtained solution is, virtually, not a numerical solution but an analytical solution.
Therefore, the solution is differentiable infinite times in the computational domain.
If one express a solution by using series of some orthogonal functions the solution
has the similar feature, but the solution by the neural network collocation method is
considered to be superior in expressing a function by a small set of variable
parameters. Secondly this method is essentially an element-free method, and it is
very easy to control locally the computational accuracy. Another important feature
is that a solution can be obtained easily even when initial conditions and/or
boundary conditions are not given on regular mesh points. This feature may be
utilized efficiently for a data assimilation problem. A weak point of this method is
that it requires, generally, a lot of computational time because a single solution
process corresponds to a single learning process of the neural network. Generally
speaking the computational cost of the learning by the error back-propagation
algorithm carried out on a conventional computer is considerably high and,
therefore, the solution method based on the neural network is disadvantageous.
However, for problems which require the above features of solution methods there
is a possibility that the neural network collocation method may be advantageously
used in comparison with the conventional solution methods. Moreover, there is
also a possibility that the computational cost may be reduced considerably by
employing higher order optimization algorithms instead of the error
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back-propagation method of the first order convergence.

2.1 Neural network collocation method
First, the differential equation to be solved is given as

Dy =£(*), xeQ (2)
As the analytical expression of the output variables is given in Eq.(l) for a
three-layered neural network, the derivatives of the output variables with respect to
the input variables are given as

axicfXm /=' ' = 1

By using these expressions the residuals of the differential equations can be expressed
analytically, and the object function of the neural network for solving the
differential equation (Eq.(2)) is given as

y=>f(x,w)

E = j{Df(x,w)-g(x)}2dx
To solve the equation we then discretize the above integral and the following

equations are obtained.

pattern

(6)

pattern

where pattern denotes each collocation point.

2.2 Treatment of boundary conditions
For simplicity we consider Dirichlet type boundary conditions given as

y(xh) = yt, xheT (7)
where b denotes the boundary. As described previously the object function for the

penalty method is given as

x)-~\2 ( 8 )

On the other hand, for the method using form factors the solution of the differential
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eauatios f is given by using the form factors and the output of the neural network fNN

and an additional term A as

/(*, w) = A(x) + H{x,]m (x,w)) (9)

A{xh) = yb (10)

H(xb,fNN(xb,w))=0 (11)

2.3 Numerical experiments
To investigate the applicability of the method several problems are solved by

the neural network collocation method. In the following we show two examples
among them where the Navier-Stokes equations are solved under different
boundary conditions.

The Navier-Stokes equations are given as

du du dP (d2u d2u) n . _ n . .
dx dy dx ydx dy )

d2v) n . o / 1 O_

^+^=0 inQ (12c)
dx d/

(1) Flow of sigmoidal stream lines in a square domain
Flow in a box with the following boundary conditions (Fig.2) is solved.

(u,v)= (AjSin'^O) x = -lni/<=[-l,0] (13)
(0,0) elsewhere

P(U)=0 (14)
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(-1,1);

A

A

(1,1)

0,-1)

Fig.2 Computational domain

The boundary conditions were imposed by the method of form factors and
two numerical experiments by using different training algorithms, i.e., the
conventional error back-propagation method and the Gauss-Newton method (one of
nonlinear least square method) were carried out (Figs.3 and 4). The computational
times and accuracies are summarized in Table 1 for the above two numerical
experiments.

i I I I I i I ±

•0.5

Fig.3 Flow pattern obtained by the error back-propagation method.
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Fig.4 Flow pattern obtained by the Gauss-Newton method.

Table

Algorithm

Error

back prop

Gauss
Newton

1 Computational time and accuracy

Structure

1-12-1

1-12-1

No. of

training

patterns

121

121

No. of
executing
patterns

441

441

Iterations

10000

3

Average
residual

error

8.90x10"3

6.53xlO3

CPU time
h:m:s

00:02:08

00:00:11

(2) Problem of calculating the wall rule
To investigate if the neural network collocation method is applicable to the

problem where the behavior of the solution changes abruptly within the
computational domain we solved the Navie-Stokes equations in a flow channel
with a wavy wall (Fig.5).
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(0,1)

(0,0) c,

4

t (1,0)

Fig.5 Computational domain for the wall rule problem.

In this computation the boundary conditions were imposed by the penalty method
for the wavy wall and by the method of form factors for the other boundaries. An
example of the result of the numerical experiment is shown in Figs.6 and 7.

0.2

-0.2
0.4 0.6 oe

Fig.6 An example of the result of the computation of wall rule (flow pattern).
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Fig.7 An example of the result of the computation of wall rule (horizontal
velocity profile at x=0.5)

3. CT image reconstruction by using a multi-layer neural network
Similarly as the previouslu described differential equation solver a

multi-layer neural network can be applicable for solving an integral equation by
employing the sum of the squared residuals of the integral equation as the object
function [7]. As a practical example we applied the method to the CT image
reconstruction from a small amount of projection data. This kind of CT image
reconstruction method is especially useful for data analyses in laboratory
experiments or in field observations because in these applications the number of
projection paths and their distribution are strongly limited the experimental or the
observational conditions in comparison with the medical applications where the CT
image reconstruction technique is extremely well-developed.

3.1 Formulation

We consider CT image reconstruction for the geometry given in Fig.8. Within
the 2 dimensional domain distribution of some quantity is given as f(x,y) and line
integrals of the quantity f along a path k is observed as

where n is noise with zero average value.
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g(r,6)
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Fig.8 Two dimensional domain where image is reconstructed.

3.2 Object function and training
The object function to be minimized is given as

where the line integral gm(rk,Ok) is evaluated by trapezoidal formula as

gNN(rk,ek) = jkf(x,y)<b - 5 > |

(16)

(17)

By using the above object function updating of the weights of the neural network is
carried out as

=-r-
JE

pNN

k=l i = l

K I

dw.
(18)

where y is the learning rate, and the training is carried out by semi-online mode.

3.3 Numerical experiments
As a test problem we tried to reconstruct the following double-peak Gaussian

distribution (Fig.9).
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f(x,y) = 7exp[-(* -18.5)2 / 7 - {y -13)2 / 22]

+ 2.5exp[-(x-12)2 / 1 2 - (y -13)2 / 22]
(19)

- 0-5

- • y

- -0.5

Fig.9 Birds eye view and contour plot of the function to be reconstructed

Two kinds of projection paths, i.e., the fan-beam projection paths and the

paralle-beam projection paths are adopted. The error of projection (line integral)

data Ep and the average function error Es are defined as

(20)

(21)

1 K

11
N

K

N

The neural network consisting of four layers with the structure, 2-12-12-1, is chosen
experimentaly. Numerical experiments for the following cases were carried out, i.e.,
(1) fan-beam projection paths of 30 x 30 = 900 without noise, (2) fan-beam projection
paths of 30 x 30 = 900 with 5 % noise, (3) asymmetric fan-beam projection paths of 15
x 30=450 without noise, and (4) paralle-beam projection paths of 30 x 30 = 900 without
noise. The last case was carried out to compare our result with (5) the result by the
widely usedfiltered back-projection (FBP) method. The contour plots, and the
correlation diagrams between the reconstructed and the original distributions,
corresponding to the above experimantal cases, (1),(4), and (5) are shown in Figs.
10-12. The errors of reconstructions are summarized in Table 2. From Figs. 11 and 12
the method by the neural network is superior to the FBP method for the image
reconstruction of small amount of projection data.
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0.5
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-0.5

-0.5 05 1 2 3 4 5 G T
tma ttmirifcuttor

Fig.lO Contour plot of the reconstructed image, and the correlation diagram
for the case of (1).

- 0.5

- 0 y

- -0,5

-1 -0.5 0.5

Fig.ll Bird's eye view and contour plot of the reconstructed image, and the
correlation diagram for the case of (4).

i ; • ' ! ' i - ; ! i ) : :

0.5

0 y

-0.5

-1 -0.5 0 0.5 (ruadUilrtaitlon

Fig.12 Bird's eye view and contour plot of the reconstructed image, and the
correlation diagram for the case of (5).
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Table 2 Errors of image reconstructions corresponding to the above cases.
Method

Neural network

Neural network

Neural network

Neural network

FBP

Projection paths

Fan: 30 x 30

Fan: 30 x 30

Fan: 15 x 30

Parallel: 30 x 30

Parallel: 30 x 30

Noise

A <V0 /Q

O 0/
O To

r\ o/

0%

0%

Error of projection

data (ED)

0.0167

0.0578

0.0226

0.0192

-

Average function
error (E)

0.0191 (0.26%)

0.0341 (0.47 %)

0.0267 (0.37 %)

0.0219 (0.3 %)

0.143 (1.9 %)

By taking advantage of our method it can be applied to a large-scale image
reconstruction such as determination of the plasma density in the ionosphere or the
moisture density distribution in the air detected by the radio wave from satellite.
Conceptual diagram of the projection paths and an example of image reconstruction
is shown in Figs.13 and 14.

-1500km AlffliS 1500km

! 000km

600km

100km

500km

Fig.13 Conceptual diagram of the projection paths.

600

- 500

- 400

-500
100

-500
100

500

Fig.14 An example of image reconstruction. Projection paths: 10 x 50. Left:
Original, right: reconstructed. Average error: 3.0 %.
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4. Summary and conclusion
The results of our studies on the neural network collocation methodare

summarized as
(1) We carried out numerical experiments for several problems and attained

promising results.

(2) Because of the good generalzation(smoothing and interpolation) functions of
the neural network this method will be effectively applied to various kinds of
problems.

As for the CT image reconstruction method our studies are summarized as
(3) We carried out numerical experiments for several problems and attained

promising results.
(4) Because the numerical formulation of our method is very simple it can be

applied to problems of geometrically complicated objects.
(5) This method is effective for problems where only a small amount of projection

data or projection data from asymmetrically positioned paths is available.

(6) As long as the error-back-propagation is used as the learning algorithm the
computational cost is necessarily expensive and it is desirable that more efficient
learning algorithm is implemented.

References
1. R. Beale, T. Jackson, Neural Computing: An Introduction (Bristol, IOP

Publishing, 1990).
2. Raul Rojas, Neural Network: A Systematic Introduction (Berlin, Springer,

1996).
3. Kelvin Swingler, Applying Neural Networks: A Practical Guide (London,

Academic Press, 1996).

4. Chris M. Bishop, Neural networks and their applications, Review of Scientific
Instruments 65 (1994) 1803 -1833.

5. B.Ph. van Milligen, et alv Phys. Rev. Letters 75 (1995) 3594.
6. I.E. Lagaris, et al., Artificial neural network for solving ordinary and partial

differential equations, Preprint 15-96, Department of Computer Science, Univ.
of Ionnia (1996).

7. X.F. Ma, M. Fukuhara, T. Takeda, Neural network CT image reconstruction
method for small amount of projection data, Nuclear Instruments and
Methods for Physics Research A, to be published (2000).

- 5 3 -



JP0155017

A New Scheme for MHD Stability Analysis
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Naka-machi, Naka-gun, Ibaraki, 311-0193, JAPAN

Abstract
A new scheme is presented to solve numerically inner layer equations that arise in the
asymptotic matching theory on MagnetoHydroDynamic (MHD) stability of magnetically
confined plasmas. The new scheme solves the inner layer equations as an initial value
problem. The full implicit finite difference approximation for time yields the differential
equations only with the radial variable. The differential equations thus derived are to be
solved with the given asymptotic conditions at infinity. This asymptotic matching problem
is transformed into a boundary value problem for which finite difference methods are well
established. The present method allows for simulation of the inner layer dynamics, such
as the evolution of magnetic islands, without solving the equations of motion in the whole
plasma region.

Keywords: resistive MHD stability, asymptotic matching, inner layer equation, evolution
equaton, finite difference method, tokamak
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Abstract
When the eigenvalue problem of the linearized MHD equation is solved by using finite element

methods, whether energy integrals are exactly carried out or not affects the convergence properties of

eigenvalues. If the energy integrals are exactly carried out, the eigenvalue of the most violent insta-

bility(the lowest eigenvalue) is approximated from "above", i.e., the approximated eigenvalue decreases

towards the true eigenvalue as the number of elements increases. If the energy integrals are estimated

by Gaussian quadrature formulas of which errors are the same order as the errors by the finite element

method, the lowest eigenvalue is approximated from "below".

1 Introduction

The study of MHD stability is one of the most significant subjects in the magnetic confinement fusion

research. The ideal linearized MHD equation has been extensively studied by many authors because the

most violent instabilities are described by this equation; lots of codes have been constructed [1, 2, 3, 4, 5].

In these codes, finite element methods have been applied.

Most of the MHD spectrum analyzing codes utilize numerical integrations, e.g., Gaussian quadrature

formulas, to evaluate energy integrals. There are a number of several reasons for this. One may be that

coefficients in the integrand of the energy integrals are not constant in most cases. Another reason may

be that the physical quantities derived by equiliblium codes are numerically given in actual stability

calculations. The use of such a quadrature formula is a kind of variational crimes; most of theories of

finite element methods depend on an assumption that energy integrals are carried out exactly.
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The use of quadrature formulas brings errors into the approximated eigenvalue in addition to primary

errors by the finite element method. When the errors caused by the quadrature formulas are much smaller

than the primary errors by the finite element method, the effects of the numerical integrations are not

substantial; the lowest eigenvalue is approximated from above [6], i.e., the approximated eigenvalue

decreases towards the true eigenvalue as the number of elements increases. When the errors by the

quadrature formulas are of the same order of the errors by the finite element method, the convergence

properties of eigenvalues would be much affected, and the lowest eigenvalue is not always approximated

from above. In most calculations by ERATO code [1, 2, 7] or CAS3D code [5] code, the lowest eigenvalue

is approximated from below, i.e., the approximated eigenvalue increases towards the true eigenvalue as

the number of elements increases. This may be explained by the feature of the Gaussian quadrature

formulas used by these codes.

In this article, we shall investigate the effects of the Gaussian quadrature formulas, of which errors

are of the same order of the primary errors by the finite element method, to the convergence property

of the lowest eigenvalue.

2 Eigenvalue Probrem of Ideal Linearized MHD Equation

We consider torus plasma configurations with magnetic surfaces which do not intersect each other.

The magnetic surfaces are labeled by ip, tjj = 0 being the magnetic axis, and xp = 1 plasma surface. Let

X be the vector concerned with the plasma displacement vector normal to the magnetic surface, and Y

the vector in the magnetic surface; the combined vector Z is defined by Z = (X,Y). When the vector

Z is expanded into Fourier series with respect to poloidal and toroidal angles, the Lagrangian for the

eigenvalue problem of the ideal linearized MHD equation is written in the following quadratic form [8]

a[Z] = (1)

where

r /H

D C»

C2 A2 i

C^ '

A22

X

X

, \

and

b[Z]= / (
Jo

(2)

(3)

Here the prime in eq.(2) indicates the derivative with respect to ip and the superscript H refers the

Hermitian conjugate. The coefficients D,A22,Bi and B2 are Hermitian and positive definite matrices;

An is a Hermitian matrix. It is assumed that coefficients in eqs.(2) and (3) are sufficiently smooth.

The quadratic form a[Z] is continuous and coercive; b[Z] is continuous and positive definite, so that

the eigenvalue A is real and bounded to below. The plasma is bounded by a conducting shell, so that

the boundary conditions are expressed by X(0) = 0 and -X"(l) = 0. Whether the plasma is stable or

unstable depends on the sign of the lowest eigenvalue of eq.(l). If there are no negative eigenvalues, the
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plasma is stable; If the lowest eigenvalue is a negative value, the plasma becomes unstable. In this paper

we deal with the situation that the lowest eigenvalue is negative and discrete.

3 Approximation of Function Spaces

We apply a finite element method to eq.(l). The integral region [0,1] is divided into TV intervals, and

the z-th interval is written as (ipi-i^i) with N + 1 points ipo = 0 < ipi < • • • < ipN = 1- The maximum

width of interval is expressed as h. In the following discussions, we assume t/'i = i/N = ih, for simplicity.

For a given integer /, we introduce the following finite dimensional function space Kl
h\

Kl
h = {/ | / is a polynomial of degree < / on (V'i-i, ipi) i = l,2,...,N}. (4)

Furthermore the following two kinds of finite dimensional function spaces Sl
h and Tl

h are denned;

S'h = {f\feKl
hnH',f(0) = f(i) = 0}, (5)

Tl
h = {f\feKl

h-
1nn1-1}, (6)

where Hm denotes the Sobolev space of the order of m. We choose the function spaces S'h and Tl
h as the

finite element subspaces of X and Y, respectively [8]. Then the errors in eigenvalues scale as

\X-Xh\<Ch21, (7)

where Xh denotes the approximated eigenvalue, and according to the minimax principle, the lowest

eigenvalue is approximated from above.

4 Numerical Integrations

The integrations in eqs.(2) and (3) are numerically carried out by using a quadrature formula over

each element. When we use fc(> Z)-point quadrature formulas, the errors in integrations are 0{h2k)

and they are much smaller than the errors by finite elements O(h21), so that the estimation of the

errors in eigenvalues (7) would be not changed; the lowest eigenvalue is still approximated from above.

When we employ the just /-point quadrature formula, the errors in integrations and the errors by finite

elements are both O(/i2/); the convergence properties of eigenvalues are affected by the errors of the

numerical integration. An example of such a change of convergence properties is shown in Fig.l. The

profile functions are here given as p(r) = 0.05(1 - r2)2 and q(r) = 0.8 + r2(1.82 - 1.92r2)/(1.21 - r2).

The internal kink mode of m = 1 and n = — 1 becomes unstable in this equilibrium. The piecewise

linear function and the step function are employed as the base functions in hybrid(/ = 1). The symbols

• represent the approximated eigenvalues of the lowest eigenvalue in case of k > I points Gaussian

quadrature formula, and the symbols o in case of one point Gaussian quadrature formula(/c = /). These

values are plotted with the fitting line versus iV~2. The number of intervals used are 64, 100, 128 and

200. In both cases the approximated eigenvalues converge towards the same value but from opposite
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sides, i.e., the lowest eigenvalue is approximated from above in case of k > I, and from below in case of

k = l.

-2 .20 -

-2 .22

0 4

Fig. 1 : Example of a change of a convergence line when Gaussian quadrature formulas are used. The parameter for the base

functions is / — 1. The symbols • are the approximation of the lowest eigenvalue in case of k — 2 ,3 ,4 and 5 ( > () points

Gaussian formulas; the lowest eigenvalue is approximated from above. The symbols o represent the approximation of the lowest

eigenvalue in case of one point Gaussian formula(fc = 1 (= I)); the eigenvalues converge from below.

5 Evaluation of Errors Caused by Quadrature Formulas

The lowest eigenvalue is defined by

A = min
a[Z] _ a[Z0]

b[zoy
where ZQ is the eigenfunction of the lowest eigenvalue. The approximated eigenfunction of the lowest

eigenvalue Z/, is introduced as Zh = (Xh,Yh) where Xh £ Sl
h and Yh £ Tl

h. The value of a[Zh]

estimated by using the just /-point quadrature formulas is denoted by a*[Zh], and the error caused

by the numerical integration is written as 6a[Zh], i.e., a[Zh] = a*[Zh] + 6a[Zh]. Similarly, we put

b[Zh] = b*[Zh\ + 5b[Zh]- The approximated eigenvalue X*h is defined by

(9)\h = mm —-—rh Zh b*[Zh] h* \7* 1 '
b lZh01

where Z*h0 is the function which minimizes the quotient °}.ph\ • We express the relation between Z*h0

and Z o as Z o = Z*h0 + SZ*l0. We can estimate the errors in the eigenvalue by the quadrature formula

up to O[h21) as follow

A : - A = b[Z0]
{ h

a*[5Z*h0], , 6b[Z0

b*[5Z<
I

m] b[Z0]

6a[Z0

Sb[Z0
/
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(10)PhL"J = ¥\z]^h

We note that the value }y °' is almost unity. If /i/jZo] is negative, we obtain XT < A, i.e., the lowest

eigenvalue is approximated from below.

We investigate the sign of the value /x/,[Z0]. In evaluating the value [ih[Z0], we shall use the ap-

proximated eigenfunction Z*h0 instead of the eigenfunction ZQ which is unknown. In the following

discussions, we choose Gaussian quadrature formula as the quadrature formula and use the lowest order

finite elements(/ = 1). On the i-th interval, the abscissa of the integral point locates the middle point

of the interval & = (V'i-i + ipi)/2, a n d the components of eigenfunction can be written in the following

forms,

X* — X*' 4- (ih — t) X*i V* — V*1 (\\\

i.e., the function Y*h0 is a constant value YQ', and the function X*h0 is a linear function. Then the errors

and Jfc[Z^0] are estimated up to the order of errors O(h2) as

h2 N

HZ*ho\ - TZ

h2

"24

N
r « H

/ x.i \

(12)

and

We here regard eqs.(12) and (13) as approximations of some integrals. Then the integral for Sb[Z*h0], for

instance, is written as

5b\Z"M) ~ ^

(14)

Here we use the integration by parts. The error £6[.Z£0] consists of the terms concerning the variation

of the eigenfunction(the first term) and of the coefficients (the second term). If we assume the variation

of the eigenfunction is much larger than the variation of the coefficients, we get

6b[Z'h0] ~

where D'Z^0 = (jj(-^r)lX*hQ,0). We can obtain the form for 6a[Z£0] in the same way,

12
* 1 ~ f x*
hOl — 1 0 / hO ''

1 1 JO

(15)

(16)
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Then the value fih. is reduced to the following form

If we use the higher order finite elements, instead of eq.(17) we obtain

*] { h
^ (<!)ft 6

^ ftoJ-(2/ + l)[(20!]3 b'[Z*h0]

From this expression, we can conclude that n < 0, since \*h is the lowest eigenvalue.

(17)

(18)

6 Numerical Examples

We shall examine numerical examples in cylindrical plasmas. The one-point Gaussian quadrature

formula is here used(fc = 1), and the piecewise linear function and the step function are employed as the

base functions in hybrid (/ = 1).

First, we give the the same profile functions in Fig.l, so that the lowest eigenvalue is concerned with

the internal kink mode of m = 1 and n = —1. In Fig.2, the symbols o and o represent the calculated

lowest eigenvalues A£ in eq.(9) and the values fih in eq.(18), respectively. These values are plotted with

the fitting line versus N~2. The number of intervals used are 64, 100, 128 and 200. The calculated

eigenvalues \*h quadratically converge towards -2.16 x 10~4 from below, and the errors /ih towards

—9.40 x 10~16. The slopes of two fitting lines in Fig.2 agree up to three significant figures.

x *xio4

n

-2.15

V = MO • M1»X
MO
Ml

R

- 0 000216
-0.0227

1

V = MO • MI*X
MO
Ml

R

-9.40e-16
-0.0227

I

-2 17 -

-2.19 -

-221 -

- -2 0

- - 1 0

- -6.0

N 2x 1 04

Fig. 2 : The approximated eigenvalues \"h for the internal kink mode and the estimated errors in eigenvalue fih are plotted as a

function of the number of intervals N~2. Both values converge from below with the O{h21) rate. Convergence lines are written

in a form Y=MO+M1*X, where MO represents the converged value when N —> oo, M l the slope of the convergence line and X

= N~2 x 104. The slopes of two convergence lines agree up to three significant figures.
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Next, we consider the case that profile functions are p(r) = 0.0015(1 — r2)2 and q{r) = 1.45 + 0.2r2.

When we choose the poloidal mode number m — 3 and the toroidal mode number n = —2, the interchange

mode becomes unstable. In Fig.3, the calculated eigenvalues X"h and the values fih are plotted with the

fitting line versus N~2. The number of intervals used are 64, 100, 128, 200 and 220. The calculated

eigenvalues X*h and the errors /i^ converge from below towards —1.18x 10~6 and 2.32 x 10~14, respectively.

In this case, the slopes of two fitting lines agree fairly well. The relative errors is about 30%.

A, * U- x 1 0 6

h , ^

0

-2.0

-4.0

Nfc

-

-

Y =

MO

Ml
R

MO • M1*X

-1 18e-06

-0.0177

1

V = MO • MI"X

MO

Ml

R

2.32e-14

- 0 0135
1

Q
1.0 2.0

N~2x I 04

Fig. 3 : The approximated eigenvalues A^ and the errors fih are plotted as a function of the number of intervals TV 2 in case

of the interchange mode. The meanings of M0, M l , and X are the same as in Fig.2. Quadratic convergences from below are

observed in both values.

7 Conclusion

As is shown in this article, the lowest eigenvalue is approximated from below when Gaussian

quadrature formulas, of which errors are of the same order of the errors by the finite element method,

are employed. We note whether the lowest eigenvalue is approximated from above or below depends on

quadrature formulas. For example, the sign of remainder in Lobatto's quadrature formulas is opposite

to those in Gaussian formulas, so that the use of such a formula reverses the sign of the value /z/,, i.e.,

the lowest eigenvalue would be approximated from above.
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Abstract
Effect of the linear shear flow on linear interchange modes in incom-

pressible neutral fluid, and linear two-dimensional electromagnetic inter-
change instabilities in incompressible plasmas are investigated. Although
the transient growth may occur in a short period, background shear flow
overcomes the interchange instability and makes it damped away in a long
term due to phase mixing.

Key Words: MHD, poloidal shear flow, interchange modes, Alfven wave,
non-modal approach, spatial Fourier harmonics, phase mixing damping

1 Introduction

Since old times the instability problem for stationarily flowing MHD plasmas has
been calculated and discussed in various ways [1, 2, 3, 4]. But it is remarkably
difficult to estimate the exact linear stability of the system with stationary
shear flow, because the spatial operator becomes nonselfadjoint for differentially
flowing plasmas and the spectral resolution is not guaranteed for nonselfadjoint
operators [5], and the perturbations might show the faster growth than the
simple exponential dependence for such operators.

Recently, Kelvin's spatially-inhomogeneous Galilean transform method [6]
is applied for some linear shear flow problems [7, 8, 9, 10, 11, 12]. For neutral
fluids, the following fascinating phenomena are shown; the ability of the shear-
modified waves to extract energy from the background flows [8], shear flow
induced coupling between sound waves and internal waves and the excitation
of beat wave [9], and the asymptotic persistence for two dimensional shear
flows [10].

It is also shown the occurrence of the emission of the magnetosonic wave by
the stationary vortex perturbations even in the linear regime for plasmas [11].
The authors have also applied this method [12] to investigate the basic prop-
erties of kink-type instabilities under the existence of background shear flow

* tatsunoQk.u-tokyo.ac.jp
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and obtained the result that the shear flow mixing always overcomes the kink
driving in a long term.

In this paper, we will show by following Kelvin's method again that the
interchange mode is also damped away in a long term due to the background
shear flow in the same way as kink-type mode. In Sec. 2 we will work on
the neutral fluid, and extend it to treat plasmas in Sec. 3. In these sections
we will show that the governing equations can be reduced to a single second
order ordinary differential equation with respect to time for each, and that they
show the damping behavior of the perturbations in terms of the analogy of the
Newton's equation. We will summarize the result in Sec. 4.

