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ABSTRACT

Synchrotron radiation losses become significant in the power balance of high-temperature plasmas
envisaged for next step tokamaks. Due to the complexity of the exact calculation, these losses are usually
roughly estimated with expressions derived from a plasma description using simplifying assumptions on
the geometry, radiation absorption, and density and temperature profiles. In the present article, the com-
plete formulation of the transport of synchrotron radiation is performed for realistic conditions of toroidal
plasma geometry with elongated cross-section, using an exact method for the calculation of the absorp-
tion coefficient, and for arbitrary shapes of density and temperature profiles. The effects of toroidicity and
temperature profile on synchrotron radiation losses are analyzed in detail. In particular, when the elec-
tron temperature profile is almost flat in the plasma center, as for example in ITB confinement regimes,
synchrotron losses are found to be much stronger than in the case where the profile is represented by
its best generalized parabolic approximation, though both cases give approximately the same thermal
energy contents. Such an effect is not included in present approximate expressions. Finally, we propose
a seven-variable fit for the fast calculation of synchrotron radiation losses. This fit is derived from a large
database, which has been generated using a code implementing the complete formulation and optimized
for massively parallel computing.



1 Introduction

1 Introduction

In system studies, the calculation of the global loss due to synchrotron radiation in a tokamak plasma
is still generally performed using the Trubnikov's fit [1], which has been derived for a homogeneous
plasma cylinder with circular cross-section, with the addition of a correction factor describing the toroidal
inhomogeneity of the magnetic field. Corrections to this fit have been proposed later [2], taking into
account the ellipticity of the plasma cross-section and the inhomogeneity of density and temperature,
both described with generalized parabolic profiles.

In present day studies, the use of these approximate expressions can be explained both by the small
magnitude of the synchrotron radiation losses in present tokamaks and by the complexity of the exact
calculation. As synchrotron losses become significant in the power balance of high-temperature plasmas
envisaged for next step tokamaks, it is time to propose a more accurate formulation. In particular, this
formulation must be able to describe the temperature profiles in H-mode or internal transport barrier
regimes, predicted for the next step, which cannot be described accurately with generalized parabolic
profiles.

The outline of the article is as follows. Section 2 presents the general formulation of the synchrotron
radiation transport in a tokamak plasma. Section 3 is devoted to reproducing the Trubnikov's calculation
using exactly the same set of assumptions and comparing the results. In Section 4, the validity of the
saddle-point method used by Trubnikov for the calculation of the absorption coefficient is discussed and
checked against an exact method. Section 5 presents the complete formulation of synchrotron radiation
losses for arbitrary density and temperature profiles, including all toroidal effects. First, the dependence
of the synchrotron radiation losses on the aspect ratio is compared with the one given by the approximate
expressions; then, in Section 6, we analyse the effect of the temperature profile. Considering the quanti-
tative importance of the new effects introduced in our analysis, we propose in Section 7 a new fit for the
fast calculation of synchrotron losses derived using the complete formulation.

2 General formulation of the synchrotron radiation transport

The transport of synchrotron radiation is characterized by the specific intensity J^, defined as the
synchrotron radiation power per unit of solid angle, unit of surface normal to the direction of propagation,
and unit of frequency UJ. In a tokamak plasma, J^ depends on the local equilibrium of the emission and
absorption phenomena, and on the local properties of the plasma such as temperature and refractive
index.

When all these quantities are known, the specific intensity can be deduced from the following equa-
tion of radiative transfer [3]:

where a is the coordinate along the ray path, Nr)W is the radiation refractive index, au is the absorption
coefficient, and r/̂  is the emissivity of the plasma, i.e. the power radiated away per unit of volume, solid
angle, and frequency. For each position on the ray path and each frequency, the absorption coefficient is
derived from the dispersion relation. The Kirchoff's law relates locally the absorption coefficient and the
plasma emissivity:

kTe, (2)

where Te is the electron temperature, c is the speed of light, and k is the Boltzmann constant. All units
are SI in the present article except for the temperature which is always expressed in keV (k ~ 1.6022 x
10~16 J/keV). With no reflecting walls, the integration of Eq. (1) over a ray path of length s, whose
origin and end are placed on the entry to and emergency points from the plasma, respectively (AT^W(O) =
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Figure 1: Geometrical parameters for the calculation of synchrotron losses in a plasma cylinder with
circular cross-section.

