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A Universal Parameterization of Chaos in Various Beam-Wave Interactions
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The comprehensive parameter spa.ee of self-oscillatiou and its period-doubling route to chaos are
shown for a bounded collisionless beam-plasma, system. In this parameterization, it is helpful to
use a potentially universal parameter in close analogy with free-electron-laser chaos. A common
parameter, which is related to the velocity slippage and the ratio of bounce to oscillation frequencies,
is shown to have similar significance for different physical systems. This single parameter replaces
the dependences on many input parameters, thus suitable for a simplifying and diagnostic measure of
nonlinear dynamical and chaotic phenomena for various systems of particle-wave interactions. The
results of independent kinetic-simulations verity those of nonlinear fluid-simulations. Other standard
routes to chaos via intermittent or qiiasiperiodic oscillations are also shown for the uiidriven plasma
systems. Some correlation of linear characteristics to nonlinear phenomena was noted.

The self-oscillation in an undnven physical system and
its standard routes to chaos are the subject of intense
studies for plasma systems [1] and for free-elecfron-laser
(FEL) systems [2-7]. The previous plasma studies were
mostly experimental [8,9], reporting the observation of
various nonlinear dynamical and chaotic oscillations m
such plasma systems. The overall parameter window in-
cluding all such oscillations is particularly needed for de-
signing the parameters of future studies, experimental or
theoretical.

Despite its usefulness, an analytic theory has a lim-
ited success for complex nonlinear phenomena. Fluid
and kinetic simulations are thus employed for this com-
prehensive picture. The physical model for the simula-
tion is that of the extended Pierce diode system [10],
where an electron, beam of velocity u, density n, and
plasma frequency u>p is injected to a collisionless plasma-
diode system of length L with the applied DC1 voltage
Va. The quasineutral ions constitute an immobile back-
ground. In this extended system, there are new param-
eters such as normalized applied voltage and the ion to
electron density ratio The past simulations showed the
significance of the Pierce parameter [II] u — UJ,,L/U, the
ion-electron ratio [10,12] /? — nt/n, and the applied volt-
age [13] <p - e.Vajmu1.

In the present work, phase diagrams are found in
terms of these control input-parameters for the self-
excited periodic and chaotic oscillations of a bounded
plasma system [14]. The significance and usefulness of
the common quantitative diagnostic measure are shown
for two different physical systems, free-electron-laser and
bounded plasma-diode systems. Various self-oscillating
and chaotic phenomena for the plasma chaos are classi-
fied using a common parameter in close analogy with the
FEL chaos [2-5]. The parameter //, reflecting the slip-
page and the ratio of bounce frequency to nonlinear os-
cillation frequency, has similar significance for two differ-
ent, physical systems of FEL and extended Pierce diode.
This single parameter can be used as a quantitative and

diagnostic measure of various nonlinear dynamical and
chaotic phenomena for many physical systems. The re-
sults of our independent kinetic-simulations verify closely
those of our nonlinear fluid-simulations.

For the numerical methods we have employed two dif-
ferent methods, nonlinear fluid and kinetic simulations
which showed similar results. The model equations for
the nonlinear fluid simulations are:

dt
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where V is the plasma potential, t is the electric charge,
(?) is the electron mass, f.o is the vacuum permittivity, and
n, is background ion density. The boundary conditions
are: the velocities and the densities of electrons at the
cathode are uo and nt) , and the voltages are zero and
V',, at the cathode and anode, respectively. The equa-
tions are discretized by the finite difference method us-
ing a standard upwind differencing scheme. Time step
uJt,At = 0.01 and mesh size w(,A,r/«o = 0.01 are used.
The code first calculates an inlioinogeneous equilibrium
for the given input parameters, and observes the growth
of a small perturbation about the equilibrium. On a ded-
icated Pentium-Pro/200 with LINUX, a typical simula-
tion takes less than 1 hour. The kinetic simulation has
been carried out by using PDP-1 [15] which has been used
for a simulation study of inhomogeneous beam-plasma
interaction [16]. The applications to plasma chaos have
been shown in [17]. A change in the code to give the
initial velocity perturbation was necessary.

