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Abstract

In this paper we study a microcanonical lattice gas model with different

boundary conditions. Only if the partitions volume is let free to fluctuate and

is not constrained by an external box the phase transition region is charac-

terized by a negative branch for the heat capacity. We show that the caloric

curve is not the proper way to look for the phase transition because it dir-

ectly depends on the considered transformation . Conversely, kinetic energy

fluctuations are shown to be a direct measure of the equation of state. The

presence of abnormal fluctuations is a robust signature of the liquid gas phase

transition.

1 Introduction

One of the most important challenges of heavy ion physics is the identification and

characterization of the nuclear liquid-gas phase transition. Since nuclei contain only

a few hundreds of particles at most we are forced to address the general problem

of the definition and identification of phase transitions in finite systems. This is

the case of many other microscopic or mesoscopic systems : well known examples

are melting and vaporization of metallic clusters[l], Bose condensation or super-

fluid phase transition of quantum fluids[2], deconfinement of dense hadronic matter

towards quark and gluon plasma[3]. It has been proposed that the phase transition

in finite systems within the microcanonical ensemble[4, 5] may be signed through

an anomalous back-bending behavior in the functional relationship between the

temperature and the excitation energy deposited in the system, the so called caloric

curve. The derivative of the caloric curve being by definition the heat capacity of



the system, a first order phase transition should correspond to a negative branch for

the heat capacity.

Many different measurements of the caloric curve have been performed [6],

showing however quite different and generally smooth behaviors. Recently it has

been shown that negative heat capacities can be signed also through the occurrence

of abnormally large kinetic energy fluctuations[7, 8]. This new signal of a first order

phase transition has been applied to multifragmentation data and a liquid-gas phase

transition has been tentatively identified [9, 10]. The link between the observation

of monotonic and smooth caloric curves and the measure of negative heat capacities

is therefore still a puzzle.

In this paper we would like to show that in finite systems the way the volume

is defined is essential as far as the equation of state is concerned, conversely to

the thermodynamical limit where all the various ensembles are equivalent. This is

especially important in the liquid gas phase transition, since the volume is directly

related to the order parameter. The phase transition will then be univocally signed

by the abnormal convexity of the thermodynamical potential [4, 5, 11] in the state

variables plane which reflects on the different equations of state. In particular, when

the volume is fixed the fluctuations are related to Cy which does not diverge and

does not become negative in the liquid-gas phase transition region. Conversely, when

the volume is only known in average and can fluctuate from event to event we shall

here show that the fluctuations are related to Cp which diverges. Therefore in this

second ensemble if the system passes through coexistence the anomaly can be traced

back from the study of kinetic energy fluctuations since this signal is directly related

to the equation of state. On the other hand, we show that the caloric curve is a

more indirect way to look for the phase transition because it depends not only on

the equation of state but also on the considered transformation in the state variables

plane.



2 The Lattice Gas Model in the Isochore and Isobar

ensemble

In our implementation of the Lattice Gas Model of Lee and Yang [12, 13, 14] the

N = L3 sites of a cubic lattice are characterized by an occupation number r which

is denned as r = 0 for a vacancy, and r = 1 for a nucleon. Particles occupying

nearest neighboring sites interact with an energy e. The Hamiltonian is given by

N D? 1

where the second sum runs only over the closest neighbors Mi of i. The coupling

constant e = —5.5 MeV is fixed so to reproduce the saturation energy of nuclear

matter.

In finite systems, the various statistical ensembles are not equivalent. The

elementary ensemble is the microcanonical ensemble because its entropy is directly

related to the density of states. Moreover in practical applications the microcanon-

ical ensemble is most adapted since the total energy can almost always be defined

and/or measured. The other extensive variable is the one body volume observable

defined by
4 N

^Eh (2)
where r is the distance to the center of the lattice. Grancanonical [15], canonical[16,