2 Interchange instability of neutral fluid

We assume an incompressible, ideal neutral fluid. Adding gravitational term,
we obtain the following basic equations:

^ flr, (1)

^ + p V - t , = 0, (2)

g + 7PV • v = 0. (3)

Here we have chosen the adiabatic variation as an equation of state and d/dt
denotes the convective derivative.

Considering a stationary shear flow with VQ — (0,crx,0) in Cartesian coor-
dinate and gravitational force acting in +x direction, the equilibrium condition
becomes

povo • V»o = - Vpo + pog, (4)

which can be reduced under this stationary flow as

Vpo = Pog, (5)

where the subscript 0 denotes that the quantities are equilibrium ones. This
equilibrium equation denotes that the pressure gradient is produced by the
gravitational force in x direction, which is the same as the static case; i.e. a
diver feels more pressure who dives deeper.

On linearizing eqs. (l)-(3), we denote the perturbed flow as » t = («, v,w),
and formulate these equations following Criminale and Drazin [7], where the
subscript 1 denotes the perturbed quantities. We carry out an inhomogeneous
Galilean transform (t,x,y, z) t-i (T,£,TJX) expressed as

T = t,

* = *,
•q = y- irtx, (6)
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Under these coordinate transforms, the differential operators are written as

dt = dT - <rxdv,

dx = d(- aTdv,

dy = dv, (7)

dz = fy,

therefore the convective derivative can be reduced as

dt +<rxdy = dT- (8)

By carrying out a Fourier transform on perturbed quantities with respect to
the transformed spatial variables (£,77, C) as

+°°u(k(,kv,kc;T) = JJJ+°° u«, r,, C; T) ̂

we obtain the following ordinary differential equations with respect to trans-
formed time T for perturbed components.

du

(jfef -o-Tife,)ii+fc,i)+ife<ui= 0,

where the prime denotes the derivative with respect to the original coordinate x,
and the local approximation is also assumed for po- The last equation expresses
the incompressibility condition for the perturbed velocity v\. Note that pi»o •
V»o = 0 since we have assumed the equilibrium flow as VQ = (0,<rx,0). This
formulation (Fourier transform with respect to Galilean transformed spatial
coordinate) is formally equivalent to the following ansatz,

dt + erxdy H-> dr,

dx ^ - i* , (T) = - i (*€ - <rTkv), (11)

dz H^ — \kz = —iA;̂ ,

where / denotes the representative of the perturbed quantities. This ansatz
means that the wave number for x in the original coordinate system is time de-
pendent due to x dependent shear flow directed along y axis. In other words, the
wave numbers ky, kz are constants but kx is transformed to be time dependent;
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the flow shear mixes the plasma and induces the time-varying wave number
kx(T). If we consider the compressible fluids, we can observe the coupling of
sound wave and internal gravity wave due to this coefficient [9].

Substituting and reducing dependent variables in these equations, we obtain
the following single second order ordinary differential equation with dependent
variable u and independent variable T,

£(«•«) = -a"**,., (12)

where K2 — kx(T)2 + A:2 + k\ and a2 = k2 + k2.. Here we have used the Boussi-
nesq approximation in which the spatial variation of the equilibrium density is
neglected in the inertia! term, but not in conservation of mass density since it
is the driving term for interchange instability [13]. This is justified when the
spatial scale of the variation of equilibrium density is much larger than that of
the perturbation.

When no equilibrium shear flow exists (a = 0), the wave number kx becomes
independent of T and eq. (12) is reduced to the usual interchange instability
equation for static equilibrium. In this case dividing both sides by /t2, we obtain

--,Pl9u. (13)

If p'o > 0, we have an purely oscillating solution in time as elut, where the
frequency is locally expressed as

/ _/
(14)

which expresses the internal gravity wave. Instability results when p'o < 0, and
the growth rate 7 leads to

/ _/
(15)

which grows in time scale of gravitational interchange mode rg = yj—pa/p^g.
Note here that kx has an stabilizing effect in the meaning of reducing the growth
rate, though it unchanges the stability condition p'o > 0. As we can see from
eq. (11), kx is also constant in time when ky = k^ = 0, and shear flow mixing is
not seen.

Now we will consider how the interchange instability is affected by inducing
shear flow. We assume p'o < 0 hereafter. Before operating numerical calcula-
tion, we will carry out the following normalization for variables in the Galilean
transform:
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Figure 1: Solution for the initial value problem. The parameters are follows:
k{ = kv = k( — 1.0, and initial perturbations u = 0 and du/dT = 1.0 at T — 0.

< = - ,
a

r, y & -rT X

J] = • Tgl • — ,
a Ta a

= -(y-<rta:),
z
a'

(16)

where Tg = is previously defined characteristic time for the growth
of interchange mode, a is the characteristic length of the system, and a = Tgcr
denotes the normalized shear parameter. In the same way we normalize the
dependent variables by a in space and rg in time; i.e. the velocity is normalized
by a/rg and the wave number is normalized by a"1. Then the normalized ODE
is written as

^ 2 U ) = «2U. (17)

We can rewrite it to the following form,

4*,<rifeB(T) dfi
dT2 -w = 0. (18)

In the analogy of the Newton's equation, we notice that the coefficient of the sec-
ond term represents the damping or forced oscillation as pointed out in Ref. [12].
As T —> oo, Hn(T) = — 4kycrkx(T)/K2 becomes positive and large, and all initial
perturbations are damped away due to the phase mixing effect of the back-
ground shear flow. A numerical result is shown in Fig. 1. As shown in eq. (18),
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it is also seen in the numerical calculation that the gravitational instabilities in
the case of static equilibria are stabilized due to shear flow.

3 Interchange instability of plasma with con-
stant magnetic field

We will investigate an effect of the shear flow on interchange instability of plasma
under the influence of homogeneous magnetic field. In case of treating plasmas,
we must add j x B force in the rhs of the equation of motion (1) and also include
induction equation,

dB
— - V x ( » x B ) = 0 . (19)

We assume that there applied an strong toroidal field in z direction such as
tokamaks with adding weak shearless poloidal field in y direction. The plasma
is assumed to be incompressible following the previous analysis. The perturbed
magnetic and velocity fields are assumed to be 2 dimensional in x-y direction,
and thus we introduce the following poloidal flux function and stream function;

•Bij. = VV- x et,

vi± = V0X ez, (20)

where the subscript 1 denotes again the perturbed quantities, _L expresses the
direction with respect to the dominant magnetic field; i.e. z direction, and ez

denotes the unit vector. Using these notations, we can eliminate the pressure
from governing equations.

Here taking dot product with ez after taking the curl of the equation of
motion leads to

Vl<i> - v'0'ydy(j>] = Bo • V(VXV) + HodyPig, (21)

under the assumption of the shear flow as VQ = (0, voy(x), 0) and constant mag-
netic field J?o = (Q,By,Bz). The component of the flow perpendicular to the
ambient magnetic field can be considered to be produced by the E x B drift,
taking account of the ideal Ohm's law, and it doesn't make any contradiction.
Here we have also assumed that the gravitational force is acting in the x direc-
tion. The zeroth order stationary momentum balance is given by eq. (5) same
as in the neutral fluid case, due to the straight and homogeneous magnetic field.
It is noted that we recover the Rayleigh's equation [14] if we neglect the effect of
the magnetic field (B = 0) and consider a constant density plasma. Induction
equation is the same as ordinary RMHD which can include poloidal shear flow
as

(dt + vOydy)il> = Bo • V<j>. (22)

Conservation of the mass density is same as that in the previous section eq. (2).
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On assuming the linearity of the spatial dependence of the shear flow as
VQ = (0,(73;, 0) again, and combining eqs. (21), (22), and (2) with the ansatz
(11), we obtain

^ = -iF{kx(T)2 + k2
y)4> + ikynoihg,

l (23)
d • / -

— Pl = lkypQ<f>,

where F — k • Bo — kyBoy + kzBQz. Thus these equations are reduced to

Considering the case with no shear flow (cr = 0), we find that the usual in-
terchange instability equation can be obtained for static equilibrium. The first
term on the rhs expresses the stabilizing effect due to the tension of the magnetic
field, therefore the most unstable mode can be obtained in case of k • B — 0
for p'o < 0. When we normalize time by TA = ciy/HoPolF, we can rewrite this
equation in dimensionless form as

- (MT) 1 + i J ) ^ 4 I
1 ^ I (25)

where the wave vectors are normalized by characteristic spatial scale length a.
We can rewrite this equation just the same way as in the previous section,

= 0, (26)

where

o l J ' ~ v fa (yU i £2-

Here ^t(T) represents the forced oscillation/damping term and S(T) is the inter-
change drive term in analogy with the Newton's equation again. With neither
density gradient nor shear flow, fi{T) — S(T) = 0 and we have a pure oscilla-
tion representing the Alfven wave. Including the density gradient, S(T) / 0,
we obtain the interchange mode; when p'o becomes larger, the Alfven wave rep-
resents an electromagnetic interchange instability. Further including shear flow,
kx(T) = k% — crTkv becomes larger with proportional to T, and finally, inter-
change drive term S(T) becomes negligible compared to 1. In any case of the
sign of given parameters cr, fcj, and k^, the numerator of n(T) becomes nega-
tively large; this means forced damping. These behaviors of the instability are
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Figure 2: Solution for the initial value problem. The parameters are follows:
k( = kj, - 1.0, G = 1.0, and initial perturbations i/> = 0 and dijj/dT = 1.0 at
T = 0.

just the same as that of the kink-type mode. See eq. (32) and the following
analysis in Ref. [12]. Shear flow mixing effect always overcomes the interchange
drive and makes the oscillation damped away in a long term.

We will show the results for the numerical calculation. In Pig. 2 we have
solved the initial value problem for the same initial condition and wave numbers
on the different flow shear parameter <r. Now the ratio of the time scale G =
TA/T9 = 1. Here we see that the shear flow mixing effect is stronger for larger
shear parameter <x. It is different from the previous case that the time evolution
in this case involves the oscillation. Since there is no branch included in the
equation for neutral fluid in case of p'Q — 0, the interchange mode is the only
physical mechanism to perturb the system, but here we also have the Alfven
wave in a plasma which propagates stably in the static case, therefore, we have
an oscillatory damping behavior when included the shear flow.

4 discussion

Applying the Kelvin's non-modal approach, we have shown that the interchange
modes are always damped away in a long term due to the phase mixing by
the background shear flows. Note that we don't have Kelvin-Helmholtz type
instability which comes from the second spatial derivative of the background
shear flow [?, 14]. Another point is that shear flow stretches the perturbation
field and continuously varies the wavenumber component with the flow shear as
can be seen in Fig. 3, which is extremely similar to the nonlinear effect.
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Figure 3: Mixing effect seen by the spatially inhomogeneous Galilean transform.
The isophase surface is drifted and stretched in the stationary shear flows from
upper left figure to the upper right, lower left, and begins to be stretched in the
final lower right figure.

It should be noted that the form of the equation for the interchange instabil-
ity (26) and that for kink-type instability (32) in Ref. [12] are exactly the same
way in their time evolution. Of course these two modes may have spatially
different structures, at least so they are for the static equilibria. But the fact
means that they have no difference in time evolution, and we can say that these
terms have the same effect to make the spectrum shift to more unstable side.
Since we have dropped all spatial inhomogeneity in our calculus, we have get to
the same equation for both modes.

Finally, this method is restricted only for spatially linear shear flow and
for local perturbations. Thus we have considered the infinite plasma with ho-
mogeneous magnetic field, and assumed a spatially linear shear flow without
including the boundary effect. In a linear shear flow case we have the partial
differential operator dz as in eq. (8) in terms of our spatially inhomogeneous
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Galilean transform (7). Therefore, we have the ansatz (11) and the x depen-
dence as oc sin(&£ — kv<rt)x, i.e. we could have carried out our analysis only in the
framework of a single sinusoidal function, although the wave number is shifted
continuously to a larger value. If the flow profile is not linear, e.g. parabolic as
Voy(x) = crx2/2, then we'll have the partial differential operator dx as

by modifying our Galilean transform as r) — y — crx2t/2. Thus we have the
following x dependence,

which is no longer a simple sinusoidal function with respect to x. Of course this
expression is not rigorous, but it might explain why the non-modal approach
is restricted only to the linear spatial dependence for stationary shear flows.
Although the inhomogeneity of the magnetic field might be treated in some
modification, we must be careful to extend to flows with spatially nonlinear
dependence. This will be left as our future study.
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Abstract
With a numerical code, lime evolution of nonlinear resistive interchange type modes are studied

numerically. Formation of poloidal shear flow due to mode coupling is seen for both the resonant, and
non-resonant case. There are some differences in the formation of shear flow and effect on density
evolution between these two modes.
Keywords: poloidal shear flow, resistive interchange mode, resonant mode, non-resonant mode, non-
linear simulation

1 Introduction
It is observed that a poloidal flow with velocity shear is generated according to the L to H transition. The
flow shear destroys a global mode structure of vortex and suppresses a radial transport across magnetic
field lines. Thus the shear flow may improve the plasma confinement.

Our concern is in the nonlinear model that the poloidal shear flow is created from the mode coupling
of nonlinear resistive interchange type modes[l][2]. The model includes an average unfavorable curvature
and finite plasma resistivity for destabilizing pressure-driven modes. The rotational transform, i(r) is
assumed non-monotonie, which is seen in currentless finite beta plasmas such as in Heliotron E and
LHD[3]. Fluctuations are assumed as single helicity in a cylindrical model plasma. The helical mode
with (m,n,) = (3,2) and its 15 higher harmonic modes are included numerical calculations. There are
two resonant surfaces at the t — 2/3 surface for our typical non-monotonic /, profile. We can change the
absolute value with keeping the / profile, and non-resonant cases are possible.

From simulation results, it is shown that a shearing rate exceeding the linear growth rate suppress
a convective diffusion, and the decay of density becomes weaker than the case without the shear flow
component.

In section 2, model equations used in our simulation code are described. In section 3, numerical
methods to solve the model equations are explained. Numerical results are given in section 4, and in
section 5 main results are discussed.

2 Model equations
The reduced two fluid equations for describing electrostatic fluctuations in a cylindrical geometry are

P2JtV±<l> ~ (-VUn - 4) + V " * Vf2 • £ + nVi<t>, (1)

j{n + n) - f-V\{n - <f>) 4 V(?/, - - <j>) x Vfi • z + D±V{n, (2)
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with normalized quantities[4][5]. These reduced equations are useful for numerical calculations to study
physics of electrostatic turbulence.

In model equations. 0 is a perturbation of electrostatic potential, u is a perturbation of density, v is
an electron-ion collision frequency, n is a background density and p is a Larmor radius measured with an
electron temperature. Also

Vii = — + v-(/> x z • v , (:i)

<)z

•(/• - - I n.(r)dr, (4)

n = 1 — ^ , ( 0 + 2 / v,.(r)rf/- (5)

are used in cqs(l) and (2). Here N is a helical pitch number and / is a pole number.
The dissipative terms are added to the model equations to obtain a saturation of linear instability.

These terms should be small in order to change the behavior of turbulence. In eqs.(l) and (2) /x is a
viscosity and D± is a diffusivity. These terms have also the effect to suppress the numerical instability.

The model equations (1). (2) are normalized with,

2
— 7 u;ci 1 — 1 t — t,

, (6)
no

Here, ps ~ \/Temj/eBo, wci- is ion cyclotron frequency and u>ce is electron cyclotron frequency.
When vi is equal to the E x B drift velocity, the vorticity, u> is given by

3 Numerical method

(7)

Here, the numerical methods used in our simulation code are explained.
Numerical instabilities from the advection terms can be suppressed when numerical dissipations are

included to the numerical scheme. However, the time step is limited with the CFL criterion when the
explicit scheme is used. If the diffusion term and the viscosity term are solved with the explicit scheme,
these terms might produce a numerical instability when the time step does not satisfy the CFL criterion.
In the code we use the implicit scheme1 for the diffusion term and the viscosity term to avoid the numerical
instability and a severe limitation for the time step. Thus, the model equations are solved with the semi-
implicit scheme, or the dissipation terms are solved implicitly and other terms are solved explicitly.

The model equations, (1), (2) are the partial differential equations with respect to r,0, z and t. These
equations are expanded with the Fourier series in the poloidal direction (0 direction) and the toroidal
direction (z direction) as follows :

(r,0,z,t) = Yl w(7riitl)(r,O<Kp(H//.0-mz), (8)

- 8 3 -



n(v,0,z,1) = E
Iii tlit̂  numerical calculations, however, summations are limited within finite number terms.

For the radial derivatives, we use a finite difference method. For the time evolution, the two-step
method is used to keep the second order accuracy of the time1 steps.

For the boundary conditions, it is assumed that there is a completely conductive wall at r = a. Thus,

' " (711,11) ,-_-_„ " ^ </>( 111.7

At •/• — 0, for (in / 0, u) modes,

"(i(i ,») , . = 0 =• 0 , </->(,„,„) r = 0 ~ 0 ,

A n d for ( 0 , 0 ) mode1 a n d (in = (),?;) m o d e s .

r = ( )

— 0.

= 0.

dn (0,71)

Or -o.
°(O,n)

r = 0 dr
= 0,

Out,'(0,71)

r = 0

= 0. ( i i )
7- 0

Iii the following numerical simulations we assume, v — 1.0 x 10 4,/i, — 5.0 x 10 3,Z?x = 5.0 x
K r - \ u o ( r ) = exp(-2.0r2) - exp(-2.0),/v = 0.02, f =•- 0.1,7V = 19,1 = 2. Here, v is the normalized
collision frequency with v = uVJ/ioCc. ft is the viscosity coefficient normalized with //, = fi/(wCipf)- D±
is the diffusion coefficient normalized with Dj_ = D±/(u(:>pi), also, p — p.,/a. The spatial meshes
are assumed 200. Although our code can treat multi-helicify cases, (111,11) = (3,2) single helicity mode
is studied in the following, where 111(11) is a poloidal (toroidal) mode number. In this case, the mode
resonance surface is located at the /. — 2/3 surface, where / is a rotational transform.

A small fluctuation is necessary as a seed of turbulence at t — 0. Here, the following fluctuation is
assumed initially,,

= 0) = 1.0 x 10"3(l - r2)lr (12)

for the (in, 11.) — (3,2) mode.
The rotational transform profile is assumed as in Fig. 1. Each solid line is the /, profile, assumed in

each simulation. To label each 1. profile, the value A/, is defined as At = n/m - t.lnin.

4 Numerical results
At first, the generated poloidal flow velocity profiles are shown. Fig. 2 (a)-—(f) correspond to A/ =

0.07, -0.04,-0.02,0.00,0.02,0.04, respectively. And, the case of monotonic rotational transform is
shown in Fig. 2 (g) as a reference.

When the two resonance surfaces are separated, the case of A(. — —0.07, the poloidal flow is formed
in the -9 direction at the region near the inner resonance surface, and the +0 direction flow is formed
between the two resonance surfaces. The property near the inner resonant surface is similar to the case
of Fig. 2 (g), showing that the — 0 direction flow are formed near the single resonant surface. When
the two resonant surface's become close each other, or A/, becomes small, the -6 direction poloidal flow
is formed over a broad region and has a peak near the minimum / surface. And the magnitude of flow
velocity becomes larger than the case of A/ - -0.07. When the mode becomes non-resonant, the -0
direction poloidal flow is also formed near the minimum / surface.

Next, the behavior of fluctuations in the presence of the poloidal shear flow are shown. Here1, in
order to clarify the effect oi the poloidal shear flow, we also tried the numerical simulations in which the
poloidal flow component is removed.
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=2/3(=n//w)-

Figure 1: Rotational transform, t(r), profiles. The broken line is t — 2/3, and the mode resonant surface
corresponds to the t — 2/3 surface. Here, At is denned as a difference between the minimum value of t
and 2/3.

Fig. 3(a)—(f) show time evolution of the kinetic energy of the fluctuations with (m,n) = (3,2), (0,4), (9,6)
modes for the cases of At =-0.07 +0.04, respectively. The solid lines denote the cases including the
poloidal flow component. On the other hand, the broken lines denote the cases removing flow component.

For the cases of At — —0.07 and At — 0.04, the suppression of the fluctuations are observed clearly
when the poloidal flow component is included. However, for the cases with At ~ 0, the suppression is
not clear.

Fig. 4(a) (f) show time evolution of the shearing rate of the poloidal flow and density at several
radial positions. The shearing rate is normalized with the linear growth rate of the (in, n) — (3, 2) mode.
The solid line denotes the cases including the poloidal flow component. The broken line denotes the case
removing the poloidal flow component.

The normalized shearing rate becomes small as At becomes close to 0. For the cases with At = -0.07
and At = —0.04, the normalized shearing rate are larger than the cases with At — —0.02 or At — 0.0.

In the time evolution of the density, there is a difference between the solid line and the broken line.
At the inner region with r = 0.04[m], the density shown by the solid line becomes higher than that shown
by the broken line. At the outer region with r = 0.08[m], the density shown by the solid line becomes
close to that shown by the broken line. This result suggests the suppression of the particle transport
from the inner region to the outer region with the poloidal shear flow.

When the mode becomes non-resonant, the normalized shearing rate becomes large. Thus the density
keeps a higher value when the poloidal flow is included. This means that suppression of transport may
be more effective in the case of non-resonant mode than the case of At = 0.

5 Discussion

When the two resonance surfaces an; separated, for the case of At = -0.07, the generated poloidal flow
is localized near the inner resonant surface and the velocity shear becomes large. This poloidal shear flow
has an effect to reduce the radial particle transport.

When the mocks becomes non-resonant and is still linearly unstable, it generates a similar poloidal
flow. This poloidal flow has a larger shearing rate than that in the case At — 0.0, and is effective to
reduce the radial particle confinement.

When At is close to 0, the velocity of the generated poloidal flow becomes large. The linear growth

- 8 5 -



(a) At - -0.07 (b) At = - 0.04 (c) At = -0.02 (d) At = 0.0

(e) At = 0.02

IMBED

(f) A/, = 0.04 (g) Single rcKO-
nance

Figure 2: Time evolution of the radial profile of the poloidal flow velocity. The solid line contour denotes
positive value describing the \9 direction poloidal flow, and the broken line contour denotes negative
value describing the --0 direction poloidal flow.



(b) At = -0.04

(c) At = -0.02 (d) At = 0.0

(e) A/. = 0.02 (f) At =- 0.04

Figure 3: Time evolution of the kinetic energy of the fluctuations with (m,n) = (3,2), (m,n) —
(6,4), (m,n) = (9,6). The solid lines denote the cases including the poloidal flow component. The
broken lines denote the cases removing the poloidal flow component.
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(a) At = -0.07

(f) AL = 0.04

Figure 4: Time evolution of the shearing rate of the poloidal flow and the density at r = 0.04,0.00 and
0.08[m]. The shearing rate is normalized with the linear growth rate of the (m,n) = (3,2) mode.



rate also becomes large in this case because the magnetic shear vanishes at the resonant surface. However,
the shearing rate normalized by the linear growth rate is not large compared to the case of Ar = —0.07
or A/, — 0.04. Thus, in the case of A/ — 0.0 the obtained poloidal flow may have less effect on the radial
particle transport.

As a next step we will study a multi-helicity case to understand a relation between the poloidal shear
flow generation and the radial particle transport in a edge region.
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Abstract
Effects of density gradient on the kinetic m=l (m/n=l/l) internal kink mode in a cylindrical tokamak plasma are

studied by the gyro-kinetic particle simulations. When the density gradient is not large enough to change the

full reconnection process, the phenomena after the full reconnection, such as the secondary reconnection and the

evolution of the safety factor profile, are changed considerably due to the self-generated radial electric field, i.e.

the m/n-0/0 mode. The growing mechanism is explained by the difference of ExB drift motion between ions

and electrons, which is caused by the fast parallel motion of electron. Once the radial electric field is triggered by

the symmetrical flow induced by the 1/1 mode, the 0/0 mode grows up to the same level as the 1/1 mode, and

drives an ExB plasma rotation in the ion diamagnetic direction, which breaks the symmetrical plasma flow

induced by the 1/1 mode. The density and current distributions, and therefore minimum safety factor q^,, after

the full reconnection, are found to be affected by the asymmetrical flow driven by the 1/1 and 0/0 modes.

Keywords
fusion, tokamak, internal collapse, m=l mode, magnetic reconnection, gyro-kinetic model, particle simulation,

radial electric field, density gradient, diamagnetic effect

1. Introduction
In fusion plasma research, the tokamak type device has a great advantage for a candidate of commercial fusion

reactor. However, there are still several physical problems to be clarified until the construction and operation of

tokamak reactor. Then, it is necessary to clarify this problem experimentally in support of theoretical and

numerical results.

In tokamak plasma with the safety factor q at the magnetic axis less than unity, a magnetohydrodynamic

(MHD) mode with m/n=l/l becomes unstable. Here m and n are the poloidal and the toroidal mode numbers,

respectively. The m=l mode has attracted much interest, since it is accompanied by fast magnetic reconnection

and triggers a subsequent internal collapse, and this process would be repeated (sawtooth oscillations) in a

steady-state operation.

In the early period of plasma research, the internal collapse by the m=l mode has been explained with the

resistive MHD model| 1 ]. However, as the plasma temperature is getting higher, the behavior of the m=l mode

in many tokamak experiments |2,3] (in particular, the magnetic reconnection time and the behavior of the safety

factor after the collapse) are not well explained using only the resistive MHD model, suggesting the importance
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of some other effects.

It is also found that the m= 1 mode can be influenced by kinetic effects of the plasma, such as the electron

inertia, density and temperature gradients, finite ion Larmor radius and high energy trapped ions. Because the

kinetic effects are crucial in the linear and nonlinear development of the m=l mode, a model including the

kinetic effects is required to simulate the collisionless nature of the mode.

Wesson pointed out the importance of electron inertia to explain the fast collisionless reconnection[4]. In his

theory, the width of the current layer is of the order of the collisionless electron skin depth.

Naitou et.al. performed a nonlinear gyro-kinetic particle simulation of the m=l mode in a cylindrical geometry

with an uniform plasma pressure|5,6|. They showed that the magnetic reconnection is triggered by the electron

inertia in a much faster time scale than that caused by the resistivity, and the magnetic configuration with

q,lm<l can be reconstructed after the full reconnection. This two step model was firstly proposed by Biskamp

et.al. [7] with the two fluid MHD model. In the first step, the full reconnection process due to the electron

inertia is completed, and the m=l mode of the electrostatic potential retains after the full reconnection. In the

second step, a secondary reconnection is observed due to the current reconcentration which is caused by strong

ExB motion.

