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Stochastic Effects; Application in Nuclear Physics.

Abstract

Stochastic effects in nuclear physics refer to the study of the dynamics of nuclear systems
evolving under stochastic equations of motion. In this dissertation we restrict our attention
to classical scattering models. We begin with introduction of the model of nuclear dynamics
and deterministic equations of evolution. We apply a Langevin approach — an additional
property of the model, which reflects the statistical nature of low energy nuclear behaviour.
We then concentrate our attention on the problem of calculating tails of distribution func-
tions, which actually is the problem of calculating probabilities of rare outcomes. Two
general strategies are proposed. Results and discussions follow. Finally in the appendix
we consider stochastic effects in nonequilibrium systems. A few exactly solvable models are
presented. For one model we show explicitly that stochastic behaviour in a microscopic
description can lead to ordered collective effects on the macroscopic scale. Two others are
solved to confirm the predictions of the fluctuation theorem.

Efekty stochastyczne; Zastosowanie w fizyce jadrowej.

Streszczenie

Efekty stochastyczne w fizyce jadrowej odnosza sie do badania dynamiki systemow
jadrowych podlegajacej stochastycznym rownaniom ruchu. W niniejszej pracy ograniczamy
si§ do modeli klasycznych. Stosujemy podejscie Langevina, ktore odzwierciedla nature
statystyczna niskoenergetycznych zjawisk jadrowych. W szczegolnosci skupiamy uwage, na
problemie liczenia prawdopodobienstw rzadkich procesow. Przedstawione sa tutaj dwa za-
sadnicze podejscia oraz przedyskutowane rezultaty na przykladzie prostych modeli. W do-
datku omowione s§ efekty stochastyczne w systemach nierownowagowych.
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I. Introduction

In conventional nonequilibrium physics one studies how a system, which is in thermal
equilibrium with a large heat bath, responds to a small change in the external parameters
like magnetic field, pressure etc. The situation in heavy-ion collisions(HIC) is quite dif-
ferent and in a way unique. A closed microscopic system without contact to an external
bath evolves irreversibly in time from a pure state, at the beginning, to a mixture of
states as seen by a highly incomplete measurements. From a generalized point of view
one may regard all degrees of freedom other then the collective ones as the "heat bath"
which absorbs information and thus produces the entropy. However, one should keep in
mind that this "heat bath" depends on the choice of macroscopic variables and on their
dynamical evolution. Furthermore, different stages of equilibration may be achieved be-
cause the colliding nuclei are pulled apart by electric and centrifugal forces before the
macroscopic variables can equilibrate. The great variety of dissipative phenomena seen in
heavy-ion collisions together with the challenge of statistical physics far from equilibrium
has aroused the interest of a big community of physicists.

The subject of this thesis are stochastic models and stochastic models in nuclear
physics — low energy nuclear collision systems which evolve under stochastic equations.
Most of the focus will be on methods of calculating small probabilities, although at the
end we touch on the more or less related topic of random walk dynamics as a fundamental
study of stochastic effects.

This introductory chapter is divided into two sections. The first is a thumbnail sketch
of concepts related to stochastic effects in general as well as to dissipative dynamics. The
purpose here is to place into context the topics covered in this thesis, and to introduce
notation and terminology. The second part of this introduction provides brief outlines of
chapters 2,3,4 and 5, the main part of the thesis.

1. Introductory concepts

Fluctuations in classical description of Heavy Ion dynamics. One of the
goals of this thesis is the incorporation of statistical fluctuations into a description of
Heavy Ion(HI) dynamics. As we emphasize, and as has been realized independently by
others [1], such fluctuations play an important role in processes — such as the creation
of super-heavy elements by fusion — with very small cross sections.

At the classical level, a quantitative description of such fluctuations may be achieved
with a Fokker-Planck equation. However, this equation does not translate immediately
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into a semi-classically valid description of the corresponding quantal problem: quantal
(Fermi-Dirac) statistics leads to a suppression of fluctuations, which does not vanish in
the semi-classical limit. The problem thus is one of providing a semi-classical description
of fluctuations which is consistent with the fermionic nature of nucleons.

It has been realized that a semi-classical Fokker-Planck equation which obeys Fermi-
Dirac statistics can be derived, with a simple modification of the relationship between
the dissipative and the diffusive terms in the equation. The "trick" involves replacing the
classical one-body density of states with the quantal many-body density, which contains
the relevant quantal statistics.

From our quantal Fokker-Planck equation, a Langevin description of HI dynamics
(with fluctuations included), suitable for implementation in numerical simulations, is eas-
ily derived.

We have tested this approach by starting with a schematic model of HI collisions [2],
then adding the stochastic forces, and finally simulating the resulting dynamics numeri-
cally. From these simulations we were able to obtain an excitation function for fusion, in
symmetric collisions. Our next step was to apply the same procedure to a more realistic
model [3], and to include asymmetric collisions. This allowed us to produce excitation
functions and distributions of experimentally observed quantities, which could then be
compared directly with experimental data.

The derivation of a quantally valid, semi-classical Fokker-Planck (or Langevin) de-
scription of nuclear dissipation, is not the end of the story. As mentioned, statistical
fluctuations are expected to play an important role precisely in processes for which the
interesting outcome - e.g. fusion of superheavy elements - occurs with very low prob-
ability. In such situations, direct numerical simulation of the process does not provide
a realistic method of attacking the problem: if the probability of fusion is of the order,
say, 1O~10, then prohibitively many simulations would be needed to accurately assess the
cross-section.

We have developed new methods of getting around this problem, and have obtained
very encouraging results. Our approach makes use of a one-to-one correspondence between
the statistical distributions of Langevin trajectories, and the thermal distribution of so-
called "directed polymers". This analogy was pointed out more than fifty years ago by
Chandrasekhar [4], and provides a powerful formalism for analyzing relative probabilities
of Langevin trajectories.

One of the methods involves adding an extra, non-physical force acting on the nuclear
collective degrees of freedom, in our numerical Langevin simulations. This force is chosen
so as to increase the probability for fusion by orders of magnitude, enabling us to obtain
good statistics from a reasonable number of simulations; then we analytically correct
for the inclusion of this unphysical force, thus finally obtaining the desired cross-section.
We have tested this method in different models and have obtained fusion probabilities in
situations where they are extremely small. We have found that we could get good statistics
with far fewer simulations than is needed to accurately extract the fusion probability by
direct Langevin simulation.

In a related method, we constrain the Langevin trajectory to end in a desired region
of a configuration space (e.g. describing fusion), then we apply methods developed in the
context of physical chemistry [5] to sample the distribution of these constrained trajecto-
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ries. From this distribution — making use of the analogy between Langevin trajectories
and directed polymers — we are finally able to extract the desired information (fusion
probability).

Such methods have not been applied before to study the collective nuclear dynamics,
and become an indispensable tool in the development of practical numerical codes for
studying low-energy nuclear processes with very small cross-sections.

Fluctuation-dissipation theorem . The Fluctuation-dissipation theorem (FDT)
is one of the most fundamental results of nonequilibrium statistical mechanics. The very
first example of it, the well-known Einstein relation, was obtained long before FDT was
formulated. The significance of FDT is the fact that it relates two different macroscopic
phenomena, fluctuation and dissipation, to the same microscopic origin. When going to
a macroscopic description, microscopic fluctuations turn into macroscopic fluctuations on
the one hand, and friction in macroscopic coordinates on the other. Friction redistributes
the energy of the collective motion to the microscopic degrees of freedom. The connec-
tion between dissipation and macroscopic fluctuations is then derived from a microscopic
description, under the condition that the physical system is continually evolving toward a
state of equilibrium. This condition is essentially a statement of the Second Law. In other
words, having defined the dissipation mechanism we strictly determine the character of
fluctuations by requiring consistency with the Second Law. To simulate the stochastic
noise we use white Wiener noise The choice is not arbitrary because the friction in linear
form leads to white noise fluctuation, i.e. having no memory. Such a choice of relation be-
tween dissipation and fluctuations is a classical example of relation for Brownian particle,
however the concept of Brownian motion is far beyond the concept of Brownian particle.

Probabilities of rare events. The evolution of stochastic systems can by presented
as bunch (family) of trajectories. With rare events we understand a number of final states
of the system corresponding to a definite physical outcome, which happens rarely either
among the ensemble of systems or with a big number of repetitions of evolution of the
system. For example, motion of the Brownian particle confined in two-well potential can
be considered like a stochastic trajectory for finite period of time. The probability to pass
over the barrier from one well to the other can be small enough to be estimated directly.

2. Outline of chapters

In chapter II we first describe the model ([3,6]), which we will use in numerical calcula-
tions for comparing with realistic experimental data. We start from the parameterization
of nuclear shapes and the definitions of kinetic and potential energies within this param-
eterization. The description is constrained by 3 geometrical collective coordinates, and
one corresponding to charge asymmetry. In calculating the potential energy we take into
account the shell effects in a phenomenologicai form proposed by Myers and Swiatecki
[61], [8]. Next we introduce equations of motion, which are in fact the Lagrange-Rayleigh
equations. The motion in two collective coordinates is assumed to be over damped due
to the fact that the inertia terms in equations are much smaller then the dissipative
ones. The dissipation mechanism is taken as one-body dissipation described by two basic
formulae: the window and wall formula.
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Then we present the details of incorporating stochastic effects into the model. Namely,
what kind of fluctuations have to be included in the deterministic equations of motion.
FDT says that the fluctuation force has to be taken in a form of white Wiener noise,
since the Rayleigh's dissipation function has a quadratic form. The only quantity to be
determined is the covariance matrix (diffusion tensor). We find the relation between this
quantity and the dissipation tensor using the concept of equilibrium state.

The next chapter is devoted to the problem of calculation small probabilities. First we
describe the polymer method. This method allows us to deal with a stochastic trajectory
like a polymer on potential surface, extracting useful information from such an analogy.
Two examples follow: an exactly solvable problem and a schematic model of HIC. Another
method based on importance sampling of Langevin trajectories (ISM), can be applied as
well for calculation small probabilities. We describe the theory of this method in detail,
including efficiency analysis. In the next section we discuss the practical matters of
application of the method. Again the same two examples are presented to show how ISM
works.

Chapter IV consists mainly of results obtained from the study of the model presented
in chapter II using the ISM and compared with real experimental data. Discussion and
conclusions are made in there.

In the appendix we present three highly idealized, but exactly solvable, models of
thermodynamical systems far from equilibrium. The first one is a microscopic heat engine
(also shown to be working as a refrigerator). Actually it is the discrete analog of Feynman's
ratchet and pawl in which the macroscopic directed motion is explicitly driven by a
temperature difference between two reservoirs. Two other models were considered to
confirm the predictions of the Fluctuation Theorem , — a number of structurally related
theoretical results derived in the field of nonequilibrium statistical mechanics in recent
years [89-91,82,92-95].



II. Model of nuclear dynamics

1. Introduction

The experimental results on deep-inelastic collisions have stimulated tremendous theo-
retical activity. A variety of methods and concepts, appropriate to classical and statistical
mechanics, fluid dynamics, and thermodynamics, have been applied in addition to the tra-
ditional methods of quantal nuclear theory. A common feature of these models is that
at some stage the detailed, quantum-mechanical description of the many-body system is
abandoned in favor of performing statistical averages over certain microscopic degrees of
freedom, while treating certain macroscopic degrees of freedom classically. [12-31]

The various classical scattering models are characterized by three basic ingredients,
namely:
a) the collective degrees of freedom (<?,) which are treated explicitly, and their associated
inertial parameters (momenta);
b) the potential energy V(g,), including the nucleus-nucleus potential;
c) the assumed dissipative forces (friction) which remove the energy from the collective
degrees of freedom.

Once these points are settled, it is straightforward in principle to compute the time
evolution of the collective variables by solving the generalized Lagrange equations:

dtdqi % ~~dqf' ^ '

Here £ (# , ft) = T(ft,<?,) — V(ft) is the Lagrangian of the system, and

is the Rayleigh's dissipation function. In practice solving the coupled differential Eqs.l
is usually a complicated numerical problem, and therefore one retains only the minimum
number of degrees of freedom <jr,- which is considered absolutely essential. The question
as to which degrees of freedom should be included in a description of nuclear fission and
nucleus-nucleus collision has been discussed some time ago [9,10]. Attention was focused
on three coordinates, namely a separation coordinate, a mass asymmetry coordinate, and
a neck coordinate.
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r

Fig 2.1 Parameterization of the nuclear shape
(prescission shape), r is the distance between
centers of spheres, R\ and Ri are their radii, and
/i and li are the widths of their segments being
inside the neck.

Fig 2.2 Window opening, — a =

2. Shape parameterization

Here we briefly outline the shape parameterization of two colliding nuclei, which al-
ready has been introduced in [7] and used in [3] and [6].

The axially symmetric shapes of fixed volume consists of two generally unequal spheres
modified by a smoothly fitted portion of a third quadratic surface of revolution. A set of
dimensionless degrees of freedom specifying the configuration are the following (Fig 2.1
and 2.2):

1)

2)

3)

distance variable

neck variable

asymmetry variable

p = rftRx + f22),
A = (Zi + Is

A=(R1-
i ) , (2)

In the above, r is the distance between the centers of the spheres, whose radii are i?i and
i?2- The quantities /i, /2 are the distances from the inner tips of the two spheres to the
respective junction points with the middle quadratic surface of revolution. The natural
boundaries of the configurational space (p, A, A) turn out to be given by [7]:

> A > max{0,1 - (3)

As may be readily verified, the upper boundary for A corresponds to egg-like shapes for
which the middle quadratic has just covered up completely the smaller sphere. At the
lower boundary we have separated spheres for A = 0 and portions of intersecting spheres
(without any middle quadratic surface) for A = 1 — p. At scission the center quadratic
degenerates into a cone, which implies Asc = 1 — p~* •

In addition to the macroscopic variables (p, A, A) there are three rotational degrees of
freedom (#i,02)0rei) and three angular velocities (wi,o;2,u;rei) connected with the rotation
of sphere 1 and sphere 2 and the rotation of the shape as a whole.

As a parameter, which controls the transition from separate nuclei to compound nu-
cleus, we introduce the window opening parameter a (Fig 2.2):

a =
smi

(4)
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A = 0.3

Pig 2.3 Shapes in (p, A)-space ate shown for the fixed parameter A = 0.3. The straight line
p + A = 1 corresponds to two intersecting spheres. There are no shapes under that line. Another
line A = 1 — p~l is the scission line. Configurations below this line are two separated fragments.
The third line is upper boundary A = 2 — |A|(1 + /T1), which corresponds to the situation when
smaller of the spheres is enclosed by the neck. Configurations above this line consist of the part of
one sphere and the part of ellipsoid, which is the neck.

3. Kinetic and potential energies; shell corrections

Kinetic energy. The collective kinetic energy of gas or liquid is given by

T=\l Pd(r) Mr)]2 dh = \Pd [ Mr)]2 d3v,
& J 6 J shape

(5)

where />d(r) is the matter density and u{x) the collective velocity at position r. In our
case the matter density is uniformly distributed within the shape and zero outside. The
velocity field u(r) has to be chosen in accordance with the collective degrees of freedom.

The time-dependent changes of the shape result in a collective flow which rearrange
the matter to maintain a uniform density distribution. The boundary condition is that
the velocity component normal to the surface is equal to the normal component of the
surface velocity. The assumption of incompressible irrotational flow together with the
boundary condition define uniquely the whole velocity field and thereby the kinetic en-
ergy for the shape degrees of freedom. However, the solution of the resulting Laplace
equation is numerically too costly for practical applications. So it is convenient to use the
Werner-Wheeler approximation [59]. It has been found that in the dynamical trajectory
calculations the motion in the A direction was invariably overdamped to such an extent
that the component of the inertia tensor M{j associated with A could be safely neglected.
The kinetic energy is then reduced to the form

(6)
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The matrix element Mpp of the mass tensor for two separated spheres is exactly the
reduced mass.

In the rotational degrees of freedom the kinetic energy is equal to:

Tr = \{I^lx + hul + hul), (7)

where I\ and It are the rigid moments of inertia of sphere 1 and 2, respectively and
r̂ei = hot — h — h where 7tot is the rigid moment of inertia of the whole system. Two

spheres can rotate independently from the relative rotation, but due to the tangential
friction, after some time all the frequencies o;rei, wi and u>2 are more or less equal and the
body rotates as a rigid one.

The mass tensor is calculated from Eq.5 and equal to (see, for example, [65])

BeB, + P2AeA^j dz g, <r = p, A, A, (8)

where P — p is the equation of the nuclear surface in cylindrical coordinates (p, z, cf>), and

1 rz dP2
 K r dP2

dg

1 1 dP2

2P2 dz

Vo is the total volume of the system

yo = 7r f P2 dz (li)

Moments of inertia are given by

h/i + /a, (12)

(13)

Potential energy. The potential energy of the shape under question is calculated
as a sum of the nuclear part and the Coulomb part. The nuclear part using a double
folding procedure developed by Krappe, Nix and Sierk [60] can be written as:
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where a = |r — r'|, Cs = as(l — ksP) and I — (N — Z)/A. The parameters r0, a, as and
ks are taken from the fit done in [60]. For axially symmetric shapes formula 15 reduces
to the three dimensional integral of the following type:

where

P2(z, z') = P{z) I P{z) - P(z') cos <f> - ^-(z -

a2 = P{zf + P{z'f - 2P{z)P(z') cos <f>+{z- z')2.

A similar procedure has to be done in calculating the Coulomb part of the potential
which for an axially symmetric shape can be written as:

Ve = ^pzpz> Iff Fa(*'*')Pa(*'»*)<k dz' d(j), (17)
0 JJJ (7

where pz and pz> are the charge densities.

Shell effects. The effect of shell structure on the nuclear deformation energy
has been understood in broad outline since the sixties and, in more quantitative detail,
with the advent of the Strutinsky shell correction method. This macroscopic-microscopic
method has provided useful insights into the role of shell effects. It has also served as
the basis for relatively accurate extrapolations into new domains of the periodic table
and nuclear deformations, complementing self-consistent calculations of the Hartree-Fock
type.

The importance of shell effects in the fusion of nuclei was demonstrated experimentally
as an enhanced fusion probability when using Pb or Pb-like targets from the transuranic
region. Shell effects are included in calculations in a phenomenological form proposed
by Myers and Swiatecki [61], [8]. In that approach the shell correction So(N, Z) to the
potential energy is written in the form

S0(N, Z) = (5.8MeV) f T ^ X f - 0.325A1'3 j , (18)

where
FN = qN{N - N^) ~ g

with
3 Nf/3 -_ ? f H

qN " 5 Ni - Ni-x '

Here iV,_i and Ni correspond to the numbers of closed shell neutrons and N is the actual
number of neutrons between Ni-i and N{ for a system of mass A. The same formulas for
Fz and qz describe the shell effect for protons. For neutron and proton numbers N and
Z corresponding to closed shells Ni-y and Z{-x the shell effect is strongest and is equal to

So{N = Ni.ltZ = Zi-J = -5.8 • 0.325A1'3. (19)
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For example, in the case of 208Pb this gives about -11.2 MeV.
The above shell correction So(N, Z) refers to spherical shapes. For deformed shapes

the shell correction is attenuated according to [61], [8]:

S{N, Z) = S0(N, Z) (l - 2^£) exP ( - ^ ) , (20)

where

dist = J
and r(#, <fi) is the radius vector describing the given shape and RQ is the radius of the
equivalent sphere.

One remaining problem is how to interpolate in a smooth way between the sum of
the shell corrections Si and £2 of the colliding nuclei in the entrance channel and the
shell correction Sc of the compound shape. We adopted an interpolation in terms of the
degree of communication between the two nuclei as specified by the "window opening"
parameter a of [7], defined by Eq.4

S=(l-a)(Sl + S2) + ccSc. (21)

For separated shapes (below the scission line) alpha is equal to zero and we have only
•Si + S2. When the neck loses its concavity at a = 1 the shell correction is equal to the
compound nucleus shell correction Sc, and this is used for convex shapes with a > 1.

Here we do not consider that shell corrections attenuate with growing temperature as
was done in [62].

4. Equations of motion

In this section we introduce the dynamical deterministic equations of motion.

Generic deterministic equation. The system is described by the classical
Rayleigh-Lagrange equations 1 with the following ingredients:

C = iqMq - V(q) (22a)

T = \qVq, (22b)

where M is the mass tensor and F the dissipation tensor. If one defines

) ' ( 2 3 )

where dq is the gradient operator, then Eq.l can be rewritten as

(24)\x — v.

We call Eq.24 a generic deterministic equation to distinguish it from stochastic equation
of motion where the stochastic noise term is added.
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In our case the quantities q form the set of the macroscopic variables q =
(/?, A, A, Az,#, #i,#2)- The first three are the shape parameters, the last three are rota-
tional degrees of freedom and Az is an additional degree of freedom, charge asymmetry,

equal to -bj—h$. We consider the motion in A and Az directions to be overdamped.
Zx +Z2

So altogether there are five second order and two first order differential equations.

Dissipation. The tensor F in Eq.22b is a dissipation tensor, which can be found
after denning the mechanism of the energy dissipation. We restrict ourselves to one-body
dissipation [11], arising from collisions of independent particles with the moving boundary
of the nucleus. In the one-body dissipation model [11], the energy flow from collective
to intrinsic motion is attributed to the interaction of individual nucleons with the mean
field produced by all nucleons in the system. In a simplified picture this interaction may
be viewed as mediated by collisions between nucleons and a moving container wall, or by
the passage of nucleons from one fragment to the other through a window.

There are two limiting cases in which two different simple formulas for the rate of the
dissipated energy can be derived. The first one is so called the mononuclear regime when
the system of colliding ions can be considered as a monosystem with a thick neck. In
that case the gas of nucleons can be considered as a relaxed Fermi gas and the rate of the
energy dissipation is given by the following wall formula [11]:

Ewail=pmvfdS(n-D)\ (25)

where pm is the mass density of nucleons, v is their average speed (equal to three quarters
of the Fermi velocity in the Fermi gas model), dS is an element of nuclear surface, n is the
normal velocity of walls and D is the overall drift velocity of the gas of nucleons ensuring
the invariance of Eq.25 against translations and rotations.