The self-oscillation, period-doubled, and period-
quadrupled oscillations from the nonlinear fluid simu-
lation of the plasma system are shown in Fig. 1. for
a = 2. S 8 7T, // = 1.
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The overall parameter window in terms of control
input-variables for various nonlinear dynamical phenom-
ena leading to chaos is useful and illuminating for the
comparison with other experiments and simulations.
These parameter regimes, shown in Fig. 2, are the re-
sults of nonlinear fluid simulations extended to three-
parameter space involving a, <p, a nd TJ. The regions for
stable focus (thus no-oscillation), self-oscillation, period-
doubling, chaos, and unstable region [11] are marked
SF, IP, 'IP, C, and V, in Fig. 2 (a), respectively. At
fixed <j) and /;, the reduction of o reveals the occurrence
of single-frequency liinit-cycle-oscillation which becomes
period doubled oscillations and (hen period-quadrupled,
etc. with further reduction m u. These are m agree-
ment with the previous results [11]. At fixed <x and
i], the increase in <p reveals the occurrence of single-
frequency limit-cycle-oscillation as in Fig. 1 (a), which
becomes period-doubled as m Fig 1 (b), and then period-
quadrupled as m Fig 1 (c), and finally chaotic. The de-
pendence on »/ as in Ref. [12] is also reproduced in Fig.
2 (a). The new results noted in Fig. 2 (a) are that the
increa.se in o at a constant gi can also reveal the simi-
lar phenomena as shown in Fig. 2 (a) at large values of
ft. The saturating characteristics (the sine-like curves)
of these boundary-lines for various IP to 'IP to AP and
ultimately to chaotic oscillations show a dependence on i]
and strong correlation with the linear growth rates (and
not with linear oscillation frequencies) as in Fig. 2 (b).

The phase diagram for various nonlinear dynamical
phenomena can be classified in terms of the parameter
// similar to one used in describing the free-electron-laser
(FEL) chaos [2-5], In studying the FEL chaos, an empir-
ical parameter // was introduced as in [2,3]

\2irc(c - u0)_
— 1\WA

where Ls(= NWX) is slippage length (the effective inter-
action length between electrons and wave) with the num-
ber of wiggler periods Nw and the radiation wavelength
A, Lsyn is synchrotron slippage distance, c is the speed
of light, uo is the average axial velocity of electron beam,
and uif, = \Jek.E/m is the syncrotron bounce frequency
with wave number k and electric field intensity E. For
the beam-plasma case,

L,V 2(1

(5)

where L,,,<( = ^/k) IS the effective interaction length and
•D0 = wr/k is the phase velocity of the wave with oscilla-
tion frequency u>r.

The regimes where various oscillations such as IP , 2P,
4P, and chaos appear are indicated in Fig. 3 with specific
//'s. The large values of// exceeding approximately 2 are
associated wilh the chaotic oscillations. The transitions
of the FEL chaos [3] from SF to \P, to 2P, then to C

occur at //, ~ 0.8, 1.7, and 2.0, which compare with the
plasma case at // ~ 1.05, 1.8, and 2.0. The dependence
of these transition //-values on the input parameters such
as a, <p< an<l V ls weak as seen from the weak horizontal
slopes in Fig. 3. The utility of a. single parameter // as
a diagnostic, measure of various types of nonlinear phe-
nomena leading to chaos is pronounced especially when
the physical systems have complex dependences on many
input parameters.

These nonlinear dynamical and chaotic phenomena for
the beam-plasma are analogous to the case of FEL. The
phase diagram of our FEL work [Fig. 12 of [2]] in terms
of the input-parameters resembles the modest fv-regimes
for the plasma of Fig. 2 (a). The //-classification for the
FEL chaos [Fig. 1 of [3]], is qualitatively similar to that
for the plasma chaos in Fig. 3. The intermittent chaos
and the quasipenodic oscillations are also observed in
our plasma systems. Their characteristics and the fine
structure similar to Fig. 1 of Ref. [3] are the subject of
further detailed study.

The Feigenbaum constants 6 [21] for these period-
doubling sequences up to U\P for several typical cases
of our fluid simulations are calculated. These are 4.8308
and 4.6429 for 0 = (.), i/ = 1; 4.7586 and 4.8333 for
$ - 0.05, i] - 1; 4.9714 and 4.6667 for <f> = 0, 7/ = 1.05
which are close t,o the universal value 4.6692. The re-
turn map using reduced (from partial differential to ordi-
nary differential) equations has been used for the period-
doubling route to chaos of FEL [22] but not yet for the
plasma chaos.

Bonifacio [18] was the first to point out the similarity
of the bounded FEL and the bounded plasma equations
along with the importance of the slippage. He demon-
strated FEL-like equations for a plasma system which
have not been used for the study of the self-oscillation
and chaos. The significance of the slippage (which is an
equilibrium or linear quantify) m determining the non-
linear amplitude has also been recognized for a homoge-
neous beam-plasma instability [19] and for an FEL sys-
tem [20]. The contribution to //. of the slippage along with
the other {actor [the ratio of bounce to nonlinear oscilla-
tion frequencies in Eq. 5] has been found important for
the FEL chaos [2 5]. The present study identifies the
similarity of the. importance of // both for the FEL and
the beam-plasma systems.

