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1 Introduction

Formation and self-organization of coherent structures have been a topic in plasmas and fluids. Such structures are
supposed to play a crucial role on the macroscopic properties of the system, especially on long distance transport of
particles and energy. The emergence of self-organized motions has been observed experimentally in a magnetically
confined pure electron columns by K. S. Fine, A. C. Case, W. G. Flynn and C. F. Driscoll(1) and numerically in
decaying and force-driven drift wave turbulence by N. Kurkhakin, S. A. Orszag and V. Yakhot(2). Both observations
are commonly concerning long-lived ordered motions (cryatallization) of well defined vortices, suggesting that the
relaxation to the ordered states may be described by introducing point vortices with which partial differential equations
designed to describe vortical motions are converted to a set of ordinary differential equations.

An unperturbed non-uniform density yields a potential which drives a E x B drift in an azimuthal direction.
Then the fluctuations resonate with the E x B rotation to give a localized structure of the fluctuations, that is, a
descretization of the density fluctuations, which provides a basis of introducing point vortices to describe the nonlinear
development of the self-organizing processes. Although point vortex systems are known to be a Hamilton system which
exhibits a chaotic behavior of vortices whose number is more than three'3 '~'4\ the resonance phenomenon is eventually
supplemented by dissipation incorporated into the vortex system, leading to structures similar to a dissipative structure.

Equations describing the motion of 2D electron fluid are given as follows:

^ + v ± - V n = 0, (1)

vx = -|-zxV(0--lnn), (2)

V24> = 47ren. (3)

These equations are combined to give

^V20+[tf>,V20] = O, (4)

where space and time are normalized by the Debye length and w2/O (CJ2 = 4nNoe2/m, Q — eB/mc), respectively. An
electric potential <j> is normalized by e/T and [ , ] denotes a Poisson braket.

Equation for low frequency electrostatic fluctuations is given by replacing eq.(3 with

T-n), (5)

which is to give

J^-VV)-[^V2</>] = 0, (6)

The linear stability of the two dimensional crossed-field electron column has been studied by Briggs, Daugherty
and Levy^5' who showed that there occurs no instability when the density profile is monotonically decreasing. This
result is confirmed by several authors^6)~(v) for specified density profiles. It is nicely illustrated by Gould ^8' that
linear eigen-functions are localized with positive growth rates for hollow density profiles(9)~(10\ leading to density
descretization in a nonlinear stage.

In the next section, the point vortex description is formulated and some comments are made on the dynamical
properties of point vortices. In Section 3, equilibrium configurations of point vortices are obtained and in Section 4
the vortex lattice formation is demonstrated. Discussions are given in the last section.
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2 Point vortex description

The linear eigen-functions indicate that the fluctuations can be large only at the discrete points where the linear
resonance occurs. This gives a basis of introducing point vortices to analyze the nonlinear evolution of both fluctuations
in the electron column and low frequency electrostatic fluctuations. In the following, we consider

(7)

which includes both eqs.(4) and (G) for K — 0 and K = 1, respectively. Here K denotes a screening effect.
Point vortices can be introduced through

(y-V2Mr,*) = 5>afi(r-rQ), (8)
a

which gives the potential as

where A" is a modified Bessel function of the second kind. In the limit of K —• 0, eq.(9) reduces to

] C | ; (10)

which is a solution of Eq.(8) for K — 0. Therefore K is a parameter controlling the range of the interaction between
vortices. Then the equations for the vortices are given by

jtra =z x V<p(ra,t) = £ S > * j ^ J ^ . ^ - r , ! ) . (11)

The short range nature of the interaction between the vortices is stemed from the screening effect. This implies that
when the distance between the vortices is short enough for the shielding to be neglected, the dynamical behavior of
the vortices is described by the following equation

which is given from eq.(ll) in the limit of K —> 0 or from eq.(10) directly.
Many works have been reported on eq.(12)'n^~'12 ' among which remarkable works are concerned with the vortex

collapse for which three vortices self-similarly converge or diverge, depending on the sign of vorticities {KQ, a =
1,2 and 3} '13^. For the collapse to occur, suitable initial conditions have to be satisfied in addition to the condition
that Ki«2 + *c2K3 + K3K1 = 0. The significance of the vortex collapse is thought to provide a key to understanding of
fundamental processes of strong turbulence. However the vortex collapse is algebraically unstable: a small deviation
from the condition no longer leads to the collapse. In those cases three vortices first converge to some extent and then
turn to diverge. Once they start to diverge, they keep diverging as long as they follow eq.(12). This is not the case for
eq.(ll). When they diverge, because of the short range nature of the interaction, two of them are to form a pair to
travel together and the third one is almost left behind. However since the vorticities of two vortices travelling together
are opposite in sign and different in magnitude, the two vortices return to the place where third one remains. At the
time they come to the position where the two sides of the triagle become equal, the pair is renewed by changing the
partner. The new pair travels in a similar way as before until it comes back to the place and again, exchanges its
partner. This Boomerang interaction is shown in Fig.4(a) as well as the vortex collapse in (b).