In the second limiting case, the dinuclear regime, when two ions are either separated
or connected by a thin neck, Eq.25 can not be applied as we are dealing with two Fermi
gases separated by the collective velocity. In that case the so-called "wall plus window"
formula can be applied and it reads as follows:

£w + w = Pmv [dS(h- DO2 + Pmv [dS(n- D2)
2 + ]rPmvSw(u2

t + 2u2
r) + ^-^V?.

(26)

The first two terms correspond to the wall formula (Eq.25) but are calculated for each
fragment separately with drift velocities D\ and Di for each of the gases. The third term
is associated with the dissipation due to the exchange of particles through the window
of the area Sw. The components of the relative velocity of two fragments u< and ur

correspond to the velocities parallel and perpendicular to the window. The last term
in Eq.26 corresponds to the dissipative resistance against the asymmetry changes [63],
[64] with V\ being the rate of the change of the volume of fragment 1. Eqs.25 and 26
express the rate of the dissipated energy in the two limiting cases of the mononuclear and
dinuclear regimes. In general when the situation is in between these two limiting cases a
smooth transition between formulas 25 and 26 is used [3]:
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E = /.Ewall + (1 — /)i?w+w (27)

with a form factor / going to 1 for sphere or spheroid like shapes and to 0 at scission.
Eq.27 is the additional dynamical equation which can be added to the generic deter-

ministic equation (24) describing the evolution of the collective coordinates.
There is another equation, for the time derivative of the difference in the excitation

energies of both parts of the nuclear system:

jt(E* - E*2) = Ex wall - E2 wall + 2T0521, (28)

where first two terms are defined in previous subsection and the last one is due to the
temperature feedback with To = (Ti + T^ji being the average temperature of the first
and second fragment. £21 is the entropy flux taken from Feldmeier [65].

5. Fluctuations

In this section we present how to introduce fluctuations into deterministic equations
of motion as well as how to connect their magnitudes to dissipation in specific situations.

Fokker-Planck equation. Let Q and q denote collective and intrinsic degrees
of freedom, and P and p their associated momenta correspondingly. Assume an inertia
M for the collective coordinate, and m for the internal *. Hamiltonian dynamics for an
ensemble of trajectories F(Q, P, q,p, t) can be described by the Liouville equation:

(29)

f P d , dH d p d dH 8
wnere L - MdQ + dQdp me~q

+ dq dp'

and H is the Hamiltonian of the system.
If we want to describe the system by only collective variables, we follow the distribution

f(Q, P,t) = fdqdp F(Q, P,q,p,t). The equation for f{Q, P,t) can easily be found:

^ = ~ d Q + d\\'dQ/f)- ( 3 0 )

We used here that nf^ H = 0, F —> 0 when Q or P ->• ±00 and definition

fdqdp(-)F(Q,P,q,p,t)
W ~ JdqdpF(Q,P,q,p,t)

Now we would like Eq.30 not to depend on F. Let us consider Q to be slow parameters
and assume that the evolution of the fast variables q under H is chaotic and ergodic when

aWe will deal with this variables as if they were one-value quantities. Generally speaking, they
are not, but the generalization can be achieved easily.
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Q is held fixed. We also assume that the time required for the Hamiltonian H to change
significantly is much bigger then the Lyapunov time associated with the fast chaos. So
the last term in Eq.30 contains information about the average drift and diffusion in the P

direction. The average drift could be in the form of a conservative force, —a>v > plus a

term caused by coupling to the internal degrees of freedom, G, which (we will show later)
is a dissipative term. Then Eq.30 takes the Fokker-Planck form:

(31)

* P d dV d
W h e r e ' = ~MdQ + dQdP

is the Liouville operator.
Now let us take an initial distribution which is uniform on a single energy shell in the

full phase space (slow + fast degrees). We will call this distribution Fu(Q,P,q,p), where
the subscript U specifies the total energy:

Fu(Q,P,q,p) = S[U-H(Q,P,q,p)], (32)

Under time evolution, the distribution Fu will not change (Liouville's theorem): LFu = 0.
When we project out the fast degrees of freedom, we get:

fu(Q,P) = fdqdp S[U - H(Q,P,q,p)}. (33)

But if we view the slow degrees of freedom as "parameters" which determine the Hamilto-
nian for the fast degrees, then the right side of Eq.33 just represents the density of states
of the fast degrees, when the slow ones are "frozen" at (Q, P). So: fu{Q, P) = S , where
£ is the density of energy states in Eq.31 above. Now we demand that the Fokker-Plank
equation (31) has the property that fu is invariant with time, because Fu is invariant
with time [46]. Due to the fact that Ifu = 0 we find:

and

(34)

Hence one can rewrite the Eq.31:

This Fokker-Planck equation is analogous to the energy diffusion equation derived by
C.Jarzynski [48-51].
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Derivation of fluctuating force. In the absence of coupling of the collective
motion to the internal degrees of freedom of the nucleus, the evolution in (Q, P)-space is
governed by the following deterministic, conservative equations of motion:

9.L _L-JX.
dt M' dt ~ dQ'

An ensemble of trajectories evolving under these equations may then be described by
a phase space density f(Q, P,t) which evolves according to the Liouville equation:

dt

When we allow for coupling to the internal nucleonic degrees of freedom, then the
latter act as a kind of a heat bath, exerting both a dissipative and a fluctuating force on
the collective degree of freedom. The effects of these forces may by described by adding
a term to the evolution equation for / , which now becomes a Fokker-Planck equation:

di-'MdQ^dQdP^^dP " " ^ l - ' ' ( 3 8 )

Here, £ denotes the density of states for the nucleonic degrees of freedom, and D is
a momentum diffusion coefficient. The form of the last term in Eq.38 is determined by
detailed balance. This last term may be easily rewritten as follows:

a .„ „ . a , „ « ^

where

Ffric s -G = -^7n>(E0). (40)

The quantity F/ r tc plays the role of a momentum drift term, that is, an average force
resulting from the coupling to the nucleonic "heat bath". We now show explicitly that
Ffric has the form of a frictional force.

The total energy of the collective + internal degrees of freedom may be written as:

^ E\ (41)

where E* is the excitation energy of the internal degrees of freedom. Since the total
energy £ is conserved, we can treat the excitation energy E* as a function of Q and P -
E* = E*(Q, P) - which implies that, for fixed Q,

A L± (42)
dP MdE*'

We can then write the average force, Fjric, exerted by the internal degrees of freedom
on the collective degree, as:
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where Q = dQ/dt = P/M, and

i ^
(44)

Eq.43 reveals us that -F/rtc is indeed a friction-like force, whereas Eq.44 is a fluctuation-
dissipation relation between the friction coefficient 7, and the momentum diffusion coef-
ficient D.

Since the nucleonic degrees of freedom form a many-particle system, the density of
states Y,(E*) grows very rapidly, as a function of excitation energy E*. (Roughly, S ~
eVE^ Thus, for sufficiently large excitation energy, the derivative appearing in Eq.44 may
be dominated by the derivative of S, i. e. we may treat D as a constant and with this
approximation, we get

where T is the temperature of the nucleus. Equation 45 is a version of the Einstein
relation, originally derived for Brownian motion.

The Fokker-Planck approach outlined above is appropriate for the description of an
ensemble of trajectories in the collective coordinate phase space. In a numerical simulation
of a single trajectory, we take a Langevin approach instead. Then the equations of motion
for the trajectory look like the following:

dQ _ P dP dV ~
= + F + F - ( 4 6 )

Here, F/ r tc = — 7Q is computed, for instance, with the wall formula [11], whereas
Ffiuc is a rapidly fluctuating stochastic force. This stochastic force is responsible for
the momentum diffusion described by the coefficient D(Q, P). The force Ffiuc may be
simulated numerically, by repeatedly giving the collective momentum a random kick, SP,
i. e. a discontinuous change in the collective momentum. The value of SP is chosen
randomly from a Gaussian distribution, with a mean value and variance given by:

IF = 0 (47)

(6PY = D 8t (48)

where St is the (small) time step between kicks.
The same result (Eq.45) one can obtain using only Lagrange and Langevin equations

and not incorporating ensemble distribution equations as shown in [57].

Diffusion term for Fermi particles. In the more general case, where we do not
treat D as a constant, equation 44 may be inverted to yield the following expression for
the momentum diffusion term, in terms, of the friction coefficient:



16 II. Model of nuclear dynamics

T (49)

The wall formula for one-body dissipation gives the rate of energy transfer from the
collective to the nucleonic degrees of freedom as:

dE*
~dT = pv <p da h 2 , (50)

where p is the mass density of the nucleus, v is the average speed of nucleons, and the
final factor on the right side is an integral, over the surface of the nucleus, of the square of
the normal outward velocity of a surface element. For a given surface element, n can be
written as Q dn/dQ, where (dn/dQ) dQ gives the normal outward displacement of the
surface element accompanying an infinitesimal change dQ in the value of the collective
coordinate. Since the rate at which energy is dissipated is equal to •yQ2(= —FjricQ),
we get, after dividing both sides of 50 by Q2, the following expression for the friction
coefficient:

(Note that v, the average nucleonic speed, is a function of excitation energy.) We then
have the following expression for the momentum diffusion coefficient:

D = ^ fE dE S«. (52)
L Jo

We treat D as a function of both Q (since / depends on Q), and P (since the excitation
energy is determined from P, for a given Q).

If the excitation energy satisfies two conditions: 1) E* <C SpA1?3 and 2) E* ^> epA'1

then it is appropriate to use the formula for level density of Fermi gas [54]:

where go = g(ep) ~ 4g|r is a sum (protons and neutrons) of the density of one-particle
levels on the Fermi surface and SF is the Fermi energy. The temperature is given by:

Supposing that v does not change too much with growing E* one obtains:

D = 8IvE* ( - 1 + a1 / 4exp ( - a 1 / 2 ) Erfi ( - a 1 / 4 ) ) , (55)

where a = ^-goE* and function Erfi is the imaginary error function defined as: Erfi(x) =

A/Va.
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Langevin approach. Let x(t) be an evolution trajectory of a system governed by
deterministic rule x = v(x,t). If stochasticity of the system is taken into account then
let £(x,t) be a white Wiener noise 2. with a mean value being zero: (£(:r,t)) = 0 and
covariance

where D is the covariance matrix and the sign <g> corresponds to matrix multiplication.
An ensemble of systems is defined by distribution function f(x, i). We consider quantities
x,v,£, dx — -§- to be vectors and D a matrix. Then the system can be described by 4

possible equations (dt = jk):

Deterministic dynamics

1) generic deterministic equation

X = V

2) Liouville-like*) equation

dtf = -dx(vf)

Stochastic Wiener noise process

3) Langevin equation

x = u + £

4) Fokker-Planck equation

dtf = -flS.(»/) + \dlx{Df)

*) This equation is exactly Liouville's only in case of nondissipative Newtonian dynamics.

In this subsection we would like to argue why we choose Langevin approach for study
the dynamical system.

The first two approaches are completely deterministic. They allow us to certain esti-
mate properties of the system. For example, given a model of colliding nuclei, one can
calculate extra-push, extra-extra-push energies, averages of excitation energy, nucleons
transfer and so on. However, they do not give a probabilistic description of what we
observe in experiments. Therefore we use the probabilistic approach, which allows us to
deal with distributions and ensembles. This is accomplished with the random force in the
Langevin equation or diffusive term in the Fokker-Plank equation (FPE)3.

2We use the term "white Wiener noise" to point out that the stochastic noise has no time
memory and is described by Wiener differential [68]; which means that in equation dx = vdt +
£ dW the following is satisfied (&&+a) ~ S(s) and dW2 - dt and (£n) = 0, when n > 2.

3It is worthwhile to note that there are two interpretations of the Langevin equation and, hence,
two types of FPE. One is Ito's representation, where it is assumed that Jj£ = J^£. The other
one is Stratonovich's, where ^£ = Ĵ £ + ir^£ [56] . Klimontovich [58] distinguishes yet the
"kinetic form" of FPE.
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In previous subsections we used the FPE to establish the fluctuation-dissipation rela-
tion from the condition of detailed balance [55]. But in practical implementation (numer-
ical calculations) the use of the FPE is problematic because the dynamical description
demands a parameterization of the distribution. And the number of parameters grows
exponentially with the dimensionality of the phase space (cc-space). For instance, in the
same model of heavy-ion collisions, the configurational space is of dimensionality 4; con-
sider 2 directions to be overdamped; plus 1 dimension of excitation energy. Altogether 7.
It is clear that numerical evolution of the FPE is almost impossible to the appropriate
order of precision. Thus we are left with the Langevin equation only.

Implementation of the Langevin equation. Let us summarize the derivation
of the appropriate Langevin equation.

The starting point is the deterministic macroscopic equation

(x) = v({x)) (56)

describing the average behavior of the collective coordinates. Adding the noise we obtain
the "microscopic" stochastic equation:

x = v{x) + £{x,t). (57)

However

(x) = <*(*)) ^ ««*)) (58)

in the general case. Fortunately, the choice of the Lagrangian C and Rayleigh dissipation
function T in the form 22a cause the equation of motion to be linear. So the equality
(v(x)) = v((x)) holds.

The next step is the determination of the stochastic force ((x,t). The linearity of the
friction term sets the condition of white noise: ((t)((t + s) ~ 8(s). The assumption that
microscopic fluctuations are small over infinitesimal intervals of time says that this noise
is of Wiener type.

One can treat Eq.57 as a simulation of the corresponding FPE. We have derived the
relation between the diffusion coefficient D in Eq.38 and the friction force (Eq.40). Hence
using the Ito representation one gets:

/

t+At
£(x(t),t')dt' (59)

with

or £dt = DdW, (60)

where dW is the Wiener differential (dw2 = dt). The diffusion term in the corresponding
FPE is
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Alternatively, we can use the Stratonovich representation:

ft+At

It

with

/

t+At
t(x{t%t)dt' (62)

6(s). (63)

The integral in the last term in Eq.62 is presented as:

which is not very convenient since one has to know £ at the next point of integration.
The diffusion term in the corresponding FPE

consists of an additional systematic friction-like part.
Ito representation is simpler to use than the Stratonovich one. However, both ap-

proaches are equally valid.

6. Additional topics

Exchange of particles. When the atomic nucleus is idealized as a system of
weakly interacting nucleons in a time-dependent mean-field potential well, the nature of
the macroscopic dynamics describing the time evolution of the nuclear shape is believed
to be intimately related to the nature of the nucleonic motions inside the nucleus. Here
we concentrate our attention on the motion of nucleons through a small window area a
(dinuclear regime). One of the effects of such a motion is the dissipation in macroscopic
degrees of freedom described by the window formula. Another effect is fluctuations in
number of exchanged particles. These fluctuations are not connected to the thermal
fluctuations considered above and touch only one degree of freedom — asymmetry. We
assume that the motion of nucleons is chaotic and the correlation time is infinitesimally
small. Then for sufficient small period of time the process of exchanging nucleons can be
treated as a Poisson process. And because of finite number of particles the distribution
undergo the binomial law. Let us consider the number of particles flown from nucleus 1
to nucleus 2 during a time interval At to be iVi and from 2 to 1 to be N2. Then the change
of the atomic mass number of nucleus 1 is equal to:

AAi = g=N2-Ni (65)

This quantity can be rewritten as a sum of average term and fluctuating term with zero
mean value:

AAX = g = g + AL , (AL)=0 (66)
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The diffusion coefficient DA is defined by relation:

<AL2) = DAAt = (~g2) - f (67)

Quantities Ni and AT2 are independent and are taken from binomial distributions. So, the
following equivalencies:

and (TV,2) = (N{)
2 + (JV-) ( l - ^ (68)

lead us to the explicit expression of (AL2):

(J^JM) (69)

We denote Ai and ^ atomic mass numbers and A = A1+A2. It has been shown [11,63,66]
that the average number of exchanged particles is given by:

(iVi) « (N2) « ^<7t;nAf, (70)

where v is the average particle speed and n is the concentration of particles - number per
unit volume. This gives us immediately the expression for DA'-

DA = -wn cr2v2n2At
I 16a

, A\A2 . .
here a = — —. (71)

The limit when two containers can be treated as infinite reservoirs of particles is achieved
when the time interval At is small enough:

At « - ^ (72)
avn

Going to our asymmetry variable A we use the following relations:

A = fAu DA = f2DA, (73)

where / =
-2/3

In Chapter IV we will see what contribution the fluctuations of this kind give to the
dynamics; and how they are important in comparison to thermal fluctuations.

Dissipative fluctuations. The same scheme can be applied to the fluctuations
connected to collision of nucleons with the wall of the container. In derivation of wall and
window formulae there have been used only the average quantities. We take into account
that the number of particles colliding with the wall and the number of particles crossing
the window can fluctuate.
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Fig 2.4 The potential shown on (A,A'Z)-
subspace, [X-axis A=(-0.5,0.5) and Y-axis A'z=(-
0.05,0.05) ], for the system 8 6 K r + m X e in the
point p ~ 1.26, A = 0.05, which corresponds to
the shape at the beginning of the trajectory when
nuclei just start to feel nuclear interaction. There
are no shell included. Contour lines correspond to
levels of the potential energy in MeV with respect
to the potential energy of separated nuclei.

y

-©•-

a

Fig 2.5 We choose points to determine the coef-
ficients in polynomial expansion of the potential
around (0,0)-point in (A, A#)-subspace. Point 1
is the center of coordinate system.

Parameterization of the potential. In the above the dynamical coalescence and
reseparation model was described. This model is more realistic then the schematic one we
use in Chapter III to test methods of calculating small probabilities. Simulations made
with a more realistic model are time-consuming due to the fact that the potential does
not have simple analytic form and can be presented only as a three-dimensional integral,
Eqs.16 and 17. Each trajectory in numerical simulations consists of hundreds points; and
at each point one has to calculate conservative forces in four directions - (p, A, A, Az)-
It is clear that calculation of millions of trajectories, for different reactions and sufficient
statistics, becomes in practice impossible.

Here we propose the way which can speed up the calculations. Let us parameterize
the potential to avoid calculation of three-dimensional integral4. The simplest way is to
make the four-dimensional lattice in the phase space. Then having values of the potential
on the lattice one can interpolate the value in any intermediate point. Simple estimation
show that a lattice of size 1004 takes about 200 Mb of the computer memory and a lot
of time to calculate the potential. We can use the property that the potential energy
is symmetric under transformation (A, Az) —> (—A, —A )̂- First, let us note that the
parameter Az is strongly related to A i.e. the potential grows fast when going from
minimum in direction (A = 1, Az == —1) and grows slowly in direction (A = 1, Az — 1).
So, let us choose new parameters (A, A'z), where A'z — Az — A. This pair of parameters

4An analogous parameterization of the conservative forces for the same model is in [69].
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keeps the same property of symmetry. If we do not take into account shell effects then the
potential around the point (A = 0, A'z — 0) looks like a smooth potential well (See Fig.
2.4) in the directions x = A and y = A'z. Therefore we have chosen parameterization in
that subspace as a 4'th degree polynomial:

z = fi + f*x2 + foxy + /4y2 + /5x4 + Ux3y + /7x2y2 + /8a;y3 + /9y4. (75)

This is the expansion of the potential z around (0,0)-point. The symmetry property
eliminates the odd degree terms. The potential in the subspace (p,A) is parameterized by
a bilinear interpolation of the lattice points. Eq.75 can be rewritten:

z~ f-p{x,y), (76)

where
p(x,y) = (I,x2,xy,y2,x4,x3y,x2y2,xy3,y4)

and / = (/i,/2,/3, /s,/6, /7,/s, fs)- Now let us choose the 9 points as shown on Fig.2.5
giving the values z = (*i, *2; *3,*s, z$, zr, z$, ZQ). Then the coefficients / can be found from
the equation:

where

M =

p(a,0)

#0,6)
p(a, b)
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The exact solution for / is the following.

(77)

(78)

h —

h =

-18*i +

-z4 + z5

-42*i -

6*1-6*2

18*2 - 2*3 + *4 + *5 + 2;
12a2

+16*6 — 16*7

6a6 '
18*2 + 2*3 — 3*4 -

+ 2 * 3 - * 4 - * 5 -

-3*5 +
1262

- 2 * 6 -

*6 +

30*

2*7

2*7 — 2*8 "~ 2*9

6 + 30*7 + 2*8 + 2*9

+ 2*8 + 2*9

-3*6 + 3*7 + *8 — *9
12a4 (79)
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2a2fe2

— 2z$ — 5^6 + 5^7

+ l&g3 + IO23 + 3 ^ + 3^5 - 30^6 - 30z7 - 2z8 - 2z9

*9~ 1264

This simple trick greatly speeds up the calculation especially when we need to get
sufficient statistics.



III. Computation of small probabilities

1. Introduction

In the world of microphysics experimental results are often presented in form of the
distributions of the measured quantities and not as a precise values of these quantities.
This reflects the statistical nature of physical phenomena. In nuclear physics, due to
the microscopic and quantal nature of nuclei, probabilities and statistical distributions
become very relevant. If one takes radioactive decay, for example, it is well known that
the nuclear ensemble does not decay at a definite time but is spread over time according
to the exponential decay law.

One way to attack the problem theoretically is to use a Monte Carlo method which
is very often applied in multidimensional problems. Using Monte Carlo simulations one
can efficiently estimate distributions of values we are interested in, in regions of the most
probable outcomes. However, sometimes it is important also to calculate distributions
and probabilities of rare outcomes. The direct simulation method in this case becomes
impractical. This chapter is devoted to that problem.

Experimentalists are able to measure probabilities down to 10~35. It is obvious that
no one can calculate such values using direct methods of Monte Carlo. So it is important
to have methods capable of giving results comparable with the experimental data. The
problem of calculating small probabilities was also studied in different fields. It plays a
significant role in chemistry [32-41].

The probability. Each realization of a stochastic process (trajectory) is defined by
a sequence of random numbers. So one is able to estimate (analytically or numerically)
how probable one trajectory is, in comparison to others. That means that each trajectory
has its own statistical weight p which we suppose to be known. The probability of some
outcome B is the ratio of the integral over realizations leading to B, to the integral over
all possible realizations:

JP(X)
(80)

where x is an index defining a trajectory uniquely.

