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Double Tearing Reconnection and the Off-Axis Sawteeth Crash
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A theoretical model is developed for the onset of the off-axis sawteeth crash observed
in TFTR reversed magnetic shear experiments. The dispersion relation of the double
tearing mode is obtained from the solution structure of the ideal external kink equation.
The onset of "annular crash" is due to the fast reconnection of the hot and cold islands,
triggered by the interaction of both branches of the double tearing mode. The onset of "core
crash" is mainly due to the coalescence between the hot islands, triggered by the explosive
growth of the inner branch and the rapid expansion of the hot islands.

I. Introduction

The double tearing instability has been observed in the initial or skin phase of a tokamak
discharge since two decades ago. The stability and evolution of the double tearing mode
were analyzed respectively for the skin and hollow current profiles.2'3 Recently, the high
confinement regime has been observed in the reversed magnetic shear (RMS) plasma with
nonmonotonic q profile in several tokamaks. Therefore, the study of the double tearing mode
becomes a very important issue for achieving the advanced tokamak operation. The off-axis
sawteeth activity and double tearing reconnections were observed in TFTR5 (Tokamak Fusion
Test Reactor) RMS experiments. One of the major remaining questions is the destabilization
mechanism of the double tearing mode.

It is well known that the instability criterion for tearing modes is A'> 0 . The dispersion
relation can be obtained by asymptotic matching between the interior and exterior regions,
namely, A'= A(&>). Recently, analytic expressions of A' and instability criterion have been
derived in the large aspect ratio and low-P limits for m > 2 single tearing mode.6

The aim of the present paper is to develop a theoretical model for onset of the off-axis
sawteeth crashes. The dispersion relation of the double tearing mode is derived based on the
solution structure of the ideal external kink equation in Sec. n. The off-axis sawteeth crash is
analyzed in Sec. Ill by considering a trigger of the m I n = 211 double tearing reconnections.
Finally, the conclusion and discussion are addressed in Sec. IV.

II. Dispersion Relation of Double Tearing Mode

In the large aspect ratio and low-P limits, the MHD equation is reduced to
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where J - V2y/ is a parallel current density, U = V2q> is a vorticity, ^ i s a flux function, and
cp is a stream function. In the outer region away from the resistive layer, Eqs. (1) and (2) can
be reduced to the dimensionless form of the ideal kink external equation as

d2y/ 1 dy/

dr2 r dr

q(rs) q(r)dJI dr
r q(r)-q(rs)

(3)

where the safety factor q(r) is a nonmonotonic function. Suppose Eq. (3) has two linearly

independent solutions yx (r) and y2 (r) which satisfy the continuity condition at r = rs and

the boundary conditions y/(Q) = i//(rw) = 0 , here rw is the location of a conductive wall. Then,

one obtains the general solution

r2)l f(rl,r2) +
V{r2)f{r,rw)lf(r2,rw)

f(r2,rx)
0 < r < r,

rx <r <r2

r2 < r < 1

(4)

by denoting f(x,u) = yx(x)y2(u)-y}(u)y2(x), f'(x,u) = cf(x,u)ldc. Consequently, the

relation between A for the double tearing mode and A'(0) for the single tearing mode is
resulted as following:

(5)

U A-(0)

where A , = f(rJtu)

f'(rx,u) f\r2,u)

f(r2,u)

After A(a>) is constructed from the solution of the tearing mode equation within the resistive

layers at r = r ; , the dispersion relation for the double tearing mode can be obtained by

inserting the relation of asymptotic matching A' = A(co) into Eq. (5).

However, it is very difficult to obtain analytically the solutions yx (r) and y2 (r) since
there are two singularities in Eq. (3). A simple way is to solve Eq. (3) separately in the
intervals [0, r2 ] and [r,, rw ], and redefine A'(0) so that Eq. (5) becomes

(6)

U A - ( 0 )

where A \ ' = f(ritu) f{r2,u)
For simplicity, AK ' can be expressed as

(7)
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without considering the effect of the boundary condition and the coupling term A22 may be
roughly estimated by

2 (X() (8)

where the notations are same as in Ref. 6.

III. Onset of Off-Axis Sawteeth Crashes

Assume that the nonmonotonic q profile has a form similar to that in Ref. 3 as follows

q(r) = q(0)a(l + hrlp)Mlp l(a + hr2p) (9)

where q(0), a, h, and p are free parameters. The q profile is a nonmonotonic function if

a<p/(p + \) and reaches the minimum value qm =q(0)a(l+ p)Mlp(l-a)xlp Ip as
r
m - iiP ~ (1+ /?)«]//>}U2p • Introducing the relation y/*0'(r) = (ml n)y/0'(r)-r, one has

the helical flux function as

2naq(0)

1, l + h
— In (10)

It is easy to prove that y/*0(r) has a minimum at r = r, and a maximum at r = r2 because

ly I' (r) - 0 is just equivalent to q{r}) = m I n.