Equation (11) has the following constants of motion:

L = ]T>a|ra|2, (14)

which are related to the symmetry properties of eq.(ll). Because of these conserved quantities, systems with three
vortices or less than three vortices are integrable, while dynamical behavior of systems with more than three vortices
can become chaotic. Therefore at the first glance it seems impossible to describe vortex lattice formation in terms of
point vortices. However some of the equilibrium configurations such that vortices are equally distributed on a circle
are shown stable by Morikawa and Swenson'14'. Furthermore the linear resonance eventually introduces dissipation
which is an averaged effect of fluctuations through the fluctuation-dissipation theorem.
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Figure 1: (a) The Boomerang interaction of three vortices, and (b) the vortex collapse

3 Equilibrium configurations of point vortices

Equilibrium configurations of point vortices have been discussed by Morikawa and Swenson for the case that N vortices
are equally distributed on a circle with and without a center vortex. They found that the configuration is stable for
2 < N < 6 in the case of K < 1.289 with a center vortex and for 4 < N < 8 in the case of K < 1 without a center
vortex.

We show other equilibrium configuraltions. Starting from the vortex equation eq.(ll) and introducing the distri-
bution function

f(r,t) = J2-raS(r-ra(t)), (16)

eq.(ll) is rewritten as

Changing from cartesian variables (x, y) to cylindrical coordinates (r, 0) and noting

z x (r - r') • V = -r'sin(<? - 0')-^ + [1 - £ cos(0 - e')\~,

we have

where

V(r,0,t)~f(r,0,t) = 0,

V(r,0,t) =
_

sin(g - O')f(r', 0', t).

(17)

(18)

(19)

(20)

From the above equation, equilibrium configurations are obtained by conditions that V(r, 0, t) are identically zero and
Q(r, 9, t) = fio = constant, for which the vortex system is rigidly rotating around origin without any displacement
in the radial direction. These equilibrium configurations consist of the fixed points of the dynamical system given by
eq.(ll).

In the following we look for the concentric structure of M rings on each of which Nm{m — 1, • • •, M) vortices are
equally distributed, assuming that all the vortices are the same, i.e., 7 a = 7, with/without a center vortex 70 (70 = 7
or 70 = 0):

/(r, 0, t) = ]T -?-6(r - am)6(0 - 0m,n) + ̂ 6(r)6{0), (21)

for which following two relations hold in the equilibrium

0mOino -0mjTl) - 0, (22)

and

n(mo,«o) — cos(<?mo,no - Om,n)\ + ^ 7 0 K i { K a m ° ] = const, (23)
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where

Om,n =

and (m,n) refers to the n-th vortex on the m-th circle. The (nio,no) is an arbitrarily chosen reference vortex.
For the case that vortices on each circle is distributed in a way that the separation distance between neighbouring

vortices is the same, that is, S m n = 2nn/Nm where Nm is the number of vortices on m th circle, V(mo,no) is always
equal to zero and fi(rno, no) does not depend on 7io because of the symmetry. There are many combinations of the
number of rings and the number of vortices on each ring to make Q(MO,JIQ) constant.

Although the above equilibrium configurations are certainly not all, some of these configurations are found to be
long-lived even without introducing any damping, indicating that they may be considered as candidates of coherent
structures which may be realized as a vortex lattice.