— 1), yields an exponential expression describing the self-absorption of the radiation:
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The explicit expression for the global synchrotron losses is obtained by integrating the specific in-
tensity over the plasma surface S, frequencies w, and solid angles fi

syn = / dui [ dS f Jw cos(k, N)dfi,
Jui JS JU

(4)

where k is the wave vector and N is the normal to the surface.
For a convenient calculation, the synchrotron loss is usually expressed in a dimensionless form.

Here, the synchrotron radiation power loss Psyn is normalized to the source of synchrotron radiation
Peo, obtained by integrating the non relativistic Larmor's formula over a homogeneous plasma cylinder
of length 2nR (where R is the major radius) with a circular cross-section of minor radius a:

P -Peo - •hT (5)

where u)pe is the electron plasma frequency and wce is the electron cyclotron frequency. The resulting
dimensionless parameter $* = PSyn/Pe0 reduces to the plasma transparency factor $ in the case of a
homogeneous plasma cylinder with circular cross-section in the non relativistic limit.

In this paper, the synchrotron loss theory is performed for a plasma without wall reflections. A fair
estimation of the effect of a wall with a reflection coefficient r can be done using the Trubnikov correction
factor [1]:

P — M — r\ll2 P
rsyn,r — \± i ) *syn

also in the case of a toroidal plasma geometry [4].

3 Reproducing Trubnikov's calculation

Trubnikov's study for the calculation of the synchrotron losses in a tokamak plasma assumes a cylin-
drical plasma, with circular cross-section, and flat profiles for temperature and density distributions.
The magnetic field is considered to be homogeneous in the whole plasma and equal to its value at the
magnetic axis Bto, so that the radiation source is uniformly distributed over the plasma volume.

Trubnikov uses a saddle-point method for the calculation of the absorption coefficient. This approx-
imation is supposed to be valid for weakly relativistic conditions with Te > 25 keV and a> ^> wce. In
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Figure 2: Comparison of the transparency factor contours in the (pa, Te) plane provided by Trubnikov
computations with our results.

this approximation, the magnetic field and the electron density appear to be grouped within the same
dimensionless parameter pa, called the opacity factor:

aw:
Pa =

CWr.
(6)

The expressions obtained using the saddle-point approximation as well as a method for their fast
calculation are described in Appendix A.

Using the above assumptions and according to the plasma geometry illustrated in Fig. 1, the total
transparency factor parameter including both the ordinary (o) and extraordinary (x) mode of propagation
can be written as

E
t=o,x

/ v2dv I sin2 9d9
Jo Jo

(7)

where v is the frequency u> normalized to the electron cyclotron frequency u ^ .
Although we have used exactly the same set of assumptions, Fig. 2 shows a deviation between the

transparency factor parameters as reported by Trubnikov and those resulting from the numerical integra-
tion of Eq. (7). Differences of up to 30% are observed for electron temperatures for which synchrotron
power losses become significant (Tt > 25 keV)1. The validity of the Trubnikov's fit [1], deduced from
these numerical calculations (<J>* ~ 5.2 x

1 5 p ~ 0 5
), is therefore dubious.

4 Comparison of the saddle-point method for the calculation of the ab-
sorption coefficient with the exact method

An exact method for the calculation of the absorption coefficient has been developed by generalizing
the compact representation of the anu-Hermitian part of the hot-plasma relativistic dielectric tensor [5],
which has been derived from the complete kinetic theory taking a relativistic Maxwellian distribution for

'identical numerical results were obtained independently by two of the authors using different integration schemes.
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Figure 3: Transparency factor parameter versus normalized frequency for a circular plasma with flat
profiles and an opacity factor pa = 3868.1, using the exact mehtod for the calculation of the absorption
coefficient, or the saddle-point method.

Table 1: Relative difference between the total transparency factor parameters calculated using the saddle-
point method and the exact one, for different temperatures.