24
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2. Polymer method

Polymer analogy. A particularly simple and convenient way to describe a stochas-
tic physical process is the Markov description. If one uses a Markov chain of states as a
stochastic description of the transition path, then the path can be treated as a polymer
in which subsequent beads represent states of the system at subsequent time slices. The
analogy between such a polymer and randomly accelerated particle is well known. The
transition probability between neighboring states (beads) defines an ensemble of represen-
tative paths or polymer configurations. This analogy suggests two novel computational
approaches to stochastic process. The first is the possibility to sample the ensemble of
realizations by moving the whole path through the phase space according to the defined
distribution. The second is the possibility of rewriting the problem of calculating proba-
bilities, as the problem of calculating Helmholtz free energies for a polymer thermalized
by a heat reservoir. In this approach, different conditions of the process correspond to
different free energies. For instance, the equation 80 can be written down as:

where FB is the free energy of the polymer constrained by the condition B (in our case this
condition is that the last bead correspond to the stage 5) , and F is the free energy of the
unconstrained polymer. As will be shown below the free energy concept arises from the
analogy between the statistical distribution of trajectories and the canonical distribution
of polymer configurations.

Action. The Markov chain representing the path can be described by an action,
analogous to a discretized quantum path integral action [52]. If x is a given realization of
a process (a given configuration of the polymer) then one can write down the statistical
weight p(x) as:

P(X) = e~»W. (82)

The value S(x) depending on the configuration variable x ls called an action. One can
treat this value as the energy of the polymer in the configuration x- The distribution
e~

sM corresponds to a canonical Boltzmann distribution with temperature equal to 1.
For a Markovian chain p{x) 1S a product of statistical weights for subsequent time slices
and in S(x) this is a sum of subsequent actions (additivity).

The free energy is given by:

e~^c = f e~S(x) dv (83)
Jc v '

where C is a fixed external condition constraining the polymer. The definition 83 imme-
diately leads to equation 81.

Metropolis sweeps. By changing simultaneously the entire configuration of the
polymer in a proper way one can sample the canonical distribution e~s^xK This algorithm
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is known as Metropolis Monte Carlo algorithm. Let us define the probability of changing
configuration x m^° configuration £ in this way:

P(x - K ) = Hx -> C) + % - C)i?(x). (84)

The first term

H > C) = »?(x, 0 min[l, e-^O-SM)] (85)

is the Metropolis Monte Carlo probability rule [42] with a generating probability r)(x, ()
and acceptance probability min[l,e~(5^~5M)]. The second term in 84 is the probability
of rejecting a trial move:

J (86)
The generating function rj(x, C) n a s t o satisfy two conditions. The first is that the

function r\ should be symmetric and should not change the measure of space, i.e. if we
put P(x -> C) = v{Xi 0 then the exploration of phase space should be uniform. The
second is that the function -q should generate ergodic, i.e. exhaustive, exploration of the
space.

The Metropolis rule allows us to avoid the explicit calculation of the rejection prob-
ability, R(x)- The only consideration is the efficiency, which strongly depends on the
generating distribution r)(x, (). A new chosen configuration y should not be too close to
x, otherwise exploration of the phase space will be too slow. On the other hand if chances
that S(y) ^> S(x) are high then the number of rejections predominates over acceptations
and changes of configuration occur rarely.

The probability P(x —> C) is normalized by definitions 84-86 and conserves the canon-
ical ensemble:

JS() S(O (87)

Computation of work. Equation 81 immediately leads to the following method
of calculating PB- The difference in free energy is equal to the work which needs to be
done to constrain the polymer to the condition B in an adiabatic way [43].

Let us first introduce a new parameter A which changes from 0 to 1 and corresponds to
an unconstrained polymer when A = 0, and constrained with a condition B when A = 1.
Now let us choose a sequence of conditions which continuously switches the parameter
A from 0 to 1. When A is changing infinitely slowly then the total work performed on
the system is equal to the Helmholtz free energy difference. In this case the system is in
quasistatic equilibrium with the reservoir (having temperature equal to 1) throughout the
switching process . Hence:

This result is a well-established identity [44].
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For example, we are interested in the case when the last bead of the polymer is inside
a region B. We can compose the sequence of states where the last bead is confined within
a box with hard walls. Initially the box is so big that the polymer is considered to be
unconstrained. Then the box shrinks slowly toward the region B (Fig 3.1).

Of course, practically we can not reach the adiabatic limit. And each simulation would
give us different result of performed work W. The relation of free energy difference and
performed work in nonequilibrium regime was recently found out by C.Jarzynski [45], [47]:

(89)

where /3 is the reversed temperature (equal to 1 in our case) and the average is defined
over an ensemble of independent simulations.
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Pig 3.1 Schematic presentation of the process of
constraining the polymer in the region B. Ini-
tially the box is so big that the polymer is consid-
ered to be unconstrained. Then the box shrinks
slowly toward the region B.

Fig 3.2 Simple analytic model of a free falling
particle being kicked in horizontal direction. The
question is: what is the probability that the par-
ticle ends beyond the border XB-

Advantages and disadvantages of the polymer method . Once the algorithm
of the calculations is set then the computing effort does not depend on how small the
probability of interest is. One can calculate equally well either some value of probability
or a value of several orders of magnitude smaller as the process of calculating work W
does not depend on the value of AF. This is the main advantage of the polymer method.

Changing the external parameter A in an adiabatic way means that the polymer is in
equilibrium in each moment of time. In other words, the characteristic time of polymer
relaxation is much smaller then the characteristic time of parameter changing. The poly-
mer explores the phase space at each intermediate value of A. This implies a large number
of evaluations of S(x) for different configurations of the polymer. So if the calculation of
S(x) takes, say, several minutes then the method becomes almost impractical.

Another difficulty appears when the potential energy of the polymer has a non-trivial
landscape. In this case the relaxation time of the polymer is the time needed for it to
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explore all local minima. If barriers separating local minima are high enough then the
probability of passing through a barrier is small and the characteristic relaxation time
becomes extremely large.

One solution to this problem is to use "smart" function r)(x, C) which allows long-
ranged jumps to penetrate barriers. This function must have information about potential
relief and this makes the task depend on the specific situation5.

Another way to deal with the problem is to divide the potential surface into local
minima regions (if it is possible, of course, to divide it into regions between which the
probability of passing is negligible) and calculate the work separately for moving the
polymer from one potential well to another. Often the algorithm of calculating the work
W is such that W can only grow up to the point after which the polymer quickly relaxes to
the new state — falls into the next potential well. While falling the polymer does negative
work which is not taken into account. To account for this, one can calculate the work in
reverse direction. So the true quantity W will be the difference: W = Wjorth — Whack-

The third way is to lift the main (absolute) minimum in potential energy so that it
would be comparable with the other minima. Then making the usual direct simulations
of the stochastic process we calculate probabilities of different outcomes. And finally
we compensate the real probability by the factor e~w, where W is the work done when
changing the potential. For example, if there are two possible outcomes of the stochastic
process A and B, computation of the work gives the quantity W and simulations with the
modified potential give probabilities PA and P'B of events A and B. The real probabilities
PA and PB can then be expressed as:

^ = e-iFs-FA) = e-(FB-PA)-W = £ L " ^ (90)
pA PA

where FA, FB are free energies for conditions A and B, and F'A is free energy with the
lifted potential energy in the region A.

3. Examples

Analytically solvable model . It is instructive to show how the method works in
a simple exactly solvable model. Let us choose the process of discrete steps with Gaussian
deviation:

{ X i X i ) \ *o = O. (91)

The trajectory is presented as a set of N numbers {xj\i = 1,...,N}. This process is
actually the simulation of a pure Wiener process which also will be considered later in
this chapter. We can look at this process as a free particle falling down with a constant
speed with stochastic kicks in the horizontal direction (Fig.3.2). As a small probability

5Remember that the function t] has to satisfy the two conditions mentioned above (just after
Eq.86).
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event let us define the event B when the particle falls far away from initial position x0 — 0,
say, XN > XB- x^ is the coordinate of the last TV'th bead.

Fig 3.3 Producing the work W consists of moving
the last bead slowly to XB not allowing it to jump
behind the moving border Xb- One can draw the
dependence of work from the parameter Xb (Fig
3.5,3.6 below).

Fig 3.4 The "board" rises from horizontal to
vertical state. So the probability for XN to be
far away to the left of XB becomes smaller and
smaller, until it is exactly zero when potential
energy is +oo if XN < XB •

1.2 -i

0.4 -

0.2 -

0.0 -
- 6 -4 - 2 0 2 4 6

Fig 3.5 Three samples of computing work pro-
cess. X-axis shows the position of the border
crawling from -6 to 6 (h = 0.01). Y-axis cor-
responds to e~w, i.e. the probability, where W
is the work done up to a moment. Dashed line
presents the exact (adiabatic limit) behaviour.
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Fig 3.6 The same dependence as on previous pic-
ture, but the border is moving with a speed which
is ten times slower (h = 0.001). We see that the
numerical curve approaches the analytic solution
as adiabatic criterion begins to be satisfied.

The action is deduced from the product of step probabilities P(xi):

N

(92)
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The exact solution of the given model is:

P(xN > xB) = F(xB) = l-{l - Erf(xB/V^iV)) (93)

For numerical simulations we have taken N = 5, a — 1 and XB — 6. The function n
has been chosen as follows:

Xi ->• Xi + 22 ?>Xj, $Zj = Oifo, (94)

where 71 is a random number taken from a uniform distribution on [— | ; | ] , and av = 1
— the range of the trial function. The quantity av is selected in a way that the number
of acceptances and rejections were compatible. Otherwise the polymer would make steps
either too small or too rare, resulting in a long relaxation time.

We have taken two examples of the switching process. The first (Fig 3.3) is the process
of shrinking the space for x$ from [—oo; oo] to [6; oo] by moving the border Xb from a large
negative value to 6, not allowing x5 < Xb. The process is the following. We give time
to the polymer to relax — a number of trial moves (Nsweep = 100). Then we shift the
border by a step h (h = 0.001) at the same time shifting the last bead x5 by h; and then
we calculate the work equal to the difference of the action before and after shifting. The
work W is calculated along with the border Xb, and can be plotted and compared with
the exact solution F(xb), which is presented in Figures 3.5 and 3.6. The border starts
from the point -6 (far enough from x0 = 0 to consider it to be —oo) and goes to 6. Out
of 10 samples of the switching process the deduced result is PB — 3.86 • 10~3 ± 4.7 • 10~4.
The exact result is P% = 3.645 • 10~3.

Another example of choosing a parameter A is schematically shown in Figure 3.4. We
put the last bead on the "board" in the gravitational field. One end of the board is fixed
at the point XB and the other is lifted up as the board goes from horizontal position to
vertical. We associate the parameter A with the angle of tilt of the board, for instance.
During the switching process the probability of x5 being < XB becomes smaller and finally,
when the board gets to the vertical state, £5 is definitely bigger then XB- The result of
simulations (out of 10 samples) is PB = 3.640 • 10~3 ± 3.4 • 10~4. The parameter A was
changing from 0 to 1 with the step h = 10~4. Gravitational field has been chosen:

(xn - xn) arctan (X-) if x*r < Xn
\ 2/

Simplified model of HIC . Here we describe numerical experiments which we have
carried out to test the method, using a simplified model of heavy ion collisions [2]. This
model was previously studied by Aguiar et aim 1990 [67], using Langevin simulations. In
this mass-symmetric case - for this simple model - the shape of the system is defined by two
equal spheres connected by a cylinder (Fig.3.7). There are two macroscopic ("collective")
variables parameterizing the shape: (1) the relative distance p between the sphere centers,
which is the distance s divided by the sum of radii of the two spheres: p = s/2R; and
(2) the window opening a, which is the square of the ratio of the cylinder radius to the
radius of the sphere: a =



3. Examples 31

After some approximations for the potential, dissipation and kinetic energy terms, one
obtains the following coupled differential equations for the time evolution of the system
(see Ref. [2] for details):

tcPa _L ..2da
di

du
(95)

Here, the collective coordinates p and a are represented by the variables v — y/a and
a = p2 — 1; the constant \i is a reduced mass, r is a reduced time, X is conservative
force, and & and & are stochastic forces (Gaussian white noise), related to the dissipative
terms by a fluctuation-dissipation relation. The evolution of the colliding nuclei is then
represented by a.Langevin trajectory in (<r, i/)-space. Fig.3.8 depicts 30 such trajectories
of the collision of two 100Mo nuclei. All trajectories start from a configuration of two
touching spheres (a = 0, v = 0), with a center-of-mass energy equal to 4 MeV above the
interaction barrier. This energy is about 5 MeV below the "extra push" energy, so most
of the trajectories (28 of them) lead to reseparation of the system (fission), and only two
trajectories lead to a compound nucleus (fusion).

Fig 3.7 Shape parameterization in a schematic
mode] of W.Swiatecki (symmetric case) Two
spheres are connected by a cylinder.

Fig 3.8 Simulations. Thirty trajectories simu-
lated using the schematic model of nuclear colli-
sions, Eq.95. The system is 100Zr+100Zr, at 0.8
MeV above the interaction barrier. Two trajec-
tories lead to fusion; the rest to reseparation.

From Fig.3.8 we have the following picture of the physical process occurring, in the
context of this simplified model: first the window opening between the two nuclei grows
rapidly; then around a saddle point the combination of deterministic and stochastic forces
determines the ultimate fate of the nuclei, either fusion or reseparation; and finally the
system evolves toward its destiny, with a decreasing in the case of fusion, or increasing
with reseparation.

In polymer representation two outcomes correspond to two stable states (Fig.3.9). Let
us call them A(reseparation) and B(fusion). During the switching process the polymer
eventually will pass through saddle point in the phase space of polymer configuration. It
is clear that this saddle point being unstable state corresponds roughly to the situation
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when most of the beads lay near the saddle point of the parameter phase space. So let
C denote the position of the polymer constrained between two walls XA and XB near the
saddle point of the parameter phase space. The absence of one of the wall, while being
in C, immediately leads to relaxation of the polymer either to A or B.

KJ.V ~
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Fig 3.9 Three states of the polymer correspond-
ing to 3 stochastic trajectories: A-reseparation,
jB-fusion, and C-remaining on the saddle point.
The state C is unstable: relaxation goes whether
C —> A or C -¥ B. The quantities of interest are
free energy differences between FA, FB and Fc.

Fig 3.10 Dependence of WAC on number of
sweeps. Work W depends strongly on number
of simulations N. Adiabatic limit is achieved
when N —>• oo. For estimation of true value of
W one has to take sufficient number of sweeps of
the polymer.

The ratio between the probability of fusion PB and reseparation PA can be calculated
from:

i k - e-(wAc-wBC)
PA~

(96)

where WAC and WBC are works needed to transfer the polymer from A to C and from B
to C.

For numerical simulations it has been chosen the "board" algorithm. Changing the
potential for separate beads we force the polymer to slide down toward C. The additional
potential has been taken in a form:

i(a-i - xB) arctan (A-) , (97)

and the analogous formula for A. Parameter A switches from 0 to 1. The algorithm of
sweeps differs from the one used in the analytically solvable model above. Here we shift
randomly one bead for one step rather then the whole polymer.

This procedure has given us the probability for energy 0.1 MeV equal to PB —
2.57 • 10~5. The result obtained from direct sampling of stochastic trajectories is 2 • 10~5

calculated from 100000 simulations. The different speed of changing parameter A gives
the different values of work. But adiabaticity can be achieved after some critical number
of simulations. This can be seen from Fig.3.10.
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4. Importance Sampling Method

Another look at the problem of calculating small probabilities is biasing Langevin
trajectories or importance sampling method (ISM). It will be used later on for obtaining
results in modeling low-energy nuclear collisions. This method is simpler in use then the
outlined above, and is based on Langevin description. The scheme which we propose then
involves running a number of simulations with the modified equation of motion and then
biasing each trajectory, so as to compute the probability of the desired process.

Langevin dynamics. Langevin equations are used to model many processes of
physical interest. Disregarding many intrinsic degrees of freedom and remaining with only
a few collective variables of motion one describes a system with conservative and non-
conservative forces. The other part of Langevin equation - fluctuation term - introduces
noise in the dynamics. Actually with Langevin equations we understand the dynami-
cal equation (or system of equations) where together with deterministic term there are
stochastic terms usually in a form of white noise.

Schematically Langevin equation can be written down in the following way:

dr
- | = «*(*) + «*)• (98)

Here, x is the collective variable6, VQ{X) is a "drift" term which embodies the deterministic
forces - both conservative and dissipative - acting on the collective degrees of freedom,
and £(t) is a stochastic, white noise term:

{i(t)i(t + s)) = D5(s), (99)

where {• • •) denotes an average over realizations of £(i), and D > 0 is a diffusion constant.
A single realization of this process is described by a trajectory x(t). Let us define a

whole trajectory x(t) as x- (We separate x-space from x-space because x defines only a
state of the system in a given time and x defines the whole evolution corresponding to
one realization of the process.) The statistical ensemble of realizations of £(t) - together
with Eq.98 and the initial condition x(0) - defines a statistical ensemble of trajectories
X- Given the above Langevin equation (Eq.98), along with the initial condition, we are
interested in computing the probability that the final point of the trajectory, x(r), falls
within a given region B in x-space. Now let us introduce a functional 0[x] which is equal
to 1 if the trajectory yields a B event7, and 0 otherwise.8:

6More generally, the number of variables required to specify the instantaneous state of the
system will be greater than one: x —v x — (xi, • • •, Xd). In the case of overdamped motion, this
vector specifies the instantaneous configuration of the colliding nuclei. For evolution in which
inertial effects are important, the vector x will include both configurational variables, and their
associated momenta.

7B event is an element of cc-space being inside the region B

80f course, in our case, the functional Q[x] is really just a function of the final point, x (r). More
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Then the probability of a B event, PB, is just the average of this functional over the
ensemble of trajectories x:

PB = (0). (101)

We can compute PB by sampling randomly from the ensemble x (i-e. repeatedly sim-
ulating trajectories evolving under Eq.98), and counting how many lead to the region
B:

= 1 £ ) 0[Xn], (102)
; V 7 1 = 1

where Xn is the n'th of N independent simulations of the process. However, since the
number of simulations needed to compute PB to a desired accuracy grows as the inverse
of the probability itself (see Eq.125 later on), this "direct sampling" method becomes
impractical for very small values of PB-

Importance sampling. Suppose we have some space (£-space) in which are
defined some observable O(0 and two normalized probability distributions, Pi(0 and
J02(C)J supposing furthermore that P2(0 > 0 whenever pi(Q > 0. Let (O)i and (O)2

denote the averages over these two distributions. Importance sampling is based on a
simple idea, embodied by the next formula:

Pl(0 dC = J ° ( 0 ^ § P » ( 0 dC = (<?(O^|y) (103)

Let us introduce a biasing function

HO = ̂ , (104)
MO

defined at all points £ for which MC) > 0. If we are interested in computing (O)i, then
we can do so by repeatedly sampling from the distribution pi(0:

= Jim (1/A0 £ C?(C'), (105)Jm (
n=l

where Ci»C2»*" * 1S a sequence of points sampled independently from pi(0- However, it
follows from Eqs.103 and 104 above that we can equally well express the desired average
as:

generally, however, we could have introduced a criterion which depends on the entire trajectory,
in which case 0[x] would be a genuine functional.
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(O), = (wO)2 = lim (1/iV) £ «,(£) O(£), (106)
°° n=l

where Ci, Cl»*"'1S a sequence of points sampled independently from P2(0- Thus, provided
we can compute w(C) an<i £*(C) f°r a n y C> Eq.106 gives us a prescription for determining
the average of O over the ensemble 1, using points drawn from the sampling ensemble 2.
This prescription becomes a useful tool if a sampling distribution can be chosen for which
the rate of convergence with the number of samples (N) is faster when using Eq.106, than
when sampling directly from the ensemble 1 (Eq.105).

Biasing Langevin trajectories. Let us now consider how we might apply
importance sampling to the problem which interests us, namely, computing the probability
of rare events in Langevin dynamics. Let us therefore consider a modified version of Eq.98:

= vo(x) + Av(x) + at), (107)

where the modification consists of adding an extra drift term, AU, chosen to increase the
probability of simulating a rare B event. Now, for a given trajectory x(t) let pi[x\ denote
the probability density that we will obtain this particular trajectory, under the original
Langevin equation (Eq.98), and let p2[x] denote the probability density for obtaining this
trajectory, under the modified equation (Eq.107) 9. Finally, let w denote the ratio of these
two densities10:

SW (108)

Then, by Eq.106, we can express the probability PB (defined with respect to the original
Langevin equation) as:

PB = (wS)2 = ̂  I f; w[X'n] • e[X'n], (109)

where x'n
 1S ^ e n ^ °f N independent realizations obeying the modified Langevin equa-

tion. This means that, if we know how to compute w for any trajectory x(t), then we
can estimate PB by running N simulations with the modified Langevin equation, adding
together the weights w for all those trajectories which lead to B, and dividing by the total
number of simulations, N. In the limit N —t oo, this estimate converges to the correct
value of PB.

Langevin action. The original and modified Langevin equations, Eqs.98 and 107,
can be represented by the generic equation

9In this case x stands for a solution of equation 107

10Note that while the values of pi[x] and P2[x\ depend on the measure chosen on path space,
the ratio w[x] is independent of that measure.
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| - W + fW, (no)

where v = u0 in one case, and v = UO+AW in the other. Given some initial conditions x(0) =
xo, let x denote the trajectory evolving from those initial conditions, for a particular
realization of the noise term. We are interested in the probability density p[x] for obtaining
a particular trajectory x- To introduce a measure on the space of all possible trajectories,
let us discretize the trajectory. Thus, let (XO,XI,...,XM) and Xdiscr denote a set of points
specifying the state of the system, after time intervals St = T/M:

xm = x(mSt), m = 0, •••,M. (I l l)

We can then ask for the probability density p(xi, ...,XM\XO) that the trajectory passes
through the sequence of points (xi, x%i ...,XM) at times 5t, 2St,..., r, given the initial point
XQ. [Note that this is a probability distribution in M-dimensional (x\, ...,#M)-space, with
Xo acting as a parameter of the distribution.]

On the small enough scale of time deviation of a stochastic trajectory from the deter-
ministic one satisfies Gauss distribution:

p(xm,xm+1) = (2i:D5t)-^ exP - (*m + 1 ~ 2 ^ l ( a ? m ) ) , (112)

where x^+^Xm) is the solution of equation 110 without a noise term: ^SL = v(x) after
time interval St, starting from point xm. Then an explicit expression for p is given by
[53]:

piXdiscr] = (2nD6t)-M'2 exp -A[ X ( K s c r ] , (113a)

where

[ (H3b)

[So far we treat the diffusion coefficient D as a single value (for one dimensional case)
and not depending on x.] Eq.ll3a is strictly speaking valid (in a sense that it does not
depend on the way of discretization) only in the limit M -> oo (with r fixed), although
it constitutes a good approximation if VDSt is small in comparison with the length scale
set by variations in v(x).