4 Vortex lattice formation

We start with a Laiigevin equation, that is, the point vortex equation with fluctuation and dissipation

where the fluctuating force is assumed to obey the following statistics:

<fa(*)>=0, <fa(t) •'{(,(?) >=C6aP6(t-1?). (25)

Here we split the coordinates into an average part and a fluctuating part

r a = RQ + fQ. (2G)

Substituting it into eq.(24) and taking average with respect to the fluctuations, we have for the average part

Subtracting the averaged part of the equation from eq. (24), we obtain for the fluctuationg part

^fa+fa(0, (28)

where we have remained only linear terms. As a formal solution of eq.(28), we have

< (29)
P

where Gap(t\t') is a Green function of eq.(28) which may be approximated by

Ga0(t\t') * e^e-2^-^, (30)

From the assumed statistics for the fluctuating force, we can estimate the right hand side of eq.(27) under the quasi-
linear approximation

d^ K ^ zx(R a -R / 5 ) 1 DaP(t) K0(K\Ra-Rp\)
Jt

R« = ^ l . ^ ^ ^ R 7 p { 1 - 1 - 2 | R Q - R / 3 | 2
l l + " |R"-R^/C1(K|RQ-R /3|)1

^ « | R Q - Rp| ) - ^ R a , (31)

where

DaP(t) = \ < (ra - vpf > ~ C 1 " ^ " (1 - «a/j). (32)

Equation (31) shows that the effect of the fluctuations can be renormalized into the vorticity 7.
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Figure 2: Vortex lattice structures obtained from eq.(40)

Table 1: Vortex distribution in the lattice formation

No. of vortices
Center

1st Ring
2nd Ring

No. of vortices
Center

1st Ring
2nd Ring

No. of vortices
Center

1st Ring
• 2nd Ring

3rd Ring

2
-
2
-
11
-
3
8
21
1
7
13
-

3
-
3
-
12
-
3
9

22
1
8
13
-

4
-
4
-
13
-
4
9
23
1
8
14
-

5
-
5
-
14
-
4
10
24
-
2
8
14

G
-
G
-
15
-
5
10
25
-
3
8
14

6
1
5
-
1G
-
5
11
26
-
3
9
14

7
1
G
-

17
1
5
11
27
-
3
9
15

8
1
7
-

18
1
6
11
28
-
4
9
15

9
1
8
-

19
1
6
12
29
-
4
10
15

10
-
2
8
20
1
7
12
30
-
5
10
15

We have solved eq.(31) numerically with initial vortices distributed randomly. Without the damping the energy
and momentum are conserved in the acuracy of 10 digits. The results are checked by both the forth order Runge-Kutta
method and error control Runge-Kutta-Fehlberg method. Without damping the motion of vortices is chaotic and there
occationally appears an ordered structure which is certainly trangent. However damping organizes the vortices in such
a way that vortices are equally separated in distance and rotate in accord. Some of the ordered structures are given
in Fig.2 for K = 0 where vortices on a ring with/without a center vortex are equilibrium configurations examined
by Morikawa and Swenson, while the others are those found in the previous section. Table 1 shows how vortices
are distributed in the lattice formation starting from arbitrary chosen initial configurations which are produced by a
random number generator. The structures with 6 vortices depend on the choice of initial configurations. It should
be noted that Table 1 does not give all possible configurations since initial conditions are determined randomly and
it is impossible to check all the cases. However there seems to be a selection rule for stable lattice configurations.
The equiribliuin configurations for eq.(31) are obtained similarly in the previous section though we have not examined
those stability yet.

The vortex lattices in Fig.2 are compared with the experimental results in ref.(l). The same structures have been
obtained for K = 1. The magnitude of damping just affects the time until the lattice is formed. The level of the
fluctuations is not crucial to the result as long as it is kept sufficiently small compared with the vorticity 7. One of
the course of the relaxation to the ordered states is shown in Fig.3. In a long run, the ordered structures eventually
shrink to the origin because of the dissipation.

5 Discussion

In this article we have shown the vortex lattice formation based on the point vortex equation with fluctuations and
dissipation, whose basis is confirmed by solving eigen-value problems associated with the linear resonance both in a
magnetically confined electron column and in a low frequency fluctuation which revieled the density descretization.
Some of equilibrium configurations have been also obtained and shown realized in the numerical simulations.

The structure of vortex lattice which is intimately related to the profile of the linear eigen-function may be controlled
by the unperturbed density profile. In experiments the density profile is rather sensitive to the plasma production
and the relation between the unperturbed density profiles and the vortex lattice structures are not studied yet. We
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Figure 3: The time evolution of spatial configuration of vortices initially distributed randomly

have used a random number generator in producing initial configurations of vortices by which the final structures
are chosen among the equilibrium configurations. However the number of equilibrium configurations is large for the
large number of vortices. We have not examined whether all the equilibrium configurations can be realized though we
anticipate they are because dissipation plays an essential role for the structure formation.
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