Te (keV)

10
20
30
40
50

(
^exact saddle —point

saddle — voint

30.4
10.5
7.4
6.8
6.9

\
/ X

the electrons. The resulting formulation avoids the standard expansions of the Bessei functions and gives
very accurate values.

For the case where the ray path is parallel or almost parallel to the magnetic field, the indeterminate
form appearing in the theory is suppressed by using asymptotic expansions of Bessei functions, giving a
precision better than 10~6.

In the range of parameters of interest for the synchrotron losses problem, the Hermitian part of
the dielectric tensor is well described by the cold-plasma approximation in the high frequency limit
(Appleton-Hartree equation).

In Fig. 3 the saddle-point method for the calculation of the absorption coefficient used by Trubnikov
is compared with the exact one. The transparency factor parameter per unit of normalized frequency is
plotted using ITER-FDR parameters [6] for electron temperatures of 10, 20, 30, 40 and 50 keV.

We first note that the saddle-point method gives the correct asymptotic behaviour at very high fre-
quencies, for each temperature. On the other hand, the saddle-point calculation produces a continuous
spectrum because in this approximation the spectral lines are supposed to overlap upon each other as a re-
sult of Doppler broadening. The exact method, instead, shows the spectral lines for 2v3/2kTe/mec

2 < 1,
i.e. at low temperature and low frequencies. Relative differences on the total transparency factor param-
eter for each electron temperature are presented in Table 1. Using the saddle-point method gives a 10%
error at electron temperatures of 20 keV, for which synchrotron losses are no longer negligible in the
power balance of a tokamak plasma. The error keeps non negligible values for higher temperatures.

We conclude that the saddle-point method for the calculation of the absorption coefficient, which
gives much faster calculations than the exact method, also introduces non negligible errors. To obtain
accurate results for all plasma conditions, we will then retain the exact method giving computation times
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Figure 4: Angle and axis definitions for a toroidal plasma geometry.

which are reasonable with present day machines.

5 Radiation transport in a toroidal geometry

In a realistic plasma as illustrated in Fig. 4, with toroidal geometry and elliptical cross-section with
vertical elongation K, Eqs (3) and (4) including the ordinary (o) and extraordinary (x) modes of propa-
gation become

I/2*/
l=O,X

x r (sin2 <p + K2 cos2 p) 1 /*^ r si
Jo Jo

2 fidP rTe(p)a$(a)
JOI-TT/2

x exp - (8)

where oJceo is the electron cyclotron frequency at the magnetic axis. In Appendix B we give the expres-
sions for the calculation of the ray path length, the normalized radius p, and the horizontal coordinate
r/t as a function of the coordinate along the ray path. The description of the plasma emission and self-
absorption processes includes the inhomogeneity of the magnetic field, the toroidal correction to the ray
path length, and the spatial variation of N\\.

As a consequence of the inhomogeneity of the magnetic field hi a poloidal section, the electron
cyclotron frequency is no longer constant along a ray path. Low frequency waves propagating towards
the plasma region with high magnetic field can then reach the cut-off frequency, which we normalize to
the electron cyclotron frequency (ycut-offX In such a situation, occurring mainly hi very low aspect ratio
plasmas (A < 2), we assume that the waves are reflected and finally absorbed by the plasma. In spite
of this assumption, the total synchrotron losses in this case are not substantially different with respect
to the other extreme case, where the waves reaching the ^cut-off a r e neither reflected nor absorbed by
the plasma, for plasma parameters of interest The reason for this lack of sensitivity is that plasmas with
appreciable total synchrotron losses (the interesting case) emit mainly in the frequency range above three
or four times the electron cyclotron frequency.

In Fig. 5, we illustrate the aspect ratio (A = R/a) dependence for a plasma with toroidal geometry
choosing the nominal parameters of the European Commercial Reactor2 [7]:

R = 8Am, a = 2.7m, J5 t o =6.8T, K - 1.9.
2Note that the synchrotron losses do not take wall reflections into account.
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Figure 5: Comparison of the complete calculation of synchrotron losses in a toroidal or cylindrical
plasma geometry with the results of Fidone-Meyer fit, for a large interval of aspect ratios.