11, 17, 13] and microcanonical[18, 8, 13] ensembles with a volume fixed through

sharp or periodic boundary conditions have already been considered in the lattice

gas model context. The microcanonical ensemble inside a fixed constraining external

box of volume VB can be defined through the density of states

W(E,V) (3)
v

where W (E, V) is the elementary density of states. The ensemble (3) will be re-

ferred to in the following as the isochore ensemble. In the isochore ensemble the

energy E and the volume of the box VB represent the two state variables of the

system. They are associated to two equations of states, giving the microcanonical

temperature TyX = dE^ogWvB and the pressure pvB = dvB log WyB. In actual ex-

periments however the volume cannot be defined through boundary conditions but



is an experimental observable known at best in average. From the theoretical point

of view one is therefore forced to consider a statistical ensemble for which the volume

can fluctuate from event to event. Introducing a Lagrange multiplier A in order to

constrain a specific value for the average volume[14] when maximizing the entropy,

we come to the microcanonical ensemble defined through the partition function

WX(E, A) >E) e x P (4)

Here the two state variables are the energy E and the Lagrange conjugate of the

volume A; the associated equations of states give the microcanonical temperature

T^1 = 8E log W\ and the average volume < V > as a function of E and A. It should

be noticed that A can be formally related to a pressure via P = T\X. For this reason

the ensemble (4) will be hereby denoted as the isobar ensemble.

300 400 600 600 700 800 900 10001100

(fm1)

Figure 1: Correlation between pressure and volume for a system of 216 particles in

the isobar microcanonical ensemble. The microcanonical temperature is indicated

on each isotherm. The thick line gives the critical isotherm.

The numerical realization of the model is a three dimensional cubic lattice. For

the isobar ensemble the size is chosen large enough so that the boundary conditions

do not affect the calculations with a constraining A. Canonical events are generated



with a standard Metropolis sampling[14]. Microcanonical results are simply obtained

by a sorting of canonical events. For example the average volume is calculated as

(5)

where V^ is the expectation of the operator V in the kih event and NE is the total

number of events of energy E within a small interval AE out of the global canonical

sample simulated within a given constraining A.

3 Phase transitions and back-bendings
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Figure 2: Pressure as a function of density for different temperatures calculated from

the exact partition sum (circles) and with the mean field approximation (dotted line)

in the canonical isochore ensemble. The full line corresponds to the coexistence line.

The various isotherms of the microcanonical isobar ensemble in the (P, < V >) plane

are displayed in Figure 1. Far from coexistence the curves P(< V >) at constant

temperature are monotonous. However, when we get close to the coexistence region

we observe an anomalous back-bending which induces a negative branch in the

compressibility. This phenomenon is not specific of the isobar ensemble nor of



the microcanonical constraint. As a matter of fact a similar behavior can also be

observed in canonical lattice gas calculations at constant volume [11, 19]. In the

isochore ensemble for a fixed box size Vjg a canonical pressure can be defined as

2dlogZyB p2VBdlogZyB

r = * > — - = (6)

where ZyB = XIE Wvflea:p(—/3-E1) is the canonical isochore partition sum, A is the

number of particles and p = A/VB the lattice density. The result is displayed in fig-

ure 2 for a lattice of linear size L = 6. The physical origin of the anomaly observed

inside the coexistence region in Figures 1 and 2 is completely different from the

back-bendings systematically found in the mean field approximation (dashed lines

in figure 2) which simply reflect the instability of the homogenous system respect to

phase separation. In our exact calculation which naturally includes inhomogeneous

partitions conversely this feature corresponds to equilibrium under the constraint

of mass number conservation acting in finite systemsfll, 19]. More generally, every

conservation law applying to an extensive variable (JB, V, A,. . . ) induces an "an-

omaly" of the intensive conjugated variable (T, p, / / , . . . ) as a consequence of the

non-concave behavior of the thermodynamical potential within a first order phase

transition of a finite system [4, 20].

4 Results in the Isobar ensemble

In particular in the microcanonical case a back-bending is expected in the behavior

of the temperature as a function of the energy due to the extra constraint of total

energy conservation [5]. The microcanonical temperature of the lattice gas model is

easily calculated from the associated canonical sampling. Let us first consider the

isobar case. If TV states are sampled with a given constraining f3 and A, the canonical

energy distribution of events reads

N(,,i{E) = -f-Wx(E, X) exP (-0E) (7)

where Zpt\ is the canonical partition sum. A volume distribution can also be defined

by

JL (8)
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Figure 3: Energy (left part) and volume (right part) distributions in the canonical

isobar ensemble at a subcritical value for A. The values of 1//? are reported on the

curves.

where W0 = £ £ W(E, V)exp(-j3E).

