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A new numerical scheme for solving the hyper-dimensional Vlasov-Poisson equation in phase space
is described. At each time step, the distribution function and its first derivatives are advected in phase
space by the Cubic Interpolated Propagation (CIP) scheme. Although a cell within grid points is
interpolated by a cubic-polynomial, any matrix solutions are not required. The scheme guarantees the
exact conservation of the mass. The numerical results show good agreement with the theory. Even if
we reduce the number of grid points in the v-direction, the scheme still gives stable, accurate and
reasonable results with memory storage comparable to particle simulations. Owing to this fact, the
scheme has succeeded to be generalized in a straightforward way to deal with the six-dimensional, or
full-dimensional problems.
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I. INTRODUCTION
In recent years, various numerical methods have

been used for solving the nonlinear Vlasov equation
and these methods are roughly divided into two classes.
One numerical approach is the particle method that
directly follows the trajectories of particles, such as the
PIC method [1,2]. This method has been considered to
be quite stable even if only few computational particles
are used. On the other hand, it is known that this
scheme essentially involves some serious
disadvantages stemming from statistical numerical
noise particularly when detailed structure of
distribution is needed.

Another approach is the Eulerian method that uses
a hyper-dimensional computational mesh in phase
space and the time integration of the distribution
function is carried out on each computational mesh
point with the help of Fourier-Fourier transform[3],
Fourier-Hermite transform[4,5], and splitting
method[6]. This numerical approach is more suitable
for the simulations in which die particle distribution in
a certain velocity region plays an important role [7,8,9].
However, since this method covers all the phase space
with grid points, the memory storage and computation
time rapidly increases as N6, N being the grid point
needed in one-dimension. With the conventional
algorithm, this N has not been sufficiently small
leaving the six-dimensional simulation in merely a
world of dream. However recent development of
numerical algorithm for hyperbolic system has a
possibility to bring this dream into reality.

The Cubic Interpolated Propagation (CIP) scheme
is a novel unified numerical scheme developed by Yabe
et al.[ 10-13] for the solving hyperbolic equations. The
CIP scheme is a low diffusion and stable scheme, and
can solve the hyperbolic equations by the 3rd order
accuracy in space [14]. The coefficients of the cubic-
polynomial are analytically determined from the
physical values and these first derivatives on the
neighboring two grid points without any matrix
solutions. These facts allow us to easily extend the
scheme to hyper-dimensional scheme and solve
hyperbolic equations with lower computational effort
Therefore, it would be very interesting to apply the CIP

scheme to the hyper-dimensional Vlasov equation and
examine a possibility of six-dimensional simulation by
the present scheme.

H. NUMERICAL PROCEDURE
In this work, we treat the following normalized

one-species collisionless Vlasov-Poisson system;

dt
E

dx d\

(2)f-E-l-f fd
dx J-"

where f=f(x,y,z,vx,vy,vz) and E - C E ^ A ) are the
dimensionless distribution function and electric field,
respectively. Time is measured in the unit of the
inverse plasma frequency co „'', length in the unit of the
Debye length A D and velocity in the unit of the
thermal velocity vth. In this model, an ion background
with uniform density is assumed.

Since the Vlasov equation (1) is merely advection
equation in six-dimensional phase space, obviously it is
possible that the CIP scheme is directly applied to the
Vlasov - Poisson system. In the CIP scheme, hyper-
dimensional advection term of Eq.(l) is split into a
sequence of one-dimensional advections in the each
directions and the time integration of the distribution
function is calculated by the shifting of the distribution
function in phase space. For example, in the solutions
of the two-dimensional phase space, the Vlasov
equation is split into three steps and this procedure is
represented by

(3),.-v,.A//2,vy)

/ ^ > v , ) r > , ; / , ) ( )
The trajectory of particles can be solved in the 2nd
order accuracy[6].

In the solution of the first step represented by
Eq.(3), generally the starting point of the trajectory
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xrvj A t/2 does not locate at the grid point. Therefore,
we have to estimate the value of the distribution
function between xt and its upstream point xiup, where
iup = i + sgn(-vAf IT) and Sgn(a) means the
sign of a. In the CIP scheme, the profile of f is
interpolated by the cubic polynomial function such as

Fij(x) = AlX3 + A2X2+dJ,X + flj (6)

where X = x -x,. The coefficients Al and A2 are
determined so that the interpolation function and its
first derivative is continuous at the both ends of
interpolated interval:

where dxfi denotes the first derivative at the grid

point [df I dx).. As a result of above simultaneous

equations, we have

Al

(9)

(10)
where A x ^ x ^ - ^ . For the governing equation of the
derivative d J{, let us differentiate Eq.(3) with spatial
variable x; then we get

dxf\xi,vj) = dJ"(xi-VjAl/2,Vj) (11)
As is shown in [16], we can trace the time evolution of
/ and d x / on the basis of Eqs.(3) and (11), and
advected value is given by

(12)

+ d x / ; , (13)
where £ ^ v , A t Here, we have to pay some
attention to the solution of Eq.(3), because the CIP
scheme needs the information of the spatial derivatives.
In solving Eq.(4), (12) and (13) can be directly applied
to the v direction with the aid of Eqs. (9) and (10),
simply replacing x and v by v and -E,
respectively. However, the spatial derivative in the in-
direction d v/jj is not yet known because in the solution
of Eq.(3) only d J ,j is obtained according to Eq.(13).