It. is also interesting to note that the linear characteris-
tics such as the growth rates and the oscillation frequen-
cies are correlated to the nonlinear phenomena. This was
observed in Fig. 2 (b), where the strong linear growth-
rates are associated with the chaos regime, either at small
a or at large a for a constant <j). The oscillation frequen-
cies at the linear and nonlinear stages determine the wave
phase-velocities, thus the slippages, which affect the pa-
rameter //.

The results of nonlinear fluid simulations as shown in
Figs. 2 and 3 are verified m Fig. 4 by our independent
kinetic results using the PDl'-l code [15]. The results
from two entirely different origins agree very well despite
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the slight differences in the simulation conditions, most
notably in the variation of r\ during the calculations and
the initial equilibria.

The self-oscillations in undriven (with no external ax.
driver-frequency) plasma systems are observed in many
parallel-plate thermionic (with an electron beam injected
from the cathode) discharges [8], elect.ron-cyclotron-
resonance plasma discharge [23], and rf plasmas [24].
Once excited, these self-oscillations follow one of the
standard routes to chaos via period-doubling, intermit-
tent-}', or qiiasiperiodic oscillation. Some of these are
shown in the present paper for the parallel-plate beam-
plasma collisionless discharge. Despite the differences
in the plasma-formation mechanism of these various dis-
charges, most discharges have some forms of interactions
between energetic beam and collective wave, which be-
come nonlinearly important at large wave-amplitudes.
The proposed diagnostic parameter \x contains the non-
linear wave-amplitude resulting from the particle-wave
interaction and the velocity slippage between particle and
wave. The chaos of driven systems [9] can also be classi-
fied using ji in a similar fashion to the undriven plasma
system m the present study. The collisional effects are
of significance as examined in [25] and are the subject of
our future study, whose preliminary results show the hys-
teresis and the anode-glow-mode to temperature-limited-
mode transition [1,26] as well as new features. The sug-
gested parameter // can also be used in quantifying the
plasma chaos for various chaos-control [27].

In summary, the major results are shown in Fig. 2
(a) for the phase diagrams in terms of the control input-
parameters for the period-doubling route to chaos of the
beam-plasma system as well as in Fig. 3 in terms of po-
tentially universal diagnostic parameter /i in close anal-
ogy with the FEL chaos. The. parameter //, reflecting
the ratio of the interaction to the synchrotron slippage
lengths, has similar significance for different, physical sys-
tems of FEL and plasma. The dependence on this single
parameter represents the multiple dependences on many
input parameters, the latter of which vary from system to
system. It can thus be used as a simplifying, quantitative,
and diagnostic measure of various nonlinear dynamical
and chaotic phenomena for many different physical sys-
tems. The results of our independent kinetic-simulations
verify closely those of the nonlinear fluid-simulations. A
correlation of linear characteristics to nonlinear phenom-
ena was noted.
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FIG. 1- Self-oscillation, period-doubled, and
period-quadrupled oscillations with 77 = 1, a = 2.887T. and
(a) 0 = 0 (b) 0 = 0.025 (c) <j> = 0.0285.
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FIG. 2. The calculations on the extended Pierce system
with the fluid model, (a) Phase diagrams of input parameters.
The regions for spiral focus, self-oscillation, period-doubling,
chaos, and unstable region are marked SF, IP , 2P, C, and
U. (b) Linear growth rate (solid line), oscillation frequency
(dashed line), and nonlinear oscillation frequency (crosses) for
varying values of 7? and <j>.
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FIG. 3. Phase diagram by the fluid simulations in terms of
the deterministic parameter fi vs (a) a and (b) 4> with r\ — 1.

0.2

0.15 -

0.1 -

0.05 -

0 -

(a) -o.05

11=1.05
u

U
11=1.02- -"£•"

il=1.0

v/

u

c "~~~~-

/ 2 F \ 4 ^ ~ \

1P

SF

(b)

2 .4

2.2

2

1.8

1 6

1.4

1.2

1

2.8 2.85

—

2.9
aJn

C

'^^2P,4P,-

1P

2.95 3 3.05

-

-

-

2.84 2.86 2.88 2.9 2.92 2.94 2.96 2.98
OL/TZ

FIG. 4. Phase diagram by the kinetic simulations in terms
of (a) the input parameters and (b) fi.