Figure 3a presents the energy and volume distributions at a given subcritical

A and different /?. Far from the coexistence region the distributions present the

expected Gaussian behavior. When we get close to the coexistence region dense

liquid-like partitions at low energy and diluted gas-like partitions at high energy

coexist at the same canonical temperature. The minimum in the probability dis-

tributions corresponds to (rare) partitions where liquid-like and gas-like features

coexist inside the same event. These partitions are hardly sampled in the canonical

ensemble and can be studied only when events are explicitely sorted in energy bins

with the microcanonical constraint. According to equations (7),(8) the logarithm

of these probabilities directly gives the entropy apart from a linear correction. The

observed double bump in the probability distributions is therefore a direct evidence

of the convex intruder expected in the entropy in the case of a finite microcanonical

system undergoing a first order phase transition. The associated microcanonical

caloric curve is easily calculated: the logarithm of the energy distribution Npt\(E)



directly leads to the microcanonical equation of state at constant A

0 + 8 log tyiA

dE ^ ' BE ( 9 )

For each canonical ensemble the total energy exhibits large fluctuations allowing the

calculation of the microcanonical temperature over a wide range of energies using

equation (9) as shown in figure 4a. The fact that the microcanonical temperatures

defined from various canonical ensembles at difFerent /? all agree within the statistical

error bars is a demonstration of the accuracy of the Metropolis sampling. The

microcanonical caloric curve presents the expected back-bending in the coexistence

region due to the anomalous convexity of the entropy. It is interesting to compare the
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Figure 4: Microcanonical caloric curve in the isobar ensemble. Upper part: estim-

ations from eq.(9) at different (3. Lower part: full line: weighted average of the

upper part. Dashed line(symbols): canonical temperature from the average (most

probable) energy at each /?.

microcanonical and canonical caloric curves as shown in Figure 46. In finite systems

two canonical caloric curves can be denned, corresponding to the average and most

probable energy associated to a given (3. In infinite systems these two energies

are equal because fluctuations can be neglected. Far from the phase transition the

8



canonical and microcanonical curves agree. Indeed as seen in Fig. 3a the canonical

energy distribution is Gaussian showing that the two ensembles only differ through

minor fluctuation corrections. Moreover, from equation (9) we can see that the most

probable canonical energy is characterized by the equality of the microcanonical and

canonical temperatures. In the coexistence region however the predictions of the

two ensembles differ in an noticeable manner. The canonical caloric curves are by

definition monovaluated while this restriction does not apply to the microcanonical

case: in the back-bending region the canonical caloric curve associated with the most

probable energy presents a discontinuity equivalent to the Maxwell construction.

The observed energy jump is directly related to the latent heat of the first order phase

transition. The coexistence region, where a liquid-like and a gas-like fraction coexist

inside the same partition, is not accessible in the canonical formalism. Because of

fluctuations the average energy presents a smoother behavior with however a clear

slope change in the transition region. The convex intruder of the entropy induces

-0.5 0 Oi I 1.5 2 2.5 3 J.5 <

E/A (MeV)

Figure 5: Entropy (upper part) and its successive derivatives, the microcanonical

temperature (medium part) and the heat capacity (lower part) as a function of the

total energy per particle in the microcanonical isobar ensemble with a fixed number

of particles A = 216 and at a fixed subcritical value of A.



a negative region for the microcanonical heat capacity C = (8ET) corresponding

to the decreasing branch of the temperature as shown in Figure 5c. The anomalous

curvature of the thermodynamical potential is a clear signature of a first order phase

transition, the distance between the two poles being a direct measure of the latent

heat. These calculations have been performed at constant A. Increasing the value of

this parameter, the volume of the system gets more and more constrained and the

two poles get closer up to the critical point where they merge before they disappear.

