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Abstract
If the amplitude of direct nuclear reaction (or its fastly varying part) is

dominated by the triangle graph then it can be identified observing the picture
corresponding to so-called moving triangle singularity: the form of the distri-
bution with respect to the invariant mass of several final particles must change
with momentum transferred from initial fast particle to final one. The possibil-
ities for observation are discussed using two reactions: (i) deuteron break up in
the A-isobar region of two proton mass and (ii) 77-meson production pd —> pdrj.

1. Introduction

A number of examples is known when the amplitude of the nuclear reaction is deter-
mined by the pole graph, especially in the region of small spectator momenta (see,
for example, Ref.1'2). There is a model-independent test for a dominant part of pole
mechanism - so-called Treiman-Yang test3. An isotropic distribution with respect to
Treiman-Yang angle gives a brilliant qualitative evidence for the pole mechanism. Up
to now the situations with more complicated graphs an- rather different. There are a
few cases where we can believe that a triangle graph gives a major contribution in the
region of large spectator momenta, for example in d(TT~,ir~p) reaction at 1 GeV/c1

and in stopped antiproton capture pd —> p, 2w+ 3w~ in five-pion channel2. But this
supposition is based only on undirect and model-dependent evidences. No qualitative
criteria were ever applied in these cases.

On the other hand, this topic has a great importance for nuclear and particle
physics. The matter is that many of the theoretical approaches actually proceed
from the supposition on dominant role of one or a few mechanisms (graphs) in the
amplitude or at least in its fastly varying part. Confidental isolation of the contri-
bution of triangle graph would give strong support to such concept. In addition, it
would make possible to obtain off-mass-shell elementary amplitudes.

For that reason it would be highly desirable to have some distinct qualitative
indication of triangle mechanism. Such indication is known over a long time4"6. It is
the picture of so-called moving complex singularities: The triangle graph of Fig.la has
a singularity of logarithmic type in the variable W - invariant mass of the particles
4 + 5 + • • • + n situated in complex plane whose position depends on the value of the
variable q - three-momentum transfer from x to z. So the position and width of the
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bump of the distribution with respect to W must change with q. The picture, as we
shall see later, is very distinct and its experimental observation would give a bright
qualitative characteristic of the triangle graph dominance.

2. The amplitude of a triangle graph
Let us consider the general form of a triangle graph (Fig.la), introduce some notations
and give the expression for corresponding amplitude M&. Let e be the binding energy
in the vertex A—» 1+3 (that is in our cases deuteron binding energy),

K2 = 2m,3e, q = px-Pz-

Figure 1: Triangle graphs: a) general form; b) for the process pd -* ppn; c) for the process
pi -* pdi).

It is convenient to introduce dimensionless variables A and £ which in nonrela-
tivistic case are connected with q2 and W via simple expressions5'6:

A =

t - H l̂

(mi + m2)2
 K2 '

VflA W — Till — TT12

In terms of these variables triangle singularity is situated at

{A = A - 1 + 2iy/X

(1)

(2)

(3)

and the expression for the amplitude M^ of the graph of Fig.la has a universal form
which is especially simple in coordinate space. If we take into account nuclear form
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factor in the vertex A —• 1+3, then6'7

oo

MA ~ f tj>(r)ji(\/\Kr) exp(-AKr + iBK,r)r dr . (4)
o

Here V"(r) ' s a radial part of wave function of particles 1 and 3 in nucleus A, I is their
orbital momentum, ji - spherical Bessel function.
A t £ > 0 A = 0, fl = v ^ , a t £ < 0 A = v ^ ? , B = 0.

If the particle 2 is not stable but is the resonance with the width F (for example
A in Fig.lb) one can take it into account by introducing dimensionless variable

The expression for A/A (4) remains the same but with modified A and B:

Atf>0 B = [(( + VFT7)/2Y", A = p/2B,
at { < 0 A = [(-£ + >/FfP*)/2]1/2, 5 = /»/2i4.

In the case of pd —» pdr; reaction (graph of Fig.lc) we must use relativistic kine-
matics for pion, but it can be shown that the expression for triangle graph has the
same form (4) if we slightly change the definitions for variables ( and A:

(7)

Now ip(r) has a meaning of deuteron function, and dominant contribution is from the
state with I = 0.

