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13. Fishbone mode in high-/? discharges of spherical tokamaks
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Using Hamiltonian formalism, it has been shown that well-trapped energetic ions
moving outwards consume the energy of MHD perturbations through the precessional
resonance provided that the plasma pressure is sufficiently high. This supports the con-
clusion of recent publication [1] that the fishbone mode is stablized in high-/? discharges
of spherical tokamaks. It has also been found that the presence of the velocity anisotropy
of energetic ions does not change this conclusion.

I. INTRODUCTION

It is known that fishbone instability can result in the loss of a considerable fraction of
energetic ions in Conventional Tokamaks (CT). This instability is associated either with
trapped or circulationg energetic ions. It is reasonable to begin the study of the fishbone
mode in ST's with the case when the mode is induced by the presence of the trapped
particles. The reason is that the small aspect ratio of Spherical Tokamaks (ST) has to
result in appearance of a quite considerable fraction of the trapped energetic particles
even in the case of the tangential Neutral Beam Injection (NBI), which is confirmed by
numerical simulation for National Spherical Torus Experiment (NSTX) [2].

The first step in this direction was made in Ref. [1] where it was found the fishbone
behaviour dramatically changes when /5 (/? = 8irp/B2) becomes so high that plasma
diamagnetism results in non-monotonic dependence of the equilibrium magnetic field,
J50, on the large radius of the torus, R, with the minimum close to the magnetic axis
where the "magnetic valley" arises. In this work we present a new qualitative analysis
of the fishbone instability and analyze fishbone mode in the presence of strong velocity
anisotropy of energetic ions.

II. QUALITATIVE ANALYSIS OF STABILITY

Let us consider the motion of a well-trapped energetic ion in an axisymmetric toroidal
system in the presence of a small perturbation of the electromagnetic field. For this
purpose we write the guiding centre Hamiltonian, H, as a sum of equilibrium and per-
turbed parts: H = HQ + H, where "0" and the tilde label equilibrium and perturbed
quantities, respectively. To describe the equilibrium magnetic field, BQ, we use con-
travariant and covariant presentations in flux coordinates [3,4]. Then we can write the
equations describing the motion in radial and toroidal directions in Hamilton's form
as follows: P^ = —dH/dC,, C = dH/dP^ where P^ is the canonical angular momen-
tum, C = 4> + v(i>,0), v{i>,0) is a small correction, ip,6,(j) are the radial, poloidal,
and toroidal coordinates, respectively, ip being the poloidal magnetic flux. We take
H = H{ij),6,t)exp{—in(j) — iut} where u is the wave frequency, n is the mode number
to be taken ±1 . In addition, we assume that characteristic times of the perturbation
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are large compared to the bounce period of the energetic ions, rb. Then the effect of the
perturbation on the energetic ions for the time which well exceeds the bounce period is
determined by the following equations:

P~c = inH (1)

where H = r " 1 J0
T Hdt, is the average Hamiltonian for r » rb. One can show that only

resonant particles will be displaced essentially by the perturbation. In the case when
u >C Ub, aid <C cob (uJd the frequency of the toroidal precession, ub = 2ir/Tb) and n is low,
the resonance condition is:

u + nud = 0. (2)

For further analysis we note that ua can be approximated as u^ « — (vdo/Bp) (dB0/dr),
where brackets denote bounce averaging, Vdo = pv/(2Ro), p = V/UJB is the Larmor
radius, Bp is the poloidal magnetic field, r is the radial coordinate, RQ is the radius
of the magnetic axis. For the well trapped particles (dB0/dr) — dB0/dr\g=0, which
means that the direction of the toroidal precession of these particles is determined by
the sign of dBo/dr\g=o. Because of this the resonance condition (2) involves modes
rotating in different directions in tokamaks with dB0/dr\g=0 < 0 (in which case n < 0)
and dB0/dr\e=0 > 0 ( n > 0).

Now we proceed to consideration of the power exchange between a particle and the
perturbation. It is clear that the change of the particle energy is dH/dt. Therefore,

v = — - - • ¥

Comparing Eq. (3) and Eq. (1) we conclude that

v=-¥<- <4>
Equations (2), (4) show that when. dB/dr\g=0 < 0 ( which is the case in CT's), the
resonant particles that move radially outwards (P^ < 0) give their energy to the waves
(V < 0). This together with the fact that the instability caused by the spatial gradient
tends to make the radial profile to be homogeneous (and, thus, leads to particle outward
motion) explain why energetic ions with normal radial profile of their density, dna/dr <
0, can result in fishbone instability in CT's. In contrast to this, if the energetic ions moved
outwards in a tokamak with dB/dr\g=o > 0 they would consume the wave energy. This
implies that the presence of the magnetic valley tends to stabilize the instability.