In this paper, in order to study effects of density gradient on the kinetic m=l mode, we extend the previous

gyro-kinetic simulation to the non-uniform plasma with a density gradient. In Section 2, we present a

gyrokinetic simulation model where the density gradient is taken into account, and describe the model

configuration and parameters. In Section 3, the simulation results with a non-uniform density profile are shown

and are compared with those obtained with the uniform density profile. The diamagnetic effect and the density

gradient effect are shown in the full reconnection process. The mechanism of the charge separation is also

shown by the fast parallel motion of electrons. In Section 4, the nonlinear kinetic effect due to the density

gradient are shown. In particular, the growth of the radial electric field is found to change the behavior of the

plasma such as the density and current profiles. The energy history is also explained with the above results.

Finally, a summary is given in Section 5.

2. Simulation Model
In our study, we employ a gyrokinetic model[8J to simulate the m/n=l/l mode, because it is efficient

compared with the full kinetic model from a view point of the computation. In the gyrokinetic model, the

characteristic time scale is larger than the ion cyclotron period. Hence, the time step can be chosen much larger

than the standard particle simulation model in which time step is of the order of electron plasma period.

We adopt a 8f method to reduce the statistical noise drastically. In order to include the effect of density

gradient in the formulation of the gyro-kinetic equations, we modify the perturbation part of Ampere's law and

the time evolution of the weight function obtained in Ref.5. These formulations are given in Ref.9.

The dynamics of the 8f are computed in a three dimensional rectangular box with the Cartesian coordinate

(x,y,z). Toroidal effects are ignored for simplicity. A periodic boundary condition is adopted in the z direction,

and a perfect conducting wall is imposed on the x-y boundary surfaces. We assume a uniform temparature

profile.

The length and velocity used in this simulation are normalized with the ion Larmor radius p, and the Alfven

velocity L/VA, and the main parameters are listed on Table 1. In the present simulation, we choose the skin

depth (8,. = c/(Opi.) as 8t. = 4p:, and the grid size in the z-direction as 1000 times larger than that in x or

y-direction.

3. Internal Collapse
3.1. Diamagnetic Effect

It is well known that the behavior of the m/n=l/l mode is affected by the pressure gradient due to the
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diamagnetic effect. The linear growth rate of the I/I mode is restricted with the dependency of a square of the

diamagnetic frequency, as been evaluated by the resistive and kinetic models [10]. In the two fluid simulation, it

is also shown that the 1/1 mode could be saturated nonlinearly, and result in a new equilibrium with m=l

magnetic island[l 1].

In our simulation model, the diamagnetic effect is induced only by the density gradient, since the temperature

profile is assumed to be uniform. Figure 2 shows the linear growth rate of the n=l mode in the presence of the

density gradient. The to, stabilization is found to have a parabolic dependence which is similar to that obtained

in Ref.10

However, the purpose of our research is to clarify the nonlinear kinetic effect of the density gradient on the

sawtooth crash rather than the to stabilization effect. Then, for the case of the non-uniform density profile, we

mainly choose (0 =0.196VA/L/. which is much less than the growth rate for the uniform density

(Yo~O.87VA/Lz), and has an adequate density gradient as shown in Fig.l(b). Therefore, the co* stabilization is

negligible, and the nonlinear kinetic effect of the density gradient becomes clear as mentioned in the next

section.

3.2. Full Reconnection

Next, the simulation results of the non-uniform density case are compared with those obtained for the uniform

density case. Figure 3 shows the Poincare plots of the magnetic field lines before and after the full reconnection

in the simulations with (I) non-uniform and (II) uniform density profiles. As shown in Fig.3(I-a) before the full

reconnection, the core plasma has concentric flux surfaces and the m=l magnetic island has a crescent shape.

The core plasma is swept out from the central region due to the ExB motion induced by the m=l mode of the

electrostatic potential which grows inside the q=l rational surface.

As a result of the full reconnection, the magnetic configuration has nested flux surfaces as shown in

Fig.3(I-b). The process of the full reconnection with the density gradient is almost the same as that obtained

with the uniform density profile as shown in Fig.3(II-a,b). Figure 3(I-c) and (II-c) are the magnetic

configurations from which we find the discrepancy between them. For the uniform density case (II-c), the

secondary reconnection occurs, while for the non-uniform density case (I-c), the secondary reconnection is

unclearly seen.

Figure 4 shows the electrostatic potential energy decomposed in the longitudinal mode numbers n in (I) the

non-uniform and (II) the uniform density cases. After the full reconnection is completed |t = 34~35(VA/LZ), near

the arrows of (I-b) and (Il-b) |, the n=l mode is dominant in both cases. Figure 5 shows the electrostatic

potential contours at z=0. In the poloidal direction, the m=l mode is obviously dominant in both cases, as seen

in Fig.5(I-b) and (11-b). Then, the m/n=l/l mode is dominant through the full reconnection process.

3.3. Charge Separation

From the above results, it seems that the behavior of the magnetic configuration and the 1/1 mode is not

affected so much by the density gradient during the full reconnection. However, as the core plasma is swept out

due to the ExB flow, the 0/0 mode grows with negative sign at the central region. Figure 6 shows the difference

of the n=0 mode energy between the non-uniform and the uniform density cases, which means the charge

separation with the increase of the plasma shift until the end of the full reconnection (t~32.5VA/Lz).

The elementary process causing the charge separation is explained by the difference of motion between ions

and electrons. The parallel velocity of electrons is much faster than that of ions by (m/mj1 '2 if Te~Tr Then, in

the process of ExB motion, the electrons are obedient to the electric field averaged along the magnetic field line,

while the ions faithfully submit to the local electric field. As a result, the electron ExB motion delays compared

with the ion motion. In the presence of the density gradient, the charge separation can be induced by this

process. Therefore, the radial electric field is closely relevant to the motion of high density plasma region.
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4. Nonlinear Effects

4.1. Nonlinear Evolution of Radial Electric Field
After the full reconnection. on the contrary, the density gradient is found to affect considerably the nonlinear

behavior of plasma. In the presence of the density gradient, the n=0 mode grows exponentially to be the same

level as that of the n=l mode, as shown in Fig.4(1) (t = 35- 38VA/L,). At the same time, we found that the m=0

component of the electrostatic potential, i.e. the radial electric field, grows up as shown in Fig.5(I-d). Then, it

is found that the 0/0 mode grows nonlinearly with positive sign at the central region.

On the other hand, the radial electric field is not observed in the uniform density case. In the poloidal

direction, the m=l mode is still dominant, although the electrostatic potential has a reversed structure radially.

Then, the m/n=l/l mode is dominant at t - 38.45 (VA/L,), as can be seen in Fig.5(II-d) and Fig.4(11).

The evolution of the density profile in the nonlinear phase is affected by the ExB rotation due to the

self-generated radial electric field. The black region in Fig.7 represents the high density region in the

non-uniform density case. The high density region of the initial equilibrium (I-a) is swept out from the central

region because of the full reconnection, as shown in Fig.7(I-b). After the full reconnection, the high density

plasma rotates in the ion diamagnetic direction, and comes into the central region spirally as shown in Fig.7(I-c)

and (I-d).

The formation of the vortex structure is found to be closely related with the radial electric field. The

mechanism of the nonlinear growth of the 0/0 mode and the vortex density is shown prior to this.

4.2. Physical Mechanism

The ExB motion just after the full reconnection is sustained by the m=l mode, as shown in Fig.5(I-b). The

high dense plasma comes into the central region again by the symmetrical flow induced by the m=l mode. At

that moment, the ion comes inside faster than the electron due to the electron delay process mentioned in the

previous section. Then, the weak charge separation makes the seed radial electric field, i.e., the m=0 mode which

changes the symmetrical flow pattern into the asymmetrical one, as shown in Fig.7(I-b).

Once the seed field is generated, the ExB rotation is induced, and more dense plasma enters into the central

region. Then, the charge separation is facilitated due to the electron delay. As a result, the radial electric field is

self-generated by this positive feedback mechanism.

4.3. Break of Symmetry

Such a radial electric field (0/0 mode) is found to play an important role on the nonlinear behavior of the

current and density profiles and on the stage after the full reconnection such as the secondary reconnection and

the density redistribution. The growth of the radial electric field means the destruction of the symmetrical flow

produced by the m/n=l/l mode. Then, in the presence of the density gradient, the plasma behavior after the full

reconnection is characterized by the resultant asymmetrical flow induced by the 0/0 and l/l modes.

As seen in Fig.5(I-d), the sign of the radial electric field is positive at the central region. Therefore, the ExB

rotation induced by the radial electric field is in the ion diamagnetic direction. Figure 8 shows the deviation of

the longitudinal current from the equilibrium distribution 8J, = S, - J/0 for (I) the non-uniform and (II) uniform

density cases. The dashed line represents the symmetry line of the ExB motion produced by the m=l mode, as

shown in Fig.5(I-b) and (Il-b). After the full reconnection the current which is swept out from the central region

is equally divided into two parts, as shown in Fig.8(I-b) and (Il-b).

In the uniform density case, both parts of dJz move around symmetrically along the same potential contour

and concentrate again after a half poloidal rotation. As seen in Fig.8(II-b). the current concentration induces an

negative peaked current which causes the secondary magnetic reconnection in Fig.3(II-c). At the same time, the

positive longitudinal current comes into the central region again[8]. However, in the non-uniform density case,

the self-generated radial electric field breaks the symmetrical motion of 8J observed in the uniform density case.
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Then, as shown in Fig.8(l-c), only a part of the longitudinal current can contribute to the induction of the

secondary reconneciion, and the amount of longitudinal current coming into the central region is less than that

of the uniform density case. Therefore, the radial field is found to weaken the reconcentration of the longitudinal

current and to restrict the secondary reconnection as seen in Fig.3(I-c).

The magnetic configuration depends on the behavior of the current density profile. Figure 9 shows the

minimum safety factor value ( q,nn ) for the non-uniform and the uniform density cases. The rapid increase of

qmin observed ai I ~ 33 (VA / I.z) is caused by the full reconnection. After the reconnection, the safety factor

increases above unity in the whole plasma region. For the uniform density case, the qmin decreases due to the

concentration of the longitudinal current and ihe secondary reconnection. The qmin becomes less than unity

again at t ~ 38 (VA / Lz). However, for the non-uniform density case, the radial electric field restricts the

secondary reconnection, as discussed above. Then, the reduction of the qmin is observed but is weaker than that

observed for the uniform density case.

4.4. Energy History
In the process of the internal collapse, the density gradient effect is also presented on the energy history.

Figure 10 shows the time evolution of the energy deviation from the initial value for (1) non-uniform and (II)

uniform density cases.

Until the end of the full reconnection. the energy history is almost the same in both cases. The poloidal

magnetic energy produced by the parallel current is consumed into the electrostatic potential energy of the 1/1

mode. In the process of the magnetic reconnection, the electron is accelerated by the electric field near the

resonant (q=l) surface, so that the kinetic energy is also increased. The deviation of the total energy is relatively

small even at the end of the simulation (AE, /ET < 0.02 %, where E^ ~ 5.34 x 10''), so that the total energy is

well conserved.

However, after the full reconnection, the electrostatic potential energy is not reduced because the 0/0 mode

grows up due to the density gradient effect. On the other hand, in the uniform density case, the parallel current is

reconcentrated in the central region due to the ExB flow induced by the 1/1 mode. Then the electrostatic

potential energy is returned to the poloidal magnetic energy again so as to increase the parallel current density

which induces the secondary reconnection shown in Fig.3(II-c).

5. Summary
The density gradient effect is taken into account in a gyro-kinetic nonlinear simulation of the kinetic m=l

internal kink mode in a cylindrical plasma. The simulation results of the non-uniform density case are compared

with those of the uniform density case. The core plasma is swept out by the ExB motion due to the m=l

electric field produced by the unstable kinetic internal kink mode. The process of the full reconnection is

completed without saturation, and is almost the same as the one obtained for the uniform density simulation.

It is found that even when the co is not large enough to change the linear growth rate of the 1/1 mode, the

nonlinear phenomena after the full reconnection are considerably changed due to the self generated radial electric

field, i.e. 0/0 mode. This mode is induced by the electron delay process during the ExB motion in the presence

of the density gradient, and grows to the same level as the 1/1 mode. It should be noted that a radial electric field

with positive central charge is experimentally obtained in ihe JIPP T-IIU tokamak just after the internal collapse

of the sawtooth oscilations[12].

The self-generated radial electric field drives an ExB plasma rotation in the ion diamagnetic direction, which

breaks the symmetrical plasma flow induced by the 1/1 mode. It is found that the density profile becomes a

vortex structure due to this plasma rotation. The formation of the vortex is closely related with the growth of

the radial electric field. It is also found ihat the concentration of the parallel current after the full reconnection is

weakened by the nonlinear growth of the radial electric field. As a result, the minimum safety factor does not
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recover the value enough smaller than unity after the full reconnection in the presence of density gradient.

In high temperature plasmas, the effect of FLR (Finite Larmor Radius) becomes important. In the case of

large FLR compared with electron skin depth, the reduction of the linear growth rate can be expected from the

two-fluid theory! 10] and the results of the gyro-fluid simulation! 13|. However, it is not easy to estimate the

effect of large FLR on the nonlinear phase of internal collapse, especially on the nonlinear growth of radial

electric field. The large FLR effect, and the mechanism of the nonlinear growth of the radial electric field are

being analyzed now, and will be shown in the near future.
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potential energy vith the increase of tlie
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Figure 7
The high density regions of electrons in the peaked
density simulation at (I-a)t=3G1 1, (I-h)L=34.54. (I-
c)t=37.34. and (I-d)t-38.51.
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Figure 8
The contours of the perturbation of the parallel currenL in the non
uniform density simulation at (I b)t-34.54, (I c)i--^37.34 aod the
uniform density simulation at (It-b)t 33.79, (H b')t -34.95. The solid
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respectively. The thick dashed line show the symmetrical plane
described by the electrostatic potential just after the full
reconncction. The arrows indicate the direction of motion of the peak.
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Abstract:

To understand the fuelling process in a fusion device by a compact toroid (CT) plasmoid injection method, we have carried out

MHD numerical simulations where a spheromak-like CT (SCT) is injected into a magnetized target plasma region. So far, we

revealed that the penetration depth of the SCT plasma becomes shorter than that estimated from the conducting sphere (CS)

model, because in the simulation the Lorentz force of the target magnetic field sequentially decelerates the injected SCT while in

the CS model only the magnetic pressure force acts as the deceleration mechanism. In this study, we represent the new theoretical

model where the injected SCT is decelerated by both the magnetic pressure force and the magnetic tension force (we call it the

non-slipping sphere (NS) model) and investigate in detail the deceleration mechanism of the SCT by comparison with simulation

results. As a result, it is found that the decrease of the SCT kinetic energy in the simulation coincides with that in the NS model

more than in the CS model. It means that not only the magnetic pressure force but also the magnetic tension force acts as the

deceleration mechanism of the SCT. Furthermore, it is revealed that magnetic reconnection between the SCT magnetic field and

the target magnetic field plays a role to relax the SCT deceleration.

Keywords: fuelling, compact toroid, MHD simulation, magnetic reconnection

1. Introduction

In recent year, the compact toroid (CT) plasmoid injection has been considered as one of the advanced methods for deep

fueling in a fusion reactor. This method is expected to supply the high density plasma deeply, since the injection velocity of fuel

by this scheme is much faster than that by any of the other schemes. So far, the CT injection method has been discussed in

relation to several experimental [1-7] and theoretical [8-11] studies. Since 1997, in Japan Atomic Energy Research Institute, the

CT injection experiment into JFT-2M tokamak has been carried out in cooperation with Himeji Institute of Technology [12-14],

Also in National Institute for Fusion Science, the CT injection experiment into LHD has been planning [15], Although these

studies have shown the possibility of fuelling by this method, the CT dynamics in the fuelling process as well as the penetration

depth of the CT has not been well understood. To reveal this, we have carried out MHD numerical simulations where a

spheromak-like CT (SCT) is injected into a magnetized target plasma region [16-20].

In our previous paper [19,20], it is revealed that 1) the magnetic configuration of the injected SCT is disrupted by magnetic

reconnection between the SCT magnetic field and the target magnetic field, which leads to supply of the SCT high density

plasma, 2) the penetration depth of the SCT plasma into the target region becomes shorter than that estimated from the

conducting sphere (CS) model, because the Lorentz force of the target magnetic field sequentially decelerates the SCT while in

the CS model only the magnetic pressure force decelerates it. In this study, we represent the new theoretical model where the

injected SCT is decelerated by both the magnetic pressure force and the magnetic tension force and investigate in detail the

deceleration mechanism of the injected SCT by comparison with simulation results.
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2. Theoretical model

So far, the CS model has been widely employed to estimate the penetration depth of the injected CT [2,5,13]. This model

indicates that the CT, for which an incompressible, perfectly conducting sphere is substituted, penetrates with slipping the target

magnetic field, that is, the CT can penetrate until its initial kinetic energy is exceeded by the magnetic energy required to exclude

the magnetic field from its volume:

— f -pV2dv = -—[ —B2dv (l)
dtJcJ 2 dt &T 2fi0

where p, V and B are the CT density, the CT velocity and the strength of the target magnetic field at the point where the CT is

penetrating, respectively. Taking V - V^ B = 0 for the initial condition and V = 0, B = B^ for the final condition when the CT

stops, we can lead

l T r i l ^ 9

« i \j i \j i *•* target ^ i * '

where v^ is the CT volume. Thus, the CT can penetrate until the pint where the strength of the target magnetic field is

.(3)

Furthermore, taking a j-axis for the injection direction, we can lead the equation of motion from eq. (I) as follows:

~L~ pVl-dv = L -———B'dv (4)

f V, — pV.dv=\ -V,——B2dv (5)
JCT " d t - JCT - ^ 7 O i l

dt

dz / 0

where F is the CT acceleration force. Therefore, in this model only the magnetic pressure force acts as the deceleration

mechanism of the CT. However, the CT actually has the finite resistivity, which could inhibit the CT from slipping the target

magnetic field. It is confirmed from the simulation with the finite resistivty that the injected SCT does not slip the target magnetic

field but bent it with the SCT penetration. In addition, it is revealed that the Lorentz force of the target magnetic field sequentially

decelerates the SCT through the penetration process. The Lorentz force consists of the magnetic pressure force and the magnetic

tension force:

JxB = -V • (7)

Therefore, the magnetic tension force could also decelerate the SCT. If we approximate the bent target magnetic field with a

cosine function, the z component of the magnetic tension force is lead as follows:

- + - E 2^_ (8)
\R) 2

dy Bx 2R [R
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Figi The schematic diagram of the bent target magnetic field.

2R R

2R2

(12 )

(11)

where LXT, L? and R are the half size of the SCT, the SCT penetration depth and the radius of a target region, respectively (Fig. 1).

The equation of motion for the SCT is given by adding the term (11) to eq. (6):

a a B2 B2K2(L+LSCJ)
— pV. =F-— V p , SCT/ . ( 1 2 )
a r • dz 2/i0 2^QR2

Neglecting the convection term, we call it the non-slipping (NS) model. Thus, we respectively represent

CS model:

dV, d B2

p F
dt dz 2jU0

NS model:

dV2 ^ r d B2

9 dt dz2Mo

(13)

2/J0R
2

where the magnetic pressure force and the magnetic tension force are averaged over the SCT volume. Futhermore, from the

simulation result, we approximate the decrease of the SCT density with

(15)

(Fig. 2: approximate line), where p°" and v* are the initial SCT density and the initial SCT volume, respectively. The SCT

penetration depth is determined by solving simultaneously

dt
= V_ (16)

In addition, each model in the following section is calculated based on the case with null target magentic field (Bt i = 0).
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3. Comparison with simulation results

Figure 3 shows the SCT penetration depth given by the NS model, the CS model and the simulation with <B^> = 0.46 and

BL^= 0.1 [19,20]. It can be seen that the SCT penetration depth in the NS model well coincides with that in the simulation while

it in the CS model is longer. It means that the magnetic tension force effectively acts as the deceleration mechanism of the SCT.

However, the SCT penetration depth in the NS model is a little shorter than that in the simulation with time. Figure 4 shows the

time evolution of the SCT kinetic energy both in the NS model and the simulation by subtracting them from the null target

magnetic field case. It can be seen that the SCT kinetic energy in the NS model well coincides with that in the simulation until

about 30 TA. After that, however, the SCT kinetic energy in the NS model continues to decrease while it in the simulation begins

to increase. It means that in the SCT penetration process the deceleration force is a little relaxed by some mechanism.

4. Effect of magnetic reconnection

As indicated in § 1, it is observed that magnetic reconnection between the SCT magnetic field and the target magnetic field

takes place, which leads to supply of the SCT high density plasma in the target region [19,20]. Magnetic reconnection could also

relax the SCT deceleration, since it can dynamically change the topology of the magnetic field. Thus, to examine the effect of

magnetic reconnection, we carried out the simulation in which the bare piasmoid, that is, the SCT with null magnetic field is

injected ( B ^ = 0). All parameters except the SCT magnetic field in this case are the same as those in the previous paper [ 19,20].

T?
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2

0

-2

<BSCT>

Btarget=

CS model-

m**\ i i i i

= 0.46
0.1 \ < "

S /
NS model

0 5 10 15 20 25 30 35 40 45
t / x A

B
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lif
l

o
U.

erf5
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o

0.0
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-0.2

-0.3

-0.4

-0.5
Btarget= 03

5 10 15 20 25 30 35 40 45
t / x A

Fig3 The time evolution of the SCT penetration depth in the CS Fig 4 The time evolution of the SCT kinetic energy in the NS model
model, the NS model and the simulation with <BSCT> = 046 and and simulation, which is shown by subtracting the case with the null

01 The target region corresponds to 0 < Lp < 8 target magnetic field
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Fig5: The spatial structure of the high density plasma and
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Fie6: The time evolution of the SCT penetration depth The target
magnetic field B t n a t = 0.3, which is three times larger than the
previous simulation

Figure 5 shows the spatial structure of the high density plasma (dark region) and target magnetic field lines at t = 0 and 30 xA. It

is found that the high density plasma penetrates into the target region as shown in the SCT injection [19,20]. Since the initial

pressure profile is spatially constant and the heat conductive time is longer than the Alfven time, the diffusion of the high density

plasma is not so different from that in the SCT injection (Fig. 2). In addition, it is obvious that such a magnetic reconnection as

observed in the SCT injection does not occur. In figure 4, the time evolution of the bare plasmoid kinetic energy is also shown. It

is found that this time evolution coincides with that in the NS model more than that of the SCT kinetic energy does. These results

mean that magnetic reconnection between the SCT magnetic field and the target magnetic field relaxes the SCT deceleration.

Magnetic reconnection could give the SCT penetration the same effect as the slipping indicated in the CS model, since it takes

place between the SCT magnetic field and the bent target magnetic field. Therefore, it is considered that the relaxation of the

magnetic tension force by magnetic reconnection causes that of the SCT deceleration.

5. Dependence on the target magnetic field strength

Figure 6 shows the SCT penetration depth in the case with Bav = 0.3. It is found that in this case also the SCT penetration

depth in the CS model is longer than that in the simulation. On the other hand, it in the NS model becomes shorter. In figure 4, the

time evolution of the SCT kinetic energy in this case is also shown. The difference of the SCT kinetic energy between the NS

model and the simulation is larger when the target magnetic field is stronger, which causes the larger difference of the SCT

penetration depth between them. We have not yet examined the dependence of the time scale when the relaxation is triggered as

well as how long it continues on the strength of the target magnetic field. It would be reported in a future work.

6. Summary

We investigate the deceleration mechanism of the SCT injected into the magnetized target plasma region. It is revealed that in

the SCT penetration process both the magnetic pressure force and the magnetic tension force effectively decelerate the SCT. In

addition, it is found that magnetic reconnection between the SCT magnetic field and the target magnetic field relaxes the SCT

deceleration. However the dependence of the time scale when the relaxation is triggered as well as how long it continues on the

strength of the target magnetic field has not been examined yet. Furthermore, in the current simulation the target magnetic field is

fixed on the boundary wall, which would cause the over estimate of the magnetic tension force. These would be reported in a

future work.
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Abstract

The theory of nonlinear waves for plasmas has been applied to the analysis of the density wave theory

of galaxies which are many-body systems of gravity. A nonlinear Schrodinger equation has been derived

by applying the reductive perturbation method on the fluid equations that describe the behavior of

infinitesimally thin disk galaxies. Their spiral arms are characterized by a soliton and explained as a

pattern of a propagating nonlinear density wave.

Keywords: density wave, galaxy, nonlinear wave, soliton, reductive pertubation method, nonlinear Schrodinger

equation.

1 Introduction

A galaxy is a many-body system composed of stars interacting with each other through a long range force,

gravity[1]. There are a lot of common characteristics between the physics of galaxies and plasmas, which are

systems of charged particles interacting through the Lorentz force. Macroscopic description of these systems

can be casted in a fluid model including internal forces which bring about collective behavior such as waves

or instabilities^, 2].

The spiral of a galaxy has been explained by the density wave theory[1, 3, 4] as a pattern of a rotating

density wave on a disk. This theory resolves the winding, i.e. the spiral arms must be would up far beyond

the observed structure in normal ages of galaxies if we assume a simple rotational deformation ansatz[l].

Lin and Shu[3] treated galaxies as compressible fluids and showed that the linearized fluid equations for an

infinitesimally thin disk galaxy have a spiral wave solution that is proportional to exp(u>t — m9 + A/(r)),

where LJ is the frequency of the wave, m is the azimuthal wave number (which is also the number of arms

of the galaxy), A is, a constant (A 3> 1), f{r) is the phase factor of the wave in the radial direction (Fig. 1).

They obtained the dispersion relation

where e is the sign of f'(r), Q(r) is the angular frequency of the rotation of the disk, no(r) is the equilibrium

surface mass density, G is the gravitational constant, and K is the epicyclic frequency defined by

The physical meaning of the epicyclic frequency is explained as follows: Orbits of stars in a galaxy are usually

not exact circles and always have a certain amount of randomness. If one of the perturbed orbits is observed

on a framework rotating with the mean angular velocity around the center of the galaxy, it is known to be
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Figure 1: An example of curves on which the phase of exp(u>t — m6 + A/(r)) is constant. This curves are

explained as the arms of the galaxy in the linear density wave theory.

a small circle[l]. The frequency of such small cyclic motions that originate from randomness is called the

epicyclic frequency.

In this report, we extend Lin and Shu's analysis to the nonlinear regime and characterize the spiral

structure as an asymptotic soliton-like nonlinear wave. Using the reductive perturbation theory[5], we

derive a nonlinear equation for the envelope wave, which resembles a Schrodinger equation.

Within the framework of linear approximation, the pattern of galaxies is still undetermined, because any

linear combination of spiral waves solves the linear equations. A specific structure stems from the nonlinear

effect that yields coupling among linear modes and selects a special pattern which can sustain for a long

term.