For the aspect ratio variation, we assume a constant plasma volume. The synchrotron losses increase
with increasing aspect ratio since the plasma becomes thinner and thinner, making the optical depth of
the emitted radiation in the plasma center to decrease. As a confirmation, the numerical calculations
for high aspect ratios in toroidal geometry tend towards the ones of the cylindrical approach. As the
aspect ratio gets lower, the magnetic field strongly increases in the inner part of the plasma cross-section
resulting in synchrotron losses to grow despite a slight attenuation due to the toroidal correction for the
ray path length, which is not included in the present approximate expressions.

We can see that the numerical results from the complete formulation agree well with Fidone-Meyer
fit [2] for aspect ratios in the range 3.2 < A < 4.2. The explanation is that the errors introduced by the
simplified phenomena description and geometry, by the approximation in the absorption calculation, and
by the previous numerical calculations are self-compensating for this aspect ratio interval. However, the
results differ substantially for larger or smaller aspect ratios, which can be of interest for a commercial
reactor.

6 Effect of temperature profiles

In the Fidone-Meyer fit, the density and temperature profiles are described by generalized parabolic
expressions

2 a 2 a
ne = n

eo

where neo and Teo are the density and temperature at the magnetic axis, an and ay are the density and
temperature peaking parameters, and p is the normalized radius. We will see that temperature profiles
in H-mode or internal transport barrier regimes predicted for next step tokamaks cannot be described
accurately with such expressions, as far as synchrotron losses are concerned.

In order to quantify the effect of arbitrary profiles for the electron temperature on the global syn-
chrotron losses, we compare the results considering two different models for the electron temperature
profile. The first one is a simple model for an "advanced" temperature profile typical of internal trans-
port barrier (ITB) regimes, which is characterized by the ITB position PITB expressed in normalized
radius (see Fig. 6). The temperature at the magnetic axis is taken to be 40 keV, and the temperature at
the plasma edge is taken to be 1 keV. In this model, the slopes inside the ITB and in the outer part of the
plasma cross-section are fixed, as well as the temperature at the inside boundary of the ITB.

The second model for the electron temperature profile is a generalized parabolic model, with the
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Figure 6: (a) On the left side, the electron temperature profile given by the "advanced" model with an
ITB at 0.7 normalized radius, and the best fit generalized parabolic profile (ay — 1.1). On the right side,
the corresponding profiles of synchrotron radiation losses, (b) Synchrotron losses for different positions
of the internal transport barrier, for each temperature model.

peaking parameter <*T giving the best fit3 to the "advanced" model for the same value of the temperature
at the magnetic axis (40 keV). The volume average temperatures and the energy contents obtained by
one or the other model are not significantly different

We take the European Reactor nominal parameters with a fixed density profile given by a generalized
parabolic profile (neo = 1.5 x 1020 m~3, an = 0.5). On Fig. 6 we can see the substantial difference
between global synchrotron losses computed with the "advanced" model and the generalized parabolic
one, around 20-40%. The absolute value of the power loss decreases for more central barrier positions
due to a lower plasma thermal energy contents. On the other hand, the relative difference between the
two temperature models increases when the ITB position is more central.

The strong effect of the temperature profile shape on synchrotron losses can be explained using the
analysis of the spatial distribution of the emitted synchrotron radiation, i.e. the synchrotron radiation
emitted in a unit of plasma volume (characterized by p) crossing the last magnetic surface, taking into
account the plasma self-absorption mechanisms. With no reflecting walls, the power loss due to syn-
chrotron radiation emitted per unit of plasma volume, situated at a distance a of the plasma edge, in

3In the volume averaged least square meaning.
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the spectral range du and inside the solid angle dfl, crossing an area dS of the last magnetic surface,
becomes

f' au{p>)do>

Jo~dv~{a) = ^{a) do e x p

xcos(k,N). (9)

On Fig. 6 we see that the emitted synchrotron radiation profile is peaked at the plasma center in the
case of an electron temperature profile described by a generalized parabolic model, whereas the maxi-
mum of the emitted radiation is displaced to the inside boundary of the ITB in the case of the "advanced"
model. The emission and absorption processes, depending on the electron temperature, are competing
to build the synchrotron radiation profile: the radiation emission strongly increases with temperature,
which is higher in the plasma center, whereas the plasma self-absorption of the emitted radiation is lower
in the more external plasma layers. In ITB confinement regimes, however, both conditions are met since
the temperature is maintained at high values up to a non central plasma layer; that is the reason why, for
a same plasma thermal energy contents, the synchrotron losses are higher in such a regime. As a result,
the power loss due to synchrotron radiation plays a more important role in the thermal plasma power
balance, when the electron temperature has an "advanced" profile.