Considering the limit M —> oo one obtains:

(114)

Here, dx/dt and v are evaluated along the trajectory x(t). The normalizing factor M is
divergent. But it does not matter as will be seen below.

Eq.114 is a general expression for the probability density of obtaining a particular
trajectory x, launched from x0. Now let pi[x] and ^[x] denote this probability density,
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for the specific Langevin processes described by Eqs.98 and 107, respectively. Then the
ratio between these two probability densities is given by:

AA = Ax -

(115a)

(115b)

where A\ and Ai are computed , using v = VQ and v = UO + AU, respectively. Normalizing
factors M in both cases 1 and 2 are the same due to the fact that probabilities are
calculated from different distributions but for the same trajectory. For Gauss function in
Eq.113 that means only the shift of the distribution in x-space. The final result is:

(116a)

(116b)

Compensation for modifications. Combining Eqs.109 and 116, we now have an
expression which allows us, in principle, to compute the probability - defined with respect
to the original equation of motion (Eq.98) - by running independent simulations with the
modified equation of motion (Eq.107):

N
J. ^ exp - (117)

Here, xl. 1S ^n e trajectory generated during the n'th simulation, using the modified
Langevin equation; AA is computed for each trajectory; and 0 is, as before, equal to
one or zero, depending on whether or not B event occurred.

For a given set of original and modified Langevin equations, and for a large number
N of trajectories simulated under the modified equations, we thus have the following
estimator for PB:

(118)

where 0 n = 0[XnJ> anc* A-,4n = AA[x£]- The estimator Pfe ' converges to the true value
PB in the limit of infinitely many trajectories: limjv-+oo P& = PB-

Efficiency gain. Having derived an estimator for PB based on the idea of im-
portance sampling, we now consider the question of efficiency. In particular, we establish
a specific measure of "how much we gain" by using importance sampling, with a given
choice of AV(X).

The validity of Eq.117 does not depend on the form of AV(X). Therefore, for any
additional drift term AU, there will be some threshold value N&v such that P^ provides
a "good" estimate of PB for N > N^v. That is, N^v is the number of trajectories which
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we need to simulate (with the modified Langevin equation), in order to determine PB
to some desired accuracy, using the method outlined above. Of course, N^v can depend
strongly on the form of AV(X). We can thus compare the efficiency of estimating P B ,

for different drift terms. In particular - since the special case AU = 0 is equivalent to
computing PB using the original Langevin equation - let us define the efficiency gain,

associated with a given AV(X), as follows:

The numerator is just the number of trajectories needed to accurately estimate PB by
running simulations with the original Langevin equation (AU = 0); the denominator is
the number needed using Eq.118, for a given AV(X). Thus11 , E%v is the factor by which
we reduce the computational effort, by making use of importance sampling - again, for a
given AV(X).

Let us derive an expression for E&v in terms of quantities extracted directly from
numerical simulations. For a given additional drift term AV, let us define

fix) = Mx] • eft] = e exP - A A (120)

Our method of computing PB then amounts to computing the average of / , by sampling
trajectories x from the sampling ensemble S12: {f)s = PB — PB = (1/-W) J2n fn, where
fn = f[Xn]- The statistical error in our result - the expected amount by which PB ' differs
from PB - is then given by the usual formula for the standard deviation of the mean:

where aj is the variance of the quantity / over the sampling ensemble,

*J = (f)s ~ </>!• (122)

If we want to compute PB to a desired relative accuracy r - in the sense that we want
the ratio <TPB/PB (expected error / desired average) to fall below r - then we get the
following expression for the minimum number of trajectories needed:

fL

In other words, if we simulate more than this many trajectories, then we can expect the
statistical error in our final estimate of PB to be no greater than r times P B .

n We are assuming that simulating a single trajectory with the modified Langevin equation
takes as much time as simulating one with the original Langevin equation.

12Here we will use S to signify an ensemble of trajectories x obtained from modified Langevin
equation 107 and T to signify an ensemble of trajectories x obtained from original Langevin
equation 98
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In the case of direct sampling from the target ensemble T13, we estimate PB by com-
puting the average of 0 . The expected statistical error of this average making use of the
fact that 0 2 = 0 is just

P
- (Q)2

N

1/2
PB(1 -

I 1/2

N

By setting this expected statistical error equal to rPjg, we get

(124)

(125)

for PB <C 1. (If we simulate this many trajectories, then the expected number of fusion
events is 1/r2, and the expected statistical error in this number is 1/r.)

Combining Eqs.123 and 125, we get the following result for the efficiency gain of our
importance sampling method, for a particular choice of AV(X):

W- (f)s
<P)s-(f)V

(126)

Eq.126 gives the efficiency gain of importance sampling, with a particular choice of
AV, in terms of averages which can be estimated from simulations performed under the
modified Langevin equation alone (i.e. sampling only from S, not T). An expression for
E%v in terms of averages estimated using both the original and modified equations of
motion, is:

(127)

We will use these results below, to compute the efficiency gain of the importance
sampling method for particular examples.

5. Application of ISM: practical matters

In this section, we discuss a number of practical issues related to the actual imple-
mentation of the importance sampling method derived above.

Calculating weights. We obtained an expression for AA as a functional of the
trajectory x(t). Since x(t) satisfies Eq.107, we can rewrite Eq.ll6b as:

- AV)AV. (128)

This expression for AA leads itself to a convenient implementation of the method pro-
posed here, as follows. When simulating a given trajectory x(t) evolving under Eq.107,

13See the previous footnote.
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we simultaneously integrate the following equation of motion for a new variable
satisfying the initial condition j/(0) = 0:

dy AV
(129)

for the same realization of the noise term £(£). (Note that this equation is coupled to the
equation of motion for x, since AV in general depends on a;.) Eq.128 then implies that

AA = y{r). (130)

Thus, at the end of the simulation, we use X(T) to determine whether or not fusion has
occurred, and if so, then we take AA = y(r) when assigning the weight e~AA to this
event.

Cut-off. All the formalism was derived for a fixed evolution time r. But usually
it is not true - the time of evolution can differ for different realizations. Often the
evolution of our system is such that, once a trajectory x(t) enters the region B which
defines fusion, its chance for subsequently escaping that region is negligible: B effectively
possesses an absorbing boundary. It becomes convenient to define both VQ and AV to
be zero everywhere within B. Then, if a trajectory x(t) (evolving under the modified
Langevin equation) comes into B at some time r' < r, we can stop the simulation at that
point in time, and take 0 = 1, A A = y(r'). This makes the prescription consistent with
formulas derived for fixed T.

D depending on x. We have, to this point, assumed that the stochastic noise
£(f) is independent of x. That is, D =const. More generally, we might have a diffusion
coefficient which depends on the instantaneous configuration of the system: D = D(x),
i.e.

(£(t)i(t + «)),(f)=, = D(x)6(s). (131)

In this case Eq.114 becomes:

Eq.115 remains unchanged since the factor M' in Eq.132 is the same for p\ and p2; and
Eq.116 changes only in that \/D is brought inside the integral in Eq.ll6b, with D eval-
uated along the trajectory x(t). When implementing the method using the additional
variable y(t), the only difference is that D is evaluated along x(t) rather than being a
constant, in Eq.129

Multidimensionality. Let us now drop the assumption that the system evolves
in one dimension. The state of the system is now described by a vector x = (xi, • • •, x^),
evolving under a set of coupled Langevin equations,

- ^ = «.-(*) + f c W , i = l,-.,d, (133)
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where v = v$ (original equations of motion) or v — VQ + &v (modified equations of
motion). The diffusion coefficient D becomes a symmetric matrix whose elements reflect
the correlations between the different components of the stochastic force:

<&(*)&*+ «)> = *V(«)- (134)

[For simplicity, we assume that this matrix is a constant. The generalization to Dij •=
Dij(x) is as straightforward as in the one-dimensional case.]

The simplest case of multi-dimensional evolution occurs when the components & are
mutually uncorrelated. Then D is a diagonal matrix, and the generalization of Eq.129 is
given by:

| = E ^ - ( 2 6 + */.-). (135)
al LU

The sum is taken over values of i for which Da ^ 0, corresponding to those directions
along which there is a non-zero stochastic force. Along those directions for which Da = 0,
we must have AU; = 0.

To see this, note that if Da = 0 for a particular value of i, then the equation of motion
describing the evolution of x,- is deterministic (£,- = 0). If we now modify that equation
by adding an additional non-zero term AW,-, then any trajectory x(£) obeying the modified
equations of motion will not be a solution of the original equations - for any realization
of the noise term £(t) - and vice-versa (unless &Vi happens to be zero exactly along the
trajectory). This violates the condition state before Eq.104: in order for the importance
sampling to be valid, our modified equations of motion have to be able to generate any
trajectory which might be generated by the original equations of motion.

If D is not diagonal, then Eq.135 generalizes to the following evolution equation for y:

^=1-{2i+Av)TD~1Av. (136)

Eq.136 implicitly assumes that D is invertible, i.e. det(D) ^ 0. If this is not the case,
then - first - we must make sure that the projection of AU onto the subspace spanned by
the null eigenvectors of D is zero u . Assuming this condition is satisfied, we can view
Eq.136 as pertaining only to the subspace spanned by the non-zero eigenvectors of D.

The results discussed in this generalization from one-dimensional to multi-dimensional
evolution are based on the generalization of Gauss form in Eq.112, Eq.113. As with Eq.136
above, these equations pertain to the d'(< d)-dimensional subspace spanned by the non-
zero eigenvectors of D.

Inertial motion. There is an example of multi-dimensional evolution worthy of
particular mention. This is the case in which the evolution of the system is not over-
damped, i.e. inertial effects are present. The evolution then occurs in the phase space of
the system, and the equations of motion for x — (q,p) are typically of the form:

14The case when one or few of the eigenvalues of D are close to zero will be discussed later on.
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§ = rl? ( 1 3 7 a )
^ = F - r r 1 p + f (137b)
at

Here, q is a vector of variables specifying the configuration of the system; p is the vector
of associated momenta; / is an inertia tensor; F is the vector of conservative forces
acting on the system; F is a friction tensor; and £ is the vector of stochastic forces,
whose associated diffusion tensor D is related to F by a fluctuation-dissipation relation.
(Typically, / , F, F, and D are all functions of q.) In this case, the equations of motion for
q are deterministic (Eq.l37a), therefore any additional drift terms must appear only in
the momentum equations (Eq.l37b), as an additional force, AJP. The equation of motion
for y(t), Eq.136, then pertains only to momentum space (the jt?-subspace of phase space). *

Dissipative motion. It is often the situation that the dissipative and stochastic
forces acting on the collective degrees of freedom depend on the "temperature" of the
bi-nuclear system. This is another way of saying that these forces, at time t, depend on
the total amount of the collective energy which has been dissipated up to that time. Since
the energy dissipated, as a function of time, will differ from one realization to another, it
seems we are faced with "memory-dependent" forces, i.e. forces which, at time t, depend
not only on the instantaneous state of the system, but also on its history, up to time
t. An easy way to deal with this situation is simply to expand our list of variables x to
include a new member, Xd+i = £?diss? denoting the collective energy dissipated. This new
variable is initialized at zero, and evolves under an evolution equation which depends on
the model used to describe the colliding nuclei. (For instance,

^ y - el . (138)

in the case of collective evolution described by Eq.137.)
With the addition of this new variable, i.e. x —)• (x\, • • •, x^ Xd+i), we now again have

a set of (coupled) Langevin equations, in which the drift and stochastic terms depend
only on the instantaneous state of the system, x. We can thus apply the method without
further modification.

Elimination of degenerate directions. Let us now discuss the more compli-
cated case when matrix D has zero or close to zero eigenvalues in given regions of the
configuration space. Start from the equation of motion for x = (f, v):

f = * (139a)

~ = I~lF - r1Tv + £+ w. (139b)
at

Here, r is a vector of variables specifying the configuration of the system; v is the
velocity vector; / is an inertia tensor; F is the vector of conservative forces acting on
the system; F is a dissipation tensor; £ is the vector of stochastic forces, as before, with
{€i{t)€j(t + s))x = D(x)ij5(s), and w is an additional force which satisfies the condition
following Eq. 136.
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The main idea of introducing w instead of AV is to scale the projections of AV onto
eigenvectors of D proportionally to eigenvalues and then to compose a new vector w.
This automatically eliminates the projection of A"V onto the subspace spanned by the
null eigenvectors of D and fulfils a condition that when eigenvalue is close to zero then
the associated projection is also small. Physically this corresponds to the situation that
the system could not be pushed in the directions, in which the motion is deterministic
or almost deterministic (the width of the stochastic force in these directions is small in
comparison to the others).

Let V% and A? denote i'th eigenvector and eigenvalue of matrix D respectively. The
numbers Af are always not less then zero if F describes physical dissipation and, D
and F are connected by fluctuation-dissipation theorem. One can treat the set [of A?]
{\i\i = l,...,rf} as a vector A and correspondingly V* as a matrix V, in which columns
are eigenvectors V. Then the vector A7, where 7 are independent random numbers mul-
tiplying components of A and taken from the unit-width Gauss distribution, would mean
stochastic force acting in coordinates of basis of eigenvectors V. Multiplying from the left
by V and then I'1 we cast this vector into coordinates of (f,u). Hence:

5£ = HVX^/Vsi (140)
—*

is an increment of v caused by stochastic force £ during the time St. Eq.140 is just
the general prescription of introducing a noise in multidimensional inertial dissipative
dynamics.

The quantities A are widths of the stochastic force £ in V directions. Following the
analogy let us define "the stochastic freedom" of the system as:

T = r^Xi (141)

The vectors T and their absolute values determine directions and widths of the stochastic
force now in (f, v) coordinates. For this reason the additional force w can be calculated
by spanning AV onto vectors T:

(142)

This definition of w automatically will squeeze the components of A~V which are forbidden
or nearly forbidden by degenerate directions.

Extension to the non-Marcovian case. The method of importance sampling
is very general. It can easily be extended to the case of non-Marcovian process. Any
numerical study of a Langevin evolution or another continuous process has to be sim-
ulated by a discrete time steps. In practice a trajectory of any stochastic process x is
defined by a set of random variables {CI>C2)--)CM}I

 m general, chosen from different
(depending on time and history) distributions {pi(C,*i), P2(C»*2ICI)I P3(Ci*3,Ca,Ci)i -•>
PM(C>^M>CM-1J •••?&)}• We do not care about the fact that the moments of time
{^1,̂ 2, ...,ijvf} can be given by a specific algorithm, which could give correlations on a
shorter time intervals.
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Then again introducing new sample distribution ps(C>t) m a w a v that sequence of
most probable values ( leads to desired event let us define the biasing function

n , . . . ) ' ( }

The distributions pf and pn are based on the same history (Cn-i, Cn-2? •••» CO a n d taken at
the same time tn. The random variable £ is sampled from ps. However one has to know
the probability p(() of the same value £ in the unbiased distribution p to evaluate the
function w(x)-

Fig 3.11 The circle indicates the region around
the saddle point and arrows show the direction
of the extra force, chosen to push the system to-
ward fusion. Also shown are two (deterministic)
trajectories, one ending in fusion and the other
one in reseparation.

4000 6000
N

Fig 3.12 Convergence of the P(US with number
of trajectories simulated (N), for both direct sim-
ulation (solid line), and using importance sam-
pling (dashed line).

6. Examples

Schematic model. To test our method we again use the schematic model of heavy-
ion collisions [2]. It was outlined briefly above (see subsection with Eqs.95). To increase
efficiency we have to modify the stochastic equations (95). The physical behaviour around
saddle point suggests that, if we are to add an additional force to increase the likelihood
of fusion, then it would be best to localize such a force in the vicinity of the saddle point.
We have chosen an additional force along the (negative) a direction, whose strength is a
Gaussian function of (<r, u), with a peak at (0.0,0.6). This leads to the following modified
Langevin equations of motion:

dv 2v
'3¥~ 4u(cr

A

3Y~ = 6
(144)

2 j

with A an externally adjustable parameter. Fig.3.11 schematically shows the region
around the saddle point, where the additional force pushing the system toward fusion
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is localized. Two deterministic trajectories (evolving under the original equations of mo-
tion, but without the stochastic terms) are also shown, to guide the eye. One of these
was launched with an energy of 1 MeV above the barrier (leading to reseparation), the
other one at 5 MeV above the barrier (leading to fusion) for the reaction looZr+looZr.

0.4 0.6
- Vb (MeV)

0.2 0.4 0.6
E,,,- Vb (MeV)

Fig 3.13 Excitation function computed using di- Fig 3.14 Same as Fig.3.13, but computed using
rect simulation, with 1000 trajectories for each importance sampling instead of direct simulation,
point. (The solid line is an analytical estimate
extracted from a much larger number of simula-
tions.)

To compare our importance sampling method to direct simulation of the original
process, we first choose to compute the probability of fusion for trajectories starting with
an energy 0.2 MeV above the barrier. We ran 104 independent trajectories under both
the original and the modified Langevin equations, Eqs.95 and 144, respectively, and kept
a running tally of the probability of fusion, as computed by the two methods (Eq.102
for the case of direct simulation, Eq.118 for importance sampling). We took the strength
of the additional force to be A = 0.3^ in these simulations, where fx is a reduced mass.
Fig.3.12 illustrates the difference between the rates of convergence of the two methods.
The plots show the estimates P^J as computed by each method, as a function of number of
trajectories simulated, N. It is clear that the importance sampling (broken line) converges
much faster than direct simulation (solid line): after about 5000 trajectories, the former
has converged very close to its asymptotic value, whereas the latter is still "jumping
around" after 10000 trajectories.

The sawtooth pattern exhibited by the direct simulation estimate is typical of the
situation in which rare events contribute disproportionally to an ensemble average: in
this particular case, only 15 out of the 104 "direct" trajectories (simulated under Eq.95)
lead to fusion; each of these events causes a sudden jump in the PJ^\ followed by a
gradual decline as more non-fusion events accumulate. By contrast, under the modified
Langevin equations, Eq.144, a total of 253 trajectories lead to fusion, i.e. the non-zero
contributions to Pfus' are distributed among many more events, with the consequence of
smoother and faster convergence.

In Figs.3.13 and 3.14 we show excitation functions - fusion probability plotted against
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center-of-mass energy above the barrier - as computed by both direct simulation and
importance sampling, with the same additional force as used in Fig.3.12. Each point was
obtained using 1000 trajectories, and the result is displayed with error bars, as estimated
from the numerical data. The solid line represents an analytical formula which closely
approximates the fusion probability over the region shown.15 Again we see that, for
approximately the same computational effort, our importance sampling method gives
significantly better results than direct simulation. For the point corresponding to 0.5
MeV above the barrier, the error bar in Fig.3.13 is about 5.5 times bigger than that in
Fig.3.14. The efficiency gain of the importance sampling approach is therefore about 30
(~ 5.52, see Eq.127) in this case: we would need to launch about 30 x 103 trajectories
evolving under the original Langevin equation to get the same degree of accuracy obtained
in Fig.3.13 with 103 trajectories.

The gain in efficiency becomes more dramatic when we go to very small probabilities.
To show this we considered the reaction l l o Pd+ n o Pd , for which the extra push energy is
25.5 MeV. Launching 250000 trajectories with an initial center-of-mass energy of 1 MeV
above the barrier, we obtained a probability of fusion jPfus = (6.970 ± 0.268) x 10~13.
This was computed using our importance sampling method, with an additional force
corresponding to A = 1.9/r, about 88% of the trajectories evolving under the modified
Langevin equation went to fusion. Using Eq.126, our result gives an efficiency gain of
E®v = 3.5 x 109! We cannot compare our estimate of Pfus directly to an estimate obtained
from simulating with the original Langevin equation, since we would need to run ~ 1012

trajectories to have a decent chance of observing even a single fusion event. Importance
sampling is indispensable in this case: calculating Pfus using direct simulations is not
practical.

Exactly solvable model. To illustrate the efficiency gain which can be achieved
by using the importance sampling method presented in this paper, it is instructive to
consider an exactly solvable model. Consider a particle in 2 dimensions which falls at
a uniform rate vz from a height h, while experiencing random "kicks" in the horizontal
direction:

{ : (145)

where ((t) represents white noise corresponding to a diffusion constant of unit magnitude:
(l(0£(* + s)) = Hs)- We assume that the initial horizontal location is zero, i.e. x(0) = 0,
and are interested in the horizontal location of the particle when it hits the "ground"
(z = 0), at time r = h/vz. The motion in the x-direction is a Wiener process, whose
solution is a Gaussian distribution with a variance which grows linearly with time. Let us
suppose we are interested in the probability that the particle will end to the right of the

15This was obtained by running a very large number of simulations for different values of energy
above the barrier, and then fitting the results to an exponential multiplied by a second-order
polynomial. The expected error associated with the curve itself is everywhere smaller than the
smallest of the error bars shown in Fig.3.14.
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fixed point xo, i.e. x{r) > x0. Since the ensemble distribution of rc(r)-values is a Gaussian
(with variance equal to r ) , this probability is given in terms of an error function:

P [ x ( r ) > x o ] = F ( x o ) = ̂ [ l -

For large values of XQ, this probability dies off very rapidly, P ~ e~xof2T/xo, therefore very
many simulations would be needed to compute P to some desired relative accuracy r.

Let us now consider an additional force, in the form of a constant horizontal "wind",
pushing the particle in the direction of the point XQ. The modified equations of motion
are then

{!-$+-. (146)

where w is the strength of the wind. From Eq.128, it follows that AA = wx(r) — w 2 r /2 .
From Eq.123, we can then compute the minimum number of simulations necessary to
obtain P to a relative accuracy r, using importance sampling, for a particular value of
wind strength:

(1 4 7)

The efficiency gain is then:

Ew = ~N*= e^F(xo + wr)-F2(xoy
 ( 1 4 8 )

For the case XQ — 3.0, r = 1.0 (P = 1.35 x 10~3), we have plotted efficiency gain
as a function of wind strength, in Fig.3.15. We see that the optimal wind strength (at
which we obtain maximal efficiency) is wopt = 3.157. For this value of w, the number of
trajectories needed to estimate P using direct simulation of the original Wiener process,
is about 220 times the number needed to estimate P (to the same degree of accuracy)
with importance sampling.