III. ANALYSIS OF DISPERSION RELATION

There are two fishbone branches: the high-frequency branch, (precessional branch)
[5], and the low-frequency branch, (diamagnetic branch) [6]. One can show that a suffi-
cient condition of stability of both branches is

ImWh<0 (5)

Wh is the fishbone-induced energy change of the energetic trapped particles.
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In order to find ImWj, we have to specify the equilibrium magnetic field strength.
We take it in the form:

BQ = £(0)(l - e cos 6 + e2(a + a cos2 0)), (6)

where e = T/RQ = KQ^/IJ)/B(Q), KQ is the curvature of the magnetic axis, a and a
are adjustable parameters. Eq. (6) approximates rather well the magnetic field in a
considerable part of the ST plasma, provided that the parameters a and a are chosen
in a proper way. In particular, a = 4, a = 1 fit rather well the central part of an
NSTX discharge [1]. One can see that in the region e > l/(2a) teardrop particles (orbits
localized either above or below the equatorial plane of the torus) appear in addition to
banana particles.

Using Eq. (6) and the general expression for Wh of Ref. [7] we obtain:

Im Wh = ^ ^
0 i=t,b

where F = F(r,£,\) is the distribution function of the energetic ions, A = fj,B(0)/£,
£ the particle energy, the subscript i labels species (bananas and teardrops), Gl =
Gi(r,X) = {cos 9) — 2e(a + a (cos2 6)). G is associated with the precession frequency as
CJ* = (qvao/rfG^lr, X) The dependence of G(X) for various plasma equilibria (various a)
and various banana locations are presented in Fig. 1. We observe that finite a essentially
affects features of the particle toroidal precession, the effect being sensitive to particle
radial location. This result is confirmed analytically for the well trapped particles for
which Gb = 1 — 2e{a + a). We conclude from this that the direction of the precession
velocity of well trapped particles is reversed for 2e(a + a) > 1.

Now we analyze Eq. (7). At first, we assume that velocity distribution of the energetic
ions is isotropic. Then the first term in the integrand of Eq. (7) is vanishing. The second
term is stabilizing for the monotonically decreasing energy distribution of fast ions. The
sign of the third term in the integrand coincides with Sgnuj. Therefore, when the
fishbone mode is localized mainly in the region with the magnetic valley so that the
contribution of the region w i t h ^ < 0 to the integral over r dominates, this term is
also stabilizing. Note that ImW^ ^ 0 only when the resonance condition is satisfied,
therefore, the stability of fishbones with n < 0, ujd < 0 is a consequence of the fact that
the resonant particles are absent. Thus, when Ud < 0, fishbone modes should be stable
but reasons for stability are^different for n = 1 and n = — 1. In order to observe effect of
the magnetic valley on Im Wh, numerical calculations for various magnitudes of a have
been carried out. It was found that the mode with n = 1 is always stable. The mode
with n = — 1 can be unstable but ImM^ goes to zero when a increases, which implies
that instability threshold {nc

h
rit) goes to infinity. For instance, the increase of a from

zero to four leads to the increase of the threshold by a factor of 35.
In order to investigate the role of the velocity anisotropy of the energetic ions we take

F oc (1 -r2/a2y£-3/2H(£a-£)5(K) (K is the trapping parameter, H(x) is the Heaviside
function) and r(q = 1) < R0/(2a). Then we integrate over the energy using 5-function
and over A by parts in the integrand of Eq.(7). The obtained equation was integrated
numerically. The results are shown in Fig. 2. We observe that Im Wh < 0, and thus the
fishbone instability is absent.
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IV. SUMMARY AND CONCLUSIONS

We have found that in ST's with the magnetic valley the fishbone mode associated
with the trapped energetic ions can be stable for an arbitrary magnitude of the fast ion
pressure. This is a consequence of the fact that the direction of the toroidal precession
is reversed when the plasma pressure is high. Therefore, the stability takes place when a
considerable part of the plasma region with q < 1 is characterized by the magnetic field
increasing outwards (e.g., when a > 1, a = 1).

The work was supported in part by the IAEA contract No. 10539. The authors would
like to thank Yu.V.Yakovenko for fruitful discussions.
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FIG.l. FIG.2.

FIG. 1. Dependence of normalized precession frequency of banana particles on A.
FIG. 2. Normalized fishbone-induced energy change of fast ions versus the mode frequency

for n = +1, a = 4, a = 1 and various u, where v is defined by n = n(0)(l — r2/a2)w,
^a/(^B(0)rsi?), rs is the q = 1 radius.
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