The expression (4) is derived for constant vertices 1 + 2 - » 4 + 5 + hn and
3 + x —> 2 + z. So for real comparison with experimental data the results for | M A | 2

must be multiplied by the cross section of the process 3 + a: —> 2 + 2 at the same initial
kinetic energy and given q2, and by the cross section of the process 1+2 —> 4+5+- • -+n
at given invariant mass W (more exactly by corresponding amplitudes squared).

Universal picture of \M&\2 was recently presented in Ref.7 devoted to S-hypernuc-
lear systems production (see Fig.2 in Ref.7 for the case of 12C reaction). We have a
clear bump in the distribution with respect to £ and the position and width of the
bump distinctly vary with changing of A. In what follows we shall give two other
similar examples.

A question arises why the distinct picture yet is not observed. There are three
reasons: (i) practically no special investigations were made for that purpose; (ii) it is
a rather hard task due to the width of the bump and due to the fact that the region
of small relative momenta of final particles is needed where a strong intersection can
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be with the effects of final state interactions. Besides, one must also take into account
the physical background due to other mechanisms; (iii) in most cases we have not
only the triangle graph of Fig.la but also corresponding pole graph which imitates
rather close qualitative picture in terms of £ and A variables.

3. The process pd —>• ppn in A-resonance region
Let us consider the process pd —* ppn in the region where the invariant mass of two
final protons W is close to the sum of nucleon and A-isobar masses (so-called A-
resonance region). Experimental investigations (see, for example, Ref.8) have shown
a distinct bump in W distribution and it seems probable that the triangle graph of
Fig.lb gives dominant contribution. The crucial test would be the investigation of
W distributions at various values of momentum transferred from initial fast proton
to final fast neutron (up to now there are only global data). Theoretical predictions
for the amplitude squared of Fig.lb graph for various q% are shown in Fig.2. (The
curve for q2 = 0.01 (GeV/c)2 is shown only in illustrative purposes as this value of q2

cannot be achieved experimentally).

I^A|2, 0.08-
rel.unit

0.06

0.04

0.02

-50 0 50
E, MeV

Figure 2: |Af̂ |2 for the process pd —> ppn in A-isobar region of two-proton invariant mass
for q2 = 0.01 (GeV/c)2 (x); 0.12 (GeV/c)3 (a); 0.25 (GeV/c)2 (O); 0.37 (GeV/c)2 (+) and
0.50 (GeV/c)2 (dashed).

Here E is the difference of two-proton mass and the sum of masses of nucleon and
A-isobar:

E = W-(mN + m*). (8)

One can see a clear picture of moving bump but the width of the bump is rather
large.
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4. The process of 77—production pd —• pdrj

Another interesting example is given by the process of ^-production in pd collisions
in the channel pd —> pdr). The graph of Fig.lc with virtual pion can give here large
contribution at energies not very far from threshold. The graphs of such type were
earlier successfully applied to the pd backward scattering9'10 and become very popular
recently for the processes with large momentum transfer. The reason is that actually
these graphs give simplest representation of two-nucleon mechanisms of interactions.
Moreover, contrary to free NN interaction, here the exchanged pion can be in some
cases on mass shell. Fig.3 shows | M A | 2 as function of invariant mass of (r)p) system
W for different values of q. We see distinct bump whose position and width evidently
change with q, being at the same time inside available physical region even for initial
energies of about 1.2-5-1.3 GeV.

Another item is whether the mass of transferred particle can be determined from
the experimental data. Fig.4 shows the results for | M A | 2 at fixed q = 0.9 GeV/c
but for different masses of transferred particle (0.14 GeV - pion mass, 0.80 GeV -
near p-meson mass and two intermediate values). Here we also see rather optimistic
picture: the peaks, corresponding to different values of transferred particle, are well
separated.

Author is indebted to Professors O.D.Dalkarov, Bo Hoistad, T.Ericson, S.Kullander,
I.S.Shapiro and C.Wilkin for stimulating discussions.
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Figure 3: |MA|2, corresponding to the graph of Fig.lc with pion exchange, for q = 0.7
GeV/c (x); 0.8 Gev/c (•); 0.9 GeV/c (O) and 1.0 GeV/c (+).
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Figure 4: |MA |2, corresponding to the graph of Fig.lc, for q = 0.9 GeV/c with exchange
of particle with mass 0.14 GeV (x); 0.36 GeV (D); 0.58 GeV (<0) and 0.80 GeV ( + ).
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