It is interesting to note that even for XQ = 0 (for which half the trajectories fall to
the right of XQ), we gain efficiency by using importance sampling. In this case, for r = 1,
the maximal efficiency gain (about 1.8) is achieved with a wind strength w = 0.6125, as
shown in Fig.3.16.

The maximal efficiency gain grows as the probability P becomes small. Using an
asymptotic expression for the error function, we have

/ r \ 1 / 2 1
^(*o) "> h r — exp(-xg/2T) (r fixed, x0 -+ oo), (149)

\27ry xo
from which it follows that

TV; -> ^ exp[(a;o - wr) 2 /2r] . (150)
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This formula nicely encapsulates the dramatic efficiency gain achieved for small values
of P (i.e. large XQ). Without importance sampling, i.e. setting w= 0, the number of
trajectories needed grows exponentially in x%: NQ ~ exp(xo/2r) (dominant contribution).
However, using importance sampling, with the optimal wind value (wopi = XQ/T), the
number needed grows linearly with xo". N$ ~ XQ. Thus,

(151)

Even when N£ is tremendously large, N£ may remain modest (for w = wopi). For instance,
for x0 = 6 and r = 1 we have P[X(T) > x0] = .99 x 10~9. One would need ~ 1012 direct
simulations to compute this probability to 10% accuracy. Using importance sampling,
one can achieve the same accuracy with fewer than 700 trajectories. Numerical results
(with N = 700 and w = 6.0) gave us P = (1.04 ± 0.10) x 10~9.

Fig 3.15 Efficiency gain as a function of wind
strength, Eq.148, for x0 = 3 {P = 1.35 x 10"3).
At the optimal wind value, the gain is around 220.

Fig 3.16 Same as Fig.3.15, but for x0 = 0. Here,
P = 0.5, so there would be no problem in esti-
mating this probability from direct simulations.
Nevertheless, there is an efficiency gain of nearly
two, when using importance sampling.
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Introduction

In this Chapter we present some calculated results obtained from the model described
in Chapter II with including fluctuations and using the ISM for some cases. The using of
ISM is inevitable for small enough probabilities.

Units and constants.
In our calculations we used the following units of measure:

* time 5 = 10~22s,
* length fm= KT13cm,
* energy MeV,
* cross-section b= 10~24cm2 = lOOfm2.

And constants in these units:
* m = 1.036435 MeV s2 / fm2 ,
* ft = 6.58222 MeV 5 ,
* e2 = 1.439978 MeV fm ,
* r0 = 1.18 fm ,

m - average mass of nucleon, e - electron charge and r0 - radius of nucleon taken from
Folding Model [60].

1. Fusion probabilities

Including Langevin dynamics into deterministic model allows us to calculate probabil-
ities of fusion of heavy ions for given energies and impact parameters. Direct simulations
correspond to numerical solving of Eq.57, i.e. launching a number of trajectories and
counting those leading to fusion.

To present typical trajectories we have chosen the 86Kr-f-70Ge reaction. In Fig.4.1
a contour plot map of the potential energy with shell corrections included is presented.
The energy is a function of p and A at fixed values of the mass asymmetry A and the
charge asymmetry Az equal to 0. Two deterministic trajectories projected on (p, X) space
for central collision (L = 0) are shown. Both trajectories start from the same point in
the configurational space but with different initial kinetic energies (in the center of mass
system Ecm = 132 MeV and 134 MeV). As we see the trajectory with bigger energy goes to
fusion while the other one reseparates. Fluctuations bring to our dynamics indeterminism

49
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in a sense that for the same initial conditions for a given reaction trajectories can either
go to fusion or to reseparation. This is shown in Fig.4.2. Four trajectories with included
thermal fluctuations start with the same kinetic energy (Ecm = 132 MeV) and one of
them goes to fusion. One could say then that the probability of fusion would be in this
case equal to 1/4, whereas in the deterministic calculations (Fig.4.1) it is exactly equal
to 0.

Fig 4.1 Two deterministic trajectories on the contour plot potential map for the 8 6Kr+7 0Ge
reaction. The potential energy is shown in MeV with respect to separated nuclei in (p, A)-space.
The trajectories start with initial kinetic energy 132 and 134 MeV in the center of the mass system.

In Chapter II we considered three types of fluctuations: 1) thermal fluctuations; 2)
asymmetry fluctuations; and 3) dissipative fluctuations. To compare the influence of these
types of fluctuations we again take the same reaction 86Kr+70Ge and investigate prob-
abilities for fusion separately for each type in the energy region near "extra-push". Three
curves of excitation function are presented in Fig.4.3. Dotted curve corresponds to the
asymmetry, dashed one to the dissipative and solid one to the thermal fluctuations. From
this figure we learn that effects of asymmetry and dissipative fluctuations are rather small
in comparison to thermal fluctuations — the width of excitation function corresponding
to thermal fluctuations is much bigger than of the others.

We have used the model for calculations of the near-threshold fusion probabilities for
the 86Kr+136Xe reaction studied recently at GSI Darmstadt by Christelle Stodel et al
[104]. Cross sections for different channels were measured for this system at the near-
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threshold energies. From the combined compound-residue cross sections, the dependence
of the fusion probability on the excitation energy of the compound nucleus was deduced
by the authors of Ref. [104], see Fig.4.4. The deduced fusion probability increases from
Pfus « 2 x 10"4 at Ecm = 195 MeV to Pfus w 1 at Ecm = 230 MeV. This is an especially
interesting reaction from the point of view of shell effects as in both colliding nuclei there
are closed neutron shells. Therefore one can expect to see clearly the role of the shell
effects in this case. And indeed in the deterministic calculations the value of the extra-
push energy is equal to 224.2 MeV in calculations with shell effects included and 228.7 MeV
in calculations without shells. This should be compared to experimental value of 224 MeV
[106], the energy at which fusion probability drops down to 1/2. In our calculations we
attempted to check whether the rise of the fusion probability, observed already at quite
low energies, can be explained in terms of the standard fusion dynamics with fluctuations
determined by the dissipation-fluctuation theorem. In Fig.4.4 results of our calculations
for the 86Kr+136Xe reaction are compared with the experimental data. By using the
importance sampling method, we were able to carry out conclusive calculations even at
the lowest energies where the fusion probabilities drop down to few times 10~5, and thus to
verify the near-threshold part of the excitation function. Results of the calculations show
that the observed near-threshold fusion probabilities in the 86Kr+136Xe reaction cannot
be explained with the standard fusion dynamics model based on one-body dissipation.
Clearly, fusion extends to lower energies than expected by the theoretical calculations.

1.0 i

Fig 4.2 Stochastic trajectories for
the 8 6Kr+7 0Ge reaction. Four trajectories with
included thermal fluctuations start with the same
kinetic energy 132 MeV and one of them goes to
fusion.

132 t 134 136

= 133.1 MeV

13S
.(MeV)

Fig 4.3 The excitation functions for the
8 6Kr+7 0Ge reaction for different kind of fluc-
tuations. Dotted curve corresponds to the asym-
metry, dashed one to the dissipative and solid one
to the thermal fluctuations.

On the other hand independent on dissipation it is very hard to understand, on the
basis of the present model, experimental excitation function extending to energies almost
6 MeV lower than the saddle point position (Fig.4.4). If one would forget dissipation and
calculate the fusion probability as a probability of penetrating the saddle point barrier
it would cut down this fusion probability by many orders of magnitude and the point at
195 MeV would be out of the picture.



52 IV. Calculations
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Fig 4.4 The excitation functions for the
86 K r + i36 X e r e a c t i o n .

10 50 60 70 80

Fig 4.5 Dependance of the transmisson coeffi-
cient Ti on angular momentum reaction. The up-
per curve is calculated for the colliding energy
Ecm = 190 MeV, and the lower one for 185 MeV.
The dashed arrows show critical

2. Cross sections

The total fusion cross section at the kinetic energy E can be written as a sum over all
partial waves:

(152)

where T} is the transmission coefficient through the fusion barrier with angular momentum
L = hi, and the spin distribution (partial fusion cross section with respect to the orbital
angular momentum) is defined as

(153)

Here A is the de Broglie wavelength:

i (154)

In order to describe fusion of heavy ions well above the barrier, classical trajectory models
including frictional forces but neglecting statistical fluctuations have been frequently used,
e.g. Ref. [101-103] One applies a sharp cut-off model for the transmission coefficient

T _ f 1, for / < /„,
' [ 0, for I > Jo,

i.e. fusion occurs for / < IQ, and the fusion excitation function reads

(155)

1=0
(156)
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This formula has been applied in calculating fusion excitation functions throughout the
periodic table with the surface friction model [102]. The critical /-value for fusion IQ
was determined for each center-of-mass energy E by solving dynamical equations without
the fluctuating forces; i.e. in this approximation the mean trajectory determines the
fusion cross section. Technically, IQ is determined by running trajectories for each energy
by diminishing the initial /-value, starting with a large one, until a trajectory with a
particular i-value is captured behind the barrier.

The corresponding spin distributions are of the triangular form:

/ > l0.
(157)

If statistical fluctuations are taken into account we obtain smooth dependence of the
transmission coefficient (probability for fusion) T/ on angular momentum instead of the
step function in deterministic case, Eq.155. This is shown in Fig.4.5 for the 86Kr+104Ru
reaction . Two functions for energies 185 MeV and 190 MeV are presented; the dotted
lines indicate values of /0 in the sharp cut-off calculations without fluctuations.

lOOi
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lOi
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0.01 •=

0.00)
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Fig 4.6 The excitation functions for the the
86Kr+70Ge reaction. The curve lying on the cir-
cles represents the experimental data [105], and
squares show our calculations. The dashed line
correspond to the excitation function obtained by
classical calculations without statistical fluctua-
tions (It goes to 0 in approaching to the extra-
push) .
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Fig 4.7 The excitation functions for the the
86Kr+104Ru reaction. See the description for
Fig 4.6

Two reactions 86Kr+70Ge and 86Kr+104Ru have been taken to calculate cross sec-
tions. Experimental data for these reactions were obtained at GSI, Darmstadt [105]. In
Figs. 4.6 and 4.7 there are shown excitation functions. Dashed lines represent excitation
function corresponding to deterministic calculations, (Eq.156). It is obvious that these
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functions are limited by extra-push energy from below, while calculations with statistical
fluctuations included extend the excitation function to lower energies.

0.9
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-• /,- \ ^'

1.1 1.3 1.5 1.7

Fig 4.8 Stochastic trajectories for the the excita-
tion functions for the 8 6Kr+1 0 4Ru reaction with
initial kinetic energy 175 MeV. Two solid lines
represent two trajectories leading to reseparation.
Dashed lines correspond to trajectories with ad-
ditional non-physical force AT; = 1 included. This
force is acting in (-1,1) direction and squeezed to
"stochastic freedom", see Eq.142.

Av

0 (Direct)
0.2
0.6
1.0
1.4
1.8
2.2

N

1000
1000
1000
1000
1000
1000
1000

0
0
37
280
696
910
973

Pfus • 103

-
-

0.4343
0.4347
0.4294

0.4731
0.5258

Error -103

-
-

0.095
0.037
0.024

0.039
0.130

Table 1 Calculation of probabilities using the im-
portance sampling method. N is the number of
simulated trajectories; Nfus - number of trajecto-
ries gone to fusion; PfUS - deduced probability.

3. Calculation of small probabilities

In calculating excitation function for lowest energies directly the number of trajectories
which one should run in order to get statistically significant result for fusion probability
grows exponentially. In this way the direct method becomes at some point completely
impractical. Therefore in the excitation functions shown in Figs. 4.4, 4.6 and 4.7 points
where cross sections are very small were calculated with an ISM method. As have been
shown in the analytically solvable model (section III.6) number of trajectories needed
to be run using ISM grows as a power function (see Eq.151). We have this type of the
dependence when the additional force is chosen close to be an optimal one. Generally
from one hand this additional force should be chosen in a way to increase probability
of the trajectory to go toward fusion as much as possible. On the other hand this force
should not disturb too much the distribution of trajectories, because this increases the
width of the biasing function (Eq.116, 116b), and in this way it lowers a statistics.

In our calculation the direction of this additional force was always chosen in a way to
lead to the compound system. In Fig.4.8 dynamical trajectories in case of 86Kr+104Ru
reaction at Ecm =175 MeV are presented. Two solid trajectories correspond to calcula-
tions without any additional force, whereas the other two dashed trajectories correspond
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to calculations with an additional force Av = 1. In this way one can see how adding an ad-
ditional force is changing the dynamical behaviour of the system going from reseparation
to fusion.

In Table 1 results of the fusion probability for the same case as in Fig.4.8 as a function
of the amplitude of the additional force is presented. One can see that in the region of
Av — (0.6,1.4) we obtain stable results for the fusion probability with error bars being
the lowest for Av = 1.4. In this way one could say that the value Av = 1.4 is an optimal
one in this case.



V. Summary and conclusions

We have shown how one can introduce fluctuations into a deterministic description
of Heavy Ion Dynamics. This is absolutely unavoidable in case one wants to reproduce
experimentally observed distributions and not only their average values.

Chapter II is devoted to the description of the deterministic model of Heavy Ion Col-
lisions with stochastic effects included. It consists of two parts: in the first one we have
described deterministic model of HIC, and in the second one we elaborated statistical
fluctuations. A Langevin description of HI dynamics, suitable for implementation in nu-
merical simulations, is easily derived. This approach can be studied by starting with a
deterministic model of HI collisions, then adding the stochastic forces, and finally simu-
lating the resulting dynamics numerically. From these simulations one is able to obtain
an excitation functions for fusion - experimentally observed quantities, which can then
be compared directly with experimental data.

The derivation of Langevin description of nuclear dynamics is not the end of the
story. Statistical fluctuations play an important role specifically in process for which the
interesting outcome - e.g. fusion of heavy elements - occurs with very low probability.
In such situations, direct numerical simulations of the process do not provide a realistic
method of attacking the problem.

In connection to that in Chapter III there are presented new methods we have devel-
oped of getting around this problem obtaining very encouraging results. One approach
makes use of a one-to-one correspondence between the statistical distributions of Langevin
trajectories, and the thermal distributions of directed polymers. This analogy provides a
powerful formalism for analyzing relative probabilities of Langevin trajectories. We have
tested this method on both simple schematic but analytically solvable model, and the
simplified model of HIC [2]. This method has turned out to be very powerful in a sense
that the calculational effort does not depend on how small are the probabilities we want
to calculate. However it demands a big number of sampling. And we did not use it for
calculations with a realistic model as due to the complicated dynamics of this model the
process of sampling takes a lot of the computer time.

The other method (called by us ISM) involves adding, in our numerical Langevin sim-
ulations, an extra, non-physical force acting on the nuclear collective degrees of freedom.
This force is chosen so as to increase the probability for fusion by orders of magnitude,
enabling us to obtain good statistics from a reasonable number of simulations; then we
analytically correct for the inclusion of this unphysical force, thus finally obtaining the
desired cross section. We have tested first this method in different models and have ob-
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tained fusion probabilities in situations where they are extremely small. We have found
that we could get good statistics with far fewer simulations that is needed to accurately
extract the fusion probability by direct Langevin simulation. We were encouraged by the
results we obtained from simplified model of nuclear collisions. So we used this method
to calculate probabilities (cross sections) within more realistic model.

Results of the calculations for three different reactions: 8 6 Kr+ 1 0 4 Ru, 8 6 Kr+ 7 0 Ge
and 8 6Kr+ 1 3 6Xe are presented in Chapter IV. Comparison with an experimental data
shows that the model is working properly in the region of high probabilities of fusion but
is falling down too fast for the subbarrier region.

In here we have presented ideas one can follow in many fields. As far as the process
of fusion is concerned it is possible now to try to make estimates for the cross sections in
the exotic superheavy region.

We have shown how one can introduce fluctuations into a deterministic description of
heavy ion dynamics. At the same time we have proposed methods for calculating small
probability events within a reasonable statistics and not too much of the computational
effort. Those methods are quite general and can be applied not only in nuclear physics but
also in other fields of physics where one is dealing with a very small but still measurable
cross sections.



VI. Appendix: Solvable models

At the time we were developing a model of nuclear dynamics with fluctuations some
problem appeared which are not directly related to nuclear physics but strictly speaking
to statistical physics. The description of those problems was added to this thesis.

1. Introduction

In this chapter we present three different models. The first is Feynman's ratchet and
pawl discrete simplified model. It operates between two heat reservoirs. We solve exactly
for the steady-state directed motion and heat flows produced, first in the absence and
then in the presence of an external load. We show that the model can act both as a
heat engine and as a refrigerator. We finally investigate the behavior of the system near
equilibrium, and use our model to confirm general predictions based on linear response
theory.

In recent years, a number of theoretical results pertaining to systems far from thermal
equilibrium have been derived. While not identical to one another, these results bear
a similar structure, and the term fluctuation theorem (FT) has come to refer to them
collectively. The rest two highly idealized, but exactly solvable, models are shown mainly
for applying the fluctuation theorem. One involves a piston inside an infinite cylinder,
surrounded by two ideal gases at different temperatures. \iu n.pinton i^pnwitiBg-twc/ The
other involves a particle dragged through a thermal environment by a uniformly trans-
lating harmonic force. For these models we are interested in the entropy production
distribution function. We show that the solutions satisfy the relations of the fluctuation
theorem.

2. Feynman's ratchet and pawl

Introduction. Feynman's ratchet and pawl system [70] is a well known (but not
the earliest! [71]) example of a proposed "mechanical Maxwell's demon", a device whose
purpose is to convert into useful work the thermal motions present in a heat reservoir.
The idea is beautifully simple: set up a ratchet and pawl so that a wheel is allowed to
turn only in one direction, and then attach that wheel to a windmill whose vanes are
surrounded by a gas at a finite temperature; see Fig.46-1 of Ref. [70]. Every so often,
an accumulation of collisions of the gas molecules against the vanes will cause the wheel
to rotate by one notch in the allowed direction, but presumably never in the forbidden
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direction. Such rectification of thermal noise could be harnessed to perform useful work
(such as lifting an flea against gravity), in direct violation of the Second Law. Of course,
in order for statistical fluctuations to cause rotation at a perceptible rate, the ratchet and
pawl must be microscopic, and this points to the resolution of the paradox. If thermal
motions of the gas molecules are sufficient to cause the wheel to rotate a notch, then the
thermal motion of the pawl itself will occasionally cause it to disengage from the ratchet,
at which point the wheel could move in the "forbidden" direction. Feynman compared
the rates of the two processes - rotation in the allowed and the forbidden directions - and
found them to be equal when the system is maintained at a single temperature. Thus no
net rotation arises, and the Second Law is saved.

Since the failure of the ratchet and pawl system to perform work arises from thermal
fluctuations of the pawl, a natural solution to the problem is to reduce these fluctuations
by externally cooling the pawl to a temperature below that of the gas. In this case the
device does indeed operate as designed, but this no longer constitutes a violation of the
Second Law: the ratchet and pawl is now effectively a microscopic heat engine, capitalizing
on a temperature difference to extract useful work from thermal motions.

While the ratchet and pawl was introduced in Feynman's Lectures primarily for peda-
gogical purposes, recent years have seen a renewed interest in this system [72-86], largely
due to the fact that analogous mechanisms have been proposed as simple models of motor
proteins.

Our purpose in this section is to introduce an exactly solvable model of Feynman's
microscopic heat engine. This model is discrete rather than continuous16, but it captures
two essential features of the original example: (1) a periodic but asymmetric interaction
potential between the ratchet and the pawl (corresponding to an asymmetric sawtooth
shape for the ratchet's teeth), and (2) two "modes" of interaction (corresponding to the
pawl being either engaged or disengaged from the ratchet). These features are sufficient
for the model to reproduce the behavior discussed by Feynman. A different discrete model
of noise-induced transport has been studied by Schimansky-Geier, Kschischo, and Fricke
[84]; however, we believe ours to be the first in which (as in Feynman's example) the
transport is explicitly driven by a temperature difference between two reservoirs.

Zero external load. We begin this section by introducing our model in the
absence of an external load, then pointing out the analogy with Feynman's ratchet and
pawl. Following that, we solve the model.

Consider a particle which moves via discrete jumps between neighboring sites along a
one-dimensional regular lattice, where d is the lattice spacing. We assume that the particle
is coupled to a heat reservoir at temperature Tg, and that its jumps are thermal in nature.
That is, the probability (per unit time) of making a jump to site i + 1, starting from site
i, is related to the probability rate of the inverse process by the usual detailed balance
relation: Pi^.i+i/Pi+i^i = exp(—AE/TB) , where AE = U^i — U\ is the instantaneous

16Note that a particle (or, more generally, a reaction coordinate), evolving from one sufficiently
deep potential (or free) energy minimum to another, behaves much as if hopping from one site
to another on a discrete lattice. See, for instance, Fig.6 of Ref. [83].
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change in the particle's potential energy, associated with the jump from i to i +1. We use
the notation Jj\ to denote the potential energy of the particle at site i\ the superscript
m denotes the "mode" of the potential, to be explained momentarily. The integer index
i runs from —oo to +00, and we are using units in which Boltzmann's constant ks = 1.

TA

A

QA

S ) — - W

I QB

Model Mode 2
TB

Fig A.I The potential energy U^ is shown for
both modes, m = 1,2, in the absence of an ex-
ternal load; the lattice spacing is d, and site 1 is
labeled explicitly.

Fig A.2 A schematic representation of our sys-
tem (5) in contact with two heat reservoirs (at
temperatures TA and TB). AS implied by the ar-
rows, we define QA to be the net flow of heat from
reservoir A to the system, and QB to be the heat
flow from the system to reservoir B. Therefore
W = QA — QB is the power delivered as work
against an external load. (First we consider that
there is no such load, hence QA = QB-)

Next, we assume that the potential energy function U\ has two possible modes,
m = 1,2, and that it changes stochastically between these two. In the first mode, the
potential energy of each site is zero: Uj1' = 0. In the second mode, the potential energy is
periodic, with period 3: U{ = ct-[(i mod 3) — 1], where a is a positive constant with units
of energy. As shown in Fig.A.l, the second mode is a discrete version of an asymmetric
sawtooth potential. We assume that the stochastic process governing the changes between
modes is also a thermal process, driven by a heat reservoir at temperature TA. Thus, the
probability rate of a change to mode 2, starting from mode 1, relative to the probability
rate of the reverse mode change, is given by the detailed balance factor exp(—AE/TA),
where AE = U\ — U} is now the (site-dependent) change in particle energy due to an
instantaneous change from mode 1 to mode 2.