2 Nonlinear Density Wave Theory and Soliton Structure

We consider a galaxy whose mass density is concentrated on an infinitesimally thin disk. The set of the fluid

equations (the mass conservation, the momentum equations, and Poisson's equation) reads, in the cylindrical

polar coordinates (r,9,z).

(4)

(5)

(6)

du du v du d<t>
_ i _ ~ , _ i _

dt dr r 89 r <9r'
dv dv v dv uv 1 d(f>

~di+U~d~i:+r~dd + ~ = r~d§'

dz2

where n is the surface mass density, u and v are the r-component and the ^-component of the fluid velocity,

respectively, and 4> is the negative of the gravitational potential. Mean fields are given by n = no(r), u = 0,

v = ri}(r) > 0. Here we normalize r and z by the mean wave length of the carrier wave in the radial direction

2TTR/\, where R is the radial size of the galaxy and A 3> 1 is a dimensionless constant, t by the period of the

carrier wave 2TT/LJ, n by no(0), u and v by the phase velocity LJR/\, <f> by ui2R2/A2, and G by w2/?/2rio(0)A.

Using a small parameter e, we transform the independent variables (r, 9, z) into stretched variables (£, T?, T)

as

Z = e(r-Vt),
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V = eH, (7)

where I is a constant. The partial derivatives translates as

d _ d

dd~ Or,'

at a£ or

We expand the dependent variables around their mean values as

oo oo

n = 1 / = — oo

oo oo

1 / = — oo

oo oo

(10)

(11)
n = l / = —oo

where, we assume, n\T , u\ , and y; vary much slower than exp {il(u>t — mO + A/(r))}. The reality

conditions on physical quantities demand

(12)

v(n)*=v{n)t (14)

where asterisks (*) denote the complex conjugate.

We approximate the potential gradient as

oo oo

_ . . . , . sn \^ Re \2in,, exn\il(u>t — mO + A/(r))l , (15)
dr *-~' t—1 I J

n = l /=1

— — 0, (16)

which means that the phases of dcf>/dr and n '" ' are shifted by n/2. Equations (15) and (16) are in principle

the same as Eq. (11) of Ref. [3], where the phase shift is given by the complex expression dfyjdr <x m'n*.

Note that the first term on the right-hand side of Eq.(15) is equivalent to the zeroth-order gravitational field.

Substituting Eqs.(7)-(16) into the fluid equations (3)-(5) gives

o o o o o o

'=-oon=ln' = l

= 0, (17)
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exp
/
i/u; -

r)
-

oo oo oo

oo oo oo

n = l

oo

Ge53£l

7 1 = 1

exp {iliu.

ooa 5 3 R e
/ = i

it — mO

(18)

2 ° °

n — \ n = l000000

E E Ee"+B'«!-!
= - o o n = l n' = l

oo oo oo

/'=-oo n=l n'= 1

= 0,

Here we used a relation

VT \ VT

(19)

l '

Because the coefficients in Eqs (17)-(19) are slow functions of t, r, and 6 in comparison with the "carrier"
exp {il(u)t — mO + A/(r))}, we can assume that each Fourier component is linearly independent, and hence,
Eqs.(17)-(19) demand vanishing of every Fourier coefficients separately.

Now we separate terms in Eqs. (17)-(19) into each order of e. The coefficients of the order of e1 read
(see Appendix)

ilum\l) +il\f'(r)nou\l) - i /mftnj" =0 ,

- 2Qv\1] = 2mGen\l]'sgn /,

\X)IILOV\X) + -j:u\l) ~ Um<nv\X) = 0,

(21)

(22)

(23)

for each Fourier component /. Equations (21)-(23) immediately yield the linear dispersion relation Eq. (1)
and

(l\ (l\ (24)

where

UJ — mil

(25)

( 2 6 )

Note that we have assumed
ui = vi ~ ni =

for / ^ ±1, which means that the "carrier wave" is sinusoidal.

( 2 8 )
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The coefficients of e2 in Eqs.(17)-(19) yield relations

| 2 )

(1 )

il(Lj-m.il)n\*' -V il\f'(r) i r = °>

du U)
2Qv{{2)

for each /. Substituting Eqs. (24)-(28) and 1=2 into Eqs. (29)-(31) gives

u(2) _ b ^(1)2

J2) _,-/, JM2

where

(2 ) , ( 1 ) 2

n2 = 63n\ ,

(-K2 + 47rGeA/'(7>0)
4TrGe\f'{r)n0] '

- K2 + 4irGe\f'(r)nQ] '

no [4(LJ — 7TJ.JJ)' — K + 4irGeXf'(r)noj

Similarly substituting Eqs. (24)-(28) and 1=1 into Eqs. (29) and (31) yield

(w - mil) iXf'(r)n0 0
-2niGe i(u - mil) -2il

20
0 - rnfl) ..(2)

(V + nop)
dn\( i )

-pV
dn\( i )

—iqXr
dn[l)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

Since the determinant of the matrix in Eq. (38) is zero due to Eqs. (21)-(23), there are no solutions to Eq.

(38) unless

V = ̂ ^ 4 . (39)

Equation (39) determines the group velocity of the nonlinear wave. It might seem a contradiction that the

right-hand side of Eq. (39) is a function of r, while V is a constant. However, Eq. (39) is locally justified

by the fact that the mean fields are slow functions of r.

Under the condition (39), solutions to Eq. (38) cannot be determined uniformly, because the determinant

of the matrix in the left-hand side is zero. Hence we assume

Equations (38) and (40) yield

n<2) = 0.

1 d r (D] w -mil ( 2)

(2) 1
LJ — mfl

i n dn\( i )
(2)

(40)

(41)

(42)
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Furthermore, we substitute / = 0 into Eqs. (30) and (31) and use Eqs.(12) and (24)-(28). Then the

following equations are obtained:

v{2) -
u0 —

2 p ( - > 2

n0

= 0.

The coefficients of e3 in Eqs.(17)-(19) read

U(LJ - ilmfynf - \

= 0,

rdni
{2)

dr Vi

( 1 )
1

ae
Jl)

(43)

(44)

(45)

^^'-^i

= o,

for each /. Substituting / = 0 into Eq.(45) and using Eqs.(12) and (24) give

2^

' =0.

Substituting Eq. (43) into Eq. (48) gives

which can be immediately integrated as

(2)

..(!) 1 aJi)

dr]

where ij}(ri, r) is an arbitrary function of t] and r . Here we assume -0 = 0 to obtain

n<2> = 0.

For 1=1, Eqs. (45)-(47) yield

i(w - mfljn1/1 + lA/'^Jnou1! ' + ffi = 0,

)^'!3' - 2ilv[3) - 2iriGen[3) + g2 = 0,
2

)v[3) + ^u[3) +g3=0,

where

91 = -

a 2) ^ (1

on, an
r/ 1 | 1

, ( ' )

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

- 1 0 9 -



Under the condition given by Eq.(l), Eqs. (52)-(54) are not independent with respect to n\ , u\ , and v\ .

Equation (54) times 2iQ/(u> — mfi) minus Eq. (52) times 2nGf/(ui — mJJ) becomes

i(w - mn)u|3 ) - 2fiU<1
3) - 2*iG«rn(

1
3) + 2 ' " g 3 ~ 2 ^ g l = 0, (58)

u> — mil

where the dispersion relation Eq.(l) has been used. Comparing Eqs. (53) and (58), we obtain

(w - mn)32 = -2irGegi + 2ittg3. (59)

Finally, we substitute Eqs. (24)-(28), (32)-(34), (40)-(44), (51), and (55)-(57) into Eq. (59) and assume that

Pi 1i /'( r)> ^> a n ( i no vary much slower than n\ . Then, we obtain

n) n - U ,

where

1
0 + V2A/'(r)

7TGen2
0Xf'(r){mq

(w —

(60)

l '

(p2)

3(^ - m(i)K
•3 ~ ~[^ + 2(u;-mnf}nl- (63)

Taking the limit of r —» oo, Eq. (60) reduces into the nonlinear Schrodinger equation, which describes

envelope solitons[6]. We thus see that the spiral structure of galaxies approaches to a soliton-like state.

Note that exp {il(u>t — mO + A/(r))} does not express an observable wave pattern any longer. In other

words, the variable m is not a number of arms of a galaxy any longer (which used to be in the linear theory

by Lin and Shu[3]). Instead, exp{il(ujt — md + Xf(r))} expresses the carrier of the nonlinear wave here.

3 Numerical solutions

Although Eq. (60) reduces into the nonlinear Schrodinger equation in the limit of r —> oo, no exact solutions

to Eq. (60) have been found for d2 ̂  0. In this section, we study the solutions for finite r numerically.

If d2 = 0, the analytic solution to Eq. (60) is well-known to be

for did3 > 0 or

= Atanh exp

(64)

(65)

for did.3 < 0, where A, Vx, ̂ 0, and £i are arbitrary constants. The constant A determines the amplitude

and the width of the soliton, Vi (and V) determine(s) the group velocity, and £o and (^ determine the initial

positions of the soliton and the carrier wave, respectively. Equations (64) and (65) correspond to the bright

and dark solitons, respectively.

Figure 2(a) shows an analytic solution for d2 = 0 given by Eq. (64). Here d\ — d% — 1, A = 2, Vi = —10,

£o = 6, £i = 2.76, and the initial time r0 = 1. We can see that an envelope soliton propagates in the

^-direction without change of its shape. On the other hand, Figs. 2(b) and 2(c) show numerical solutions to

Eq. (60) for d2 = 1. The initial time r0 = 0.5 in Fig. 2(b) and r0 = 0.1 in Fig. 2(c). The initial positions

of the soliton and the carrier wave in Figs. 2(b) and 2(c) are the same as Fig. 2(a). We can see from these

figures that the amplitude of the solitary waves decreases as it propagates in the ̂ -direction. This result is

quite natural, because the wave propagating in the ̂ -direction, which corresponds to the radial direction,

decreases its energy density (the 1/T term in Eq. (60) comes from the 1/r terms in Eqs. (3)-(5)).

no



I (a) T-To =0i (a) T-To =0
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(c) T-To =0.5 (c) T-To =0.5
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k %
(a) = rf3 = 1, d2 = 0, A = 2,

10, Co = 6, h = 2.76, and

(b) di = d3 = I, d2 = I, A = 2,

Vi = - 1 0 , £0 = 6, fi = 2.76, and

T0 = 0.25.

(c) <*! = d3 = 1,

Vi = - 1 0 , Co = 6,
TO = 0 . 1 .

= 1, A = 2,

- 2.76, and

Figure 2: (a) An analytic solution for d2 = 0 given by Eq. (64) and (b),(c) numerical solutions for d.2 = 1.

Here To = 0.25 in Fig. (b) and r0 = 0.1 in Fig. (c). The initial position of the wave is the same as Fig. (a).

We can see that the amplitude decreases as the solitary wave propagates in ̂ -direction when d2 = 1.

4 Concluding remarks

We have derived a nonlinear Schrodinger-type equation that describes a spiral structure of a galaxy. As well-

known to plasma physics, the Langmuir wave, which is a density wave propagating on electrons, can generate

an envelope soliton that is described by a nonlinear Schrodinger equation. A galaxy is a gravitational many-

body system, while a plasma is an electromagnetic many-body system, which, in the electrostatic limit, obeys

the same set of equations. Hence, the fact that the galactic density wave has a soliton-like structure can be

naturally deduced. A unique feature of the present formalism is that a thin-disk geometry is considered and

the soliton-like structure of a gravitational medium is obtained.

Galaxies resemble plasmas in that their components interact with each other through a long range force

produced by the particles themselves. In particular, single-species non-neutral plasmas such as pure electron

plasmas are quite similar to galaxies except that electrons are repulsive while stars are attractive. Because of

this nature of galaxies and non-neutral plasmas, they exhibit similar collective phenomena such as vortices[7].

The behavior of single-species non-neutral plasmas is often analyzed under the assumption that they

have an infinite length in the axial direction, while galaxies are often assumed to have a zero thickness.

The advantage of the infinite-length analysis is that the Poisson's equation becomes two-dimensional, which

makes our problem completely two-dimensional. Then the analysis is greatly simplified. It is meaningful to

analyze the behavior of galaxies in such a way because of its simplicity. Such an analysis is to be published
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elsewhere.
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Appendix

We show that the following two equations are equivalent:

oo oo

exp(iltp) (Xl " + UYl ) + / Re 2i.Z; exp(z/y>) = 0 (V(/J), (66)

X\n) +ilYl
{n) +iZln)sgn I = 0 (V/), (67)

where X\ , Yt , and Z\ arc complex constants or slowly varying functions of ip that satisfy the reality

condition

Afl)*=Ali», (68)

Y<n)'=Yy, (69)

Z[n)* = Z™. (70)

Equation (66) can be written as

l = ~oo

oo

- E [24n ) c o s(^) + 2Z'rn) sin(/v)] = 0, (71)

where subscripts r and i denote the real part and imaginary part, respectively. The second term of the

left-hand side of Eq. (71) vanishes because of the reality condition Eqs. (68)-(70). Then Eq. (71) becomes

oo

E [ \ '*" /i i\ j V H / J

Thus,

A(
(
r
n) - lYJf-] - Z^] = 0, (73)

A j j i '^ ;r ' -^/r = "> ('•*)

for each / > 0. Equations (73) and (74) are identical to

X^ + ilYt
(n) + iZ{

t
n) = 0 ( / > 0 ) . (75)

Taking complex conjugate on Eq. (75) gives

A'i."' - HY['^ - iZ^ = 0 (/ > 0)

X\n) + ilY{n) - iZ\n) ( / < 0 ) . (76)

Equations (75) and (76) are written as

Xln) +ilYl
{n) +iZln) sgn 1 = 0 (V/). (77)
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Investigations on Application of Multigrid Method to

MHD Equilibrium Analysis
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Abstract
The potentiality of application for Multigrid method to MHD equilibrium analysis is investigated. The nonlin-

ear eigenvalue problem often appears when the MHD equilibria are determined by solving the Grad-Shafranov equation

numerically. After linearization of the equation, the problem is solved by use of the iterative method. Although the Red-

Black SOR method or Gauss-Seidel method is often used for the solution of the linearized equation, it takes much CPU

time to solve the problem. The Multigrid method is compared with the SOR method for the Poisson problem. The results

of computations show that the CPU time required for the Multigrid method is about 1000 times as small as that for the SOR

method.

Keywords: MHD equilibrium, Multigrid method, Red-Black SOR method.
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Fig. 2.1 The wave with wavenumber k = 2 on (a) Q* and (b) Q".
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Fig. 2.2 The structure of multigrid cycles, (a) V-cycle, (b) W-cycle.

Fig. 2.3 The structure of Full Multigrid V-cycle. The number of cycle is two.
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Fig. 3.1 The distributions of the solution of eq. (3.1). (a) easel, (b) case2.
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Abstract
For the second order time evolution equation with a general dissipation term, we introduce a

recurrence relation of Newmark's method. Deriving an energy inequality from this relation, we
consider the stability and the convergence criteria of Newmark's method. We treat a dissipation
term under the assumption that the coefficient damping matrix is constant in time and nonnegative.
We can relax however the assumptions for the dissipation and the rigidity matrices to be arbitrary
symmetric matrices.

Keywords: dissipation term, energy inequality, Newmark's method, recurrence relation, stability

1 Introduction of Newmark's method

We introduce the basic ideas of Newmark's method[9] for the second order time evolution equation in
the d-dimensional Euclidean space Rd. Let M, C and K be d x d matrices on Rd which are constant in
time, and let f(t) be a given Revalued function on [0,oo). Throughout this paper, we assume that M
is symmetric and positive definite:

M > ml, m > 0. (1)

Here / is the identity matrix on Rd. We consider the approximation method for the following initial
value problem of the second order time evolution equation for an Revalued function u(t):

M^u(t) + Cjtu(t) + Ku(t) = f(t), U(0) = «0) jtu(0)=vo. (2)

Let an, vn and un be approximations of (d2 /dt2)u(t), (d/dt)u(t) and u{t) respectively at t = rn with a
positive time step r and an integer n, and let /„ = f(rn). Then Newmark's method for (2) is defined
through the following relations:

Man + Cvn + Kun = fn,
un+i =un+ rvn + \r2an + pT2{an+i - an), (3)

vn+i - vn + ran + 7r(an+i - an).

The first relation corresponds to the equation (2), and the second and the third relations correspond to
the Taylor expansions of u(t + r) and v(t + r) at t = rn respectively. Here, /3 and 7 are positive tuning
parameters of the method.
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An interpretation of the parameter ft related to the acceleration (d2/dt2)u(t) can be seen in [9]: The
case /3 = 1/6 corresponds to the approximation that the acceleration is a linear function of t in each
time interval; the case /3 = 1/4 corresponds to the approximation of the acceleration to be a constant
function during the time interval which is equal to the mean of the initial and final values of acceleration;
the case /3 = 1/8 corresponds to the case that the acceleration is a step function with the initial value
for the first half of each time interval and the final value for the second half of the interval. It is often
the case that 7 is equal to 1/2.

2 Iteration scheme of Newmark's method

Based on the formulas in (3), Newmark's method generates the approximation sequence un, n = 0,1,2,
. . . , N by the following iteration scheme:

Step 1. For n = 0, compute a0 from the initial data u0 and VQ:

ao = M~l(f0 - Cv0 - Kuo).

Step 2. Compute an+i from /n+i, «„, vn and an solving a linear equation:

an+1 = (M + ̂ rC + P^K)-1

x[-Kun - (C + rK)vn + {(7 - \)TC + (0 - \)T2K}an + fn+1}.

Step 3. Compute un+i from un, vni an and an+i:

un+i = un + Tvn + (\ - P)r2an + 0r2an+i.

Step 4. Compute vn+i from vn, an and an+i:

vn + (1 - 7)ran + 7ran + 1 .

Step 5. Replace n by n + 1, and return to Step 2.

Here, Step 1 is nothing but the first relation of (3) with n = 0. The expression of an-|_i in Step 2 is
obtained by eliminating un+\ and vn+i from the second and the third equalities in (3) together with the
first equality in (3) with n replaced by n + 1:

Man+i + Cvn+i + Kun+i = /„+!.

Step 3 and Step 4 are from the second and the third relations of (3).

3 Recurrence relation of Newmark's method

Newmark's method (3) for the second order equation (2) is reformulated as follows in the recurrence
relation([l], [2], [3] and [13]). Eliminating vn and an from (3) by a series of tedious manual computations,
we have

(M + (3r2K)DTfun

Tun + {(1 - f)C + r ( 7 - \)K}Dfun + Kun = {I + r ( 7 - \)D-T + (3T2DTf}fn,
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where

DTun - («n+i -un)/r,
Dfun = (un-un-i)/T,
DTfun = (DTun - DTun)/r.

We confirmed this result by a formula manipulation software NCAlgebra[6] on Mathematical2]. Espe-

cially, in the case 7 = 1/2, we have:

(M + pr2K)DTfun + \C{DT + D-T)un + Kun = {I + (3r2DTf)fn. (5)

These recurrence relations are useful for the stability and error analyses of Newmark's method. See [8]

and [10] for the case with C = 0.

4 Derivation of an energy inequality

Taking a scalar product of (4) and (DT + Df)un, we can derive an energy inequality for Newmark's

method. From this inequality, we obtain the stability conditions for Newmark's method. In the following,

we use the usual Euclidean scalar product (•, -) and the corresponding norm || • || in Rd .

From now on, let T be a fixed positive number and N be a positive integer, and define r := T/N and

n = 0 ,1 ,2 , . . . , N - 1. Let C be nonnegative: C > 0, let K be positive definite: K > kl, k > 0 and

m > 0 is the smallest eigenvalue of M. We also assume that

The main result of this section is the following theorem for the energy inequality.

THEOREM 4.1 Let {un}^=0 be a sequence generated by the scheme in Section 2. Then for a positive

constant TO determined as below, there exists a positive constant Co such that the inequality:

holds for all r < TQ and an arbitrary positive constant a, where T0 is determined either as

T0 > 0 when fi>\ (7)

or as

REMARK 4.1 The constant Co in the theorem depends primarily on the coefficient matrices M, C and

K, and secondarily on the tuning parameters (3 and 7 and it also depends on the initial values UQ and

Vo and the inhomogeneous term f, and finally on TQ in the way described above.

PROOF. Using (4), we derive an energy inequality as follows (see [1] and [2] for the case 7 = 1/2).

Rearranging (4), we have

1 2 v T T ' n (9)
+ (7 - \)C{DT - Df)un + r ( 7 - \)KDfun + Kun = gn,
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where
<?„:={/ + r ( 7 - ^)£>f +pT

2DTr}fn- (10)

We take a scalar product of (9) and (DT + Df)un. Since C is nonnegative, we have

((M + (iT2K)DTfun, (DT + D-T)un)

+ (7 - \){C{DT - DT)un, (DT + Dr)un)
+T(j-±)(KDfun,(DT+Df)un) (11)

un, (DT + Df)un) - (Sn, {DT + Df)un)
= -{\C{DT + Df)un, (DT + Df)un) < 0.

Using the assumption for M, C and K, we obtain the following lemma:

LEMMA 4.2 When we put

wn := ((M + f3T2K)DTun,DTun) + (Kun+1,un)
+r ( 7 - \){CDTun, DTun) - | r 2 ( 7 - \){KDTun, DTun),

we have

•wn < wn-i +T{gn,DTun+DTun-1). (12)

PROOF. We omit the proof. •

Using the equality:
(Kun+i,un) = T(KDTun,un) + {Kun,un),

we can modify the expression of wn as

wn = \\MDTunf + T { / 3 (

+T(KDTun,un) + H/^/VJI2 + r(7 - \

Using (12) repeatedly, we have

Wn < Wn-l+T(3n,DrUn+DrIln_i)

Wn-l < Wn-2+T(gn-i,DTUn-i+ DTUn-2)

DTUn-m-l)

w\ < w0 + r(gi,DTUi + DTu0).

Summing up these inequalities, we obtain

•wn < wo + ̂ 2r(gi,DTUi + DTUi-X). (14)

To modify (14), we show the next lemma.

LEMMA 4.3 Under either the condition

(7)and0<6 <m, (15)
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or
(&)andr < T0 and 0 < 6 < Tn - ^{-•y - f3)\\K1/2f, (16)

we have

8\\DTul\\
2<wl. (17)

PROOF. Let 6 be a positive number. Using the assumption that M and K are positive definite, C is

nonnegative and 7 > 1/2, we have

Wl-5\\DTUl\\
2

> WM^-^DrU.f +T2{j3- i7)| |A'1/2Z3 ru i | |
2 + \\\Kll2{TDTUi + 2Ui)\\

2 - 5\\DTui\\
2

> (m - S)\\DTUI\\
2 + T2(/3 - i 7) | |A' 1 / 2D ru l | |

2 + \\\K^2{TDTUi + 2Ui)\\
2.

If f3 and 7 satisfies the condition (7) and 6 < m, then wt - 6\\DTUi\\2 becomes nonnegative for any i.

On the other hand, if (3 — 7/2 < 0, then we have

Wi - S\\DTUi\\
2

\DTUi\\2 - S\\DTUi\\2

If To satisfies the condition (8) and r < To then

2 ^
 1 / 2 2 - 6.

Hence, if (5 < m - T O
2 ( | 7 - ^H^ 1 / 2 ! ! 2 , then wt - S\\DTUi\\2 > 0 for any i. Thus we obtain (17). •

Using Lemma 4.3, we have the next lemma.

LEMMA 4.4 Under either the condition

(7) and 0 < S < min{m, 2 / T 0 } , (18)

or

(8) and r<roand0<8< min{m - T0
2(i7 - /3)\\K1/2\\2,2/T0}, (19)

we have, for r < To,

t u n < C 0 ) n = 0 , l , 2 , . . . , i V - l . (20)

PROOF. Using (17), we modify (14) as follows:

i=\

< Wn + T
i=\

c n
OT -r-^

/ J
2 i=l

(Wi+Wi i ) -

F Sr ^2 wi "f
i=0

n

i=\

- L J2 ||<
t = l

lif
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If f(t) is bounded on [0,T], then, for i > 1, we have

= n/i + (7-ix/ i- / i - i )-
< (4/3 + 27) S U P ii/(Oii-

0<t<T

Hence we have

1- n - l N-l

" — 2 " —̂̂  * <52 ^"^

sup \\f(t)\\}2

0<t<T

Since 0 < 1 - 6 r o / 2 from (18) or (19), we have

1 n - l _ ,

wn < (1 — -<5ro)~1[ifo + ^^ / J Wi + 72"{(4/3 + 27) sup
i=0

Using the Gronwall inequality, we then obtain

Uro)>o + J{(4/3 + 27) sup

where we use NT = T. Thus, we can define Co as follows

27) sup ||/(t)| |} ]exp(<5(l 6TQ) T), (21)
0<t<T

where

wo = ||A/1'2Z?7-«o||2 + T2{0 (7 )}||A'1'2Z?ruo||2

2 2 x (22)
+T(KDTUO,UO) + ||isr1//2uo||2 + r (7 — -)||C1/ '2DTUo||2-

2

D

Lastly, under either the condition (7) or (8), using the following inequality with an arbitrary a:

> -r WK^DruJ x ̂  x -j- x \\Kl^un

we obtain the energy inequality (6) from (20) in Lemma 4.4. From (14) we have

If /n = 9n - 0, then Co = wQ.

n

5 Stability conditions for Newmark's method

In this section, using the energy inequality (6) we derive stability conditions for Newmark's method.

With respect to a parameter /3, we divide the stability condition into two cases and lead to the next

theorem.
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THEOREM 5.1 Let M and K be positive definite matrices and C be a nonnegative matrix. Let m and k

be the smallest eigenvalues of M and K. Assume 7 > 1/2. Then, Newmark's method for (2) in a time

interval [0, T] is stable in the following two cases with respect to (3:

Case 1: / /

then with T0 > 0 and 5 given in (18) we have, for r < r0 and N = T/T,

Co, n = 0 , 1 , 2 , . . . , TV. (23)

C a s e 2: 1/

0 < P < - 7 ,

t/ien for T0 satisfying

we have for T < TQ and N = T/T

IM < fell + Jm_TS{h
C°mKl,vr«, n = 0,1,2,...,N. (25)

Here, in both cases, Co is given by (21) together with (22).

P R O O F . We omit the proof. D

REMARK 5.1 H. Fujii investigated in [4] and [5] the stability condition for the Rayleigh damping case

with C = aK + bM, a, b G R.

6 Relaxation of restrictions on C and K

To extend the applications of the stability theorem in Section 5 and also the convergence theorem in

Section 7, we consider the case with weaker assumptions for C and K as in the next lemma. (See pp.

30-33 in [11].)

LEMMA 6.1 For the second order equation:

M^u(t) + Cfa(t) + Ku(t) = f(t), (26)

we assume that M, C and K are symmetric and satisfy the following conditions:

(Mw,w) > m||w;||2, (Cw,w) > -c| |w||2 , .

