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Abstract

Energy balance of a particle bunch propagating through the plasma is con-
sidered for the bunches of a high density (compared to plasma) and a small
radius (compared to anomalous skin depth). Energy loss to scattering of
near-axis plasma electrons is estimated. This component of energy balance is
shown to be important but not excessively high for the parameters interesting
for high energy physics. In particular, the energy loss to near-axis electrons
is proved to remain finite as the bunch radius tends to zero.
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Energy balance of a particle bunch propagating through the plasma is one
of the key questions for plasma-based advanced accelerator techniques [1,2].
Earlier [3], this problem was studied for the bunches of a low density (as com-
pared to that of the plasma) with the most attention paid to beam loading
issues. In this paper we consider the energy balance of a dense (compared to
plasma) and narrow (compared to the anomalous skin depth c/up) axisym-
metric bunch. In particular, we show that the energy transferred from the
bunch to near-axis plasma electrons remains finite as the bunch radius tends
to zero (while the bunch length remains finite).

The latter issue is especially important for potential applications of plasma
to linear collider for TeVs energy range. In this case the accelerated beams
have to be of extremely small emittances and radii to provide acceptable
luminosity. The bunch population remains much smaller than the number
of plasma electrons per (c/up)

3, but the bunch density is much higher than
that of the plasma (no).

The total energy balance of such a bunch is composed of two parts: the en-
ergy loss due to acceleration of near-axis plasma electrons, and the energy
extracted from (or transferred to) remote plasma layers (at radii ~ c/up).
The latter does not contain any peculiar to narrow bunch features. It can be
easily found in particle-in-cell [3] or finite-difference [4] simulations via calcu-
lation of the longitudinal electric field. In the nonlinear plasma wave (with
the electric field amplitude of the order of y/Airnomc2), this long-range inter-
action can provide the energy gain up to mcup per particle per unit length,
where ro is the electron mass.

The energy lost to near-axis electrons can not be calculated so straight-
forwardly. Fluid codes fail to solve this problem because of essentially non-
hydrodynamical motion of plasma electrons near the dense bunch. The cor-
rect value of energy losses can, in principle, be obtained with existing particle-
in-cell codes, but introduction of the additional length-scale (associated with
the bunch radius) greatly increases the number of particles required and, thus,
prohibits the study of extremely narrow bunches. The aim of this paper is to
give correct estimate of this non-hydrodynamic energy loss for very narrow



bunches of a very high density. Note that for this estimate it is not necessary
to specify the profile of the plasma wave accelerating the bunch. Since the
energy acquired by near-axis plasma electrons is much greater than their ini-
tial energy (in the plasma wave), the wave profile affects the energy loss only
through the change of plasma electron density.
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Figure 1: The energy loss for electron (e) and positron (p) bunches.

To establish the upper limit of energy losses, we consider an infinitely nar-
row bunch (composed of TVj, particles) propagating through the unperturbed
plasma of density no. The particles are assumed to be uniformly distributed
over the bunch length /. Even for zero radius bunch, the energy loss per unit
length (W) turns out to be finite:

Here

(1)

(2)

Up = ^4jrnoe2/m is the plasma electron frequency, other notation is con-
ventional. The dimensionless functions F(L) for negatively and positively
charged bunches are shown in Fig. 1 by solid lines. Similar functions for
the bunches of a finite width (of the radius c/wp, with the particles be-
ing uniformly distributed over the bunch cross-section) are shown by dots.
The difference between these graphs represents the energy loss to the near-
axis plasma layer. It is seen that the energy loss of the narrow bunch is
several times higher than that of a "wide" bunch.



Expression (1) and the functions F(L) are obtained as follows. The radial
electric field ET and the azimuthal magnetic field Hv of the infinitely narrow
ultrarelativistic bunch may be approximated by the formula

Er{r) = Hv{r) = — exp ̂  -£J (3)

(we use cylindrical coordinates with the z-axis being the direction of bunch
propagation). This approximation is good for r<&c/wp, while for r ^ c/wp

the screening of the bunch field by the plasma (see, e.g., [5]) is taken into
account only qualitatively through the exponential factor (fully self-consistent
account of this region unnecessarily complicates the calculation of energy loss
to near-axis layer). In particular, we neglect temporal changes of the fields
there caused by the bunch-driven displacement of plasma electrons. It is self-
evident that the bunch can be treated as "rigid" and unaffected by the fields
appearing in plasma.

Within the considered model, the energy of plasma electrons and the z-
component of their generalized momentum are conserved:

fmc2 — e$ = const, ~ftnvz $ = const, (4)
c

where $(r) is the electrostatic potential and the z-component of vector po-
tential at the same time:

Er(r) = Hip(r) = - ^ > (5)

7 is the relativistic factor of plasma electrons, and e is the elementary charge
(e > 0). The total energy loss is

(6)

where ro corresponds to the initial position of a plasma electron (before
the bunch disturbs the plasma), and rj is its final radius (after the bunch
passage).

For the electron bunch, we can find ry for any specified ro by mere equating
the electron travel time and the duration of field action:

r C C J Vr
ro r0



(the integral in the right-hand side of (7) represents the distance travelled by
the electron in z-direction). Since, from (4),

vr = c- V* = C- where
e(*(r)-*(r0))

me*
, (8)

we can rewrite (7) as

J VTZ$'
whence the dependence r/(fo) can be easily found numerically. Then numer-
ical integration of (6) yields the formula (1) and the function F(L).

For the positively charged bunch, the energy loss can be found in a similar
way with the little complication arising from the oscillatory motion of near-
axis plasma electrons (Fig. 2). Energy loss for wide bunches is calculated
analogously.
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Figure 2: The final radius of plasma electrons as the function of their initial radius for
electron (e) and positron (p) bunches with L = 0.1.

The muteness of the energy loss can be proved analytically as well.
For the electron bunch this is evident, since the energy acquired by a plasma"
electron may be majorized by the function e($(oo) - $(ro)), which has
the integrable logarithmic singularity at r0 = 0.

For the positively charged bunch the situation is more complicated, since



the infinite energy is acquired by electrons for which

or

(here we take into account the logarithmic behavior of $ near the axis).
The vicinity of each logarithmical singularity (9) makes a finite contribution
to W, but there is an infinity of them. To majorize the total energy loss, we
consider the contribution AW* of the ring

S < < X

The final radius rj is determined from the requirement

i/ir(2k + l)wp f dr-Up/c
L — '— r o + / A f • .:i

c J i/ln(ro/r)

whence

Then

°7 *A Jir 4 i r n o e 2 N b / . , . . . m u * N b 7 r ~ —
AWk M -j j r0ln(ro/r/)dr0 = -^p^jifc+l) / r°V l n( r°/

r» ro=r»

^ I y/^2-
It is easy to show that the contribution of the ring rk+i < ro < r£ is less
than AWfc. Since the series

oo n

5^ I
fcen(2* + l ) 3



converges, we conclude that the energy loss of the positively charged bunch
is finite.

It is interesting to note why the calculation of energy loss in terms of
"instant push" gives the erroneous result:

elE'rU 1 . . . /"„ p , f dro . . . .
p ~ ——— oc —, W oc / 27rr0 • -—dr0 oc / —r— (diverges). (16) -

c ro J 2m J ro

This is because near-axis plasma electrons rapidly pass to the region of either
smaller field (electron bunch) or opposite-sign field (positron bunch). As a
result, the estimate (13) turns out to be unacceptably overstated.

The general conclusion of the paper is that the non-hydrodynamic energy
losses of a dense bunch travelling in plasma are important but not excessively
high for the parameters interesting for high energy physics.
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