We now describe more precisely these two stochastic processes, the one governing the
jumps of the particle, the other governing the change between modes. First, we assume
that the processes are independent of one another, and that each is a Poisson process
occurring at a rate F. That is, during every infinitesimal time interval St, there is a
probability FSt that the particle will attempt a jump to a neighboring site. An "attempt"
looks as follows. First, the particle decides (randomly, with equal probability) whether
to try jumping to. the left (—d) or to the right (+d). Then the Metropolis algorithm
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[87] is used to satisfy detailed balance: if the value of AE associated with the jump
is zero or negative, then the jump takes place; if AE > 0, then the jump occurs with
probability exp(—AE/TB). Similarly, during every infinitesimal time interval St, there
is a probability TSt that the mode will attempt to change. Again, the attempt is either
accepted or rejected according to the Metropolis algorithm (at temperature TA).

We have introduced three parameters which we will view as being "internal" to the
system: d, a, and F; these essentially set the length (d), energy (a), and time (F -1) scales
relevant for the system. The two remaining parameters entering the model, TA and TB,
we will view as "external".

The analogy between our model and Feynman's ratchet and pawl runs as follows. First,
the position of our particle corresponds to an angle variable, 6, specifying the orientation
of the ratchet wheel. When the particle accomplishes a net displacement of three lattice
sites, either to the right or to the left, this is equivalent to the ratchet being displaced by
one notch, or tooth17; see Fig.A.I. Since we want to keep track of the wheel over long
intervals of time, possibly including many full rotations, 0 varies from -co to +oo, rather
than being a periodic variable from 0 to 2n; this is why the variable i, specifying the
lattice site, takes on all integer values.

When a ratchet and pawl are "engaged" - that is, when the pawl actually presses
against the teeth of the ratchet - then there exists an interaction energy, arising from the
compression of the spring which holds the pawl against the ratchet, which has the form of
a periodic sawtooth potential in the angle variable 0. In our discrete model, the analogue
of this interaction energy is the discrete sawtooth potential U\ ' described above; mode
2 thus corresponds to the situation in which the ratchet presses against the pawl. By
contrast, mode 1 corresponds to the ratchet and pawl begin "disengaged", as will occur
every so often as a result of thermal fluctuations of the pawl. Of course, in Feynman's
system, the potential energy of the disengaged mode is always greater than that of the
engaged mode (due to the spring compression needed to actually place the pawl out of
reach of the ratchet's teeth), whereas in our model this is not the case: U\x' = 0. This,
however, does not change the problem in any qualitatively significant way.

As mentioned, the motion of the particle from site to site is a thermal process occurring
at temperature TB, while the stochastic "flashing" between modes 1 and 2 is a thermal
process occurring at temperature TA- Thus, in the context of the analogy with the physical
ratchet and pawl, TB denotes the temperature of the gas surrounding the panes connected
to the ratchet wheel, and TA is the temperature at which the pawl is maintained.

Given this model, we would like to know whether a current arises: in the long run,
will there be a net drift of the particle - corresponding to a non-zero angular velocity of
the wheel in the original ratchet and pawl - and if so, what will be the rate and direction
of the drift?

Our system of two coupled spins has six possible states, which we number with an
index n, ^ ^ ^ . The dynamics of the particle is described by stochastic jumps among

17Thus, the distance 3d in our model translates to an angular interval A0 = 2ir/Nteethi where
is the number of teeth along the perimeter of the ratchet wheel.
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these six states. This is a Markov process, and we can describe its statistics with a set
of rate equations. Let pn(t) denote the probability that the system is found in state n
at time t. Then the evolution of these probabilities is governed by the following set of
coupled equations:

dpn

dt
= r £ \pn,P{n' -> n ) - P n P { n -+ n')] , n = I , - - - , 6 . (158)

Here, Y • P{n —> n') is the probability rate at which the system, when its state is n, makes
a transition to state n'.

Our rate equations can be expressed as:

(159)
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and we have introduced the constants

and (161)

Note that \i and v are monotonically increasing functions of TA and TB, and the temper-
ature range 0 < TA {TB) < oo translates to 0 < \x (u) < 1. We thus think of fi and v is
"rescaled" temperatures.

As a consistency check, note that the elements in each column of 1Z add to zero:
Hm TZmn = 0. Thus, TZ annihilates the row vector 1 T = (1,1,1,1,1,1) by left multiplica-
tion: 1T7?. = 0T, which means that total probability is conserved:

dt dt'
(162)

The long-time behavior of our system is governed by the steady-state distribution of
probabilities, p, which is the null eigenvector of 11:

= 0. (163)

Determining p is a straightforward exercise in Jordan elimination, and leads to the fol-
lowing result: p = x/iV, where
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xx = 52ft + 28/x2 + 12u + 19u2 + 5v3 + 21/xi/ + 2jt«/2 + 8/xV (164)

z2 = 36/u + 16/it2 + 28i/ + 27i/2 + 5i/3 + 25JM/ + 8/ii/2 + 2\?v (165)

a;3 = 44/x + 19/w + 20i/ + 49i/2 + 15i/3 (166)

z4 = 64 + 20y + 48/x + 15pz/ (167)

x5 = 24/z + 40u + 20i/2 + 18)Lt2 + 30/z^ + 15/ii/2 (168)

x6 = 22\i2 + 16f*v + tefiv2 + 14/i2i/ + 15/zi/3 + 26i/2 + 10v3, (169)

and N(fi, u) — ]£?=i a;,- is a normalization factor.
When both temperatures go to zero, fi, v —> 0, we get p r = (0,0,0,1,0,0). This makes

sense: in that limit, the system freezes to the state of lowest energy, which is state 4.
We now address the question of net drift. We first define a net current, J = J+ — J_,

where J+ is the rate at which particle drift from states 2 and 5 to 3 and 6, and J- is
the rate of the reverse transitions. By "rate", we mean number of passes per unit time,
averaged over an infinitely long interval of time. The current J represents the net average
rate of particle drift. In the length units:

(170)

where v denotes the (steady-state) average velocity of the particle.
Explicit expression for the quantities J± are given by:

J+ = r {p2n32 + p5Kes) (171)

) . (172)

(Recall that TTZmn is the transition rate to state m, given that the system is found in
state n; therefore prer7£mn is the net rate at which transitions from n to m are observed
to occur in the steady state.) Using our results for p, we compute J±, take the difference
to get J , and finally multiply by 3d to get, after some algebra:

v(TA,TB) = -3d£( / i - */)(! - u){Zfi + 4). (173)

There are a number of things to note about this result. First, it implies that if TA > TB
(i.e. fi > u), then there is a net flow of the particle to the left; if TB > TA, the particle
drifts to the right. If the temperatures are equal, then there is no drift, in agreement with
Feynman's analysis (as well as the Second Law!).

Next, notice that v —> 0 as TB -> oo \u —> 1). In that limit, the change in energy
arising from a jump to the left or to the right becomes negligible in comparison to the
temperature of the reservoir which drives those jumps; thus, from any lattice site, the
particle is as likely to jump to the left as to the right, resulting in no net drift.

Finally, in the limit TA -»• oo (fx -> 1), we get:

v = ~2\d~^{l-uf , TA-+oo. (174)

This is the limit in which changes between the modes occur independently of location
of the particle: every attempt to change the mode is accepted. This is analogous to the
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situation studied by Astumian and Bier [73], where the "flashing" between the two modes
of the potential is simply a Poisson process at a fixed rate, independent of the particle
position.

0.5

-0 .3 -

-0.5

Fig A.3 A contour plot of the function v{n, v),
where (i = exp(-a/Tyi) and v = exp{-a/Ts) are
the rescaled temperatures of the two reservoirs.

Fig A.4 The drift v (multiplied by 10), heat flow
QA-*B, and rate of entropy production S, plotted
as functions of is, for fixed fi = 1/2.

We can also use our expression for the steady-state probability distribution to compute
the average rate at which heat is transferred between the two reservoirs and our system.
Whenever the system makes a transition from state 1 to state 4, or from state 6 to state
3, its energy drops by a; this energy is released into the reservoir coupled to spin A (at
temperature TA). Conversely, during the transitions 4—^1 and 3 —*• 6, the system absorbs
energy a from reservoir A. Since no other transitions involve a transfer of energy between
that reservoir and the system, we can express the net rate at which the system absorbs
energy from reservoir A as:

QA = - pi7^4i - (175)

We can similarly write down an expression for QB, the rate at which heat flows from our
system to reservoir B:

QB = - P4II54 - (176)

Fig.A.2 illustrates the sign convention which we choose in defining QA and QB- After
plugging in the values for the components of p and K, we find that QA = QB, as we could
have predicted, since in the steady state there is no net absorption of heat by the system,
nor is any of the heat delivered as work against an external load. Thus, the particle drift
is ultimately driven by a net passage of heat from A to B, by way of the system. The
explicit expression for this heat flow is given by:

= QA = QB = 3 —(ft - u) P(p, u), (177)

where P(/J., u) = 4 + 14// + Ihu + Afiu + 5u2 > 0.
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The factor (fi — v) in Eq.177 guarantees that the direction of the heat flow is from
the hotter to the cooler reservoir (or not at all if TA = TB). Since the same factor
appears in Eq.173, and since all other factors in these equations are positive, these two
equations show explicitly that the direction of the flow of heat determines the direction
of the particle motion: when the heat flows from A to B, the particle drifts to the left;
when it flows from B to A, the particle drifts rightward. The ratio V/QA-*B then gives
us the average displacement of the particle, per unit of heat passed (via the system) from
reservoir A to reservoir B:

^ < o . (178)
QA->B <* * W ) V

Here, Ax and AQ are the net particle displacement, and the net heat transferred from A
to B, respectively, over a time interval r.

We can also compute the rate at which entropy is produced during this process. The
rate of entropy production associated with the flow of heat from reservoir A to the system
is: SA = —QA/TA; and for reservoir B: SB = QB/TB- The net entropy production rate
is thus:

T ^ (179)

0. (180)

Figs.A.3 and A.4 illustrate the results obtained in this section. Fig.A.3 is a contour
plot of the drift v, as a function of the rescaled reservoir temperatures [i and v. The
contour v — 0 runs along the diagonal, \i = u, as well as along v = 1 (TB -* oo). The
appearance of positive contours (v > 0) to the left of the diagonal, and negative ones
to the right, illustrates the point that the drift is rightward when TB > TA and leftward
when TA>TB.

In Fig.A.4 we have fixed the value of TA by setting (x —, 1/2, and have plotted v,
QA-+B, and S as functions of v. All three quantities hit zero at v — 1 /2, where TA = TB'-

nothing interesting happens when the system is maintained at a single temperature. Note
also that v and QA->B are opposite in sign (in agreement with Eq.178), while S is always
nonnegative (in agreement with the Second Law). Finally, note that v —> 0 as v —> 1
( r j3 -x») .

In plotting these two figures, we set all the internal parameters to unity: a = d — F =
1.

Nonzero external load. In this section we add an external load to our simple
model. In Feynman's example, this load is an flea, attached by a thread to the ratchet
wheel: when the wheel rotates in the appropriate direction, the creature is lifted against
gravity. In our model, we add a slope to the discrete potential:

U\m)->Ulm)+ifd, (181)

where / is a real constant (and i is still the lattice site variable, not y/—l). Effectively, /
is a constant external force which pulls the particle leftward if / > 0, rightward if / < 0.
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The presence of an external load allows the system to perform work. If, in the steady
state achieved for fixed x = ( / , T A , T B ) , the particle experiences a drift v(x), then the
power (work per unit time) delivered against the external load is:

W{x) = /w(x). (182)

By conservation of energy, this must be balanced by heat lost by the reservoirs:

W = QA - QB. (183)

Our approach to solving for the steady-state behavior is the same as in the previous
subection. We are interested in the quantities u(x), <5A(X), and QB(X) which describe
that behavior. As before, we map our model onto a two-spin, six-state system, whose
statistical evolution is governed by the rate equations dp/dt = Flip (Eq.159). There is
then an associated steady state p, and the quantities in which we are interested are given,
as in the previous subection, by:

v = 3 dT (p2Tl32 + psTles - p3n23 - PeKse) (184a)

QA = « r (p4Hu + psne3 - p{Jl4l - Pe^ae) (184b)

QB = <*r (ps^45 + Peftse + 2p6Tl46 - p47l54 - pgT^g - 2p4TlG4). (184c)

The only difference is that the presence of the term ifd in the potential changes the
elements of 11, and therefore the vector of steady-state probabilities p.

Because the acceptance probability of an attempted move in the Metropolis scheme
has the form Prob. = min{l, exp —AE/T}, there is no general analytic expression for the
matrix 7t valid for all values of / . Instead, the elements of TZ are piecewise analytic in
/ ; the analytic expression for 11^ depends on the sign of the transition energy AEj->i. A
little thought reveals that the /-axis can be divided into four ranges of values, over each
of which the elements of 1Z can be written as analytic functions of a, d, / , TA, and Tg.
These ranges are: v

-oo < / < -ctjd (185a)

-a/d < / < 0 (185b)

0 < / < 2a/d (185c)

2a/d < f< +oo. (185d)

In the two extreme ranges, (a) and (d), stretching to —oo and +oo, the slope is so steep
that the potential energy function no longer has a sawtooth shape in mode 2. We will
ignore these ranges and focus instead on the ones for which U\ does look like a discrete
sawtooth.

For range (b), i.e. —a/d < / < 0, the potential slopes downward with increasing i,
and an explicit expression for 71 is:
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where

= e (187)

For range (c), 0 < / < 2aId, the potential slopes upward with i, and we have
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Note that both 7£6 and 1ZC reduce to the matrix 71 of the previous subection, when a = 1,
i.e. / = 0. 1

As in the previous subection, the first order of business is to solve for the steady-state
distribution of probabilities, p. This is again an exercise in Jordan elimination, only now
the process is considerably more tedious: terms do not cancel as nicely as when / = 0.
The final results for the steady state probabilitie vectors pb and p c (corresponding to the
two ranges of / values) are of the form

j = b,c, n = 1 • • • 6, (189)

where the P^s are finite polynomials in the variables p, v, and a, and Nj — £^ = 1 Pi is
a normalization factor. Explicit expression for the polynomials Pi are given in the last
subsection of this section.

We can now use Eq.184 to obtain u(x), QA(X), and QB(X)- The results for the two
ranges of / values, j — b, c, are:

(190a)

(190b)

(190c)
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where X^(fjL,i/,cr) and Y^([j,,u,a) are polynomials for which explicit expressions are pre-
sented in the last subsection of this section.

Note that the steady-state behavior described by Eq.190 clearly satisfies energy con-
servation (see Eqs.182 and 183):

QA-QB = fv- (191)

Since v, QA, and QB are not independent (i.e. they satisfy the above relation), the "space
of steady-state behaviors" is effectively iwo-dimensional.

Eq.190 is the central result of this section. For arbitrary temperatures T4 and Tg,
and for any external load / such that the interaction potential retains its sawtooth shape
(—a/d < f < 2a/d), Eq.190 gives the directed motion and heat flows which describe the
steady-state behavior of the system for those external parameter values. These results
reduce to those of the previous subection when we set / = 0. In the next subsection,
we use the above results to show that our model can act both as a heat engine and as
a refrigerator. In the following subsection, we consider the behavior of our system near
equilibrium, and we use Eq.190 to confirm predictions based on a general, linear response
analysis.

-0.3

Fig A.5 The contour v(f,j) = 0 is shown, for
fixed average inverse temperature 0=1. The
shaded regions are those for which fv > 0, i.e.
for which the system behaves as a heat engine.

Fig A.6 The contours QA{I,I) = 0 and
QBU,I) = 0 are shown, for fixed 0 = 1. In
the shaded regions, there is a net flow of heat out
of the colder reservoir; the system then acts as a
refrigerator.

The system as heat engine and refrigerator. We can anticipate two different
scenarios in which our system acts as a "useful" device:

(1) W > 0. In this case, the system is a heat engine, causing the particle to drift up
the potential energy slope, with efficiency 7/eng = W/Q>, where CJ> is the rate of heat
flow out of the hotter reservoir.

(2) W < 0 and Q< > 0, where Q< is the rate of heat flow out of the colder reservoir.
Here the system is a refrigerator, with efficiency 7/ref = Q</|H/'|. The particle drifts down
the potential slope, and the resulting energy liberated allows for a net transfer of heat
from the colder to the hotter reservoir, without violating the Second Law.
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We will now use the results derived in the previous subsection to show that our simple
model indeed exhibits both these behaviors.

The system is a heat engine when u(/, TA, TB) and / are of the same sign; see Eq.182.
To demonstrate that our model exhibits this behavior, let us introduce the variables

%£ (192)

' ( 1 9 3 )

and consider the behavior of our system in (/, 7)-space, for a fixed value of /?. That
is, we hold fixed the average inverse temperature of the reservoirs (/?), and consider the
operation of the system in terms of the external load (/) and the difference between
inverse temperatures of the reservoirs (7). (We will use these variables again in the
following section. Furthermore, because QA, QB, and v are mutually dependent - see
Eq.191 and the comment following it - we can generically explore a measurable fraction
of the two-dimensional space of steady-state behaviors by varying only two independent
external parameters, / and 7, while holding the third, /?, fixed.)

In Fig.A.5 we plot the contour v(f, 7) = 0, having set /? = 1, and with the internal
parameter values a = d = T = 1. (The range of 7 values for this choice of /3 is —2 < 7 <
2.) To the left of this contour, we have v > 0; to the right, v < 0. The shaded region
thus represents the values of (/,7) for which v and / are of the same sign, i.e. where the
system behaves as a heat engine.

We can understand the placement of the shaded region as follows. Consider a point R
on the positive 7-axis: / = 0, 7 > 0. This corresponds to TA > TB, with no external load.
We know that the particle then drifts leftward, v < 0, although no work is performed,
since / = 0. Let us now imagine that we tilt the potential slightly "downward" (/ < 0).
For a small enough tilt, we expect that the particle will continue to drift to the left, but
now this drift is uphill, and therefore work is done against the external load: W > 0. We
conclude that points immediately to the left of the positive vertical axis will correspond
to external parameters for which the system behaves as a heat engine. Fig.A.5 confirms
this: the shaded region hugs the positive 7-axis from the left. (Similar reasoning applies
for the negative 7-axis, where the region W > 0 appears to the right.) If we now continue
to tilt the slope more and more downward (/ increasingly negative), at fixed 7 > 0, we
expect the leftward drift to become progressively slower, until for some tilt we get v = 0.
At this point the leftward "thermal force" exerted on the particle due to the temperature
difference between the reservoirs, exactly balances the external load. This occurs at the
boundary of the shaded region (the contour v = 0): for more negative slopes, the particle
slides down the slope, and the system no longer acts as a heat engine.

Our system is a refrigerator when Q< > 0, where (j< is the rate at which heat leaves
the colder of the two reservoirs. In Fig.A.6 we plot the contours QAU,!) = 0 and
0s(/»7) = 0, again for /? = 1. These two contours are tangent at the origin, and divide
the plane of (/, 7)-values as follows: QA > 0 for points lying above the contour QA = 0,
and QA < 0 for points lying below that contour. Similary, QB > 0 (QB < 0) for points
lying above (below) the contour QB = 0. Now, above the horizontal axis (7 > 0) we have
TA > TB, hence Q< = —QB- The small shaded region in the second quadrant therefore
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represents values of (/, 7) for which reservoir B is the colder of the two reservoirs, and
it is losing heat (since QB < 0). Hence in this region our system acts as a refrigerator.
Below the horizontal axis, Tg > TA and thus Q< — QA- The larger shaded region in
the fourth quadrant thus also represents refrigeration, only now reservoir A is the being
drained of heat.

We can understand the general shape of the shaded regions by assuming that, when
the temperatures are equal (7 = 0) and the slope is very small, the quantities v, QA, and
QB are linear functions of the slope:

(194a)

(194b)

, (194c)

with CU,CA,CB 7̂  0. (Then c*, < 0, since the particle cannot slide up the slope when
the reservoir temperatures are equal.) Energy conservation implies that the difference
between QA and QB must be quadratic in / (since QA — QB = W = fv = c^/2), hence

cA=cB. (195)

Thus, for equal temperatures and a sufficiently small slope, one of the reservoirs will be
losing heat and the other will be gaining it. If we now slightly lower the temperature of
the reservoir which is losing heat, then we have a refrigerator: heat flows out of the colder
reservoir. In our model, we have c = CA = CB > 0, hence for points on the 7 = 0 axis
immediately to the right of the origin, heat flows out of reservoir A and into reservoir B;
immediately to the left of the origin the reverse holds true. This explains why, just to
the right (left) of the origin, the shaded region corresponding to refrigeration hugs the
horizontal axis from below (above). If we continue to the right along the line 7 = 0,
increasing the value of / , then the particle will drift ever more rapidly to the left as the
slope becomes ever more steeply inclined. The potential energy lost as the particle slides
down the incline gets dissipated into the reservoirs; for sufficiently large / , the rate of
dissipation is great enough that both reservoirs become heated: QA < 0, QB > 0. This
happens to the right of the point at which the contour QA — 0 crosses the horizontal axis
with a positive slope; for values of / beyond this point the system can no longer operate
as a refrigerator.

We can also understand why the two contours QA — 0 and QB = 0 "kiss" at the
origin. The result CA = CB means that QA and QB are (to leading order) equal along the
horizontal axis 7 = 0, near the origin. However, they are also (exactly) equal along the
vertical axis, since W = 0 when / = 0. Thus, QA and QB are equal, to leading order in /
and 7, for a small region around the origin: QA = QB = cf + by. This implies that their
contours are both tangent to the line 7 = —cf/b at the origin.

