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Toroidal plasmas respond to external driving fields in a way which is determined by the
coupling of these fields to the spectrum of the plasma. We have extended the toroidal re-
sistive magnetohydrodynamic spectral code, SPECTOR, to include the effects of external
fields on tokamak-like plasmas. The code is capable of determining both the stable and
unstable modes and also the response to helical applied fields with arbitary mode struc-
ture. Resistivity changes the continuous regions of the ideal MHD spectrum into a set of
discrete eigenvalues lying along lines in the complex frequency plane with a spacing which
is related to the inverse of the square root of the magnetic Reynolds number. Results are
presented which relate the spectral distribution to the plasma response as a function of
frequency.

1 Introduction
Any linear system, which has a spectrum of normal modes and which is coupled to an
external driver, reacts in a way which is related to a linear combination of the normal
modes. For simple systems the frequencies of the normal modes can be identified readily
by this process, particularly in the case where the spectral frequencies are well separated.
The usual phenomenon of resonance response causes the normal mode whose frequency is
closest to the driving frequency to become dominant. With ideal systems (no dissipation)
the spectral points lie on the real axis on the complex frequency plane and the response
becomes singular as the driving frequency approaches the spectral value. In practice,
dissipation is present and the resonant response is finite. This is associated with the fact
that the spectrum of the dissipative system lies below (or above) the real frequency axis
and cannot coincide with the real driving frequency.
Things are much more complicated when the spectrum is dense and the response becomes
dominated by contibutions from a large number of normal modes. Such is the situation of a
cylindrical plasma column, and even more so for a toroidal plasma. The physical situation
that we consider is that of a plasma being driven by externally imposed fields and we model
that situation by using the resistive MHD equations. We assume that the driving fields
are sufficiently weak so that the equations can be linearised. The inclusion of resistivity
will provide a dissipative mechanism which changes the character of the normal mode
spectrum from an ideal continuous, real (but singular) spectrum to a discrete, but dense,
spectrum which lies along characteristic lines in the lower half of the complex frequency
plane (Ryu and Grimm [1, 2]; Dewar and Davies [3, 4]; Kerner et al [5] - [7]; Lortz
and Spies [8J; Storer [9]; Schellhase [10]; Storer and Schellhase [11] and Schellhase and
Storer [12]). The spacing of the spectral points along the lines is proportional to q^2, and
r] (the normalised resistivity) is small for high temperature plasmas, so at any particular
driving frequency we could expect a contribution from a large number of modes. Studies
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of this type have been carried out for a cylindrical plasma column by Poedts, Kerner and
Goosens [13] with particular emphasis on the excitation of Alfven waves.

The rationale for these studies is twofold. Firstly, the resonant absorption of power
from external coils may heat the plasma. This possibility has been studied theoretically
and experimentally for some time. Secondly, measurement of the plasma reponse to
external fields may be related directly or indirectly to key aspects of the properties of the
plasma and hence act as a diagnostic tool. We will concentrate on the later aspect in this
paper. In either case, we need to develop an understanding of the relationship between
the plasma response, the spectral properties of the plasma and the plasma configuration.
This will be done by carefully increasing the complexity of the plasma model. Inclusion of
toroidicity leads to coupling of the poloidal modes and a significant change to the spectral
mode structure. Unfortunately this increase in complexity may obscure the diagnostic
information and make it difficult to use the plasma reponse function to dtermine the
plasma properties.

2 MHD equations

The toroidal resistive MHD code SPECTOR (ScheUhase [10]; Storer and Schellhase [11]
and Schellhase and Storer [12]) has been developed to find the complete (stable and
unstable) spectrum of a tokamak-like plasma. This code solves the linearised resistive
equations for compressible MHD, which lead to

d (V x V x u) = v x r/V x B ) x ( V x a ) + ( v x v x a ) x B i
at

V2p + V - [ ( V x B ) x ( V x a ) ]

+V • [(V x V x a) x B],

<9a
— = (V x u + Vw) x B - r\ (V x V x a) + V/ ,

^ = - (V x u + Vtu) • V P - TPV2u'.