{Kw,w) > -c\\w\\2 for w 6 Rd ,

where m and c are positive constants. Then, we can transform (26) into the equation:

M^v(t) + (2AM + C)±v(t) + (A2M + XC + K)v(t) = e~xtf(t), (28)

where

v(t) = e~xtu(t), (2AM + C) > 0, (A2M + AC + K) > kl, (29)

with positive constants A and k.
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P R O O F . We omit the proof. D

So we can obtain the energy inequality based on (28).

7 Convergence of Newmark's method

Using the recurrence relation (4) and the stability theorem, we show in this section the convergence

of Newmark's method together with its convergence order.

Let T be a fixed positive number and N be a positive integer, and define r := T/N. Let u(t) be the

solution of (2) and un (n = 0 ,1 ,2 , . . . , N) be the solution of Newmark's method for (2). We assume that

M and K are positive definite and C is nonnegative.

The discretization error en is defined as en := U(TTI) — un. Then we have the following theorem.

THEOREM 7.1 We assume that f € C2([0,T]), then we have the estimate \\en\\ = O(T1), where

1 = 2 for~f=l

1 = 1 }or-y>\.

P R O O F . TO prove this theorem, we first show the following two lemmas.

LEMMA 7.2 At the mesh points t = rn with n = 0,1, we have

e0 = 0, el = O(T3).

P R O O F . Since u0 = u(0), we have e0 = u(0) - u0 = 0. Next we estimate e\. From Step 3 in the

iteration scheme in Section 2, we have

ui = u 0 + TVQ + {\- P)T2OQ + / ? r 2 a i ,

where

vo = £u(0) , a0 = ^ru(O)

and

x[/i - (C + TK)V0 - KuQ + {(7 - \)TC + (/? - \)i

On the other hand, by Taylor's theorem, we have

1 1 / I o\ 2 i / 3 2 1 / " * / 3 \

= UQ + TDo + io ~ P/1" ̂ 0 1 pT O,Q + U(T ) .

So, we obtain

ei = U(T) - ui = j8T2ao + O(r3) - /?r2oi

and from the relation

a0 = M-1(f0-Cv0-Ku0)
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and the above expression of ai, we have

Ol = (M"1 + O(T)) x [(/„ + O(T)) - (Cv0 + O(T)) - Ku0 + O(r)]
= M-l(f0-Cv0-Ku0) + O(T).

Thus we obtain ex - O(T3). D

At the mesh points t = rn, n = 0,1,2,..., N, we have un = U(TTI) - en and /„ = f{rn). Using the
recurrence relation (4), we can prove the next technical lemma.

LEMMA 7.3 Define pn as

Pn:=(M + pT2K)DTfen

+[{1CDT + (\-1)CDf} + T{1-\)KDf\en + Ken.

Then it is expressed as follows:

(31)

PROOF. Substituting U(TTI) — en for un in the recurrence relation (4), we have

Pn = (M + PT2K)DTfen

+[{jCDT + (1 - j)CDr} + r ( 7 - \)KDT]en + Ken

= (M +/3T2K)DTfu(Tn)
+ [{-yCDT + (1 - i)CDr} + r ( 7 - \)KDf]u(Tn) + Ku(rn)
-{I + T ( 7 - \)D, + PT2DTT}/(rn).

Using the expressions

DTU(TTI) = {u(T(n + 1)) - u(rn)}/r,
0 r / ( rn ) = {f(rn) - f(r(n - l))}/r,
DTfu{rn) = {u(r(n + 1 ) ) -2u ( rn )+u( r (n - l ) ) } / r 2 , etc.,

we rewrite the right hand side of the above formula. Applying Taylor's theorem to u(r(n+l)), / ( r (n - l ) ) ,
etc. at t = rri, we have

Pn = M-£su(Tn) + C£u(Tn) + KU{TU) - f(rn)

Using the equalities:

Kftu{rn) - £/(™)) + O(r2).

M^w(rn) + Cftu(Tn) + Ku{rn) - f(rn) = 0

and
c£u(Tn) + Kftu(Tn) - ftf(rn) = -M^U{TTI),

we obtain (31). •

Proof of Theorem 7.1 (continued). Using Lemma 7.2, 7.3 and the stability theorem we can obtain the
estimate of ||en||. To apply Theorem 5.1 to (30) we consider a modification of (21). If we look the proof
of Theorem 4.1 again, we can replace (4/3 + 27) suPo<t<T II/WII2 with sup1<n<^v_1 ||pn||2- Then we have
in this case

Co = ( 1 - ^ T O ) - 1 { U > O + £ s u p ||pn|
Kn<JV-l
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Hence we have from (23) or (25)

where C\ is independent of u0, VQ and pn. By Lemma 7.2 and (22), where Mo is replaced by eo, we have

w0 = | |M 1 /2D reo| | 2+T 2{/3- | (7- | )} | |^ 1 / 2
JD r e o | | 2

+T(KDTeQ,e0) + \\Kl'2eQ\\2 + r ( 7 - \)\\Cll2DTeQ\\2

= O(T*).

From this we obtain with another constant C-2

Co < C2{O(T4) + sup | | P n | | 2 } .
l < n < J V - l

On the other hand, from Lemma 7.3, we have

sup | |pn | |2 = O(r4) for 7 = | ,
n< /V- l

sup \\Pn\\
2 = O(T2) f o r 7 > § -

<JV

Thus we obtain the results. D

REFERENCES
[1] F. Chiba, and T. Kako., On the stability of Newmark's (5 method, RIMS Kokyuroku 1040, Research Institute

of Mathematical Sciences, Kyoto University, 1998, pp. 39-44.
[2] F. Chiba, and T. Kako., On the stability and convergence of Newmark's p method, The Institute of Statistical

Mathematics Cooperative Report 110 Proceedings of 1997-Workshop on MHD Computations —Numerical
methods and optimization techniques in controlled thermonuclear fusion research—, 1998, pp. 196-202.

[3] F. Chiba, and T. Kako., Stability and error analyses by energy estimate for Newmark's method, NIFS-
PROC-40 Proceeding of 1998-Workshop on MHD Computations "Study on numerical methods related to
plasma confinement", National Institute for Fusion Science, 1999, pp. 82-91.

[4] H. Fujii., Finite-Element Galerkin Method for Mixed Initial-Boundary Value Problems in Elasticity Theory,
Center for Numerical Analysis, The University of Texas at Austin, October 1971.

[5] H. Fujii., A Note on Finite Element Approximation of Evolution Equations, RIMS Kokyuroku 202, Research
Institute of Mathematical Sciences, Kyoto University, 1974, pp. 96-117.

[6] J. W. Helton, and R. L. Miller., NCAlgebra, Department of Mathematics, University of California San Diego,
1994.

[7] T. Kako., Spectral and numerical analysis of resistive linearized magnetohydrodynamic operators, Series on
Applied Mathematics Vol.5, Proceedings of the First China-Japan Seminar on Numerical Mathematics,
Z.-C. Shi and T. Ushijima eds., Kinokuniya, 1993, pp. 60-66.

[8] M. Matsuki, and T. Ushijima., Error estimation of Newmark method for conservative second order linear
evolution, Proc. Japan Acad., Vol. 69, Ser A (1993), pp. 219-223.

[9] N. M. Newmark., A method of computation for structural dynamics, Proceedings of the American Society
of Civil Engineers, Journal of the Engineering Mechanics Division, Vol.85, No. EM 3 (1959), pp. 67-94.

[10] P. A. Raviart, and J. M. Thomas., Introduction a I' Analyse Numenque des Equations aux Derivees Par-
tielles, Masson, Paris, 1983.

[11] R. E. Showalter., Mathematical Surveys and Monographs Vol. 49 Monotone Operators in Banach Space and
Nonlinear Partial Differential Equations, AMS, 1997

[12] S. Wolfram., The Mathematica Book, Third Edition, Addison Wesley, 1998.
[13] W. L. Wood., A further look at Newmark, Houbolt, etc., time-stepping formulate, International Journal for

Numerical Methods in Engineering, Vol. 20 (1984), pp. 1009-1017.

1 2 9 -



Numerical Conformal Mapping by the
Charge Simulation Method *

Kaname AMANO, Dai OKANO and Hidenori OGATA
Department of Computer Science, Faculty of Engineering, Ehime University

Abstract
We present a method of numerical conformal mapping of a bounded Jordan domain onto the unit disk,

which is a basic problem of conformal mapping. We reduce the mapping problem to a Dirichlet problem of the
Laplace equation with a pair of conjugate harmonic functions and employ the charge simulation method, where
the conjugate harmonic functions are approximated by a linear combination of complex logarithmic potentials.
We give some schemes of approximating mapping function which is continuous and analytic in the problem
domain using the principal value of logarithmic function in computation. Numerical examples show that high
accuracy is obtained if the problem domain has no reentrant corners.

Keywords: numerical conformal mapping, Riemann's mapping theorem, charge simulation method, continuity,
analyticity

1 Introduction
Conformal mappings are familiar in science and en-
gineering. However exact mapping functions are not
known except for some special domains. The numeri-
cal conformal mapping has been an attractive subject
in scientific computation.

Symm [29, 30, 31] proposed an integral equation
method of numerical conformal mappings of interior,
exterior and doubly-connected Jordan domains onto
the unit disk, its exterior and a circular annulus, re-
spectively. He expressed a pair of conjugate harmonic
functions by a complex single-layer logarithmic poten-
tial and reduced the mapping problem to the singular
Fredholm integral equation of the first kind. The inte-
gral equation method was improved by Hayes, Kahaner
and Kellner [16] and Hough and Papamichael [18, 19].
Amano [1, 2, 3, 6], with these points as background,
proposed a charge simulation method of numerical con-
formal mappings of the interior, exterior and doubly-
connected domains. He approximated the conjugate
harmonic functions by a linear combination of complex
logarithmic potentials and reduced the mapping prob-
lem directly to a system of simultaneous linear equa-
tions.

See Gaier [15], Henrici [17], Trefethen [32] and Kythe
[25] for surveys of numerical conformal mappings.

We here present some schemes of approximating
mapping function of the numerical conformal mapping
of a bounded Jordan domain onto the unit disk. The
approximate mapping function is continuous and ana-

lytic in the problem domain using the principal value
of logarithmic function.

2 Charge Simulation Method
The charge simulation method is a solver for potential
problems. We have two schemes, i.e., the conventional
scheme [26, 28] and the invariant scheme [27].

Consider the two-dimensional Dirichlet problem of
the Laplace equation

'Supported by the Grant-in-Aid for Scientific Research of the
Ministry of Education, Science, Sports and Culture in Japan
(09440081).

Ag(z) = 0 inD,
g(z) = b(z) onC,

(1)

(2)

where D is the problem domain with the boundary C
and b(z) is the boundary data. We abbreviate (x,y) as
(z) for z = x + iy.

In the conventional scheme, the solution is approxi-
mated by a linear combination of logarithmic potentials

N

(3)

where the points Ci>C2, • • •, Ov, called charge points,
are placed outside D. The unknown constants
Qi, Q2, • • •, QN, called charges, are determined to sat-
isfy the boundary condition (2) at the same number of
points z\,Z2, • • • ,ZN, called collocation points, placed
on C. That is to say, they are solutions of the simul-
taneous linear equations

N

(4)
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which are called collocation condition. This simple ap-
proximation can be highly accurate, but does not re-
main invariant with respect to trivial affine transfor-
mations [27].

In the invariant scheme, the solution is approximated
by

N

G(z) = Qo + 5 1 Qi log |z - 6|, (5)

and the constant term Qo and the charges
Q\,Qi, • • • :QN are determined under the con-
straint 52;=1 Qi = 0. That is to say, they are solutions
of the simultaneous linear equations

N

> k>g I * ; - 6 1 = 0" = 1,2,.. . , AT), (6)
t = l

1 = 1

It is called the invariant scheme and satisfies mathe-
matically nice and physically natural properties.

The approximation G(z) exactly satisfies the Laplace
equation. If D is bounded, the maximum principle
for harmonic functions tells us that the error takes its
maximum value somewhere on C and is estimated as

\G(z)-g(z) < ny*|G(z)-&(z)|

\G(zj+1/2) - b(zJ+l/2)\,

(8)

where Zj+1/2 is an intermediate point on C between
the collocation points Zj and Zj+i. It is known that
the error decays exponentially with respect to N if C
is smooth and b(z) is analytic [20, 21, 22, 23, 24].

We extend the charge simulation method to the com-
plex function and, in application to the numerical con-
formal mapping, approximate a pair of conjugate har-
monic functions by a linear combination of complex
logarithmic potentials.

3 Problem and Theorem

We are concerned here with the basic problem of con-
formal mapping, i.e., the mapping of a domain D
bounded by a closed Jordan curve C given in the z-
plane onto the unit disk \w\ < 1 in the w-plane.

Theorem 1 (Riemann) The mapping function w =
f(z;zo) is uniquely determined by the normalization
conditions f(zo; Zo) = 0 and f'(zo; zo) > 0, where ZQ is
an arbitrary point in D and is called the normalization
point.

We take ZQ = 0 and abbreviate f(z; 0) as / (z) , which
does not lose generality. Then the normalization con-
ditions are /(0) = 0 and /'(0) > 0.

Figure 1 shows the situation of the problem.

4 Numerical Method

4.1 Conventional Scheme

The mapping function is expressed as

f(z) = zexp(g(z) + ih(z) (9)

where g(z) and h(z) are conjugate harmonic functions
in D. They should satisfy the boundary condition
| / (z) | = 1 (z £ C) and the normalization condition
/ '(0) > 0, i.e.,

and

= - l o g | z | (zeC)

h(0) = 0,

(10)

(11)

respectively. From (9), the normalization condition
/(0) = 0 is satisfied. Conversely, if (10) and (11) are
satisfied, (9) is the mapping function of the problem.
The uniqueness of the solution tells us that the problem
is reduced to finding the conjugate harmonic functions
g(z) and h(z) satisfying (10) and (11).

Amano [1, 6] applied the conventional scheme of the
charge simulation method (3) to g(z) + ih(z) and ob-
tained the following scheme of the numerical conformal
mapping.

Scheme 1 The approximate mapping function is ex-
pressed as

F(z)=zexp(G(z)

JV

(12)

G(z) + \H{z) -
t = i

log|z - C.I + iarg ( J - ^

where Qo is the constant of rotation determined
by the normalization condition (11). The charges
Qi i Q2, • • •, QN are the solutions of the N simultaneous
linear equations

Ql\og\zJ -Ci\ = -]og\zj\ (j = l,2,...,N).

(14)
i=\

4.2 New Continuous Schemes
The same mapping function is also expressed as

(15)

where ro is a constant to be / '(0) = l/rp > 0, i.e., the
mapping radius of D at z = 0 (strictly speaking, at the
normalization point z = ZQ). The boundary condition
|/(2) | = 1 (z G C) and the normalization condition
/ '(0) = l / r D are

g{z)-\ogrD = -\og\z\ {z e C) (16)
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=/(z)

Figure 1: Confornial mapping by the charge simulation method. The normalization conditions are /(0) = 0
and / '(0) > 0, and (i and Zj are the charge points and the collocation points, respectively.

and
.9(0) + i/i(0) = 0, (17)

respectively. The problem is reduced to finding g(z)
and h(z) satisfying (16) and (17).

We apply the invariant scheme of the charge simula-
tion method (5) to g(z) + \h(z) under the constraint

(18)

instead of (7) as proposed by Amano and Inoue [11],
and have the approximate mapping function

F(z) =

G{z) + \H(z) =
TV

) , (19)

(20)

where Qo is a complex constant.

4.2.1 Starlike Case

Assume that C is starlike with respect to the origin.
We rewrite (20) to

G(z)+iH(z)
N

We eliminate Qo from (21) and (22), and obtain the
following scheme of the numerical conformal mapping.

Scheme 2 If C is starlike with respect to the origin,
the approximate mapping function is expressed

F{z) = —i

TV

\H(z) =
i=\

), (23)

(24)

where the charges Q\, Q2, • • •, QN and the mapping ra-
dius r£> are the solutions of the N + 1 simultaneous
linear equations

TV

C,
-\ogRD = - l o g \ZJ\ (25)

TV

(21)

(26)

If C is starlike with respect to a point zs in D, which
may be different from the the normalization point z0,
we obtain the following scheme of the numerical con-
fonnal mapping in a similar way.

Scheme 3 If C is starlike with respect to zs in D, the
approximate mapping function is expressed as

for H(z) to be continuous in D using the principal
value of logaritmic function. Note that discontinuity
of Arg(l — z/Qi) appears on the radial line behind Q.
The normalization condition (17) requires

F(z) =

G{z)+\H{z) =

(27)

N

log f l -

G(0) + iff (0) = Qo - O ) = 0. (22)
i=\

- log 1 - -z. (28)
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whei'e the charges Q],Q-2, ••• ,QN and the mapping ra- where the miknown constants, the partial sums of
dius ro are the solutions of the N + 1 simultaneous charges,
linear equations

'i {log - l o g 1 - -zs

C " z.

Q'= (35)

- log RD = - log
the mapping radius rp are the solutions of the N

' ' • • • ' ' ' v ' simultaneous linear equations

N-l

(30)

4.2.2 General Case

7 (log

= log 1

Zj -

zj-l
c log

- log 1̂ 1

Ci + 1
- log Rn

If C is not starlike, using the constraint (18), we rewrite
(20) to

G(z) + iH(z) = - C

i=2 \fc = l
N-l /

A—I

= Q° - ( l o g ( z " c ) " l o g ( 2 "}

\/t=l

- log(z (31)

for H(z) to be continuous in D using the principal value
of logarithmic function. The discontinuity of Arg((z -
C)/(2 — C»+i)) appears on the straight line connenting
C and C+i- The discontinuity of log(z - Cv) term
is mentioned later. The normalization condition (17)
requires

G(0) + iff (0)

f )

(36)

The charge point Gv should be placed for disconti-
nuity of Arg(l — z/C/v) not to intersect D also in this
scheme.

5 Some Remarks
1. We can obtain the mapping radius with Scheme 1

by

(37)

However, it is advisable to use schemes with a con-
stant term [11].

2. The maximum modulus theorem for analytic: func-
tions tells us that the error takes its maximum
value somewhere on C and is estimated as

EF(z) = \F(z)-f(z)\

< mzx\F{z)-f(z)\=EF. (38)

The collocation condition means | F ( Z J ) | = 1 (j =
1,2, . . . , iV), so that

= Q° + E f E
EAr = m a x | | F ( 2 ) | - l |

= 0. (32)

We eliminate Qo from (31) and (32), and obtain the
following scheme of the numerical conformal mapping.

Scheme 4 Whether C is starlike or not, the approxi-
mate mapping function is expressed as

Many examples imply

EF~EM,

( 3 9 )

(40)

z (33)

which is useful to estimate errors when analytical
solutions are unknown.

3. A simple method of charge placement is

G{z)+iH(z) =
N-l

E^
- log f l -

= ZJ + 2 i —' I

- Ci + 1 C + l

•exp | i (arg(z J + 1 - Z j _ , ) - | ) } , (41)

(34)

where q > 0 is a parameter called assignment fac-
tor. It gives numerical results of high accuracy in
many problems [5].
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6 Numerical Examples 7 Concluding Remarks

We show numerical examples on typical problems.

1. an eccentric circle: \z — XQ\ < 1 (XQ = 0.75),

(a) Zj = xo + e'0',

(b)Zj = rje
l8>,

Tj — x0 cos0j + yjl — XQ sin2 9j,

6j = 2TT(J-1)/N.

2. an ellipse: x1 /a2 + y1 < 1 (a = 4),

(a) Zj = acosOj+is\n0j,

Vj = a/ Wcos- 6j + a2 sin2 0j,

3. a Cassini's oval: \z2 - 1| < a2 (a = 1.0219),

T] = Wcos26j + Wcos2 26j + a1 - 1,

4. a square: {(|x| < 1) n (\y\ < 1)},

\zj+1-zj\=8/N, z1 = l.

5. an L-shaped polygon: {(|x-0.5| < l)n(|j/-0.5| <

2, =0.5 + 0.5i.

We use (41) for charge placement, and compute

EM = ^nax^ lF^+i^ ) ! - 1),

EP =

\F(zj+l/2)-f(zj+l/2)\}

for error estimation.
Table 1 shows the numerical results by Scheme 1.

Errors are estimated by Ep for the eccentric circle and
the Cassini's oval since thier analytical solutions are
known, and by EM for the others. The relation (40)
holds in the former cases. They show that high accu-
racy is obtained if the problem domain has no reentrant
corners. The error decays exponetially with respect to
TV in the problems 1-4. As q increases, i.e., the charges
move away from the boundary, the error first increases
and then decreases till the coefficient matrix of the lin-
ear equations becomes numerically singular.

We can obtain an approximate inverse mapping func-
tion z — F~1(w) by the same algorithm using the
boundary correspondence between Zj and F(z:) estab-
lished in advance [4]. Figure 2 is an example of the bidi-
rectional numerical conformal mapping by the charge
simulation method.

The charge simulation method has first been applied to
the numerical conformal mappings of interior, exterior
and doubly-connected domains onto the unit disk, its
exterior and a circular annulus, respectively [1, 2, 3, 6];
and then mappings of unbouded multiply-connected
domains onto the parallel, circular and radial slit do-
mains [7, 8, 9. 10, 12]. The latter three problems are
important in the two-dimensional potential flow anal-
ysis [13].

The method presented here for the mapping of a
bounded Jordan domain onto the unit disk has the fol-
lowing advantages.

• High accuracy by simple computation for domains
with curved boundaries.

• Explicit forms of approximate mapping function
continuous and analytic in the problem domain
using the principal value of logarithmic function
in computation.

These characteristics arc important from applicational
viewpoints. See Amano, Okano and Ogata [14] for
details of the continuity problem of the approximate
mapping function.

Numerical experiments by Schemes 2-4 should be
made in future studies.
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Boundary layer analysis of forced magnetic reconnection due to an externally imposed
boundary perturbation is revised. This revised analysis introduces correct asymptotic
matching to take into account the effect of inertia in the inner layer precisely, and adopts
a time dependent boundary perturbation which is suitable for this analysis. The revised
analysis demonstrates a new reconnection process and clarifies the role of stability against
the tearing modes in the process. The initial evolution of this new reconnection process is
characterized by some significant features. One is that the reconnected flux increases on the
same time scale as the boundary perturbation, which excludes the Sweet-Parker time scale
obtained by use of the invalid constant-*/1 asymptotic matching. Another is that an induced
surface current on a resonant surface is in such a direction as to oppose the progress of the
reconnection, because the equilibrium is stable against the tearing modes in the absence of
the boundary perturbation.

Keywords: MHD, forced reconnection, boundary layer, asymptotic matching

I. INTRODUCTION

In plasma confinement, there are two kinds of magnetic reconnections: free reconnection and forced
reconnection. Free reconnection is caused by spontaneous instabilities such as the tearing mode [1]. Even if
a magnetic equilibrium is stable for resistive modes, an externally imposed boundary perturbation gives rise
to magnetic reconnection called forced reconnection [2]. The energy source of the perturbation of the forced
reconnection is the boundary perturbation, while that of the free reconnection is the equilibrium magnetic
field.

The boundary perturbation is caused by resonant magnetic field errors in tokamak plasmas. The error
field is the small deviation from axial symmetry of the magnetic field lines and it perturbs the plasma
boundary to form the magnetic islands [2]. The boundary perturbation is also caused by, as a model, the
toroidal coupling with a magnetic signal produced by another MHD event and it gives rise to the seed
islands for the neo-classical tearing mode [3].

The response of the plasma to the applied boundary perturbation is described by a simple model [2]. In
this model, the perturbation is caused by a deformation of the plasma boundary. This deformation yields
two ideal MHD equilibria with different topologies of magnetic field lines. One magnetic equilibrium has
the same topology as the original equilibrium, while it has a surface current on the resonant surface. The
other has the different topology with magnetic islands on the resonant surface and no surface current. The
former is called equilibrium (I), and the latter is called equilibrium (II) [2]. The existence of equilibrium
(II) implies that the boundary perturbation can change the topology of the magnetic field lines and give
rise to the forced reconnection to form the magnetic islands on the resonant surface.

The time evolution of the forced reconnection is represented by the superposition of these equilibria
with an unknown coefficient, called the reconnected flux. The reconnected flux is calculated by use of the
boundary layer theory as an initial value problem [2-7]. In the previous analysis, the time scale of the initial
evolution of the forced reconnection is believed to be the Sweet-Parker time scale. We reveal that this time
scale stems from the use of the matching condition which is valid only in the constant-^ approximation; the
effect of the inertia in the inner layer is neglected in this matching condition. Therefore the results in the
previous works do not reflect the effect of the inertia correctly.

In this paper, we adopt the appropriate asymptotic matching and use the exact solution for the inner
layer equation to take into account the effect of the inertia in the inner layer, precisely [12]. Moreover,
we adopt a time dependent boundary perturbation to be suitable for elucidating the process of the forced
reconnection. The corrected reconnection process exhibits the new time evolution of the magnetic islands
and of the surface current induced on the resonant surface. Furthermore, the role of tearing stability in this
reconnection process is clarified in terms of the tearing stability parameter.

The paper is organized as follows. We present the model and the initial value problem of the reconnected
flux by use of the boundary layer theory in Sec. II. A new Laplace transformed reconnected flux based on
the appropriate matching condition is presented in Sec. III. The initial evolution of the forced reconnection
is calculated in Sec. IV. Finally Sec. V is devoted to the summary and discussion.
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II. MODEL AND BOUNDARY LAYER THEORY

In order to investigate the process of forced reconnection due to a boundary perturbation, we consider
the response of a plasma to the perturbation as an initial-value problem by adopting the boundary layer
theory [1,2]. We impose a time varying boundary perturbation on a static equilibrium which has a current
density gradient. By correctly taking account of the effect of the inertia in the inner layer, we deduce an
asymptotic expansion of an inner-layer solution to obtain a matching condition which yields a significantly
different reconnection process from the one in the previous works [2-5].

We consider the response of a slab of an incompressible plasma to an applied boundary perturbation.
The magnetic field is represented by B = 5 y e z + ez x Vtp, where BT stands for a uniform toroidal field
and t/» is a magnetic potential. The plasma is supposed to be bounded by two parallel perfectly conducting
walls. We assume that the xy-plane is normal to the toroidal field and the y-axis is parallel to the wall and
the z-axis normal to it.

A. Outer region

In the outer region, following Hahm and Kulsrud [2], we introduce a quasi-static equilibrium as the
response of a plasma to a boundary perturbation. We retain the effect of the current density gradient of
the equilibrium to clarify the effect of stability of a tearing mode on the reconnection process. The outer
region is governed by the ideal MHD equilibrium equation,

V x ( j x B ) = 0, (2.1)

where j = V x B/An is the current density.
In the absence of the boundary perturbation there is a static equilibrium which is represented by an even

function, ip — ̂ (x), subjected to the boundary conditions ipo(±a) = const., where x = ±a expresses the
boundaries of the plasma. This equilibrium is assumed to have the resonant surface at the center of the
plasma, V'o(O) = 0, and is supposed to be stable for the usual tearing mode.