Since we have explicit expressions for u(x), Q>i(x)> a n d QB( X )>
 w e cajtl analytically

compute the thermal efficiency 77 associated with the steady-state operation of our model,
when it acts as either a heat engine or a refrigerator. By the Second Law, these efficiencies
must never exceed the Carnot efficiencies, rj^ng and rj^ (which depend only on TA and
TB). Ideally, we could use our exact results to find the maximum relative efficiency
(y — r]/r}c) which our model achieves, both when it acts as a heat engine and when it
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acts as a refrigerator. Unfortunately, the expressions for u, QA, and QB are sufficiently
complicated (see the last subsection of this section) that we are not able to find these
maxima analytically. However, at the end of the next subsection, we will present analytical
results for the maximum relative efficiencies achieved when the system operates close to
equilibrium.

Linear Response. When there is no external load and the reservoir temperatures
are equal (TA = TB = /3"1), our system is in thermal equilibrium, and there results no
average particle drift or heat flow: v = QA — QB = 0- In the previous subsection we
briefly considered the behavior of our system near equilibrium (see e.g. Eq.194). We now
consider this case in more detail. We will present a general analysis essentially the same
as that of Jiilicher, Ajdari, and Prost [81], and then we will show that the exact results
obtained for our model confirm the predictions of this analysis.

For a sufficiently small load / and inverse temperature difference 7, and a fixed value
of /? (characterizing the inverse temperature of the equilibrium state around which we
expand), we expect to be in the linear response regime: the particle drift and heat flows
depend linearly on / and 7. Let us introduce the quantity

(196)

roughly, a "heat flux" from A to B - and let us write, to leading order in / , 7:

_(dvfdf dv/dj\(f\

with the derivatives of v and $ - re-expressed as functions of (/,7,/3) rather than
(/,TA,TB) - evaluated at equilibrium (/ = 7 = 0). As per the arguments given at
the end of the previous section, QA and QB are equal, to leading order in / and 7, near
equilibrium.

The rate of entropy production is then:

QA.QB

where Mn = -/? dv/df, Mu = -/? dv/di, M2X = d$/df, and M22 = d$/dj, evaluated
at equilibrium. The Second Law implies that

d e t M > 0 , (199)

whereas Onsager's reciprocity relation [88] predicts that Mu = M21, or
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Also, the diagonal elements of M must be positive: the particle must slide down the
potential slope when the temperatures are equal (Mu > 0), and there must be a flow of
heat from the hotter to the colder reservoir when the slope is zero (M22 > 0). Jiilicher
et al. [81] have obtained identical results for a molecular motor driven by a difference in
chemical potential rather than temperature.

Using the exact results obtained in nonzero external load subsection, we differentiate
v and $ with respect to / and 7 to evaluate the elements of the matrix M for our model18:

00*7(1-0
a0dC(i- 0 o*C[A + C(29 + C)]/(4 + 3C)

where

* 3 ^ c ) ] > 0 . (202)

The variable C, is akin to // and v: it is the "rescaled temperature" of the equilibrium
state with respect to which the linear response behavior is defined. The determinant of
this matrix is:

det M - 9
d e M - ( 4

We see by inspection that Mw^M-n > 0; that M12 = M21, as mandated by Onsager
reciprocity (Eq.200); and that detM > 0, in agreement with the Second Law (Eq.199).

It is interesting to consider the operation of our system as a heat engine and re-
frigerator, in the linear response regime. In this regime, the conditions for these two
behaviors are: vf > 0 for a heat engine (as before), and 7$ < 0 for a refrigerator (since
$ = QA = QB, to leading order in / , 7). In Fig.A.7, the shaded regions indicate values
of (/, 7) for which the system acts as a heat engine or refrigerator (compare with Fig. [2]
of Ref. [81].) The two diagonal lines which form boundaries of these regions are given by
v = 0 and $ = 0. The slopes of these lines are:

M n

12

The Second Law, by requiring that det M > 0, guarantees that these shaded regions do
not overlap: |Av=o| ^ |A$=o|-

The efficiency of our system, when operating as a heat engine, is given by:

^ (205)

18Recall that the expressions for v(x), QA(X)I and QB(X) differ according to the sign of / . We
have verified that, regardless of whether we use the results valid for range (b) (/ < 0), or those
for range (c) (/ > 0), we obtain the same results for the elements of M.
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(again using $ = QA = QB to leading order). The Carnot efficiency defined for the
temperatures TA and TB is:

B l m • ~ ' ° \ (206)

Then we can get an explicit expression for the relative efficiency (y — r}/r)c) of our system,
in the linear response regime:

,. _ % n g _ 1 M H + M 1 2 A
2/6118 = S " ~ A M + M A ' (207}

where A = 7 / / . The relative efficiency is the same for all points along any straight line
through the origin, and Eq.207 gives that relative efficiency as a function of the slope A
of the line. A similar analysis holds for the case of refrigeration:

- ^ e f , M2i + M22A

Note that yTet happens to be the inverse of yeziS, although the two expressions are valid
for different ranges of A values, corresponding to the shaded regions in Fig.A.7.

The results of the previous two paragraphs were derived with the implicit assumption
that M12, M21 > 0. This happens to be true for our model, but in general these elements
can be either positive or negative (or zero), so long as they are equal. If M\2 and M21
were negative, then the shaded regions would occur in the the first and third quadrants
of the (/ ,7) plane, and the negative signs would not appear in Eqs.207 and 208.

The above results imply that, near equilibrium, a microscopic device operating between
two reservoirs either can act both as a heat engine and as a refrigerator (if M12 = M2\ ^ 0),
or will exhibit neither behavior (if M12 = M2\ = 0). For instance, in a microscopic ratchet-
and-pawl device, if the sawteeth on the wheel have a symmetric shape, then the system
cannot behave as a heat engine: M\2 = 0, as is obvious by symmetry. What is not so
immediately obvious, but follows from the condition M12 = M2i, is that it is equally
impossible for a system with symmetric teeth to operate as a refrigerator, in the linear
response regime.

Finally, for a given inverse temperature /? of the equilibrium state, we can solve for the
maximal relative efficiency achievable in the linear response regime, by maximizing ymg

and yref with respect to A. It turns out that the maximal efficiencies are equal in the two
cases, and depend only on a single parameter r characterizing the behavior of the system
near equilibrium:

,,MAX _ ,,MAX _ ,,MAX *" „/o\ Mi2M2i , , . .
y = yeng - yref = ( 1 + y/T=-r)2 , K/?) = ^ - ^ - (o < r < 1). (209)

The value of yMAX increases monotonically as r goes from 0 to 1.
For our discrete model, Eq.201 gives the matrix M - which completely describes the

near-equilibrium behavior - in terms of /?, along with the internal parameters a, d, and
F. From this result, we find that our model gives:
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r =
(1 - Q2(4 + 3Q

(210)

which depends only on the rescaled temperature £ = exp(—a/3) of the equilibrium state.
In Fig. A.8 we plot r(Q. We see that r approaches a limiting value of 1/9 as the equilibrium
temperature T = /3"1 goes to zero (i.e. £ -> 0), and decreases to zero as T —> oo (i.e.
£ —• 1). For the limiting value r = 1/9, our model gives a maximal relative efficiency

yMAX{T -+0) =
12\/2

0.0294. (211)

This is the best relative efficiency which our system can achieve in the near-equilibrium
regime.

v=0

heat engine

Fig A.7 General predictions based on linear re-
sponse. The shaded regions adjacent to the ver-
tical axis indicate the values of (/, 7) for which
the system behaves as a heat engine; those adja-
cent to the horizontal axis indicate that the sys-
tem is a refrigerator. The diagonal lines bound-
ing these regions are the contours v(f, 7) = 0
and $(/,7) = 0. This figure essentially combines
Figs.5.5 and 5.6, for near-equilibrium values of

0.12

Fig A.8 The quantity r(£) is plotted for the en-
tire range of values of the (rescaled) equilibrium
state temperature (0 < £ < 1).

We have carried out a cursory numerical search - 108 points sampled randomly in
(/,/4,i/)-space - and have found, away from equilibrium, relative efficiencies as high as
y « 0.0432 (heat engine) and y » 0.0647 (refrigerator). These are greater than the near-
equilibrium value quoted in Eq.211, but still far short of unity. This suggests that the
efficiency of our model is always considerably lower than the corresponding Carnot effi-
ciency. Such a conclusion is in agreement with Parrondo and Espanol [85], and Sekimoto
[86], who have argued that Feynman's analysis on the point of efficiency - in which he
concluded that the ratchet and pawl would operate at Carnot efficiency - was in error.
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Summary. Our aim in this section has been to introduce a discrete model of
Feynman's ratchet and pawl, and to solve exactly for the behavior of that model as a
function of external load (/) and reservoir temperatures (TA, 2B). The central result,
Eqs.190, gives the average directed motion (v) and heat flows (QA, QB), in the steady
state. We have shown that our model can act both as a heat engine and as a refrigerator,
and we have investigated its behavior in the near-equilibrium, linear response regime.

Explicit expressions. Here we present explicit expressions for the polynomials
Pi, X*, and Y*'. The P£'s follow from Jordan elimination, performed on the matrices H?,
j = b,c; and Xj and Yj then follow from Eq.184.

P* = u3a(l + a + 3cr2) + ua\4 + 3fi + (4 + j*)(l + 2p)<r + (4 + 3^(3 + 2(i))cr2)

+4//a(3 + a(5 + 3(i + 5a + 4pa)) + v2{4 + a(4 + 2/u + <r(6 + a + a2 + 3a3)))
Pi = va*{A + 3/2 + (12 + 7fj,)<x + (12 + /z(15 4- 2/z))a2) +v2{4 + 2(6 + p)o + 6(1 + //)a2

+a3 + 3a4 + a5) + vza{\ + er(3 + <x)) + 4fxa(3 + a(3 + fx + 3(1 + /i)<r))
Pi = 4^(7(3 + cr(5 + 3a)) + I/3<T(1 + a(5 + 9a)) + i/a2(4(l + a + 3a2)

+A«(3 + a(9 + 7a))) + u2{4 + a(12 + a(18 + a + 5a2 + 9a3)))
Pi = a(16 + 4(6 + v)<r + 6(4 + v)a2 + lOixa3 + /x(4 + a(20 + i/ + 24a + bucr + 9V<T2)))

P5
6 = r/2(4 + n + 5(2 + /i)a + 3(2 + 3)u)a2) + 2p<r(4 + /a + (4 + 3/i)<r + (4 + 5^)a2)

+2j/a2(4 + it + (8 + 5/u)a + (8 + 9^)a2)
fc 2{2 + (x + (2 + 3fi)<x + (4 + 3/*)a2) + 2^2a(3 + a(5 + 3a))

{2 + 4a(l + a) + yu(l + a(5 + 9a))) + i/2(4 + 6a + 2a2(3 + a(l + 2a(l + a)))
+ a(ll + a(15 + a + 5a2 + 9a3)))) (212)

Xh = i/3a(-l - 2a + 3a3) + ua2(-4 -3fx- 2/za + 4]ua2 + 3(4
+u2(-4 - 3(4 + p)* - 3(4 + 3^)a2 - (1 + 9fi)a3 + (2 +
+(13 + 9//)a6) + 2jua(-6 + a ( -4 + 6a2 + 3/i(-l + (-1 + a)a)))

Yb = -(r/3a(3 + a(5 + 7a)) + i/a2(-2fx2(l + a)(l + 2a) + fi(-l + (3 - 5a)a)
+4(1 + a + a2)) - 2/ia(2(l + a + a2) + /*(5 + a(9 + 7a)))
+i/2(8 + //(-I + a - 3a2) + a(10 + a(12 + a(3 + a(5 + 7a)))))) (213)

Pt = uza{l + a(3 + a)) + 4^a(5 + /i(5 + 2a) + a(5 + 3a)) + ua2(2fi2(3 + a)
+4(1 + a + cr2) + 3p(3 + a(3 + a))) + i/2(4 + 2fx + <r(6 + a(4 + a + 3a2 + a3)))

P2
C = i/3a(3 + a + a2) + 4fxa(fi + 3fxar + 3(1 + a + a2)) + i/a2(2^2a + 4(3 + a(3 + a))

+[t(15 + a(7 + 3a))) + ^2(12 + 2^(3 + a) + a(Q + a(4 + a(3 + a + a2))))
3a(l + a)) + z/3a(9 + <r(5 + a)) + i/a2(4(l + a(3 + a))

a(7 + 3a))) +1/2(16 + a(14 + a(4 + a(9 + a(5 + a)))))
PI = a(24 + 2a(3 + 2a)(4 + v + ua) + ̂ (28 + a(4(4 + a) + i/(9 + a(5 + a)))))
Pi = 2//a(4(l + a + a2) + fi(3 + a(5 + a))) + i/2(10 + 6a + 4a2 + /i(9 + a(5 + a)))
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<T(2 + a)) + /i(9 + a(5 + a)))
2 cr)2 + ^(3 + cr(3 + a))) + i/V(2(2 + <r(2 + a))

(7(5 + <r))) + ^2(2(3 + a(3 + cr(2 + ff(2 + <r(2 + a)))))

+/x(15 + (7(11 + (7(3 + a(9 + (7(5 + a)))))) (214)

X c = a(ua2{-4 -5fx + 4/i(2 + /u)(7 + 2(2 + p) V + (4 + 3/i)a3) + u3(-Sa + 2<x3 + a4)

+2jucr(-10 + 6cr3 + p ( - 5 + cr(-l + 3a)))

+z/2(-22 + /iz(-15 4- or(-5 + a ( - l + a(9 + cr(5 + a)))))

+ a ( - 8 + cr(-2 + a(7 + a(10 + (7(6 + a)))))))

y c = -(u3a(5 + a(7 + 3a)) + J/(72(4(1 + (7 + a2) - 2/u2(3 + a(2 + a))

- /x ( -3 + (7(5 + a))) - 2^(7(2(1 + a + a2) + /x(9 + a(7 + 5(7)))

+ !/2(10 - / / ( - I + (7(3 + (7)) + (7(12 + (7(8 + (7(5 + O"(7 + 3a)))))) (215)

3. The piston model

Introduction. In Ref. [95] a detailed fluctuation theorem (DFT) was derived.
This result pertains to the evolution of a system over a finite time interval r, and has a
structure similar to that of the usual FT, but in addition exhibits a dependence on the
initial and final microstates of the system. Specifically, consider a process during which
a system of interest evolves in contact with one or more heat reservoirs, while - possibly
- some work parameter X (e.g. an applied field) is being manipulated externally. Let
A+(i) be the externally imposed time-dependence of this parameter, from t = 0 to t = r ,
and let As denote the entropy produced during a particular realization of this process.
This entropy production is defined in terms of heat exchanged with the reservoir(s); see
Ref. [95] or Eq.247 below. Let II+ denote the process just described. Now consider the
"reverse" process, II~, defined exactly as II+ , but with the time-dependence of the work
parameter reversed: X~(t) = X+(T — t), t € [0,r]. For instance, if II+ entails turning on
an external field, then II" entails turning it off. Finally, for the forward process II+ , let
P+(zf, As|z,) denote the joint probability that the entropy produced over the interval of
observation will be As, and the final microstate of the system will be z/, given an initial
microstate z,-; and let P_(z/, As|z,) denote the same for the reverse process, II~. Then
the DFT states that these joint, conditional probability distributions satisfy the following
relation:

)' ( 2 1 6 )

where the asterisk (*) denotes a reversal of momenta: (q, p)* = (q, — p). Note that, if no
external parameter is being changed, then the subscripts on P+ and P- are dropped, and
then the DFT makes a prediction about a single function P(z / , A5|z,), corresponding to
some static process II.

The model. We would like to present the following model. Consider a piston
moving freely in a tube. Let the piston be constrained by two boundaries in a way that
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it reflects elastically from the boundaries conserving its kinetic energy. Now let the tube
be filled with ideal gas with temperature T} from the left side of the piston and with
temperature Tr from the right side. We will consider that the tube extends infinitely
to the both sides of the piston. So the temperatures of gases are held fixed and do not
depend on the process of interaction with the piston. Now let us take the limit when
the boundaries approaching to each other. It is clear that the average rate of collision
between particles and the piston converges to a finite value. In this case we can treat
the piston having the fixed coordinate, but possible to have different kinetic energies.
Thus we abstract from the motion of the piston and consider only the changing its kinetic
energy under the influence of particles. We consider the particles of gases having the
kinetic energy distributed according to the canonical distribution. We consider also that
the average rates of collisions from the left side and from the right side are constant in
time, and, generally, can be different.

Our observation of the given model starts at some moment of time and lasts for a period
when M collisions between particles and the piston happened. We will watch the system
evolution as an evolution which depends on number of collisions rather then on time. And
we will define the final state by a number of been collisions, not by the elapsed time. Each
collision redistributes energy between the piston and gases or, say, heat reservoirs. Let
us define the entropy changing for one collision as: AS = — {UB — UA)/T, where UB is the
kinetic energy of the piston after the collision, UA - before, and T is the temperature of the
gas, which a hitting particle belongs to. Actually UB — UA is the heat transferred from gas
to the piston. After M collisions we can find the piston having the energy UB and total
change of entropy equal to AS. Here we would like to present an explicit expression for
PM(UB, AS\UA) —joint probability distribution to find the piston with kinetic energy UB

and that entropy of the system has changed on value AS, conditional on the initial kinetic
energy of the piston being UA- This expression (Eq.220 and the following ingredients) is
the main result of the current subsection. We also stress here (and prove it below) that
this expression satisfies the relation:

PM(UB,AS\UA) _ AS , 9 1 ^

The main result. Let 7 denote a sequence of collision. We will be interested
only a side which collision was from. For instance, 7 = (llrrrrlr) means that the first
collision was from the left side then again from the left, then 4 particles hit the piston
from the right side, then 1 from left and 1 from right. Now let /37(WB, A ^ I ^ ) denote the
probability to find the quantities AS and UB at the end given UA at the beginning after
the exact sequence 7. Then PM{UB, &S\UA) one can present as:

PM(uB, AS\UA) = 2 P"{UB,AS\UA)P^ (218)

where p7 is the probability to find the exact sequence 7 and the sum is taken over all
possible sequences 7 of length M.

We state here (and this will be proven below) that P 7 ( U B , &S\UA) depends only on the
number of new collisions and the fact of which side was the first collision from. By a new
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collision we mean either the first collision, or a collision from one side if the previous one
was from the opposite side. For example, if 7 = (///) then there was 1 new collision — the
first one; if 7 = (rrlllr) then there were 3 new collisions — 1st, 3rd and 6th. Thus the
minimal N can be 1 when a sequence consist of only one type of events, and the maximal
N can be equal to M when each collision is a new collision. So we can write:

F*{uB,*S\uA) = PNy{uB,AS\uA,Tr^ (219)

where PN{UB, AS\UA:IT) is the probability to find uB, AS with given uA after N new
collisions with given the first collision n, which can be / or r. Indexes on N and TT in
Eq.219 says that 7 defines uniquely N and ir. Grouping the terms with equal N in the sum
of Eq.218 we find (using Eq.219) that the probability PM(UB,AS\UA) can be presented
as:

M

PM(UB,±S\UA) = £ PN{UB,*S\UA,l)P(N,l\M) + PN(uB, AS\UA,r)P(N,r\M), (220)
N=l

where P(N,TT\M) is the probability that in a sequence of length M one finds AT new
collisions with the first collision n . In the last subsection of this section we solve explicitly
for PN{UB, AS\uA,n)i obtaining:

,e^]1^z(lC)w\N^ odd N (221)

!; - e n JV; a > 0

The parameters a, D, iVc and tf' depend on the arguments uB, AS, UA, TT and parity of
N. They are presented explicitly in the last subsection of this section (Eqs.228, 229 and
230). The parameter (3 = jr + jr.

P(N,l\M) = £ pJV. and P(N,r\M) = £ p?pn
r% (224)

T,N,l T,N,r

where pi and pr are probabilities that collision was exactly from left or right side, and n/
and nr are numbers of collisions from left and right side (n\ + nr = M) — they defined by
7, and the sum is taken over all 7 with fixed N and fixed the first collision / or r. Exact
expression for P(N, ir\M) can be found solving the combinatorial problem. This is not
necessary to prove Eq.217.
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Now we will argue the validity of Eq.219. Let us first consider a single collision between
a particle and the piston. Because the particle and piston masses are equal, the kinetic
energy of the piston after the collision will equal the kinetic energy of the particle before
the collision, associated with the direction normal to the plain of piston. That means that
the probability distribution of the piston energy after the collision will be the canonical
distribution corresponding to temperatures Ti or Tr, depending on whether the colliding
particle come from the left or the right. In this case the joint probability is:

( AS + ^ Z l M ) . (225)

For two collisions from the same side, 7 = (7T7T), we find that:

= f°°dui f ° dSx H dS2 5{AS -SI- S2)-
</0 J-oo J—tx>

T) (226)

This shows us that the probability distribution does not change after a collision from the
same side. It is not hard to see that this property extends to any sequence 7, validating
Eq.219.

Fluctuation theorem relation. To prove Eq.217 it is sufficient to show that the
three following conditions are satisfied.

1) PN(UB,AS\UA,IT) = PN(uA,-&S\uB,n)eAS when iV is odd; (Cl)
2) PN(UB, AS\UA, TT) = PN(UA, —AS\UB, 7r*)eAS when N is even; (C2)
3) P(N, l\M) = P(N, r\M) when N is even. (C3)

Here TT* is the opposite of 7r. The fact that these three conditions are sufficient to prove
Eq.217 can be easily verified by substituting these relations into Eq.220.

Let us prove Cl. For the case when iV is odd the quantity a is antisymmetric under
exchange of uA and UB, and A^ to — AS (see Eq.229):

, uA, AS, 7r) = — a(uA, UB, —AS, IT).

That means that the sum in Eq.221 remains the same for PN(UA, — AS\UB,T)- Therefore
we get:

The explicit expressions for a and D are given in the last subsection of this section.
To prove C2 we use the following identity (see Eq.230):

a(uB, uA, AS, TT) = a{uA, uB, -AS, IT*).

This implies that PN(UB,AS\UA,TT) and PN(UA, —AS\UB,IT*) will differ only by term eD.
We then get
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To show that P(N, l\M) = P(N,r\M) when N is even we note that the sums in
Eqs.224 can be rewriten as sums over sequences 7* which are exactly reversed to 7. For
example, if 7 = (lllrrlrllr) then 7* = (rllrlrrlll). And it is clear that the first symbol
changes to the opposite. The transformation 7 to 7* is unique and does not change n r ,
ni and N. So we can write:

which is nothing else but the condition C3 (see Eq.224).