5 Kinetic energy fluctuations
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Figure 6: As a function of the total energy per particle in the microcanonical isobar

ensemble with a fixed number of particles A = 216 and at a fixed subcritical value of

A are shown: a): the average kinetic energy (dots) multiplied by 2/3 compared with

the microcanonical temperature (line); b): the kinetic energy fluctuations (dots)

compared with the canonical expectation (line); c) The heat capacity extracted

from the fluctuations (dots) compared with the exact one (line).

From figure 5 it is clear that a first order phase transition can be experimentally

detected by looking for curvature anomalies in the number of states [21, 22] as well

10



as for back-bendings[23] or generally speaking anomalies[24] in the caloric curve.

Recently it has been proposed that the microcanonical heat capacity can be also

directly measured using partial energy fluctuations [7]. In a (semi)classical system

with momentum independent interactions the total energy E can be decomposed

into two independent components, the kinetic (EK) and interaction energy (Ei)

: E = EK + #/• In a microcanonical ensemble with a total energy E the total

degeneracy factor W (E) = exp(S(E)) is thus simply given by the folding product

of the individual degeneracy factor W\ (Ei) — exp(Si (Ei)) of the two subsystems

i — K, I. One can then define for the total system as well as for the two subsystems

the microcanonical temperatures Ti and the associated heat capacities C,-. Since

we are dealing with a classical gas the kinetic equation of state is simply given by

EK — 3ATk/2 and the kinetic heat capacity is a constant, CK — 3A/2. If we now

look at the kinetic energy distribution when the total energy is E

P | (EK) = exp (SK (EK) + SJ(E- EK) - S (E)) (10)

Using Eq.(10) we directly get that the most probable partitioning of the total energy

E between the potential and kinetic microcanonical temperature T = TK [EKJ =

Tj (E — Ex). Therefore the most probable kinetic energy E^ can be used as a mi-

crocanonical thermometer as shown in Figure 6a. Using a Gaussian approximation

for Pj( (EK) the kinetic energy variance can be calculated as [25]

T

where CK and C/ are the microcanonical heat capacities calculated for the most

probable energy partition. Equation (11) can be inverted to extract from the ob-

served fluctuations the heat capacity

From eq.(12) we can see that when the heat capacity becomes negative UK overcomes

the canonical expectation <?K/T2 = CK- The kinetic energy variance is plotted in

Figure 6.b. It is amazing to observe that the constraint of energy conservation leads

in the phase transition region to larger fluctuations than in the canonical case where

the total energy is free to fluctuate. This is because the kinetic energy part is forced

11



to share the total available energy with the interaction part. When the interaction

part presents a negative heat capacity the jumps from liquid to gas induce strong

fluctuations in the energy partitioning. These anomalously large kinetic energy fluc-

tuations are a signature of the convex intruder in the entropy surface and therefore

of the first order phase transition. Figure 6c shows that the heat capacity extrac-

ted from the kinetic energy fluctuations is in very good agreement with the exact

one. This means that kinetic energy fluctuations are an experimentally accessible

measure of the heat capacity which allows to observe the divergences and negative

branches characteristic of the phase transition.

6 Results in the Isochore ensemble

The microcanonical thermodynamics can also be calculated in the isochore ensemble

within the same technique developed in eqs. (7),(9) by replacing W\ with WyB-

E/A (tfeV)

Figure 7: Same as Figure 6, but for the isochore ensemble at a subcritical density

It is known from general thermodynamical considerations for macroscopic sys-

tems that the Maxwell construction is possible only for a transformation at constant

pressure. In this case the system, starting at low temperature from a pure liquid

12



phase, enters and exits the coexistence region with increasing temperature. Con-

versely at constant volume the coexistence region is crossed only once (from a mixed

phase to a pure fluide phase) and only a change of slope is expected for the caloric

curve. The results for our finite size microcanonical system are shown in figure 7.