Let us impose a boundary perturbation on the original static equilibrium. It is described in terms of a
deformed plasma boundary as

ip(x = ±(a — Scosky)) = const.,

where k and S are the wave number and the amplitude of the boundary deformation, respectively. The
boundary perturbation is assumed to be weak, S <gc a, such as the error fields in a tokamak. In this work,
we consider the time varying boundary perturbation, S — S(t/re), instead of the suddenly imposed boundary
perturbation, because the time varying perturbation is suitable to clarify the reconnection process in the
analysis which includes the effect of the inertia in the inner layer correctly as shown below. The time scale
of the deformation re is assumed to be much slower than the Alfven time scale but much faster than the
resistive time scale, T4 <5iC Te <JC TR; TA and TR are defined below.

The magnetic potential perturbed by the boundary deformation is written as

ip(x,t) = tl>0(x)+tf>1(x,t) cos ky, (2.2)

where ipi[x,t) denotes the perturbed part due to the boundary perturbation. Since the perturbation is
imposed on a time scale much slower than the Alfven time scale, the plasma is quasi-static and obeys the
ideal MHD equilibrium equation except in the vicinity of the resonant surface, where x — 0. The ideal
MHD equilibrium equation, Eq. (2.1), for the perturbation ipi(x,t) is reduced to

{ ^ V>o»V<i(M) = 0, (2.3)

with the boundary condition

t/>i(±<M) = 6{t/re)ip'o(a) = iMt / r e ) .

The solution to this equation, ipi(x,t), should be an even function of a;, because Eq. (2.3) and the boundary
condition are unchanged for x —> — x.

Here we consider the solution to Eq. (2.3) for Taylor's model, ^>Q'(X) — 0 [2]. It has the form

Mx,t) = tfl(0,0 (cosh** - \^M\+Mt/Tt)\!^\t (2.4)
L tanh«a J sinhfca
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where ip\(O,t) is the magnetic potential on the resonant surface. Equilibrium (I) [2] which has the surface
current and no magnetic islands corresponds to t/>i(0,£) — 0 and V>e(£) 7̂  0. On the other hand equilibrium
(II) [2] corresponds to ipi{Q,t) — ip'0(a)8/coshka and ipe(t/re) — ip'0(a)S, and it has the magnetic islands
with width 2-\/2aV>i(0)/V>o(a), and no surface current. Therefore the non-zero value of t/>i(0,£) implies the
formation of magnetic islands by the reconnection. Moreover, t/'1(O,t) represents the amount of reconnected
flux; hereafter we call it the reconnected flux.

In this paper, we consider the general form of the solution to Eq. (2.3) which includes the gradient of
the current density of the static equilibrium to elucidate the effect of the stability of a tearing mode on the
reconnection process. The solution is written as

M*>t) = M0,t)f(*) + Mt/Te)g{x), (2.5)

where f(x) and g(x) satisfy Eq. (2.3) respectively, and are subjected to the boundary conditions /(0) = 1,
/(±a) = 0 and g(0) ~ 0, g(±a) — 1 [3,6]. The first term is related to the tearing mode and corresponds to
the first term in Eq. (2.4). Equilibrium (I) is described by tpi(Q,t) = 0 and V'e(') 7̂  0. The surface current
vanishes when t/>i(O,t)/'(O) + ipe(t)g'(Q) — 0, and thus it corresponds to equilibrium (II). Note that the
first term and the second term in Eq. (2.5) correspond to the reconnected flux and the shielded flux for the
cylindrical geometry [6,7], respectively.

The quasi-static equilibrium, Eq. (2.5), is determined only by the reconnected flux ipi[Q,t), because
ipe(t/

Te) is assumed to be a given function. In order to obtain the reconnected flux we should investigate
the dynamics in the vicinity of the resonant surface, i.e. the inner layer. In the analysis of the inner layer it
is important to include not only the resistivity but also the inertia of the plasma correctly as shown below.

B. Inner layer

In the inner layer, we adopt the reduced MHD equations,

d
(2.6)

£ + B.V,= £ W ,2.7)
where jz — V2ip/4n and v — ez x V>p indicate a z-component of the current density and a velocity of the
plasma respectively, and if is a static potential or a stream function, and the constants r) and p are the
magnetic difFusivity and the density of the plasma. Since the deformation of the boundary is very small,
the perturbed quantities are small and the magnetic potential and the static potential can be written as
Eq. (2.2) and if = fi(x, t) sin ky. Thus they obey the linearized reduced MHD equations. We apply the
Laplace transform

/(*,«)= f /(*,«)«""<«, (2.8)
Jo

to these linearized reduced MHD equations. The initial conditions for the perturbations are tf>i(x,0) =
ifi(x,0) — 0, because there is no deformation of the boundary at t = 0, V'e(O) = 0. By stretching the
variables in the vicinity of the resonant surface according to

where

\rjikaj ' c eka'

the equations in the inner layer become

^ - i w - = ^ , (2-10)
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where

T\ = a/vA, TR = 4na2 jr\ and i^ = ipQ(O)a/y/Anp. It follows from Eqs. (2.9) and (2.10) that the inner-layer
equation is

where

This inner-layer equation corresponds to the equation (III.9) in Ref. [8] by rewriting the variables x —> x/31 '4

a n d s —¥ X.
In the forced reconnection process, it is important to take account of the effect of the inertia in the inner

layer, because the plasma is forced to move by the externally imposed boundary perturbation. Therefore,
we solve the inner-layer equation without any approximation to obtain the reconnected flux which includes
the effect of the inertia correctly. The exact solution to the inner-layer equation, Eq. (2.11), is given by Ara
et al. [8] as

x = x . -

Since the solution in the outer region has the symmetry r/'i(~x) — V'i(a;)i fin and V'in should be odd and
even functions of x, respectively. Integrating Eq. (2.12) to satisfy these parities gives the solutions for
positive x as

-1 t*
=— ( X -

* JO

dy

where erf(x) indicates the Error function and the normalization factor Xoo is related to the magnetic potential
at the origin of the stretched coordinate, ^ n (0 , *), as

1,-1/2, 53/2/4+ 3/4,1/2)-1

where F is Gauss's Hypergeometric function [9].

C. Outer and inner expansions

We have obtained the solutions in the outer region and inner layer, Eqs. (2.5) and (2.14), respectively.
Here we expand these solutions to obtain the matching condition. We derive an asymptotic expansion of
the inner-layer solution without the constant-i/' approximation to reflect the effect of the inertia correctly.

We consider the time evolution of the quasi-static equilibrium as an initial-value problem, by applying the
Laplace transform, Eq. (2.8), to the outer-solution, Eq. (2.5). Then we derive the expansion to the outer
solution as

0 % ^ + ---, x^+0, (2.16)
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where

Kut(°) = T

and where

df(x)
dx

dx

+o

-o

+o

- " o (2.17)

A' =
dg(x)

dx

+o

The first term, A'o, is the tearing mode stability parameter in the absence of the boundary perturbation.
Since the original static equilibrium is supposed to be stable, AQ is negative.

On the other hand the inner-layer solution, Eq. (2.14), can be expanded asymptotically as

-Xoo +Xc
-1 /4)

8
+ OO, (2.18)

where V is the Gamma function.
We have obtained the expansion of the outer-solution which represents the quasi-static equilibrium due to

the time dependent boundary perturbation, and we have obtained the expansion of the inner-layer solution
which correctly includes the effect of the inertia in the inner layer. Asymptotic matching of these expansions
yield a greatly different time evolution of the reconnected flux from the one in the previous works, as shown
in the following section.

III. RECONNECTED FLUX BY EXACT ASYMPTOTIC MATCHING

Demanding that the solution to the inner-layer equation matches asymptotically with the solution in the
outer region yields the exact matching condition. On the other hand the matching adopted in the previous
works is available only in the constant-^1 approximation. In order to clarify this point, we rewrite the
asymptotic expansion of ^ n , Eq. (2.18), as

1pin(x)

where

1 -L i n •

V'oo — Xc

+ OO, (3.1)

(3.2)

dx

xdx 8ea
(3.3)

In the previous analysis [2-5], [dipin/dx]t'£1 is divided by ^m(0, s) instead of t/'oo in Eq. (3.3). That is valid
only in the constant-*/* approximation realized by neglecting the effect of the inertia of the plasma in the
inner layer, because the effect of the inertia makes V'in(O) deviate from ip^ — —Xoo a s shown in Eq. (2.15).
Therefore the matching condition derived by the expansion, Eq. (3.1), reflects the effect of the inertia in
the inner layer correctly.

Asymptotic matching of Eqs. (2.16) and (3.1) yields the matching conditions as

A'out(s) = A'in{s). (3.5)

Combining Eq. (2.17) and the matching condition, Eq. (3.5), we have the new Laplace-transformed recon-
nected flux

^(0,8) - A. ' , . . • (3.6)
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Notice that in the absence of the boundary perturbation, ipe = 0, the initial-value problem reduces to the
eigenvalue problem and Eq. (3.6) gives the dispersion relation for general resistive modes, A'in(s) — A'o = 0
[8,10].

There are two reconnected fluxes to be precise. One is, as introduced above, the reconnected flux at
x = 0, Eq. (3.6), and represents the temporal change of the quasi-static equilibrium, Eq. (2.5). The
other is a reconnected flux at the origin of the stretched coordinate x = 0, i/ijn(0, 3), and represents the
reconnected flux in the inner layer; it is called the inner-layer reconnected flux in this paper. The inertia
of the plasma affects the inner-layer reconnected flux, i/>in(0, S), to be different from the reconnected flux,
i/>l(0,s). This difference between the inner-layer reconnected flux and the reconnected flux is given by the
matching condition, Eq. (3.4), with Eqs. (2.15) and (3.2) as

1 f S3/2 , 1 -
1 F{1'~1/2' /4 + 3/4' 1 / 2 ) J *l{0's)- (3-7)

Notice that this difference corresponds to the one between the reconnection rate, R, and qc in Eq. (18) in
Ref. [11].

The exact matching gives the Laplace-transformed reconnected fluxes, Eqs. (3.6) and (3.7). In the next
section, these reconnected fluxes provide a new reconnection process.

IV. INITIAL EVOLUTION

The inverse of the Laplace transform of Eq. (3.6) yields a new time development of the reconnected flux.
In this section we calculate an initial evolution of the reconnected flux by use of the theorem that the
Taylor-series expansion of a function f(t) at t = 0 corresponds to the asymptotic power expansion of the
Laplace-transformed function f(s) for * —• oo (Appendix A).

Before calculating the initial evolution, we discuss the time dependence of the boundary perturbation. The
suddenly imposed boundary perturbation ipe(t/re) = B^SOit), where 6 is the Heaviside function, corresponds
to the time dependent perturbation in the case re —t 0 in our analysis. However, in this case, the constraint
on the time scale TA <C re is not valid. Thus our analysis may not clarify the process of the forced
reconnection by this perturbation (see Appendix B for the details). We consider, therefore, the time
dependent boundary perturbation. In this paper, the function ipe(t/re) is assumed to be even in t for
simplicity, so it can be expanded at t = 0 as

because V"e(0) = 0.
Hence the Laplace-transformed reconnected flux, Eq. (3.6), can be expanded in s as

as s —> oo, where

_ A ' a/8,1/3

-TA,

denote the ideal time scale and the typical time scale in the inner layer, respectively. Note that the tearing
stability parameter, A'o < 0, is included in the ideal time scale, ra. The inversion of the Laplace transform
of Eq. (4.2) gives the Taylor-series expansion of the reconnected flux as

,_ A', j>(0)*2 , #'(0)t3 , (Vl(0) , ^iv)(0)V4

2' T T2 3' \ T2T2 T4 / 4'
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1

T (4-4)
The initial evolution of the reconnected flux is dominated by the first term, therefore its typical time scale
is the same as the time scale of the boundary perturbation, re, which can be faster than the Sweet-Parker
time scale [2,4,5], r lp — TA TJ , and T,p re [3], where b = 2 in this paper, obtained by use of
the constant-t/* matching (Appendix C). Hence we find that the appropriate matching leads to a different
time scale of the initial evolution of the forced reconnection compared to previous works. Each term in

t\ I n I / O

the Taylor-series expansion, Eq. (4.4), contains t/re, t/r^ and t/(rA rfl ) and the resistive time scale in
n I n I / O

TC oc TA' rfl appears at higher than 5th order. Notice that the stability parameter for the tearing mode,
A'o, included in ra is important, because it makes Ta different from the Alfven time scale, TA, as shown in
Eq. (4.3): for instance, large A'Q makes the time scale Ta large.

When the boundary perturbation is imposed, the surface current is induced at the resonant surface. The
amount of the surface current is represented by the total current in the inner layer and is equivalent to the
finite jump of the y-component of the magnetic field at the resonant surface, x = 0,

ABy(t)= p ^ p ^ A ^ x M + A',̂ ). (4.5)

The total current increases with the increase of the amplitude of the boundary deformation, t/>e(<), while it
decreases with the increase of the reconnected flux, xj)i(O,t), because A'o < 0 for the stable equilibrium and
A', > 0. Substituting Eqs. (4.1) and (4.4) into Eq. (4.5) gives the initial evolution of the total current in
the inner layer as

It grows with a negative sign and with the time scale ra re at the initial evolution. In order to compare
Eq. (4.6) with the result found in previous works [2,4,5], we consider the time evolution of the stability
parameter A'(t) = ABy/tpi(0,t). For the stability of usual tearing modes the stability parameter A'(t)
often has the fixed value such as A'o, while A'(t) varies with time in the forced reconnection process. The
stability parameter A'(t) is negative in the initial evolution and A'(t) — 0 at t — 0, while it was claimed
that A'(t) —¥ oo with the positive sign at t = 0 in the previous works. The sign of A'(t) determines whether
the surface current stabilizes or destabilizes the magnetic islands. The negative sign of A'(t) or ABy(t)
implies that the surface current is induced to hinder the growth of the magnetic islands. However the push
caused by the imposed boundary deformation overcomes this hindrance to form the magnetic islands. We
remark that the negative sign of A'(t) stems from the fact that the original static equilibrium is stable in
the absence of the boundary perturbation, AQ < 0, because ra = —A'0TA/(xk) > 0 leads to ABy(t) < 0
and A'(t) < 0.

As stated in the previous section there are two reconnected fluxes. The reconnected flux derived above is
defined at the origin of the outer variable x — 0. However the limit x —¥ 0 of the outer variable corresponds
to the limit x —> oo of the inner variable as shown in the asymptotic matching. The magnetic and dynamic
structures in the inner layer make the reconnected flux at x = 0 deviate from the one at x = 0. Therefore
the exact reconnected flux in the inner layer should be defined at x — 0. Although these reconnected fluxes
have the same value in the constant-t/> approximation, s —> 0, the effect of the inertia forces these values to
differ in the forced reconnection process, as shown in Eq. (3.7). The inner-layer reconnected flux is defined
by the inverse of the Laplace transform of t/Jjn(O, s). The inverse Laplace transformation of the expansion of
Eq. (3.7) for \s\ -> oo with Eqs. (4.2), (C2) yields the Taylor-series expansion of the inner-layer reconnected
flux:
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Since the initial evolution is dominated by the first term, the time scale of the initial evolution is Te' rj .
2 /3 1/3

It is close to the typical time scale of the inner layer, TC OC T^ T# , compared with that of the reconnected
flux, re. Therefore the time scale of the inner-layer reconnected flux is also significantly different from the
Sweet-Parker time scale and can be shorter than it.

We have shown that the correct asymptotic matching produces the new time scale at the initial evolution
of the forced reconnection, that is affected by the time scale of the boundary perturbation and is different to
the Sweet-Parker time scale: re for the reconnected flux and re TJ for the inner-layer reconnected flux.
It also produces a negative increase in the surface current in the initial evolution. Moreover, it is clearly
represented by AQ that the stability of the initial static equilibrium, which is supposed to be stable, affects
the characteristic feature of the reconnection process such as the ideal time scale, ra, and the negative sign
of the surface current.

V. SUMMARY AND DISCUSSION

We have corrected the asymptotic matching in the boundary layer analysis of forced reconnection due to
the externally imposed boundary perturbation, because it is revealed that the asymptotic matching in the
previous works [2-5] is not appropriate and is valid only in the constant-t/> approximation. The appropriate
asymptotic matching yields the exact reconnection process which reflects the effect of the inertia of the
plasma in the inner layer correctly, and leads to the two reconnected fluxes: the reconnected flux and the
inner-layer reconnected flux. The former determines the time evolution of the quasi-static equilibrium of
the outer region. The latter is newly introduced and represents the reconnection in the inner layer. The
corrected analysis adopts the time dependent boundary perturbation to be suitable for clarifying the process
of the reconnection. The time scale of this perturbation affects the initial growth of these reconnected fluxes.

It is shown that the characteristic time scale of the reconnection in the initial evolution is substantially
different from the one in the previous works for island formation due to the error fields [2,4,5] and for
seed island formation [3]. The reconnected flux initially increases on the same time scale as the boundary
perturbation, Te. The time scale of the inner-layer reconnected flux is derived from not only the time scale
of the boundary perturbation but also the typical time scale of the inner layer, TC <X TJ TR' . Therefore the
initial evolution of the forced reconnection is strongly affected by the time scale of the boundary perturbation
and can be faster than the evolution on the Sweet-Parker time scale. Moreover the role of tearing stability
in the amplitude and in the time scale of the reconnected flux is elucidated in terms of the parameter AQ
which deviates the ideal time scale ra from the Alfven time scale, r^.

The correct matching also yields a new feature of the surface current induced on the resonant surface
and the role of tearing stability in it. In the initial evolution, the surface current increases with A'(£) < 0
to hinder the progress of the reconnection. In contrast, it was believed to be a typical feature of forced
reconnection that A'(<) > 0 and A'(t) —>• oo at t = 0, in the previous works [2,4,5]. The negative sign of
the surface current, A'(t) < 0, originates from the negative sign of the tearing stability parameter, AQ < 0,
therefore, the hindrance of the reconnection stems from the fact that the original static equilibrium is stable
in the absence of the boundary perturbation.

These results imply that the previous estimation for the transition from the linear to a nonlinear stage ,
of a forced reconnection [4] should be modified, because this estimation was carried out using an initial
evolution of the reconnected flux which grows on the Sweet-Parker time scale. Such a modification of the
transition is expected to have a significant effect on the time scale of the reconnection and on the decay of
the surface current in the nonlinear stage of the island formation due to the error fields [4] and the seed
island formation [3].

This modification is described by the subsequent evolution to the initial evolution. It will be obtained by
calculating the inverse of Laplace transform of reconnected flux numerically in a following paper.
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APPENDIX A: EXPANSION OF RECONNECTED FLUX

In this appendix, we expand the reconnected flux, Eq. (3.6), for \s\ —> oo. It follows from
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T ( 5 3 / 2 / 4 + 5 / 4 ) ~~ s 9 / 4 \ 4 S 3

Eq. (3.3) and s — sT^/(eka) — TCS that the expansion

Substituting this into Eq. (3.6) yields

Using the Laplace transform of Eq. (4.1),

3,8

and utilizing the relation

•}•

k-0

\s\ - > oo,

s\ —> oo.

- K = 0,

Eq. (A3) is reduced to the expansion of the reconnected flux, Eq. (4.2), as \s\ —> oo.

(Al)

(A2)

(A3)

(A4)

(A5)

APPENDIX B: SUDDENLY IMPOSED BOUNDARY PERTURBATION

Here we consider the initial evolution of the reconnected flux for the suddenly imposed boundary per-
turbation, ipe(t/re) = 5BoO(t). Substituting 4>e(s) = SB0/s into Eq. (A3) and using Eq. (A5), we have the
expansion of the Laplace-transformed reconnected flux:

-A'. 1

The inversion of the Laplace transform gives

{•M + -U-4

(Bl)

(B2)

This reconnected flux increases suddenly at t — 0 to — A'^SO^/AQ which corresponds to equilibrium (II).
It means a sudden increase in the width of the magnetic islands from equilibrium (I) to equilibrium (II).
Therefore the reconnection process is not clarified by the suddenly imposed boundary perturbation.

APPENDIX C: CONSTANT-^ MATCHING

Although the constant-t/> matching is valid only for \s\ —> 0, here we adopt it and consider the initial
evolution by calculating the expansion of the reconnected flux for \s\ —¥ oo. Then we have the same results
as the initial evolution in Ref. [2]. For \s\ —> 0 Eq. (2.15) reduces to Xoo = — »̂n(0> *) to validate the
replacement of ôo with ij>in(Q) in Eq. (3.3). This replacement gives

dx
* — OO

1

F(l, -1/2, 3 /4 ,1 /2 ) - ! 8ea 5/4)"
(Cl)

Substituting this AJn into Eq. (3.5) yields the constant-^1 matching and the reconnected flux is given by
Eq. (3.6). Using Eq. (Al),
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>°°. (C2)

and Eq. (A5) yields the expansion of the Laplace-transformed reconnected flux as

_ ( C 3 )

The inversion of the Laplace transform of this equation gives

for Taylor's model [2] and the suddenly imposed boundary perturbation, A', = 2k/smh.ka and ipe(s) =
BQS/S. This is the same as the initial evolution given in the previous studies [2,4,5] and indicates the
growth with the Sweet-Parker time scale. Therefore if we adopt the constant-^1 matching, we have the
initial evolution with the Sweet-Parker time scale. However this result is wrong, because replacing ip^ with
t/>in(0) is forbidden for \s\ —>• oo. This replacement is valid only for the limit \s\ - > 0 a s mentioned in Sec. III.
For \s\ —¥ 0, the constant-j/> approximation is valid and Eq. (Cl) is reduced to

A ( j )
lA > ~ Sea r(5/4) '

Notice that replacing BQS in Eq. (C4) to ^,(t/Tc)a gives the initial evolution which corresponds to the one
by Hegna et al. [3].
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Frequency Dependence of Magnetic Shielding

Performance of HTS Plates in Mixed States

Atsushi Kamitani and Takafumi Yokono

Abstract—The magnetic shielding performance of the
high-Tc superconducting (HTS) plate is investigated
numerically. The behavior of the shielding current density
in the HTS plate is expressed as the integral-differential
equation with a normal component of the current vector
potential as a dependent variable. The numerical code for
solving the equation has been developed by using the
combination of the Newton-Raphson method and the
successive substitution method and, by use of the code,
damping coefficients and shielding factors are evaluated for
the various values of the frequency u>. The results of
computations show that the HTS plate has a possibility of
shielding the high-frequency magnetic field with o> > 1 kHz.

Index Terms—flux creep, flux flow, magnetic shielding,
superconductor

I. INTRODUCTION

Recently, the high-Tc superconductor (HTS) has
attracted great attention as a magnetic shielding material
over the high-conductivity and the high-permeability
materials. This is mainly because the superconducting state
can be easily maintained by use of the mini-refrigerator or
the liquid nitrogen. In addition, the HTS has a possibility
of shielding the strong magnetic field below its upper
critical one. For this reason, intensive studies on the
magnetic shielding performance of the HTS have been
performed experimentally [l]-[4] and numerically [5]-[7].

When the HTS is exposed to the ac magnetic field with
an amplitude above the lower critical field, it becomes the
mixed state in which the fluxoids penetrate into the HTS
and induce the phenomena peculiar to the Type-II
superconductor. In this case, the force balance between
the pinning force and the Lorentz one is violated so that
fluxoids move inside the HTS. In addition, fluxoids can
move due to the thermal fluctuation even if the static
magnetic field is applied. For this reason, both the flux
flow and the flux creep should be taken into account for
the evaluation of the shielding performance of the HTS
against the ac magnetic field.

The purpose of the present study is to develop the
numerical code for analyzing the time evolution of the
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Research (C).
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shielding current density by means of the flux flow creep
model [7]-[10] and to investigate the magnetic shielding
performance of the disk-shaped HTS plate by use of the
code. In particular, we investigate the frequency
dependence of the magnetic shielding performance.

II. MATHEMATICAL FORMULATION

The time evolution of the shielding current density is
indispensable for the estimation of the magnetic shielding
performance of HTS plates. Therefore, we explain the
governing equation of the shielding current density in this
section. First, let us assume that a disk-shaped HTS plate
of radius R and of thickness D is placed in the ac
homogeneous magnetic field (see Fig. 1). By taking the
symmetry axis of the plate as z-axis and by choosing its
center of gravity as the origin, we use the cylindrical
coordinate system (r, 0, z) throughout the present paper.
In terms of the coordinate system, the applied magnetic
flux density BQ is written as B o = Bo* sin of ez, where Bo*
and o) are constants, and ez represents a unit vector in the
z direction. As is well known, the critical current density
j c of the HTS has a strong anisotropy due to the
crystallographic structure [11]. Its component along the
c-axis is sufficiently small as compared with that parallel
to the a-b plane so that the shielding current density can
hardly flow along the c-axis. By taking this fact into
account, we further assume that the HTS plate is composed
of M pieces of thin layers perpendicular to the c-axis and
that the spatial distribution of the shielding current density
does not change through the thickness direction in each
layer.

Under the above assumptions, the governing equation
of the shielding current density can be written as follows
[7]:

Bo = Bo* sin wt ez

1111
1

1
1
!

R r

"HTS Plate

Fig. 1. Schematic view of the magnetic shielding measurements.
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a'

3
—( (1)

Here |x0 is a magnetic permeability of vacuum and 2e
denotes the thickness of the layer. The scalar function S (r,
t) is z-component of the current vector potential and is
related to 9-componentj 9 of the shielding current density
in the/rth layer through the relation:; e = - (1 /E) dS /dr.
The first term in the left-hand side of (1) represents the
electromagnetic coupling between the p\h layer and the
other ones, and the coupling function Q* is written as
follows:

(-l)mtnkm"K(km") (2)

Here, K(x) denotes a complete elliptic integral of the first
kind and its parameter is given by km

p
n
q • An' [(r + r' )2 +

{[zp + (-1)" e] - [zq + (-1)" e]}2]"1. Here zp denotes z-
coordinate of the central plane of thepth layer. In addition,
E e represents 9-component of the electric field in the/jth
layer and is associated with; 9 through ttieJ-E constitutive
relation: EpB = sgn(jp6) E(\j \, B). Here, B denotes a
magnitude of the magnetic flux density and the function
E(j, B) represents the macroscopic characteristics of the
superconductor.