7 New fit for the calculation of global synchrotron losses

In the previous sections we have shown that present approximate expressions (in particular the
Fidone-Meyer fit) do not describe correctly neither the dependence of synchrotron losses on the aspect
ratio, nor the important effect of temperature profiles with a shape different from a generalized parabolic
one. On the other hand, the time required for the complete calculation of synchrotron losses with present
day computers is unreasonable for system studies. Therefore, a new fit for a fast calculation of the global
synchrotron losses is derived using multiple non-linear regression, from a database consisting of 3000
complete computations of Eq. (8). In order to minimize the execution time required to build the database,
the code (implementing the complete formulation) has been adapted and optimized for massively parallel
processing.

The opacity factor pao defined using Eq. (6) with values at the plasma axis, and in which the magnetic
field and central density dependences are gathered, is used as a fitting variable. Strictly speaking, this
combination appears only in the frame of the dimensionless formalism using the saddle-point method for
the calculation of the absorption coefficient. Nevertheless, when the exact method for the calculation of
the absorption coefficient is used, the synchrotron losses computed using different sets of magnetic field
and central density giving the same central opacity factor, differ with less than 5%.

The electron temperature profile is modelized using the following radial dependence

Te{p) = {Teo-Tea)[}-(f
T) +Tea,

allowing the description of a large variety of temperature profiles. Here, <XT and fir are peaking param-
eters for the electron temperature profile, and Tea is the edge electron temperature fixed to 1 keV for the
calculations. The density profile, on the other hand, is described using a generalized parabolic profile
with peaking parameter an, since the maximum difference between synchrotron losses computed using
an arbitrary density profile or using the corresponding best generalized parabolic one, is always lower
than 5%.

The other fitting variables are the temperature Teo at the magnetic axis and the plasma vertical elon-
gation K.

After an exhaustive statistical analysis of interdependences between fitting variables, we propose the
following fit for the global calculation of synchrotron losses, for an aspect ratio A = 3:

®fit (A=3) = 6 - 8 6 x 1 0 K (16 + Teo)

(p°0
41 +0.12T e o)- 1- 5 1K(a n ,aT ,£ r) , (10)
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where Teo is expressed in keV and the profile factor K is given by the following expression:

K{an,aT,pT) = («n + 3.87 aT + 1.46)"0'79

For the entire range of fitting variables, i.e. 10 < Teo < 100 keV, 4 x 102 < pao < 1 x 104,
1 < K < 2.5, 0 < an < 2, 0 < aT < 8, and 1 < /3T < 8, the resulting RMSE is found to be
5.8%. Fig.7 illustrates the agreement of the fit with the complete computation using Eq. (8), for different
temperature subsets.

In order to take into account aspect ratios different from 3, a correction factor G is introduced:

*/« = (A=3) (A) . (11)

As seen in Fig. 5, the power loss due to synchrotron radiation grows as the aspect ratio gets lower. At high
aspect ratios (A > 6), although Psyn increases with R, the normalized synchrotron loss ($* parameter)
saturates. This is due to the fact that the magnetic field inhomogeneity vanishes for large A. For the
above reason an exponential form is proposed for the G correction factor

G (A) = 0.93 [1 + 0.85 exp (-0.82 A)}

giving a RMSE of 6.2% with respect to a secondary dataset consisting of 640 complete computations of
Eq. (8), for the same range of fitting variables that the principal dataset and for an aspect ratio interval
1.5 < A < 15.

The accuracy of the proposed fit for the fast calculation of synchrotron losses in system studies is
acceptable considering the uncertainties in the other terms of the thermal equilibrium equation. For
example, the RMSE for the IPB98(y,2) ELMy H-mode thermal confinement scaling [8] is 15.6%. It can
also be noted that the wall reflection coefficient for the synchrotron radiation is poorly known.