The caloric curve is smoothly increasing and the heat capacity does not show any

divergence or negative branch. Kinetic energy fluctuations are everywhere below

the canonical limit and once again the heat capacity extracted from fluctuations is

in perfect agreement with the exact heat capacity calculated from the density of

states. This means that signals of the phase transition in the isochore ensemble

cannot be found in the functional behavior of the conjugated variables (E,T). In

fact the partition energy is strongly correlated to the partition volume; the import-

ant energy fluctuations in the canonical ensemble connected to the convex intruder

in the microcanonical entropy are then hindered in the isochore ensemble by the

boundary condition constraint (see Figure 3 above). To reconstruct the anomaly

rfT11111 [ i 111 1111 1111 1111 111111111:

Figure 8: Caloric curve (upper part) and normalized kinetic energy fluctuations

(lower part) as a function of the total energy per particle for a system of A = 216

particles inside a constraining box of size V = 6A (dashed lines) and V = 27A (full

lines).

in the thermodynamical potential signalling the presence of the phase transition,

13



one has to study variables which are not affected by this constraint. An example

is given by the mass A and its conjugated intensive variable the chemical potential

fx [11], which produces a behavior analogous to the p — V diagram shown in figure

2. A figure equivalent to fig.3 can then be obtained by calculating the mass distri-

butions with different fi in the associated grancanonical ensemble. The anomaly in

this variable can therefore be traced out both from a canonical and a microcanonical

analysis. However concerning the heat capacity observable it is easy to demonstrate

that the hump in the P — V isotherm is always associated with negative Cp but not

to negative Cv [26].

- 2

Figure 9: Temperature as a function of the energy per particle and the Lagrange

parameter A for a system of 216 particles in the isobar microcanonical ensemble.

Looking at the definitions of the isochore and the isobar ensemble eqs.(3),(4) we

can see the A = 0 case of the isobar ensemble is identical to the Vg —» oo limit of the

isochore ensemble. In other words we can expect a system contained in a constraining

box of infinite volume being equivalent to a system at zero pressure. This intuitive

statement and the formal equivalence between the ensembles are demonstrated in

figure 8. In this figure the behavior of the isochore caloric curve and fluctuations

are considered by increasing the size of the constraining box. If the size of the box

is so large that the system does not feel the boundary conditions, the back-bending

14



of the caloric curve and the abnormally large kinetic energy fluctuation signal are

recovered.

Concerning the experimental situation, multifragmentation takes place in the

vacuum and the partition volume is defined only as an average observable and cannot

be used as a sorting variable. This situation corresponds to the statistical ensemble

with a fluctuating volume (isobar) for which as we have seen the heat capacity is

related to Cp. Therefore the negative heat capacity signal is expected in nuclear

multifragmentation data [9].

7 Fluctuations versus Caloric curves

- 2

Figure 10: Normalized kinetic energy fluctuations in the Lagrange parameter A

versus energy plane for a system of 216 particles in the isobar micro canonical en-

semble.

The first experimental evidence of a negative branch for the heat capacity [9] however

shows at the same time a smooth and monotonous caloric curve, in agreement with

other previous measurements on different systems[27]. This apparent contradiction

can be understood by remembering that the heat capacity can be obtained as the

derivative of the caloric curve only if a transformation is selected that keeps constant

15



the other state variable, see eq.(9).

Figure 9 displays the two-dimensional caloric curves giving the temperature

T as a function of the state variables (A,22). The back-bending of the temperature

surface indeed induces a negative branch in the microcanonical heat capacity if

constant A transformations are followed: C^1 = dT\ (E) fdE.

^ 4.5
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Figure 11: Thermodynamical quantities in the microcanonical ensemble for a trans-

formation at constant pressure (left part) and at constant volume (right part). Upper

panels: caloric curve. Lower panels: normalized kinetic energy fluctuations com-

pared to the canonical expectation (lines). Medium panels: heat capacity (symbols)

compared to the estimation through eq.(12) (lines).