Derivation. Here we sketch the derivation of Eqs. 221,222 and 223.
The general expression for any N is obtained from the expression for N = 1 by

multiplying a sequence of factors P/v=i and then integrating over internal u,-, 0 < i < N.
Then it takes the form:

PN(UN,/\S\U0,IT) = nT
.1=1 J0

(227)
t = l

where the normalizing term AT'1 = (TiTr)
N/* when N is even and Af"1 = T*(TiTr)l

N~1)/2

when N is odd; and T,- = Tw if i is odd and T{ = Tv* if i is even. Here we take «o = UA
and MJV = UB-

Consider first the case when iV is odd. To evaluate the integral in Eq.227 we first
integrate over U\ and then introduce new variables: a?{,_i)/2 = Ui/T* for i odd, and
J/i/2 = UijT^* for i even. The right side of Eq.227 can then be represented as:

M'eD dxA e

where the following definitions are introduced

t = i

\TR-TL\J
N-S

2 ; (228)

(u0 -
(229)

^ is Heaviside's function. The term O(-) appears after the integration over u\. Now the
integral can be rewritten as:

*'eD{Nc\)-
2 H dz

Jo

Here we used the identity:

{a + z)N°9(a + z).

[fir
Li=l J0
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And finally we obtain Eq.221 by expanding (a + z)Nc and evaluating the F-integrals.
A similar procedure can be used when JV is even. In this case after integrating Eq.227

over u\ and substituting #,• and y{ we obtain:

Nc Nc

where now Nc = (N — l)/2 and

—; ° = AST'$.-tw*T?T"'• (230)

This multidimensional integral can again be cast into a one-dimensional form:

M'eD{Nc\{Nc - I))"1 r dz e-^z^-'ia + z)N*9{a + z).
Jo

And finally we get Eq.222 and Eq.223.

4. Dragged harmonic oscillator

Introduction. Statements of the FT which have appeared in the literature can
be expressed (after appropriate definitions of the quantities appearing) by the following
equation, pertaining to a system evolving away from thermal equilibrium:

pr(—W)

Here, a is the average rate at which entropy is generated during a given time interval
- or segment - of duration r; pr{v) is the distribution of values of a over a statistical
ensemble of such segments; and Boltzmann's constant ks — 1. Note that the words
"average rate" denote the time average over a given segment, not an average over the
ensemble of segments. Following the literature, we will distinguish between two versions
of the FT, steady-state and transient, which differ in the definition of the ensemble of
segments considered. In the steady-state case, we imagine observing the system as it
evolves in a nonequilibrium steady state for an "infinite" length of time. We divide this
time of observation into infinitely many consecutive segments of duration r, and compute
the average entropy generation rate, a, for each segmnt; pT(o) is then the distribution of
values of "a over this ensemble of segments. In the transient case, by contrast, we imagine
that the system of interest begins in an equilibrium state, but then is driven away from
equilibrium, for instance by the sudden application of an external force. We observe the
response of the system for a segment of duration r, starting from the moment the external
perturbation is applied, and compute the average entropy generation rate. Then pr{cf)
is the distribution of values of W over infinitely many repetitions of this process, always
starting from equilibrium. The transient FT is valid for any duration r, whereas the
steady-state FT becomes valid as r -f oo; hence the parenthetical appearance of that
limit in Eq.231.
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In this section we consider a one-dimensional model of a particle dragged through
a thermal medium. We first introduce the model and then we solve it exactly: given
the particle's initial location, we compute the joint probability distribution of the final
location and the net external work performed on the particle, after an arbitrary time
of evolution. We then use this result to confirm both the steady-state and transient
fluctuation theorems, as well as the detailed fluctuation theorem and the nonequilibrium
work relation for free energy differences.

In our model, the particle under consideration obeys Langevin dynamics. This model
can therefore by viewed as a special case of the situation considered by Kurchan [98] (and
later generalized by Crooks [94], and Lebowitz and Spohn [100]), who showed that the FT
is satisfied for this class of stochastic dynamics. In essence, we are illustrating Kurchan's
results with a specific model. However, the definition of entropy generated which we
choose differs from that of Ref. [98], and so we are obliged to express the steady-state
and transient FT's differently, in terms of power delivered rather than entropy generation
rate. Nevertheless, as discussed in greater detail below, the results which we present are
indeed equivalent to the predictions of Kurchan, despite the difference in terminology.

Introduce and solve the model. Consider the following situation. A particle,
in contact with a thermal medium at temperature Z?"1, is dragged through that medium
by a time-dependent external harmonic force. Assuming a single degree of freedom, let x
denote the location of the particle, and let

U(x,t) = hx - utf (232)

be the potential well, moving with constant speed u, which drags the particle. Assume
furthermore that the thermal forces can be modeled as the sum of linear friction and white
noise, and that the motion of the particle is overdamped. Then the equation of motion
for the position of the particle is:

k
x = — ( x - v t ) + v, (233)

7

where x = dx/dt, j is the coefficient of friction, and v(t) represents delta-correlated white
noise with variance 2//?7 (as mandated by the fluctuation-dissipation relation):

{v{tl)v{t2)) = {2l(31)-8{h-h). (234)

Imagine that we observe the evolution of such a particle over a time interval from
t = 0 to t = T, and from the observed trajectory we compute the total work W performed
by the external potential over this interval. Then the central result of this section will
be an answer to the following question. Given an initial location XQ, what is the joint
probability distribution for the final location and value of work performed (x, W)? We
will then make use of the answer to show that various forms of the FT are satisfied for
this simple model.

To answer the above question, we first introduce a "work accumulated" function, w(t),
which gives the work performed on the particle up to time t; hence, W = W(T). This
function satisfies
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w(t) = —(x{t),t) = -uk(x(t) - ut), (235)

along with the initial condition tu(0) = 0. (To motivate Eq.235, see e.g. Refs. [96,97].)
It will furthermore prove convenient to specify the location of the particle by a variable

y = x — ut (i.e. in the reference frame of the moving well), rather than x. Under this
change of variables, Eqs.233 and 235 become:

ky~—y_u + {j (236a)

w = -uky. (236b)

Now imagine a statistical ensemble of such particles, represented by an evolving proba-
bility distribution f(y,w,t). Eq.236 then translates into the Fokker-Planck equation

g * ! « « l £ f (237)

What we now want is an expression for f{y,w, £|yo)? by which we mean the solution to
Eq.237 satisfying the initial conditions

f(y,w,0\yo) = S(y-yo)S(w). (238)

The function f{y,w,t\yo) is the joint probability distribution for achieving a location y
and a value of work accumulated w, at time t, given j/o at time 0. By evaluating this
solution at t = r , and making the change of variables from y back to x, we have the
answer to the question posed earlier.

To solve for f(y, w, t\y0), we first note that Eq.237 has the following property: if at one
instant in time the distribution happens to be Gaussian, then it will remain Gaussian for
all subsequent times. This follows from the fact that the drift and diffusion coefficients in
Eq.237 are either constant or linear in y and to. Now, a normalized Gaussian distribution
fG{y, w) is uniquely defined by the values of the following moments:

y = JfG(y,w)y (239a)

(239b)

(239c)

<?l = j fG{y,w){w2-w2) (239d)

CyW = j fG(y, w) {yw - yw), (239e)

where the integrals are over (y, to)-space. An explicit expression for fG(y, w) in terms of
these moments is:

^ exp(-zTCz/2), (240a)
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where

(
, C = , (240b)

\ ) \-CcyW Co\ )

C = (0^0^, — c^)" 1 = det C, and zT denotes the transpose of z.
The evolution of a time-dependent Gaussian distribution /G(y, w, t) is thus uniquely

specified by the evolution of the moments y, • • •, CyW. Given a distribution evolving under
Eq.237, we get from Eq.239 the following set of coupled equations of motion for these
moments:

VvJk) ' ^ 3 / - ( y - 7 ^ ) , j t w yW. (241b)

Note that Eq.241a forms one closed set of equations, and Eq.241b forms another closed
set. Also, the equations for y and o^ are individually closed, which makes sense: the
evolution of the position of the particle, from time t onward, does not depend on how
much work has been performed up to time t.

The distribution f(y, w, t\y0) will then be a Gaussian whose moments evolve according
to Eq.241, and satisfy the initial conditions: y = yo, w — cr^ — CyW = <r£ = 0. The
solution, as easily verified by substitution, is:

(242a)

w{t\yo) = uklt + «7(t/o + l){e~kih - 1) (242b)

<T2
y(t\yo) = ^ ( 1 - e~2kt^) (242c)

^ (242d)

where

The combination of Eqs.242 and 240 gives the solution for /(y, w, £|yo) for all times
t > 0 (and for all values of y, w, and yo). An explicit expression for this solution
is somewhat lengthy, and is given in the last subsection of this section. Note that, by
projecting out either of the two independent variables y and w, we can obtain the marginal
probability distributions for the other variable:

p(y,t\y0) = I dw f(y,w,t\y0) — , exp[-(y - y)2/2<Ty] (244a)

V{w,t\y0) =Jdy f(y,w,t\y0) = -jL= exp[-(w - w)2/2cr2
w}. (244b)
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It is instructive to consider the limit of asymptotically long times, fci/7 ^> 1. In this
limit,

y(<llto) -> -I (245a)
w{t\y0) -» uklt + 0(1) (245b)

1//?* (245c)

(245d)

(245e)

where the "order unity" corrections to w(t\yo) and cr^(t|y0) represent terms which con-
verge to a constant as t —> 00. We see that the distribution of positions settles into a
steady-state Gaussian of variance 1//3&, centered at a displacement — I from the minimum
of the confining potential U (Eqs.245a, 245c). Note that a canonical distribution of po-
sitions would have the same variance, but would be centered at the minimum. Hence, /
represents the extent to which the steady-state distribution of positions "lags behind" the
canonical distribution, in the long-time limit. This lag could have been predicted with an
educated guess, by ignoring fluctuations and simply balancing the frictional and harmonic
forces, —7U and — ky. One can similarly understand the leading behavior of w(t): if the
position of the particle is (on average) a distance / behind the instantaneous minimum of
the well, then the harmonic spring is pulling the particle with a force +kl, at a velocity
u, hence delivering a power ukl.

Energy conservation and entropy generation. In our Langevin model, energy
conservation translates into the following balance equation between the external work W
performed on the particle, the heat Q absorbed from the thermal surroundings, and the
net change in the internal energy of the particle [96]:

W + Q = AU, (246)

where AU = U(X(T),T) — U\x(O),o\ and W = w(r) as above. Eq.246 in essence defines
the net heat absorbed by the particle from the thermal environment, Q.

In addition to these quantities (W, Q, and AU), we would like to have a microscopic
definition of the entropy generated over one realization of the process, from t = 0 to t = r .
There is necessarily some arbitrariness in such a definition, but we will use the following
one:

AS=-/3Q. (247)

Thus, we identify the entropy generated with the amount of heat dumped into the envi-
ronment (—Q), divided by the temperature. This definition - motivated by macroscopic
thermodynamics (see e.g. Ref. [95]) - differs from that of Kurchan [98], who identifies
the entropy production rate with the external power delivered to the system, divided by
the reservoir temperature. Both definitions seem to be reasonable, but we will stick with
Eq.247.
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Transient and steady-state fluctuation theorems. In this section we use
the results derived above to show that our model obeys both a transient and a steady-
state FT. Ordinarily the FT is expressed in terms of the average entropy production rate
(Eq.231). By contrast, the relations which we will show to be satisfied by our model
(Eq.249) are expressed in terms of the average power delivered to our particle as it is
dragged through its thermal environment. This difference is a consequence of our choice
of definition of average entropy generation rate, W — AS/r = —/3Q/T. (Kurchan, by
contrast, defines entropy generation in terms of power delivered, OKurchan — (3W/T. [98])
In the calculations to follow, the reader should bear in mind that the transient and steady-
state relations which we establish are identical to those of Kurchan; only our definition of
entropy production prevents us from presenting them as such.

For a time interval of duration r , let

X = W/T (248)

denote the time-averaged rate at which work is performed on the particle - i.e. the average
power delivered - by the moving harmonic potential. Now imagine that we observe the
particle for an "infinitely" long time as it evolves in the steady state; we divide this time
of observation into infinitely many segments of duration r; we compute the average power
delivered, X, over each segment; and we construct the statistical distribution of these
values, Pr(X). We will obtain an explicit expression for PT(X) for our model, and will
show that it satisfies the following steady-state FT:

H l p (249a)
T->OOT pf(-X) ^ V

Similarly, imagine that we begin with the particle in thermal equilibrium, and then
we drag it for a time r with the harmonic confining potential. Again defining X to be the
average power delivered over this interval, let p^(X) denote the statistical distribution
of values of X, over infinitely many repetitions of this process, always starting from
equilibrium. 19 We will solve for p^ (X) and show that it obeys the following transient
FT:

i|±| (249b)

whose validity does not require the limit r —>• oo.
Let us begin by considering the steady-state case. Since the right sides of Eqs.245a and

245c are independent of yQ, an arbitrary initial distribution of particle positions p(y, 0)
will settle into a Gaussian:

lim p(y,t) = ps(y) = Mexp[-(3k(y + If /2], (250)

19The superscript C indicates that the particle's initial conditions are sampled from a canonical
ensemble.
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which defines the instantaneous distribution of particle positions in the steady state.
Then p% (X) - the distribution of values of average power delivered, X = W/T, over time
intervals of duration r sampled during the steady state - can be constructed by folding
together ps{yo) and rj(w,T\y0) (Eq.244b):

ps
T(X) = JdwS(X -w/r) Idyop

s(yo)v(w,r\yo). (251)

Here, the integral over dyo produces the distribution of values of work, after time r, given
initial conditions sampled from the steady state. The integral over dw converts that
distribution of values of w into one of values of X. Examining Eqs.242b, 242e, 244b, and
250, we see that, in the product ps(y0)r](w, r|yo)> the variable y0 appears only in powers
up to the quadratic inside an exponent; hence this product is a Gaussian in yo, and the
integral can be carried out explicitly. Without going through the (modestly tedious)
details, we present the result:

where

X = ukl , <4 = ^ * , M(T) = i + J . ( e -* r / ' r - l ) . (253)

(X represents the average instantaneous power delivered to the particle, in the steady
state.) From this we obtain an explicit expression for the left side of Eq.249a:

(254)
r pf(-X) r o\ p

Since linir^oo n = 1, we conclude that the FT for power delivered in the steady state
(Eq.249a) is indeed satisfied for our model. Note, however, that the limit r —> oo is
necessary.

In the case of the transient FT, pertaining to a system driven away from an initial
state of canonical equilibrium, we can construct pf (X) in much the same way as pf(X),
only now we fold r\ in with a canonical distribution, pc(y) oc exp(—fiky /̂2), rather than
the steady-state distribution:

dw5(X — W/T) I dyop (yo)r}(w,T\yo) (255)

1

where a\, X, and ju(r) are exactly as above. The only difference between the steady-state
and the transient distribution of values of X is, we see, the factor {x appearing inside the
exponent in the latter. This small difference has the effect that the FT for power delivered
in the transient case is satisfied for all positive values of r:
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1 p°(+X) 1 2&X _
-ln-~7—^r = - • o — = P-X-- (257)

Detailed fluctuation theorem. We now show that our model satisfies the
detailed fluctuation theorem (DFT). As mentioned in the Introduction, the DFT is stated
in terms of two processes, II+ ("forward") and II" ("reverse"), related by time-reversal.
In the present context, we take II+ to be the process studied above: a particle is dragged
through a thermal medium by a time-dependent potential well,

,t) = ̂ (x-ut)2. (258)

The reverse process, II~, is then obtained by moving the well in the opposite direction:

U-{x,t)=^(x + ut-ur)2. (259)

Formally, we can think of the minimum of the potential as being given by XUT, where A
is our externally controlled parameter. During the process II+, A is changed uniformly
from 0 to 1; during II", from 1 to 0.

Again taking y to be the displacement of the particle relative to the instantaneous
minimum of the potential, we define f+(y, to, t\yo) and f-(y, w, t\yo) to be the joint proba-
bility distributions for attaining (y, w) at time t, given j/o at time t, for the two processes.
We then solve for these two distributions exactly as we solved for f(y,w,t\y0) in the first
subsection. The solutions are:

(260)

f-(y,w,t\yo) = f(y,w,t\yo)u.+-u, (261)

where / is just the solution obtained in the first subsection. Thus, the solution for the
forward process is identical to the solution of the first subsection (as it must be, since
II+ is exactly the process studied there!), whereas the solution for the reverse process is
obtained from / by replacing u by —u everywhere, including in the definition of I (hence,
/ —>• —/). This replacement is easily understood: in terms of the variable y, the process
II~ is no different than that obtained by starting with the minimum of the potential at
x = 0, and moving it with velocity — u for a time r.

Let us now put these solutions to good use.
The DFT, in the context of this problem, claims the following:

(262)
.{yA,

Here, P±{yj, As[y,) denote the joint probability distributions of finding the particle at
a final point y/, and a value of entropy generated As, given an initial location y;, for
the forward and reverse processes.20 Now consider a single realization of either process.

20Strictly speaking, these should be defined in terms of absolute locations XA and XB, but the
change of variables to relative displacements yA and ys is immediate.
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Energy conservation, along with our definition of entropy produced (Eqs.246 and 247),
give us the following relation between yi, yj, As, and the work w performed:

ti; - 0~lAs = |(y} - y>) = A [ % , yf). (263)

We can then re-express P± in terms of f±:

P±{yj, A«|y,-) = jdwf±(yj,w,r\yi)8(As + /3AC/ - 0w) (264)

= r1f±(yj, \{y) - vl) + tr1**, rfc), (265)

from which we obtain the following explicit expressions for the numerator and denominator
in Eq.262:

P+(yB,+AS\yA) = (3-lU(yB,+fl,T\yA) (266)

P.(yA, -AS\yB) = p-xf~{yA, -fl,r\yB), (267)

where

k
ft = ~{yB - yA) -J- P~XAS. (268)

Eq.262 is thus equivalent to the following relation:

0k

where, if Eq.262 is to be valid for all real A5, then Eq.269 must hold for all real ft. Using
the expression for / given in the last subsection of this section, one can verify that, indeed,
Eq.269 is valid for all values of ft, hence the DFT is satisfied by our model.

Generalization. Before proceeding to the nonequilibrium work relation, we point
out that our model easily generalized to include an additional uniform, constant external
force. Namely, suppose we modify the time-dependent potentials C/±(a;,i) for the forward
and reverse processes, as follows:

U±(x,t)-^U±(x,t) + ax , a>0. (270)

This corresponds to subjecting the particle to an additional leftward-pushing force, of
magnitude a. Thus, assuming u > 0, the particle is dragged "up" the potential energy
slope ax (i.e. against the additional force) during II"1", and "down" the slope during II~.

The solution in this case, for the forward process II+ , is the same as that in the
previous section, except that / is everywhere replaced by

Thus, in the steady state, the average position of the particle is displaced by an amount
ajh to the left, relative to the case with no additional force (Eq.245a). This implies that



90 VI. Solvable models of stochastic behaviour

additional work is performed on the particle at an average rate ua (Eq.245b); this is
simply the average rate at which we drag the particle up the slope.

For the reverse process, the solution is obtained (as in the previous Section) by the
further replacement u —> — u, including in the definition of la.

It is straightforward to show that, with these replacements, the DFT remains valid.

Nonequilibrium work relation for free energy differences. In Ref. [99] the
following nonequilibrium work relation for free energy differences was established:

( e - ^ ) = e~^F. ' (272)

This pertains to a situation in which a system of interest, coupled to a heat reservoir
at temperature /J"1, evolves in time as an external parameter A is switched at a finite
rate from and initial to a final value, say, from 0 to 1. W is the work performed during
one realization of this process; the angular brackets denote an average over a statistical
ensemble of such realizations, and AF is the free energy difference between the equilibrium
states (at temperature /9"1) corresponding to the values A = 0 and A = 1. It is assumed
that, at the start (though not necessarily at the end) of each realization, the system is in
equilibrium with the reservoir. Let us use the results derived above to show explicitly that
Eq.272 is satisfied by our model. We will consider the forward process defined by U+(x,t)
in the previous section (Eq.270). Formally, as before, we let Xur define the minimum of
the confining potential itself, so that we move that minimum from 0 to UT by changing A
from 0 to 1:

= ^{x - Xurf + ax (273)

t/r. (274)

For any value of A, and at fixed temperature /3"1 , there exists an equilibrium state of the
system, defined microscopically by a canonical distribution. The associated free energy
Fx is then defined in terms of the logarithm of the corresponding partition function:

Fx = -p-1 In f dx e - ^ ( * ) (275)

Hence the free energy difference is simply

A F = Fx - Fo = aur. (277)

Physically, this is the work required to reversibly change A from 0 to 1, at constant
temperature.

Now consider a statistical ensemble of realizations of our finite-time, irreversible pro-
cess, with initial conditions sampled from the canonical ensemble corresponding to A = 0.
The associated distribution of values of work, W = w(r), can be written as:

V(W) = I dy0 P
CM V{W, r | W ) , (278)
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where p£(t/o) is the canonical distribution of initial conditions (for finite a), and r}{W, r\y0)
is the distribution of work values at time r, given initial condition y0. We can use the
results of the first subsection, with the substitution / —> la, to compute this integral
explicitly. Once again skipping the algebra, we present the result: T](W) is a Gaussian
distribution of mean and variance

(W) = OCUT + ^7u2r (279)

aw = 2^7u2r//3, (280)

with fj,(r) as defined by Eq.253. Thus, rj(W) is a Gaussian whose mean and variance are
related by

{W) = AF + P<T%V/2. (281)

This immediately implies (see, e.g. Eq.[12] of Ref. [99]) that the nonequilibrium work
relation for free energy differences, Eq.272 above, is satisfied.

Explicit expressions. Here we give an explicit expression for the function
/(?/, to, t\yo) introduced in the first subsection. This solution is essentially the combi-
nation of Eqs.240 and 242:

^ (282)

where

32k2

C = det C = - 2 f<T -=—-r (283)

A = {l/i3k){v+v-(w - kltuf + ̂ u2u.(y - yo)[4lv- + (3i/ - l)y0 + (v - 3)y] (284)

+ 2'yu(l2kutvl - lu-[2wu- + ktuu+(y0 - y)] - wu2_{y0 + y) - ktu{y - i/y0)2)}, (285)

and

u = expi-kt/t) , i/± = u±l. (286)
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