In Fig. 8 we compare the behaviour of the numerical transparency factor parameter, the proposed fit
(Eq. (11)), and the Fidone-Meyer fit, when varying the values of the central electron temperature Teo,
the central opacity factor pao, the vertical elongation K, the density peaking factor an, the temperature
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peaking factors CCT and 0T, and the aspect ratio A, respectively. In each case, the non varying dimen-
sionless variables are taken from the European Commercial Reactor nominal values. For all variables,
the proposed fit shows a very good agreement with the complete calculation. On the other hand, we note
that the Fidone-Meyer fit does not describe accurately the very high temperature variation and the aspect
ratio dependence, and of course does not include the fix dependence.

The results in Fig. 8 confirm the strong increase of the synchrotron losses with the central electron
temperature (a), the drastic decrease with the opacity factor (b), and the high sensitivity of synchrotron
losses on the temperature peaking parameters ar (e) and fir (0- Let us also note that a factor 2 increase
between circular and very elongated plasmas (K = 2.5), as seen in Fig. 8(c).

8 Summary

A complete formulation of synchrotron radiation losses has been performed for realistic plasma con-
ditions including toroidal geometry with arbitrary aspect ratio, arbitrary shapes for density and tem-
perature profiles, and an exact calculation of the plasma self-absorption. The exact calculation of the
absorption coefficient has been checked for high frequencies against the saddle-point approximation,
which gives the correct result for infinite frequencies.

For generalized parabolic profiles and when all toroidal effects are taken into account, the results dif-
fer significantly from those obtained using presently available approximate expressions, for aspect ratios
different from 3.5. The agreement for aspect ratios of about 3.5 is explained by a compensation of the
differences introduced by the improved phenomena description and geometry, by the exact calculation
of the plasma self-absorption, and also by the improved precision of the numerical calculations that we
have illustrated when comparing our results with Trubnikov ones using the same model.

The analysis of the spatial distribution of the emitted synchrotron radiation can explain the impor-
tance of the shape of the electron temperature profile on synchrotron losses. In particular, we see a strong
enhancement of such losses when temperatures are maintained at high values up to a non central layer
(which is the case of the ITB regimes) with respect to the corresponding best generalized parabolic fit.

Considering the quantitative importance of the above effects, which are. not included in present ap-
proximate expressions, we propose a new fit for the fast calculation of the global synchrotron losses.
This fit gives a good accuracy for the entire range of plasma parameters of interest for the thermonuclear
energy problem.
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Figure 8: Comparaison of the $* parameter calculated numerically, calculated with the proposed fit
(Eq. (11)), and with the Fidone-Meyer expression, when varying the values of the central temperature
Teo, the central opacity factor pao, the vertical elongation K, and the density and temperature peaking
factors an, ax, PT> respectively.
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Appendix A

Fast calculation of the saddle-point method expressions
The saddle-point expression of the absorption coefficient a]) = a)}' (pa, t, 6, u) for the (i) mode of

propagation and normalized frequency v is given by [1],

(
1 /O / J \

7V \ I I v \

t' Pa\Tf)

(/2-COS2 0)3/2

with i = o, x,

f Ao - (1 + { cos2 0)( /2 - cos2 fl)V2 +

1 £
and

/(r) = (coshy - l)r with s inhy-y = —,
T

where
T — tusin26.

In the above expressions, t is the normalized temperature (t = kTe/mec
2) and 9 is the angle between

the direction of the ray and the magnetic field. A fast evaluation of the function / ( r ) has been imple-
mented using asymptotic expansions for small and large values of r, and approximations by Chebychev
polynomials for the intermediate values. For r < 0.01, the following asymptotic expansion for r ->• 0 is
used:

J(T) = 1 - r i m - - (1 - I n 2 ) r - T 2 l n r

2 + ^ T 2 + T 2
£ ( T ) . (13)

For r > 10.6, we use the following asymptotic expansion for large r:

tl . 32 /3
 1 / 3 34 /3 1 27 1

Finally, in the intervals [0.01 - 0.1[, [0.1 - 0.5[, [0.5 - 1.6[, [1.6 - 4.3[, and [4.3 - 10.6[, five order
Chebychev expansions are used.