m. NUMERICAL RESULT
In this section, some numerical results are

described. Especially, we should emphasize a merit of
the computational cost; required grid points can be
suppressed by using the present method. In order to
show the numerical features, first we shall treat the
simplest case in two dimensional phase space
composed of space* and velocity vx[15]. We use the
Cartesian mesh to represent the x-v phase space with
the computational domain R={(x,vx)|0
£ x<L,|vx| s voff}.where L is the spatial periodic
length and voff is the cutoff velocity. The number of
mesh points used in x and vx directions is designated
by N and 2M respectively. The first example is the
Landau damping. Figure 1 shows the time evolution of
the basic Fourier romponent.Exk(Jfcx=0.5,t) of the electric
field £x with N=32, M=16 and A T - 1 / 8 . The
amplitude of £^(0.5,1) decays exponentially in time
according to the theory of Landau damping. The
damping ratey and the frequency CO of the oscillation
are 0.1553 and 1.4211, respectively and agree very well
with the corresponding theoretical values 0.1533 and
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Fig.l Linear Landau damping
in the two dimensional phase
space.

Fig.2 Relative error to the
theoretical value. The solid and
dashed curves represent the
frequency and the damping rate
respectively

1.4156. Furthermore, we shall examine the effect of
reduction of the mesh points in v-direction. Fig.2
shows the dependence of the numerically obtained 7
and co values on the mesh conditions in the v-direction.
The dotted line and solid line represent the T andco,
respectively, and the relative error to the theoretical
values are plotted in the logarithmic scale against M.
While errors increase with decreasing M, the T and
co have been computed with reasonable accuracy
even if extremely few mesh points are employed such
as M<10.

Next, we carry out a comparison with the particle
method concerning the computational cost, we
consider the symmetric two-stream instability. In Fig.3,
the development of the electric field energy is plotted.
A dotted curve represents the numerical result of the
presernt scheme with M=24 and a dashed curve
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Fig.3 The time evolution of the total electric field energy for
the two-stream instability. Curve (a) and (b) represent the
numerical results of the present scheme with 2M=256 and
2M=48, respectively. Curve(c) represents the result of the PIC
scheme with 4608 "particles" which corresponds to two times
larger storage than 2M=48 (curve (b)) as far as storage is
concerned. t = a ( x )

Fig.4 Over-view profile of the distribution function at t=20.0
using CIP (2M=48), PIC (4608 "particles", correspond to two
times larger storage than CIP).

t=6.26 t=9.38 t=12.5 t=15.6

Bulk of Plasma

lectric wave

Velocity Vx

Fig.5 The four dimensional Vlasov simulation of the particle acceleration by a incident elearostatic wave.

represents the numerical result of the PIC method with
72 "particles" per a spatial mesh point. While the
numerical result of the CIP scheme with M=24 is quite
similar to the case in which the much finer mesh
M=128 is used, although the number of particles
corresponds to twice larger storage than the CIP
(M=24), the numerical result of the PIC method is
unclear and the hard numerical oscillation is caused by
the statistical noise of the particles. Furthermore, a
profile of the distribution function at t=20.0 is shown in
Figs.4. While the CIP scheme calculates a formation of
a hole structure and a trapping of particles shown as a
vortex in the hole structure clearly, the PIC method
describes the distribution function poorly and unclearly
in the phase space because of the statistical noise of
the particles.

Fig. 5 shows a example of the four dimensional
solution. The Vlasov - Poisson equation is solved in

the phase space composed of space x, y and its velocity
vx, vy, and a schematic view of the test solution is
shown in Fig.5. The incident electrostatic wave
captures the electrons which locates around the phase
velocity vxph=2.0, and the electrons are accelerated with
the progression of the wave. The 64X64X32X32
computational mesh points are used and the solution is
carried out by a common personal computer.

Furthermore, if the computational mesh points in v
- direction could be reduced to 16 x 16 x 16 by using
the CIP scheme, the required computational memory
size is about 1G bytes when the mesh points in x-
direction is 16x16x16. By the recent computer
development, this amount of the computational cost is
considered to be within the capacity of personal
computers. Actually, we have completed a six-
dimensional Vlasov code based on the present method.
A numerical result of full-dimensional solution is
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shown in Fig.6. Time[o)4]

10.2 [ to"1]

Fig.6 The full-dimensional Vlasov simulation of the Landau
damping. Numerical values of the damping rate and the
oscillation of electric field are y = -0.176 and
cu = 1.4142, respectively while the theoretical values
predicted by the linear theory are y = -0.1533 and
co =1.4211).

IV. Conclusion
In the present work, we proposed a new numerical

scheme for the solution of the hyper-dimensional
Vlasov equation. The time integration of the
distribution function was calculated by the CEP scheme.
The CEP scheme solves the advection explicitly and
does not require any matrix solution, we developed a
new numerical technique for the calculation of the
gradients in the multi-dimensional CIP scheme. This
work strongly suggest a possibility that the scheme can
be applied to a solution of the six-dimensional Vlasov
equation. Actually, we have completed a six-
dimensional Vlasov code and succeeding in solving the
full-dimensional Vlasov-Poisson equation.
Furthermore, the CEP method suits parallel
computation since the scheme is explicit. Therefore, a
larger scale simulation can be carried out easily by the
supercomputer and the parallel computers. This will be
an interesting future subject.

Finally, due to limitations of space, only the
calculation result of 4-dimensional Vlasov equation
which influence of magnetic field and collision is
considered is shown in Fig.7.
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Fig.7. Time development of magnetic field B. Right line figures are
calculated without collision term, but left line figures are calculated
with collision term.
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