where r\ can either be a constant or non-constant function. Here the variables are expressed
in terms of u and w, which are the perturbed vector and scalar potentials of the velocity
vector v (i.e. v = V x u + Vw) , a. which is the perturbed magnetic vector potential and
p, the perturbed pressure. The equilibrium magnetic field is B. the equilibrium pressure
is P and V is the ratio of specific heats. The first two of the above equations are obtained
by taking the curl and divergence of the equation of motion and the third equation by

— 2 2 -



integrating Ampere's law, which leads to an arbitrary gauge function / . As explained
in [10] this is chosen to be B • u + h (ip) -^ where the tp is a 'radial' coordinate whose
constant surfaces coincide with the poloidal flux surfaces.
The units have been chosen so that the time scale is the toroidal Alfven transit time,
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where a, the plasma radius, and BQ, the magnitude of the equilibrium toroidal field at
the magnetic axis, are used as length and magnetic field scales.
SPECTOR performs a poloidal Fourier decomposition of these equations and takes all
variables to be proportional to exp(—incj) — iut) where n is the toroidal mode number.
A finite difference analysis of the equations leads to a matrix eigenvalue equation of the
form

-iuilu = Vu,

where 1Z and V are block-tridiagonal matrices of order 10MN x lOA/iV, where M =
mmax — Tnmin + 1 (number of poloidal modes), and N denotes the number of radial mesh
points employed. This equation involves the eigenfunction (column vector) u constructed
from the components:

The index m is used to label the various poloidal modes and j labels the radial mesh
points.
We have modified SPECTOR to model the interaction with external influences (magnetic
fields, due to external coils, or pressure perturbations) by resetting the equations to the
form

(V + lull) u = d,

where the vector d is a driving term on the boundary of the plasma with a constant real
frequency u. By adjusting the non-zero terms in d one can drive the plasma via e.g. the
magnetic field perturbation or the pressure perturbation for various poloidal modes.

3 Results

The spectrum for a large aspect ratio (cylindrical) plasma column with a non-constant
current lies along a series of lines in the complex frequency plane which form a Y-shape,
with the tail of the 'Y' curving towards the negative real axis (Ryu and Grimm [1. 2];
Dewar and Davies [3, 4]; Kerner et al [5]- [7J; Storer and Schellhase [11] and Schellhase
and Storer [12]). This shape is associated with a particular poloidal mode number and
the top of the 'Y' points towards the values
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with tp being a normalised flux coordinate which takes on the values 0 at the magnetic
axis and 1 at the plasma edge, (K — ^ . ) These are the endpoints of the ideal Alfven
continuum. The ideal continua corresponding to various poloidal modes may or may not
overlap, depending on the values of the safety factor at the magnetic axis and the edge.
We would expect that the response of a resistive plasma, as a function of the frequency of
the applied field will be dominated by the modes whose spectral values are nearest the real
axis. Thus the response of the plasma will have two peaks associated with the endpoints
of the ideal continuum, but with a shape which is influenced by the other modes.
To give a simple illustration, we consider a cylindrical resistive plasma equilibrium with
shear, so that the safety factor at the magnetic axis is qo = 1.4 and at the edge q3 ~ 2.1
and K = 0.2. This gives, for the m = l poloidal modes, uo = 0.057 and ui3 = 0.104 as the
end points of the Alfven continuum. The response of the plasma, to an m = l ,n = 1
helical applied magnetic field, as a function of u> is given in figure 1. This correlates with
the resistive spectrum and, as expected, is large between the end points of the Alfven
continuum. Even though the normal modes are global functions of the radius, the response
functions are peaked very strongly about the resonant surface associated with the applied
frequency. Even with this simple model the response function is complicated. It is perhaps
not surprising, therefore, that for a more realistic toroidal model the response becomes
very complex and difficult to interpret in terms of the plasma parameters. Figure 2 shows
the response of a toroidal plasma, again with q0 m 1.4 and K « 0.2 but with ellipticity
= 1.6 and triangularity = 0.2. This case has strong poloidal coupling, with substantial
m — 2 components in the vicinity of u — 0.04. Again the response field is strongly
peaked about the resonant surface, as is illustrated by Figure 3. Unfortunately, the aim
of using these response functions as diagnostic indicators has not been advanced by these
calculations, but their complexity seems to be primarily associated with the complexity
of the resistive spectrum.
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