The precision of the resulting approximation is better than 7 x 10~5 for 0 < r < 00.

Appendix B

Toroidal geometry issues
Using the coordinates and angles defined in Fig. 4, one can write the equation describing the torus

surface in the absolute frame xyz as

^ 2 A -4R2(x2 + y2)=0. (15)

The parametric equation of the ray path line in the same system can be written as

x = px + (s - a) j x

V = Py ~t~ (s ~ a) ly (16)
z = Pz + (s - a) 7z,
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where px,Py, and pz are the coordinates of the origin of the relative frame x'y'z', i.e. the intersection of
the ray path with the torus surface, which can be expressed in the absolute frame as

px = (R + a cos tp) cos ty
py = (R + a cos tp) sin * (17)
pz = an sin ip.

Here, (pfx, jy,jz) is the unit vector of the ray path trajectory expressed in the absolute frame, namely

= - 7 ; sin $ + ,
'V (s

= 7 COS * + > " f Y ^ sin
'V (sin^+K^cos2^)1'2

^ sin <p + 7^ K cos y?
_

(sin2 ip + K2 cos2

where (7^., 7' 7^ J is the same vector expressed in the relative frame as

TJ. = — sin © cos j3
7^ = - c o s 6 (19)
7Z = — sin 0 sin 0.

Considering the axisymmetric geometry, we take \P = 0 and we can derive the length s of the ray
path, given by the intersection of the torus surface with the ray at the entry point. Thus, imposing a = 0
in Eqs. (16), we obtain the following cubic equation for the calculation of s:

As3 + Bs2 + Cs + D = 0, (20)

with

£ =

- SR2
Pxjx.

The resolution of the above equation may lead to one of the following three cases, whose geometrical
meaning is illustrated in Fig. 9.

Case a: One positive real solution (A) and two complex solutions (B and C). The ray path crosses the
torus surface only once (A).

Case b: Three positive real solutions. The ray path crosses the torus two more times (B and C) but in a
different plasma section.

Case c: One positive real solution (A) and two negative real solutions (B and C). The negative solutions
are not taken into account since the ray emerging from the torus does not enter back at a different
point (B).
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Figure 9: Geometrical interpretation of the three solutions of Eq, (20), in the case of an horizontal ray
path.

Figure 10: IVy variation along the ray path in the equatorial plane, where seq and aeq are the projections
of the ray path length and ray path coordinate, respectively, on the equatorial plane.

Hence, the length of the ray path $ is always the smallest real positive solution.
Let us now define the horizontal coordinate r^, which appears in the calculation of the radial variation

of the magnetic field

Bi{rh) = rr^r, (21)

where Bto is the magnetic field at the magnetic axis. For every point a of the ray path , the horizontal
coordinate r/t on the corresponding poloidal cross-section, whose origin is placed in the center of such a
cross-section, becomes

rh = (22)

where x (a) and y (a) are the horizontal coordinates of the parametric equations of the ray path line.
With the above equations, the calculation of the normalized radius p as a function of the coordinate

along the ray path a, can be expressed as

" •> (23)

where z (p) is the vertical coordinate of the parametric equation of the ray path.
In toroidal plasmas, the parallel refraction index iVy varies along the ray path because the angle 0

between the direction of the ray path and the magnetic field is a function of space. Such a variation must
be taken into account in the calculation of the plasma self-absorption.

The direction of die ray path is fully determined in the absolute frame by the unit vector u = (7X,
j y , 7e). In the same frame, the unit vector v = B / B at the point determined by the space coordinate a
along the ray path can be- expressed as
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_ ( - t a n * , 1,0)

Vl + tan2 * '

where
(s — a) 7,,

tan * = — y ' ^
- a) 7X

Now, since cos# = u • v, we can derive the following simple relation between the angles 9 and 0 for
a given ray path and coordinate a

^ (24)
R(a)

where px is defined in Eq. (17) and R(a) = x2 + y2 is the horizontal coordinate in the equatorial
plane, whose origin is placed at the tokamak center. Fig. 10 shows the equatorial projections of the ray
path on the tokamak plasma. Only positive values of cos 6 may be considered, as it can be shown that

$ d£)
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