The normalized fluctuations cr2
K/T2 are also shown in the (E, A) plane in Figure

10. In the whole phase transition region the microcanonical fluctuations present a

strong maximum which exceeds the canonical value: From figures 9 and 10 it is

apparent that the phase transition signal is visible in the temperature as well as in

the fluctuation observable. However the experimentally measured caloric curves are

not bidimensional. Indeed, even if different sources with different excitation energies

can be prepared, the other thermodynamical parameters are not controlled even if

they can be measured. In particular an average value for the freeze-out volume of

16



a selected ensemble of events can be deduced from interferometry and correlation

measurements or through comparisons with statistical models but it cannot be varied

independently of the deposited energy. This means that experiments are sampling a

monodimensional curve on the equation of state surface. The resulting caloric curve

therefore depends on the actual transformation in the t her mo dynamical parameters

plane. As an example the behavior of the temperature as a function of energy at a

constant pressure or a constant average volume in the subcritical region are displayed

in the upper part of figure 11. At constant pressure the caloric curves are steeper

than the ones at constant A presented in figure 9 when the system is in the liquid or

in the vapor phase; in the coexistence region the isobars are almost identical to the

iso-A's since P and A differ only by the temperature which is almost constant in the

phase transition region, and a back-bending is clearly seen. On the other hand at

constant volume a smooth behavior is observed with a slope change entering the gas

phase, as expected from general thermodynamics (see also [15, 18]) . This is due to

the fact that the A parameter varies rapidly in the coexistence region. From these

examples one clearly sees that the various transformations leads to very different

caloric curves. More generally, it is clear that the back-bending of the temperature

surface can be avoided depending on the path of the considered transformation and

the phase transition signal can be hidden in the observation of the caloric curve.

On the other side partial energy fluctuations are a state variable which does

not depend on the transformation from one state to another and can directly give

access to the equation of state. The contour plot of the kinetic energy fluctuations

is shown in the energy-A plane in figure 12 together with the isotherms. One can

clearly see that up to the critical temperature the fluctuations are abnormally large

in the coexistence region: an anomalously large fluctuation signal will be always

seen if the system undergoes a first order phase transition, independent of the path.

As an example the lower part of figure 11 shows a constant P or < V > cut of the

bidimensional fluctuation surface shown in figure 10,12. The quantitative behavior

of the heat capacity as a function of energy depends on the specific transformation,

but at each point the heat capacity extracted from fluctuations is a direct measure

of the underlying equation of state. This is clearly demonstrated in the medium

part of figure 11 where the symbols, which represent the heat capacity C\ extracted

17
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Figure 12: Isotherms and contour plot of the normalized kinetic energy fluctuations

in the Lagrange parameter versus energy plane. The level corresponding to the

canonical expectation o\jT2 = 1.5 is shown. Thick line: critical isotherm.

from the equation of state eq.(9), are in very good agreement with the lines which

correspond to the fluctuation estimation eq.(12).

8 Conclusions

To summarize, in finite systems the equation of state depends explicitly on the con-

sidered statistical ensemble of events . In the case of the liquid gas phase transition

the two relevant t her mo dynamical observables are the energy and the volume of the

partitions. Then, a negative heat capacity is a well denned signal of a first order

phase transition only if events are sorted in constant excitation energy bins and the

volume is not constrained by an external box.

Moreover a monodimensional curve such as the measured caloric curves provides

insufficient information to measure the equation of state and can be misleading. In-

deed, many different caloric curves can be generated depending on the path followed

in the state variable plane. In an experimental situation this transformation cannot

be controlled and is even hardly defined. Back-bendings can be suppressed or arti-

18



ficially generated so that the caloric curve should be used with caution as far as the

signature of a liquid-gas phase transition is concerned. Conversely, partial energy

fluctuations are a direct measure of the heat capacities. This observable depends on

the considered state and is a direct measure of the equation of state. Considering a

statistical ensemble of states characterized by total energy and an average volume

we have shown that abnormal fluctuations are a robust signal of a first order phase

transition. In this case kinetic energy fluctuations in the phase transition region are

indeed related to the isobar heat capacity Cp which is known to diverge.

The connection to experimental fragmentation data is straightforward. The

microcanonical ensemble is relevant for the analysis of experimental data because

of the absence of a heat bath and since using calorimetry techniques the excitation

energy can be measured on an event-by-event basis; the events can thus be sorted

in constant energy bins i.e. in microcanonical ensembles. As far as the freeze-out

volume is concerned, the absence of a constraining box implies that this variable

can be known at best in average. Therefore, we expect that the partial energy

fluctuations will present a strong anomaly if the multifragmenting nuclear system is

undergoing a liquid gas phase transition[9].
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