Since the HTS plate in a mixed state is treated in the
present study, both the flux creep and the flux flow should
be included in the J-E constitutive relation. For this reason,
we adopt the flux flow creep model [7]-[10] as the function
E(j, B). This model is written in the form,

' 2 p JC(B) sinh(cc j/jc(B)) exp(- a) < ;C(B)
I p JC{B) [1 - exp(- 2a)] + pfQ' - jc(B)) ; j > jc(B)

(3)

where pc and pf are the creep and the flow resistivity,
respectively. The parameter a represents a strength of the
flux pinning to the thermal fluctuation and is defined by a
• UJ{k^T). Here, Uo, kh and T denote the pinning potential,
the Boltzmann constant and the temperature, respectively.
In addition, the5-dependence of the critical current density
is included by assuming j c as a function of the magnetic
flux density. Although many kinds of models have been
so far proposed as the function, we can use only the models
that have enough accuracy for small B. This is because
only a small amount of the magnetic flux density penetrates
inside the HTS plate. For this reason, we adopt the
following two models:

Jc(B) = JcolBABj + B)] , (5)

where j ^ and fly are constants. Equation (5) is known as
the Kim model and it becomes the same as (4) in the limit

of Bj - • oo. In order to distinguish (4) from (5), we call (4)
as the constant-; c model.

As the initial and the boundary conditions to (1), we
impose S (r, 0) = S (R, t) = 0 as usual. By solving (1)
together with the conditions, we can determine the time
evolution of the shielding current density.

III. NUMERICAL METHOD

In this section, let us explain the numerical method for
solving the initial-boundary-value problem of (1). By using
the finite element method, (1) is discretized together with
the boundary condition as follows:

W(S" -S") = - * - [ ' f(S,Jc(S))dt ,
it"

(6)

where the nodal vectors, S, ft,/and Jc, correspond to the
function Sp, the applied magnetic flux density BQ, the
electric field E and the critical current density jc(B),
respectively, and the matrix Wis calculated from the shape
function and the coupling function Q* . The superscript
n indicates the value at the nth time step f (• ntst). Note
that the nodal vector Jc depends on 5. The reason for this
is explained as follows. As is apparent from the B-
dependence of j c , the critical current density depends on
both the applied and the induced magnetic flux densities.
In addition, the latter is calculated from the shielding
current density jpfj (p=l, 2, •••, M) by using Biot-Savart's
law. Therefore, the critical current density is a functional
of Sj, S2, • • •, Sy. This is why the nodal vector Jc becomes
a function of S. Incidentally, Jc has no dependence on S
for the case where the constant-;c model is employed. By
applying the 6-method [12] to the numerical integration
of the second term in the right-hand side of (6), the nodal
vector S"*1 becomes a solution of the nonlinear equation:

G(S,Jc(S))=WS + QAtf(S,Jc(S))-u = O , (7)

where u is written as u • WS" -b- (1-6) Mf(S",Jc(S
n))

and 9 is a constant such that 0 < 9 «: 1.
In genera], either the successive substitution method or

the Newton-Raphson method has been often employed to
the numerical solutions of the nonlinear equation. Although
the successive substitution method has been applied to the
solution of (7), the scheme does not converge in most cases.
It is only when both the time step and the underrelaxation
factor are sufficiently small that we can obtain the
converged solution. This fact implies that the successive
substitution method is impracticable for the solution of
(7). On the other hand, in order to apply the Newton-
Raphson method to the solution of (7), the Jacobian matrix
has to be calculated analytically. As mentioned above, j c

is a functional of Sv 52, •••, SM through Biot-Savart's law
in which the induced magnetic flux density is determined
as a definite integral of the shielding current density. This
leads to the complicated dependence of Jc on S and, hence,
it is very difficult to calculate the Jacobian matrix
analytically. For these reasons, we apply the combination
of the successive substitution method and the Newton-
Raphson method to the solution of (7). In this method, the
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solution of (7) is determined iteratively. In the klh cycle,
the nonlinear equation,

is first solved by use of the Newton-Raphson method to
obtain S*. Since the nodal vector Jc is a function of position
only in (8), the Jacobian matrix of F with respect to S*
can be easily evaluated. Next, the approximate solution is
corrected by

where the superscript (k) denotes an iteration number label
and Y is an underrelaxation factor. The above iteration cycle
is repeated until the series {Sw} converges to a tolerable
accuracy. The nodal vector S"+1 is obtained as a converged
vector of {Sw}. For the case that the constant-;,, model is
adopted as/c(B), the nodal vector/c is no longer a function
of 5. Therefore, the Newton-Raphson method can be
directly applied to the solution of (7) in this case.

By using the above method at each time step, we can
solve the initial-boundary-value problem of (1) to
determine the time evolution of the shielding current
density. When the spatial distribution of the shielding
current density is calculated, the induced magnetic flux
density can be evaluated by use of Biot-Savart's law. As
the measure of the shielding performance of HTS plates,
we adopt two types of quantities: the shielding factor o
and the damping coefficient a. Both quantities are defined
as follows: a - Bz/BOz and a • 10 log10((B2)/(B0

2)). Here
B and BQ are the total and the applied magnetic flux
densities, respectively, and the subscript z denotes z-
component of the vector. Also, the square bracket means
the time average. The shielding factor a indicates the time-
dependent shielding performance, whereas the damping
coefficient a represents the time-averaged one. In this
sense, the desirable shielding performance should be
characterized by both a weak time dependence of a and a
large absolute value of a-

IV. MAGNETIC SHIELDING ANALYSIS

The numerical code for calculating the time evolution
of the shielding current density has been developed by
using the method explained in the previous section. In this
section, let us investigate the magnetic shielding
performance of the disk-shaped HTS plate by use of the
code. Throughout the present analysis, we fix the
geometrical and the physical parameters as follows: R =
20 mm, D = 2 mm, T = 77 K J ^ = 1.5xlO6 A/m2, Uo = 92
meV, pf = 7.620x10-10 Qm and pc = 6.666x10" n Qm.

Let us first investigate the influence of the B-dependence
of j c on the shielding performance of the HTS plate. In
Fig. 2, we show the damping coefficients as functions of
the parameter Bj in the Kim model. This figure indicates
that the shielding performance of the HTS plate is not
affected by the B-dependence of ;'c. This is because the
penetrating magnetic flux density is too small to change
j c drastically. From this result, we can conclude that the
magnetic shielding analysis of the HTS plate can be
performed by assuming the constant-^, model. Hence, not

Parameter in Kim Model, B7(T)

Fig. 2. Damping coefficients a as functions of the parameter Bj in
the Kim model. Here, the values of a are calculated at (z/R, r/R) = (-
0.06, 0.0) and the amplitude BQ* of the applied magnetic flux density is
fixed as BQ' = 1 T. The symbols, O , A and T , denote the values for u>
= 10 Hz, 100 Hz and 1 kHz, respectively.
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Fig. 3. The time dependence of the shielding factor a at (z/R, r/R) =
(-0.06, 0.0) in case of (a) BQ' = l.OxlO"2 T and (b) Bo* = 1 T. The
symbols, • , A and T , denote the values for u = 1 Hz, 100 Hz and 1
kHz, respectively.

the Kim model but the constant-yc model is used in the
following.

Next, we investigate the time dependence of the
magnetic shielding performance. The shielding factors a
are evaluated on the symmetry axis and are depicted as a
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Fig- 4. Frequency dependence of damping coefficients a at (z/R, r/R)
= (-0.06, 0.0). • : BQ* = l.OxlO"2 T and V : BQ* = 1 T.

function of time in Figs. 3(a) and 3(b). We see from these
figures that the shielding factor a increases monotonously
from u)t - (w-l)n to oof = tin («: integer number). For the
case with Bo*= l.OxlO"2 T, the time dependence of o
becomes weak with an increasing frequency (see Fig. 3(a)).
On the other hand, the slightly different tendency is
observed for the case with BQ*- 1.0 T. The shielding factor
is almost always equal to unity in case of o> = 1 Hz, and
this means that the shielding performance is very poor in
this case. As the frequency is increased above 1 Hz, the
time dependence becomes remarkable. A further increase
in the frequency will weaken the time dependence of the
shielding factor until it is almost equal to zero (see Fig.
3(b)). From the above results, it might be said that the
shielding factor has no time dependence in the high-
frequency range with co > 1 kHz and that its value is nearly
equal to zero.

Finally, we investigate the frequency dependence of the
magnetic shielding performance of the HTS plate.
Damping coefficients a are calculated at (z/R, r/R) = (-
0.06, 0.0) forfl0* = l.OxlO-2 T and 1 T, and are depicted
as functions of to in Fig. 4. The damping coefficient
decreases slowly with an increasing frequency of the
applied magnetic field in the low-frequency range below
10 Hz, whereas it diminishes remarkably with to in the
frequency range with 10 Hz < to < 1 kHz. A further increase
in o> will cause a to approach a constant value. In other
words, the damping factor will almost approach to a
saturated value in the frequency range with to > 1kHz.
From the above results, it might be said that the time-
averaged shielding performance of the HTS plate is
enhanced remarkably with an increase in the frequency.

V. CONCLUSIONS

We have developed the numerical code for analyzing
the time evolution of the shielding current density on the
basis of the flux flow creep model. In the code, either the
Kim model or the constant-;c model is used to the
description of the fl-dependence of the critical current
density. By means the code, we have investigated the
magnetic shielding performance of the disk-shaped HTS

plate. Conclusions obtained in the present study aTe
summarized as follows.
1) The magnetic shielding performance of the HTS plate

is not affected by the values of the parameter B} in the
Kim model. This result implies that the magnetic
shielding analysis of the HTS plate can be performed
by using the constant-;^ model.

2) The shielding factor has no time dependence in the high-
frequency range with a> > 1 kHz and its value is nearly
equal to zero. On the other hand, the damping coefficient
decreases monotonously with the frequency of the
applied magnetic field. In particular, it approaches to a
constant value in the frequency range with to > 1 kHz.
From these results, we can conclude that the HTS plate
has a desirable shielding ability in the frequency range
with to > 1 kHz even when it remains in a mixed state.
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On the Structure of Numerical Solutions of Flow Simulation
by Implicit Scheme

Itaru Hataue
Department of Systems and Information, Kumamoto University
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Abstract

In the present paper, the structure of the asymptotic numerical solutions given from
the implicit schemes. Analytical duscussion and numerical tests on the fully implicit
scheme of the Burgers' equation and its linearized form were performed. Furthermore,
we tried to investigate the characteristics of ghost numerical solutions of incompressible
fluid equations from the viewpoints of the effect of popular fourth order artificial viscosity
terms. The calculation model adopted in the present paper was the flow around the circular
cylinder and the Reynolds number was 2000. The non-dimensional governing the incom-
pressible Navier-Stokes equations and the continuity equation were solved numerically by
using the MAC (Maker-And-Cell) method and implicit temporal scheme. Unsteady dynam-
ical structure was investigated in detail by applying the nonlinear dynamics approaches
on the calculated time series data of drag coefficients. Ghost numerical solutions appear
not only in the cases of explicit scheme cases but also appear in those of implicit cases.
It was shown that the amplitude of fourth order artificial viscosity term and has a great
influence on the structure of the asymptotic numerical solutions.

Keywords
Asymptotic Numerical Solution, Implicit scheme, Burgers' equation, Flow Simulation, Im-
compressible flow, Ghost solution
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1 Introduction
The development of high performance computing has made the numerical fluid dy-

namics calculations routine. Today, we can get the numerical turbulence easily as the
result. However, complicated chaotic solutions, even when true solutions of the original
differential equation approach limit cycles or fixed points, are often obtained as a conse-
quence of the omission of the local discretization errors in the transfer from the continuous
differential equations to their discretized counterparts. In particular, there is a possibility
to get several types of asymptotic numerical solutions even when the same physical param-
eters such as the Reynolds number and the same conditions such as the boundary ones are
used. Solutions which do not correspond to the true one are often called spurious solutions
or ghost ones and they have been studied in detail by a lot of researchers.x~9) We also
studied the characteristic behavior of the asymptotic numerical solutions of simple scalar
nonlinear differential equations.8~9^ In those papers, we discussed the dependence of initial
data and boundary conditions on the nonlinear instability and concluded that we may get
ghost solutions which are never seen in the case of linear cases even if we adopt the more
accurate scheme, e.g. high-order Runge-Kutta scheme due to many kinds of errors and
the characteristics of schemes. Furthermore, I am sorry to say that this phenomenon also
appears in the case of the system of fluid equations. 10~11) In most cases, the approximate
conditions of calculations are set to be physically reasonable. However even if we use the
popular fourth order artificial viscosity terms and upwind schemes, the complicated flow
structure appears in the cases of the low Reynolds numbers where the flows are expected
to be laminar. The artificial viscosity terms which are added explicitly and implicitly in
order to stabilize the system change the characteristics of numerical solutions. Needless
to say, we can not perform calculations stably without these stabilizing terms in the cases
of the high Reynolds number because the nonlinear instability grows and the calculations
diverge. However the added terms bring other nonlinear instabilities and the qualitative
structure of the asymptotic numerical solution changes. In other words, there is a pos-
sibility for us to get multiple stable and unstable asymptotic numerical solutions under
the same physical conditions and parameters. To select correct solutions among these
multiple ones depends on experimental and physical intuitions of researchers. Only one
thing which has been clarified in a lot of kinds of approaches is that most of numerical and
discretization errors induce the spurious nonlinear instability and the make complicated
the system.

By the way, we studied the cases of explicit calculations of compressible flows in which
the simultaneous equations does not need to be solved in our previous papers.10"11) When
researchers in the field of computational fluid dynamics(CFD) solve the Navier-Stokes
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equation numerically, they usually use implicit schemes owing to its high performance and
efficiency in computations. Usefulness of implicit schemes may be originated from the
unconditional stablity in the linear case. However, is the high stability available also in
the nonlinear case? Do not ghost solutions appear in the calculation in using very large
values of A£? On the other hand, most of implicit schemes used in the field of CFD need
the linearization. How about the effect of this linearization on the nonlinear structure of
the steady state numerical solutions? In the case in which the nonlinear source terms are
included in the PDE such as the reaction-diffusion equation, reaction-convection equation,
reaction - convection - diffusion equation and so on, we can find quite important mean-
ings in this linearization. However, literatures which refer to these problems in detail are
few. Therefore, to analyze these problems makes a great contribution to CFD studies. In
the present paper, we considered the initial boundary value problem of one-dimensional
Burgers' equation and their backward Euler temporal finite difference approximations as
a simple example and discussed the structure of the numerical solutions of fully implicit
systems and their linearized ones. Next, we discuss the structure of numerical solutions of
practical incompressible flows. One of the most popular method in the incompressible cal-
culations is MAC (Maker-And-Cell) method12) in which the Poisson equation for pressure
has to be solved and it is necessary to solve the simultaneous equations. One of purposes in
the present paper is to investigate the characteristics of ghost solutions from the viewpoints
of the effect of popular fourth order artificial viscosity terms. Concretely, we compare the
dependence on the amplitude of artificial viscosity term. In a lot of contributions in the
field of computational fluid dynamics, computed results are discussed by using the flow
visualization technique and calculating some statistical quantities and so on. Though these
methods are usuful to discuss the simultaneous and global structure of the computed flow
fields, most of those methods are not so effective that we can not elucidate their clear un-
steady characteristics in detail. In our previous papers, we applied the nonlinear dynamics
approaches which were effective in analyses of the unsteady structure of numerical results
of direct simulations of the practical fluid motions. Generally speaking, these analyses of
the nonlinear structure are equivalent to studies of instability of dynamical system. In the
present study, we adopted the flow around the circular cylinder as the simple model and
discussed the difference of the unsteady structure by comparing the data reconstructed
from the long period of time series of Co (drag coefficient).

Analytical approaches on the one-dimensional Burgers' equation are discussed in Sec-
tion 2. For the practical calculations for fluid motions, the numerical schemes used in the
present paper are expressed briefly in Section 3. Other conditions of computations such
as the grid systems, boundary conditions and so on are also discribed in this section. In
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Section 4, the effect of artificial viscosity term are discussed in detail.

2 Analytical approach for Burgers' equation
we considered the initial boundary value problem of one-dimensional Burgers' equa-

tion^. 1) and its finite difference approximation as a simple example. Though there are
infinite numbers of steady state solutions of one-dimensional Burgers' equation, only one
trivial solution, u(x)—0 , is allowed in the physical meaning.

ut + uux = vuxx, (0 < x < (n - l)Az)
u(x,0) = u°(x) , (2.1)
u(0,t) = u((n- l)Ax,t) = 0.

Euler backward temporal difference scheme are applied to eq.(2.1). Derived multi-dimensional
discrete dynamical system has different complex structure composed of various solutions
which are not the solution which numerically diverges to infinity and no longer corre-
spond to solution of original continuous DE. We discuss the characteristic features of two-
dimensional^ points) and three-dimensional(5 points) discrete dynamical system gener-
ated by the spatial central difference scheme, fully implicit form, eq.(2.2), and its linearized
form, eq.(2.3).

(m+l) (m) .
U — 7i -4-

% I • *

(0 < t < (n - 1) , m > 0)
u\0) : (Initial data) , (2.2)

( , , N (T" + 1) , ( m + 1 ) , , ( m + 1) O (m + 1) _|_, ( m + !) 1
I (m-H)«i + 1 - " , _ ! " , + i ~2ut +u%_l I

(m) (m) n

Jm+1) - JUi - Ui
A* i (m)^,+1 -«,_! u<+1 -2«. +«,_! I

(0 < t < (n - 1) , m > 0)
ujo) : (Initial data) , (2.3)

(m) (m) ,-,

In order to solve eq.(2.3), we must solve n-dimensional algebraic equation.

(a)Two-dimensional discrete system
Two-dimensional(4 points) discrete system by fully implicit scheme, eq.(2.4), has the

two roots shown in eq.(2.5). Though one solution which has a negative sign before in
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R.H.S. of eq.(2.5) corresponds to the true solution, another one corresponds to the ghost
solution. The former converges on the equilibrium point-(0, 0), the latter converges on
(6v/Ax, -Qu/Ax).

_At ' ""I 2Ax

(m+l) o 2 (m+i)' (m+i) (2-4)
+ r 1 — " ^ ^-At ^ ""2 2Ax "" " (Ax)2 '

and
—a ± \ / a 2 — 46 (m+i)

where

x^ + zd _ Ai
?

c 2 Ax'
, A< (m+l) , (m + 1) /T x/ (m) , (m)x

( A x P ' Z = X ^ = ( 1 ~ C ) ( : C 1 +X2 )•

In the case of fully implicit scheme, we can not determine which alternative solution
in eq.(2.5) we should adopt. On the other hand, we can solve that problem by linearizing
eq.(2.4), eq.(2.6).

X2

At

4 m )
2Ax "" " (Axp '

(2-6)
=VAt ^ - " 2 2Ax ~" (Aiy

By the linear stability theory, eigenvalues of Jacobian matrix of the discrete map of
eq.(2.6) are follows.

(for (0, 0)),

x _ (Ai)2+3i/At x _ (Ax)2+3i^At / f (§v_ &v \\
l "" (Axp ' ^ 2 ~ (Ax)2+4i/At V1U1 VAz' Ax ) ) •

These results show tha t the origin is the stable equilibrium point because of |Ai| < 1

and |A2| < 1, and (6u/Ax, —%v/Ax) is the unstable equilibrium point because of |Ai| > 1(,

if i/>0).

(b)Three-dimensional discrete system
Three-dimensional(5 points) discrete system by fully implicit scheme eq.(2.7) has three

roots shown in eq.(2.8). We can get three real solutions in the present case. Though one of

solutions of eq.(2.8) corresponds to the true solution which converges on the equilibrium
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point-(0, 0, 0), other two solutions correspond to ghost solutions. One of the ghost solutions
numerically diverges to (2i>/A:r, oo, —2v/Ax). Another ghost solution may be devided
into several types such as 4- or 8-periodic points and so on due to the parameters^, Ax)
and initial condition. We can show the existence of these attractors((0, 0, 0), (2^/Ax,
oo, —2i//Ax) and 4-periodic points) practically, e.g., for the case of i/=l/22, Ax=l / l l .
Therefore, we must determine the reasonable scheme among the complicated branches
described above in order to get the true solution in the physical meaning in the case of
fully implicit scheme.

At

x<,m + 1 ) -

At

x(m+l)_.

X2

~ r x l ~2Aa- _
) -2x[m + 1) +0

<
X 2

) oJ-' + l l i J
2 "*" i

2Ax (Ax)2 (2.7)

At

X]

+X
3 2 Ax

=A + B- f,

_
(Ax)2

(m+l) _ x£±

where
a =

l+2z-yx<m + 1> '

— 62 - 10z2 — Az"

(2.8)

2z)
c =

4m)) + 4

u =

y-8

At
2 ' ^ ~ 2A^

- I + IN/3
, z = i/

At
(A^)2'

A=\ -^ + \r- + ̂ —, B=\ ~-\ v + ^,
2a3 ab

On the other hand, we can solve that problem by linearizing eq.(2.7), eq.(2.9).

^ (m+l)_ (m)

~" At

(m+l)_i(m)

At

At

^1

( m ) „
'— 0

2Ai

(m+l)

= V-

2Ax = V-2- -, (2-9)

Jm)Q-4-+"
y3 2Ax = V-
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By the linear stability theory, eigenvalues of Jacobian matrix of the discrete map of

eq.(2.8) for the equilibrium point(0, 0, 0) are follows:

(Ax)2

(Ax)2+2vAt'

i4 + (4+v/8) (Az)2i>At

(AxfvAt

_
2 ""

These results show that (0, 0, 0) is the stable equilibrium point because of
jAij < 1 , jA21 < 1 and |A3j < 1 (, if v >0). By practical computation of eq.(2.8) in the
case of f=l/22, Ax=l / l l , we get only the true solution, (0, 0, 0), for all At values with
very fast convergence speed. This linearized scheme of eq.(2.2) is quite excellent scheme
to get only the true solution and calculate steady state solutions efficiently. Furhermore,
we tried another linearization forms, eq.(2.10). In the present numerical experiments, we
could not find any ghost numerical solutions in several dimensional discrete systems in the
case of this linearization schemes, too.

(
2 A x

_ (m)
— u i

+ 1) (m) o (m) (m+1)

v

(1< i < ( n - 1) , m > 0)
0) : (Initial data) , (2.10)

(m) (m) ,-.

Generally speaking, dynamical structure of the low-dimensional(n=2,3) discrete sys-
tem is more complicated than that of the higher-dimensional ones. Therefore, the effects of
linearization in implicit schemes is so effective that we may be able to get the true solution
without the trouble of occurrence of ghost solutions in higher-dimensional cases. However,
we have not got the almighty criterion in analyzing the nonlinear dynamical system, yet.
The several methods which we suggested and used in the present paper are expected to be
indispensable for studies in the field of CFD.

3 Practical Calculation of Flow Motion
3.1 The incompressible Navier-Stokes equation

The non-dimensional governing the incompressible Navier-Stokes equations and the
continuity equation are given as follows:

divV = 0 (3.1)

(3.2)
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where V = (u,v), p and Re denote velocity vector, pressure and the Reynolds number,
respectively.

3.2 Numerical algorithm
The Poisson equation for pressure can be derived on the basis of MAC method.12^

=-div(V-grad)V + fl , (3.3)

where
= ~^- + — AD , D = divV .

dt Re
In the present study, we employed the generalized transformation of coordinates, (x, y)

(£,77), then we get the transformed Poisson equation as follows:

^ _

^ - XM , ,
J&i

where J is the Jacobian of transformation. The Poisson equation is solved using SOR
scheme. All spatial derivatives except for those of the nonlinear convection term is dis-
cretized by using the central finite difference. For those of the convection terms, we con-
sidered parameter e in order to discuss the effects of fourth order artificial viscosity term,

fdu _ fj(-ui+2 + 8uj_i - 8ul+1 + tt,_2) I /,I (ui+2 - 4ttj

(3-5)
Eq. (3.5) is based on the third-order upwind schemes13). In the present paper in which the
two-dimensional generalized coordinates are used, e^ shows the parameter for ^-direction
and ev for ^-direction, respectively. For the time marching of the Navier-Stokes equations,
the first order Euler implicit scheme is employed. In the case of the implicit scheme, the
nonlinear convection term is linearized for V n + 1 as follows:

(V n + 1 • V) V n + 1 « (Vn • V) V n + 1 . (3.6)

3.3 Grid systems
The O-type grid systems are used in all cases. The body surface corresponds to K = 1,

the circle of which radius is equal to 1. Outer flow region corrsponds to K = KM AX, the

circle of which radius is set to from 60 to 70. The mesh points are strongly concentrated in
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the boundary layer and the minimum spacing normal to the surface of the body is set to
be less than °'%^ • Therefore this grid system is fine enough to resolve the flow structure
in the boundary layer.

3.4 Boundary conditions
The boundary conditions on the body surface are as follows: The no-slip condition is

used for the velocity components. The pressure p along the body surface is obtained by
solving a normal momentum equation. At the far boundaries, the free-stream values are
specified.

4 Results and Discussions of Practical Computation
In this section, we discuss about the computed results which are given by using the

implicit temporal scheme in detail. The calculation model which is adopted in the present
paper is the flow around the circular cylinder and the Reynolds number is 2000. Flows
around a circular cylinder have been reported by a lot of experiments of which the results
were summarized in the paper by James et al. 14^ and were discribed in the textbook by
Schlichting.15) In a lot of historical studies, the larger the Reynolds number becomes, the
more complicated the flow field becomes. In the range of the low Reynolds numbers, the
fixed points of the time series of Co which correspond to the laminar flow(the two recircu-
lating standing eddies) first bifurcate (Hopf bifurcation) to the limit cycles which physically
correspond to Karman vortex street. At this bifurcation point, where the Reynolds number
is about 50, this first true loss of symmetry occurs. The subcritical flow regime is located
at Reynolds numbers below 1-2xlO5 and it has long been agreed that in this Reynolds
number range the flow around a circular cylinder is laminar.14) Furthermore, the larger
Re becomes, the larger the amplitude of the time series of Co becomes and the second
bifurcation occurs which shows the onset of turbulence and a chaotic motion can be seen.
Therefore, the flow field is expected to be still periodic at /2e=2OOO. In the implicit Euler
scheme which is used in the present paper, the nonlinear convection term is linearized like
eq. (3.6). Therefore, we must solve two linear systems which are the Poisson equation for
pressure and time marching step by iterative methods. The number of limit of iteration in
solving the Poisson equation for pressure is 1000 times and that in time marching step is
200 times. The criterion of norm of error is below 10~6 in solving the Poisson equation for
pressure and is below 10~7 in time marching step. Of course, the criterion of norm of error
is never satisfied in early stage of calculations. Here we must select one physical variable
which represent the qualitative unsteady feature of the whole computed system in order
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to compare the structure of the numerical solutions. Time series of physical variables in

a grid point is not suitable because it is difficult to select the best point without any self-

will. The integrated variables such as the drag coefficient(CD) and the lift coefficient(CL)

show the typical profile. We adopted the drag coefficient (CD) as the variable. In order to

get the remove the effect of initial condition, we adopted the sampling period of the time

series of CD from T(non-dimensional time) =400 to 500. In this period, the flow fields are

expected to be almost quasi-steady. We compared several characteristics of structure of

quasi-steady flow field on the basis of nonliniear dynamics approaches such as the three-

dimensional profiles of at tractor which are reconstructed from the time series of CD data.