0 0 . 2 0 . 4 0 . 6 0 . 8 1

Fig. 1. The q profile and helical flux function
for q{\) = 6.5, q(0) = 4.7 , qm = 1.8 and p = 1.

hi the TFTR experiments, the "annular crash" occurs as q(0) increases to a high value
among 4 - 5 while the minimum of q profile, qm, decreases to below 2. One can observe that
the two rational surfaces r, and r2 are close each other from the q profile plotted in Fig. 1.
When q(Y) = 65, #(0) = 4.7, qm = 1.8 and p = \, one has r, = 0.18, r 2=0.38,
A;(0) = -20.58, A2

(0) = 75.24, and A22 = 967.46 so that it is easy to obtain A, (©) = -29.79,
and A2 (&>) = 84.45 by using Eq. (6). This indicates that the double tearing mode is strongly
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unstable and becomes even more unstable due to the interaction between the two branches.
This corresponds to the helical flux function plotted in Fig. 1 which has y/*0(0)>i//'0(r2)
similar to the second case in Ref. 3. It is interesting to notice that the minimum of i//*0(r) just
corresponds to the stable branch at r-rx while the maximum of i//*0(r) just corresponds to
the unstable branch at r = r2. The bulging of the hot and cold islands gives rise to current
sheet formation and fast reconnection between the two singular surfaces. Such complete
reconnection leads to the "annular crash". It is similar to the result of the numerical
simulations,7' 3 which are the application of Kadomtsev model to the double tearing
reconnections. A new equilibrium will be reached as the helical flux function (as well as q
profile) is flat in the reconnection region.

Fig. 2. The q profile and helical flux function
for ^(l) = 6.5, qm =1.6, q(0) = 2.5, and p = 1.

When q(0) decreases rapidly toward to 2 while qmm decreases slightly, the "core crash"
occurs in the TFTR experiments, hi such case, the two rational surfaces r, and r2 are well
separated which can be seen from the q profile plotted in Fig. 2. Similarly, one can calculate
r, =0.10, r2=0.41, AJ(0) = 47.72, A2

(0) =11.27 and A22 =46.34 as q(\) = 6.5, qm=l.6,

q(0) = 2.5, and p = 1. It is also easy to obtain A, (co) = 48.95, and A2(co) = 10.04. The two
branches of the double tearing mode are unstable but the interaction between them is quite
weak. This corresponds to the helical flux function plotted in Fig. 2 which has
i//*Q(0) < y/*0(r2) but different from the first case in Ref. 3. As q(0) decreases to 2.2, one
would have r,=0.07, r2=0.41, A;(0) = 142.71, A2

(0) =11.96 and A22=3034 so that
A, (&>) = 142.94 and A2(co) = 11.74. It is shown in Fig. 3 that the AJ(0) increases as well as
A2

(0) while ^22 decreases as #(0) decreases. Therefore, the interaction of the two
branchesis even weaker so that A(co) is almost same as A'(0).

Obviously, the interaction of the two branches could not be the main reason to trigger
the onset of the "core crash". On one hand, the linear growth of inner branch increases
explosively as r, approaching to plasma core because A'x f(m,A)/ rr becomes very large.6

Suppose that the constant- y/ approximation is still valid in the linear and quasilinear phases
since the island width can not be wider than 2 r,. The time scale in the linear phase is
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r^V/A"4 7 5 ~60-.100//sec for TFTR experiment parameters, here A = A7A'~ 1 0 - 100 is

defined as an enhancement factor of A and A' is a normal A value of the single tearing
mode with monotonic q profile.

2 . 2 2 . 4 2 . 6 2 . 8 3 . 2 3 . 4

Fig. 3. The A J(0) of m I n = 211 mode increases as
<7(0) decreases for q(\) = 6.5, qm = 1.6, and p = 1.

In such case, the qausilinear modification of the magnetic field becomes dominant
comparing with the qausilinear current effect since the inner branch in the linear phase is
strongly unstable. The well-known Rutherford behavior should be implemented as9

1

a
Therefore, the island width is expressed as

w(t) oc
V(t)

1/2

(11)

s0 - (Coqo I i a
(12)

When the quasilinear modification of the magnetic shear is almost equal to the equilibrium
shear, the hot islands expand rapidly as the total shear is approaching to zero around r = r,.

The time scale in the quasilinear phase is TRA~l ~ 1 - 10 msec for TFTR experiment

parameters which is much faster than the Rutherford nonlinear time scale T R ~ lOOw sec.

Fig. 4 Schematic drawing of the reconnection process
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On the other hand, the attractive force between parallel currents induced by the hot
islands accelerates the reconnection triggered by the explosive growth of the inner branch and
the rapid expansion of the hot islands which are close each other. A fast reconnection in the
plasma core due to coalescence between the hot islands leads to the "core crash". In the
plasma core, the resistivity is quite small so that the Sweet-Parker scaling law may be
suitable.10 The time scale for the fast reconnection is r '^r '^A"1 ~ 10-100//sec, which
agrees with the experiment crash time. The reconnection process is shown in Fig. 4.

III. Conclusion and Discussion

In summary, the relation between A for the double tearing mode and A'(0) for single
tearing mode is resulted from the solution structure of the ideal external kink equation. The
dispersion relation of the double tearing mode is obtained with help of the asymptotic
matching condition and the analytic expression of A'(0). The onset of "annular crash" is due
to the fast reconnection of the hot and cold islands, triggered by the interaction of both
branches of the double tearing mode for which Kadomtsev model can be applied to explain.
The onset of "core crash" is mainly due to the coalescence between the hot islands, in which
the fast reconnection is triggered by the explosive growth of the inner branch and the rapid
expansion of the hot islands.
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