We got some asymptotic solutions such as limit cycles and so on for different parameter

e. Figure 1 is the comparison of the typical characteristics of structure of attractors given

from the time series of CD- Grobally speaking, if we find only one clear maximum point in

time history profile or the trajectory reconstructed three-dimensionally is the simple closed

curve, we call this at tractor "Limit cycle". In the cases of two different clear maximum

points in time history data, we call them "Periodic two(P2)". We can classify these asymp-

totic solutions by estimating three da ta shown in figure 1 totally. In the present section,

parameter e value for ^-direction is same as that for 77-direction in all cases. Figure 2 shows

the regimes in which several at tractors in some e values exist. Calculations in the cases

of e >1.2 diverged and we could not get the stable solutions in the case of Ai=0.02. We

got an interesting bifurcation sequence with the decrease of parameter e as shown in this

figure. It is clearly seen that the larger e value becomes, the simpler structure of at tractor

becomes. In the region if e >0.8 , calculated at tractor is P2 which maybe corresponds

to the true solution in all At value cases. Because the artificial viscosity term stabilizes

the system, this phenomenon is expected to be reasonable. When P2 attractors become

unstable, a cusp appears and the trajectories look like tori. In the region of e ~ 0.75 in the

case of A£=0.02, the P4 at tractor which has five local maximum points in the time series

of CD appears. Though these P4 attractors have four clear local maximam points and one

more quite fine fluctuation, we neglect this and do not call them P5 but P4. These P4

attractors become unstable and the stable P8 at t ractor appear. Furthermore, the stable

P16 attractor appears in the cases of smaller e. This (P2-P4-P8-P16) bifurcation sequences

which is similar to the period-doubling one is quite interesting. However, what we must

pay attention is that the unstable complicated at tractors(T) also appear even if these hard

criterions were satisfied. This phenomenon may be a transient one. However, though we

performed longer and longer period calculations in several cases, numerical solutions never

converged to the stable attractors. Furthermore, multiple stable attractors coexist around

the complicated unstable attractor. In order to get the physically reasonable numerical
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solutions, it becomes clear that we should add the relatively large amplitude of fourth
order artificial viscosity terms. Though to add the higher order aritificial viscosity terms
may be a necessary condition to remove the ghost solutions, it is not still unknown what
is the sufficient condition to obtain the physically reasonable numerical solitions. On the
other hand, when the At values become small, first bifurcation points moves to the small
e region where ghost solutions appear becomes narrow. This result is the most impor-
tant because it is quite luckyfor the researchers who analyse the flow motion by using the
implicit scheme.

4 Conclusions
The supercomputer and the development of visualization technique have made it pos-

sible to simulate the complicated phenomenon such as flow motions as if they were open
before our eyes actually. However, on the other hand, the strong nonlinearlity of the com-
putational discrete dynamical system still makes it difficult to make the computed results
reliable as shown in the appearance of the ghost numerical solutions. In the present study,
we showed the ghost numerical solutions appear not only in the cases of explicit scheme
cases but also appear in those of implicit cases in solving the nonlinear equations ana-
lytically and numerically. In the study of fully implicit scheme of Burgers' equation, we
showed that there is a possibility that the multiple steady solutions exist simultaneously.
However, the ghost solutions disappearby using the effective linearization technique. Fur-
there, we discussed the asymptotic numerical solutions of imcompressible Navier-Stokes
equations. In order to discuss the reliability of their numerical solutions, since only the
usual methods used in the common analyses in the field of computational fluid dynam-
ics is not adequate, we need more effective methods to analyze the complicated unsteady
structure of the numerical solutions in detail. We proposed some nonlinear dynamics ap-
proaches which are used in the fields of mathematics, theoretical and experimental physics
and so on. To study the characteristics of attractors which were constructed by the com-
puted time series of CD at the quasi-steady state can not only make the differences of
the unsteady structure clear but also give us the important information. In particular,
to evaluate the influences of degree of convergence in the iteration steps on the structure
of asymptotic numerical solutions becomes clear by using nonlinear dynamics approaches.
Furthermore, it is shown that some strange phenomenon ocuur when we use the small e
parameters even if the stable implicit temporal schemes are utilized. Further, as if the
adequate convergence condition of the Poisson equation of the pressure was not attained
in each time step, we can get the non-diverging numerical solutions which never appear
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actually. As described above, we must pay much attention to the selection of suitable

schemes and the descretized parameters in order to the physically reasonable results.
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ABSTRACT

Consider the Poisson equation —Au = / in a planar exterior domain of a bounded domain 0. Assume that

/ = 0 in the outside of a disc with sufficiently large diameter. The solution u is assumed to be bounded at

infinity. Discretizing the problem, we employ the finite element method (FEM, in short) inside the disc, and the

charge simulation method (CSM, in short) outside the disc. Results of mathematical analysis for this FEM-CSM

combined method are reported in this paper.

In the mathematical analysis for the method, especially in the proof of an a priori error estimate for the

approximate solutions obtained by the method, a relation between continuous and discrete Fourier coefficients

of equi-distant piecewise linear continuous 27r-periodic function plays a key role.

CSM is a typical example of the fundamental solution method (FSM, in short), through which the solution of

homogeneous partial differential equation is approximated as a linear combination of fundamental solutions of

differential operator. Hence the combined method for 2D exterior Laplace problem is extendable to the planar

exterior reduced wave equations. Our discretization procedure for the reduced wave equation is also described

in the paper.

Keywords: two dimensional exterior Laplace problem, finite element method, charge simulation method, FEM-

CSM combined method, reduced wave equation, two dimensional exterior Helmholtz problem, fundamental

solution method, FEM-FSM combined method.

1. Relation between continuous and discrete is defined through

Fourier coefficients for equi-distant piecewise
1 ^1}linear continuous 27r-periodic functions f(N) _ V^ f(Q)e~in9>.

3=0

Let f(8) be a complex valued continuous 2TT-

periodic function of 6. For n G Z, a continuous It is to be noted that we have for any continuous

Fourier coefficient /„ of the function f{0) is defined 27r-periodic function f(9),

through ,„,,

1
 2 ; (1) / J & r = /<">. neZ, r € Z - { 0 } .

fn = ^ f(e)e-ined0.
o Let w(9) be the reference roof function defined

Fix a positive integer TV. Set through

1 0 : |0| > 1.
For any j G Z, denote jQ\ by Oj. For n G Z, a

discrete Fourier coefficient /„ of the function f(8) For any j G Z, define a piecewise linear basis func-
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tion Wj ' (6) through the following formula:

A complex valued function f(0) is said to be an
equi-distant piecewise linear continuous 2TT-
periodic function (with N nodal points) in this
paper if f{8) is represented as

N

with

j=Q

/(2TT) = /(0).

Introduce a function a(0) through the formula:

a(0) = 2 ( 1 ~™S{<))) for 0, with a(0) =

Theorem 1 We have the following relation for
any equi-distant piecewise linear continuous 2TT-
periodic function (with N nodal points) f(0),

Proof A straightforward calculus leads the rela-
tion. •

Corollary We have the following identity for any

equi-distant piecewise linear continuous 2ir-periodic

function (with N nodal points) f(9),

(3)

fn+Nr —
+ Nr

Proof Since we have

a{8n+Nr) =

/„, neZ, r e Z - { 0 } .

n + a(Bn), neZ, re Z-

Theorem 1 together with Equality (1) implies Equal-
ity (3). •

2. Boundary bilinear forms of Steklov type
for exterior Laplace problems and its

CSM-approximation forms

With the full use of identities (1), (2) and (3),
the author has obtained several estimates concern-
ing differences between the boundary bilinear form of
Steklov type for the exterior Laplace problems and it-
s CSM-approximation forms. Here the abbreviation

of CSM has been employed for the charge simulation
method (See [1]).

Let Da be the interior of the disc with radius a
having the origin as its center, and let Fa be the
boundary of Da. Let fie = (Da U F a ) c , which is
said to be the exterior domain. We use the notation
r = T(6) for the point in the plane corresponding
to the complex number reie with r = |r| where |r|
is the Euclidean norm of r € R2. Similarly we use
a = a(#), and p = p(6), corresponding to ae'e with
o = |a|, and pe'0 with p = \p\, respectively.

For functions u(a(0)) and u(a(0)) of tf1/2^), let
us introduce the boundary bilinear form of Steklov
type for exterior Laplace problem through the fol-
lowing formula:

(4) b(u,v) = \n\fn9n,

where /n , and gn, are continuous Fourier coefficients
of u(a.(8)), and i>(a(0)), respectively.

It is to be noted that the following fact:
1/ u(a(8)) is the boundary value on Fa of the

function u(r) satisfying the following boundary value
problem (E):

(E)

with

then

(5)

- A n

1 sup

b(u, v)

= 0 in
= ip on

\u\ < oo,

> = «(a(0)),

ne,

(In (5), dT is the curve element of F a . Namely

oT = ad6

in the polar coordinate expression.)
Fix a positive number p so as to satisfy 0 < p <

a. For a fixed positive integer N, set the points
Pj;, aj, 0 < j < N - 1, as follws:

&j — BL(6J), = p(6j) with 0 < p < a.

The points pj, and aJ; are said to be the source, and
the collocation, points, respectively. The arrange-
ment of the set of points of source points and collo-
cation points introduced as above is called the equi-
distant equally phased arrangement of source
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points and collocation points, hereafter in this
paper.

The CSM approximate form for b(u, v) of the first

type, which is denoted by b^(u,v), is represented

through the following formula (6):

(6)

Let

or

where u^^(r) , and v^N\r), are CSM-approximate

solutions for u(r), and v(r), satisfing (E) with if =

u(a.(6)), and (p = v(a.(9)), respectively. Namely

is determined through the following problem

N-l

3=0

N-l
= 0.

where the set of points {pj,a.j : 0 < j < TV — 1} is the

equi-distant equally phased arrangement of source

points and collocation points, and

Gj(r) = E(r - p3) - E{v), E(r) = - i - log r.

Problem (E^)) is to find N + 1 unkmowns g ,̂ 0 <

j < TV, and it is uniquely solvable for any fixed p e

(0,a).

The CSM approximate form for b(u, v) of the sec-
—(N)

b

(7) r\
j=o

which is the quadrature formula for b(N)(u,v) with

the use of trapezoidal rule.

We use the following notations:

b(v) =b{v,v)l>'\

T(N). . T(N) 1 / 2

6 (u) = o (v,v) ' .

Denote the totality of equi-distant piecewise lin-

ear continuous 27r-periodic functions (with JV nodal

points) v(&(6)) by V^:

— log 7
with 1=

P-.
a

Theorem 2 We have the following relation for

any v £ VN .

+ 2C(3) " 2 V ;

provided that N > N(j), where

oo 1

= E ̂

Theorem 3 For u,v € Vjv,

provided that N > N(j).

3. Proof of Theorem 2

For a fixed positive integer N, introduce sets of

integers Afr through

TV TV
Nr = {n : - — < n - Nr < —}

with

r = 0 ,±l ,±2, •••.

Define functions siN\j) of 7 G (0,1), 1 < n <

ond type, which is denoted by b (u,i>), is repre- ** •*•' through

sented through the following formula (7):

- L i-\
N—n—l

Proposition 1 For w, v 6 V}v, we

and

where

and

b (u,v) = 2?r

l < n < T V - l

Kn< N-l
j=Q
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and /„ , and #„ , are discrete Fourier coefficients

ofu(a.(0)), andv(a.(9)), respectively.

Using the representation of An , we obtain

Proposition 2 If N > N(j), then

An elemental calculus leads
Proposition 3 It holds

< a{9) < 1, -7T < 0 < n.

For r £ Z - {0}, we have

n

n + Nr <-w
Therefore

r = l

Hence the second inequality of the conclusion is valid,
while the 1st one is trivial by definition of b(u,v). •

Propositions 4 and 5 complete the proof of Theo-
rem 2.

Proposition 4 For v £ Vjv, we have

n€.Vo

n€JVo

provided that N >

Proof Due to Theorem 1 and Proposition 1, we

have

Propositions 2 and 3 imply the conclusion of Propo-
sition 4. Q

Proposition 5 For v £ Vjv, we

< b(v,v) <

2C(3))|27r T \n\\gn\A.

Proof Due to Corollary of Theorem 1, we have

\n\\9r.
n + Nr

with the following notaional convention:

n

n + Nr
= 1.

4. Proof of Theorem 3

P r o p o s i t i o n 6 For an integer n £ [l,N — 1],

define Bn through the following formula:

,\n+Np\_ 1I
j

Then we have

provided that N > N(>y).

Proof A lengthy but straightforward calculus leads
the conclusion. •

Proposition 7 For N > N(-y), we have

Proof Let

Then we have

and

S^(72)
2 '

A : ' =rn
2 -

Hence Proposition 6 implies the conclusion. D

The proof of Theorem 3 is now straightforward. In

fact, we have

n=r=0

1 6 8 -



Hence it holds

1/2

Let N > N(j). Proposition 7 implies

Therefore we get

<8 7
2 x 2*

I

provided that N > TV (7). Due to Proposition 1 we

have the conclusion of Theorem 3.

5. Application to mathematical analysis of
an FEM-CSM combined method for exterior

Laplace problems

Fix a simply connected bounded domain O in the

plane. Assume that the boundary C of O is suffi-

ciently smooth. The exterior domain of C is denoted

by ft.

Fix a function / e L2(il) whose support, supp(/),

is bounded.

Choose a so large that the open disc Da may con-

tain the union O U supp(/) in its interior.

The following Poisson equation (E) is employed as

a model problem.

(E)
sup
|r|>a

-Au = /

u — 0

| | < oo.

in H,

on C,

The intersection of the domain S7 and the disc Da

is said to be the interior domain, denoted by fij :

iii = nnDa.

Consider the Dirichret inner product a(u, v) for

u,v £ Hl(fli) :

a(u, v) =
Jn,

gradu gradf

Since the trace jav on Fa is an element of Jf1/2(Fa)

for any v G //^(fij), the boundary bilinear form of

Steklov type b(u,v) is well defined for u,v & i71(f2i).

Therefore we can define a continuous symmetric bi-

linear form :

t(u, v) = a(u, v) + b(u, v)

foru,v e H^fli).
Let F(v) be a continuous linear functional on

Hl(Cti) defined through the following formula:

F(v) = f fv dtl.

A function space V is defined as follows:

V = {veH1(Qi):v = 0 on C} .

Using these notations, the following weak formu-

lation problem (II) is defined.

(n)
t(u,v) = F(v),
ue v.

Admitting the equivalence between the equation

(E) and the problem (II), we consider the problem

(II) and its approximate ones hereafter.

Fix a positive number p so as to satisfy 0 < p <

a. For a fixed positive integer TV, set the points

pj,aij,0 < j < N - 1, as in the equi-distant equally

phased arrangement of source points and collocation

points defined in Section 2.

A family of finite dimensional subspaces of V :

is supposed to have the following properties:

(VN - 1) VNC C(TU).

(VN - 2)

For any v € Vjy, v(a(8)) is an equi — distant

piecewise linear continuous2ir - periodic

function with respect to 9.

(VN - 3)
v6
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In the property (VN — 3), C is a constant indepen-

dent of N and v, and

a(v) = a(v,v)x/2, v £ V.

An explanation concerning a costruction method

of the family of spaces {V̂ v : N = N0,N0 + 1, • • •}

is added here. Let a polygonal domain Q\ be

an approximate domain of the interior domain Q{.

A triangulation of fl\ yields a standard piece-

wise linear continuous finite element space VN-

Adding a modification for triangles which have their

edges on the boundary of ii\ through the way of

curved element due to Zldmal[6] , we can change

VN to a space contained in C(Qi). A family

{VN : N = No, No + 1, • • •} which satisfies condition-

s (VN - 1), (VN - 2), (VN - 3), can be costructed

through the procedure just mentioned.

For u,v G H1(ni)nC(ili), we define bilinear forms

v) and t (u,v) as follows.

and

t (u,v) = a(u,v) + b (

Now two approximate problems

are stated as follows.

and (II )

veVN,

Let k be the length of the wave number vector.

Consider the following reduced wave problem (Ef) in

the exterior domain Ue of the circle F a with radius

a having the origin as its center.

(Ef)
lim

r—too

-Au- k2u = 0 in fle,

u = f o n r a ,
^ -iku] = 0.

In the above, / is a complex valued continuous func-

tion on F a .

The solution u = u(r) of the problem (Ef) is rep-

resented as

Jn

where fn is the continuous Fourier coefficient of the

function /(a(0)),

and Hn ( z ) is the n-th Hankel function of the first

kind.

The boundary bilinear form b(u, v) of Steklov type

corresponding to the problem (Ef) is given by the

following formula:

oo

b(u,v) = 2TT ] T fi\n\fngn,
7 1 = — OC

where for n = 0,1,2, •

dz n

With the aide of Theorems 2 and 3 and other nec-

essary discussions, we can show the following error

estimate.

Theorem 4 For a constant C, we have the fol-

lowing estimate.

I
\u — uN\\Hl(Q,)

In the above, the constant C is independent of the

solution u of (II) and N.

6. Reduced wave problem in the outside of
an open disc

7. FSM approximate problem for the
reduced wave problem in the outside of an

open disc

Fix a positive number p so as to satisfy 0 < p <

a. For a fixed positive integer TV, set the points

Pj,&j,0 < j < N — 1, as the equi-distant equally

phased arrangement of source points and collocation

points defind in Section 2.

An FSM, (foundamental solution method), ap-

proximate problem (E\ ') of the problem (Ef) is de-

fined through the following :

(Ef>)
= f(aj),0<3<N-l.
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We use basis functions Gj(r) in this problem repre-
sented as follows with the use of the constant multi-
ple of the foundamental solution of Helmholtz equa-
tion, H™(kr),

GJ(T) = H{
0

1](k\r - pe-i9 0 < j < TV - 1.

8. FSM approximate form for the boundary
bilinear form of Steklov type

Setting

we define for / € Z,

9i =

The two-sided infinite sequence {gi : I =
0, ±1, ±2, • • •} has the period TV. Further it is sym-
metric with respect to TV/2. A wave transmission
vector g € RN is defined through

And a wave transmission matrix G is defined
through

G = w*)o<j,/t<jv-i'

9jk=9k-j, 0<j,k<N-l.

It is to be noted that the matrix G is a complex
valued symmetric cyclic square matrix of order TV,
which is not hermitian symmetric. Namely we have

9jk=gkj, 0<j,k<N-l.

Noticing the collocation condition:

N-l

]T Gk(^)qk = /(a,),
ife=0

and the following identities:

= 9jk,

we see that the problem (E[ ) is represented as

(E) Gq = f,

where q and f are defined as follows.

\ / /(ao) \
/(ai)

f =

\QN-I/

Denote eigenvalues of the matrix G by Xj, 0 < j <
TV — 1. Then we have the following representation:

/=o

where
2TT

AT"
The eigenvector (pj of G corresponding to the eigen-
value Xj with the unit length is given by

The set of TV vectors {0j,O < j < TV - 1} forms an
orthogonal system of basis of C . All the eigenval-
ues of G differ from zero if and only if the matrix G
is regular. Therefore the problem (Ej ') is uniquely
solvable if and only if the following condition holds
good:

(8) 0 < j < TV - 1.

Hereafter the unique solvability condition (8) is as-
sumed.

The FSM approximate form for b(u, v) of the first
type, which is denoted by b(N^(u,v), is represented
through the following formula (9):

(9) or

where w^^(r), and i/N ' (r), are FSM-approximate
solutions for u(r), and v(r), satisfing (Ef) with / =
u(a(0)), and (Ef) with / = V(SL(6)), respectively.
Namely u ^ ( r ) is determined through the problem
(E(

{N)) with / = u(a(0)). In the right hand side of
(9), vW> is the complex cojugate of v^N^(r).

The FSM approximate form for b(u, v) of the sec-
—{N)

ond type, which is denoted by b (u,v), is repre-
sented through the following formula (10):

(10) b >.«) = - ^ dr
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which is the quadrature formula for b(N^(u, v) with

the use of trapezoidal rule.

Let Hj be the radial derivative towards the coor-

dinate origin of the function Gj(r) of the variable r.

Namely

Hj(r) =-j^

We define for / e Z,

) , 0 < j < N - 1.

hi = H0(ai).

The two-sided infinite sequence {hi : I =

0, ±1, ±2, • • •} has the period N. Further it is sym-

metric with respect to N/2. A wave derivative

vector h £ RN is defined through

And a wave derivative matrix H is defined

through
H =

hjk = hk-j, 0 < j , k < N - 1.

The matrix H is a complex valued symmetric cyclic

square matrix of order N.

Consider the value of the exterior normal deriva-

tive on the boundary Fa with respect to the exterior

domain fle of the solution u^ ' ( r ) of the problem

(E[ '). The value at the point r = â  is the j-th

component of the vector i/q. Namely, using q of the

problem (E) in this Section, we have

V

Now a matrix representation of FSM approximate

boundary bilinear form b (u, v) can be given in the

following Theorem 5.

Theorem 5 Let the function h(0) be defined

through the following formula:

For integers j = 0,1, • • •, N — 1, setting

k=0

let

Supposing the unique-solvability condition:

Aj ^ 0, 0 < j < N - 1,

put

c = G~ h = (cj)0<j<AT-i.

Defining the value of Cj for any integer j so as that

the sequemce Cj : j = 0, ± 1 , ± 2 , ••• may have the

period N, set

Then we have

where

u -

In Theorem 5, (Bu, vj is the usual inner product

i n C " .

It is to be noted that the following representations

hold.

(=0

N-l

The eigenvalue of the matrix B is given by the

following formula for an integer I with 0 < I < N — 1,

with the corresponding eigenvector (pi.

The following formula holds good as a spectral rep-

resentation of the FSM approximate boundary bilin-

ear form 6(u, v).

h = (hj)0<j<N-i.

n€A/"o

where /A , and <?„ , are the discrete Fourier coef-

ficients of the function f{6) = u(a(0)), and f(9) =

v(a.(6)), respectively.

9. FEM-FSM combined method for the
reducued wave probblem in the exterior of a

general scattering body
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Fix a simply connected bounded domain O in the
plane. Assume that the boundary C of O is sufficient-
ly smooth. The exterior domain of C is denoted by
fi. Let g be a function representing the plane wave
with the wave number vector (l,m). More precisely,
set

g(x, y) = el{lx+my), I2 + m2 = k2 .-

Consider the following reduced wave problem (E).

-Au - k2u = 0 in 11,
(E) \ u + g = 0 on C,

lim y/i" {jfj; — iku) = 0.

As in the case of Poisson equation in Section 5, the
intersection of the domain fi and the disc Da is said
to be the interior domain, denoted by fi;.

For complex valued functions ti,ti€ Hl(Qi), con-
sider the Dirichret inner product a(u,v) :

a(u, v) — / gradu gradi; dU,
Jiii

where v represents the complex conjugate of v. Fur-
ther L2 inner product for u,v G L2(Cli) is denoted
by m(u,v) :

m{u
Jn,

uv dil.

Since the trace jaV on Fa is an element of H 1/2(Fa)
for any v S H1 (fij), we can see the boundary bilinear
form of Steklov type b(u, v) is well defined for u, v 6
if1(f2i) (See, for example, Zebic[5] ). Therefore we
can define a continuous bilinear form :

t(u, v) = a(u, v) — k2m(u, v) + b(u, v)

for u, v £ i/1(f2i). Hereafter, denoting the function

space if1 (n<) by W, let

V = {v :v = 0 on C} .

With these notations, the following weak formula-
tion problem (II) is defined.

(n)
t(u,v)=0, veV,
u + g — 0 on C,
uGW.

Admitting the equivalence between the equation (E)
and the problem (II), we consider the problem (II)
and its approximate ones hereafter.

Fix a positive number p so as to satisfy 0 < p <
a. For a fixed positive integer N, set the points
Pj, aj, 0 < j < N — 1, as in the equi-distant equally
phased arrangement of source points and collocation
points denned in Section 2.

A family of finite dimensional subspaces of W,

is supposed to have the following properties:

(WN - 1) WN C ft

(WN - 2)
For any v G Wjv, v(a.(9)) is an equi — distant
piecewise linear continuousiir — periodic
function with respect to 6.

Define an approximate space VJV of V through

VN = WNn V.

For u,v e ), set

t (u,v) = a(u,v) — k2m(u,v) + b

Fix an element g^ of WN which coincides with g at
the nodal points on the interior boundary C.

Now we can set the following approximate problem

in1"')

-(N) —

t (uN,v) =0, v G VJV,
uN + 9N = 0 on C,
uN £ WN.

Thus we have formulated an FEM-FSM combined
method for the reduced wave problem in the exterior
of a general scattering body.

10. Spectral representation of the wave
transmission matrix G

Now the author is trying to find answers of the
following problems.

—(AT)

Unique solvability of the problem (II ).
Convergence of its solution uN to the genuine so-

lution u.
Estimate of the difference between uN and u.
The following is a preliminary consideration for

the first problem.
Applying Graf's addition theorem ([4] pp.359-361)

for the 0-th order Hankel function of the first kind
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to the present basis functions Gj, 0 < j < N — 1, we
obtain an analytical representation for the eigenval-
ues of the matrix G. Namely we have the following
Theorem 6.

Theorem 6 Define X3•,, 0 < j < N — 1, as follows.

where Jn{z), and Nn(z), are the n-th order Bessel,

and Neumann, functions, respectively, and

K — ka, 7 = - .
a

Then Xj, 0 < j < N - 1, are the eigenvalues of the

wave transmission matrix G. The eigenvector (pj

with the unit length corresponding to the eigenvalue

Xj is represented as

ft = ("Jk)O<k<N-l

From the above representation for the eigenvalues
of the matrix G, we have

= N X ^ Jj + Nr{K-)Jj+Nr{lK)-

The right hand side of the above equality with
yields

N X > 0.

Hence, for the fixed N, tending 7 sufficiently near to
1, we have that all the eigenvalues Xj, 0 < j < N — 1,
differ from zero, and that the wave transmission ma-
trix G is regular. The regularity of G would likely
hold good in more general setting. Under the as-
sumption of the regularity of G, we have the repre-
sentation formula for the solution of FSM approxi-
mate problem (E[ ') for the reduced wave problem
in the outside of an open disc in the following Theo-
rem 7.

Theorem 7 Assume the miique solvability condi-

tion:

A, / 0, 0 < j < N - 1.

Then the solution U^N^(T) of the problem (EJ- ') is

represented as follows.

N-l

j = 0

fiN) lfi [

Jj (N)j (ao)

jwhere / j ,0 < j < N — 1, are the discrete Fourier

coefficients of the function f(8) = u(a(6)), and

with

s=r-.
a

It is to be noted that the eigenvalues Xj of the
transmission matrix G is represented as
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