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A wide range of nuclear reactions are examined in an analytical

version of the usual distorted wave Born approximation. This new

approach provides either semi analytic or fully analytic descriptions

of the nuclear scattering processes. The resulting computational

simplifications, when used within the limits of validity, allow very

detailed tests of both nuclear interaction models as well as large basis

models of nuclear structure to be performed.
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1. Introduction

In general the differential cross section for the inelastic scattering of projectiles from a

target nucleus can be expressed as

| \Tif(9)\2 (1)

where 9 is the scattering angle and u, v[', Mi and M/ correspond to the initial and final spin

projections of the projectile and target nucleus respectively. The transition amplitudes

have the form

Tif{9) = <X
if)(0)^Jf(l...N)\t(r)\^+)(0)^(1...N) > (2)

and depend on the projectile-nucleon interaction t(r) by which the nuclear transition

between states J» and «// is effected and on the initial (incoming) xj (0) and final

(outgoing) X/~\o) projectile continuum wave functions. The previous expression can

be recast in terms of two-particle matrix elements M.jxj2 making it independent of which

microscopic model of nuclear structure is employed [1], namely

Tif(9) = £ S^(Jih; JiJf, I) Mjlh (3)

where a denotes a proton/neutron and S^(jiJ2\ JiJ/', I) are the spectroscopic amplitudes

generated using elaborate nuclear structure models. Consequently, apart from scale

factors, the two-particle matrix elements can then be written in terms of the coordinates

of the projectile (0) and target nucleon (1) as

) (1) |t(r) |xi+)(0)^ imi (1) > (4)

where the bound nucleon wave functions <f>jm are usually chosen to be harmonic oscillator

wave functions and the projectile wave functions are commonly represented by distorted

(optical model) wave functions.

The numerical evaluation of the two-particle matrix elements involves considerable

computational effort and calculations involving very large basis nuclear structure factors

are particularly prohibitive. Accordingly there have been numerous attempts over the

years at introducing physically meaningful approximations to facilitate such scattering

calculations [2-5] and these have recently led to an analytic distorted wave approximation

(ADWA) which has proved remarkably successful both qualitatively and quantitatively

in describing a wide variety of nuclear scattering processes [6].



In the ADWA formalism the projectile wave functions are replaced by attenuated plane

waves of the type

|x(0)>=JVexp(iKTo) (5)

where K = (a+i/?)k is the attenuated wave number, k is the usual projectile wave number
and N is a normalization factor set to yield unit magnitudes for the modified plane wave
functions at the nuclear surface. The parameters o; and f3 are determined by fitting elastic
scattering data and are then fixed when calculating inelastic scattering differential cross
sections.

Use of attenuated plane waves is justified whenever the incident energies are high
and/or the projectile-nucleon interaction is weak. This then conveniently allow coordinate
transformations which in turn enable analytic solutions to be found for the interaction
integrals and sometimes even for the bound state radial integrals. The following sections
detail these solutions and the predictions they afford.

2. Nuclear reactions involving protons and antiprotons

2.1. Inelastic proton scattering

The ADWA is appropriate for inelastic proton scattering at intermediate or higher
incident energies and when the effects of exchange are small. In such cases, the two
particle matrix elements can be reduced to a product of two integrals. The first is an
interaction integral which may have up to four nuclear interaction components [central
(c), tensor (t), spin-orbit (so) and quadratic spin-orbit (qso)] and the second integral is
the bound nucleon radial integral. In the ADWA the central interaction integral can be
written as

= Ao(er) E^Htsau,,. (6)
JO \ ; T \
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where Q is the modified (attenuated) momentum transfer and S, T and «» are the spin,
isospin and range components of the central interaction.



The tensor force integral differs in the order of the resulting spherical Bessel function

and in the phenomenological form of the interaction, namely

J* = jHj2(Gr)[£l&rejq>(-a,r)]radr (8)

Similarly the spin-orbit interaction integral is

I" = f h{Qr)\^.Vffe^=^\rMr (10)

and lastly for the quadratic spin-orbit part, the result is

roo f ji(Qr) ^

Jo \ Qr j
r4dr (12)

It is these interaction integrals which dominate the overall magnitude and structure

of the differential cross sections. The radial integrals essentially apply a broad scaling

and when harmonic oscillator functions are used to represent the bound nucleon wave

functions, the resulting integrals can be written in the form

idr (14)

Integrals of this type are analytic [7] and, when the sum of the integers / and m is

even, can be expressed in terms of confluent hypergeometric functions as

I + m , 3 Q2\
)/2 (21 + 1

and when / + m is odd, the result is

+ m)\\ exp(-Q2/47) J p if / + 1 - m is +ve
(27)(/+m+2)/2(2/ + i)M | n if / + i _ m is _ v e

where
_ fl + l-m _ 3 Q 2 \



and

n = £
t = 0 V-1 ' 2>l "•

The expression for n arises from the fact that the first argument in the confluent

hypergeometric function is a negative integer and yields a finite series. The notation (x)i

corresponds to the Pochhammer symbol defined by

with (x)o = 1.

Some examples of ADWA predictions are presented in figures 1 and 2 for 800 MeV

proton scattering from 12C and 16O . The agreement with experimental data [8] is excellent,

although there is a noticeable disparity for the 2+ (4.44 MeV) state in 1 2C. This, however,

is not attributable to the ADWA model since the ADWA predictions are designed to match

the (computationally intensive) full precision calculations. The problem may be due to

some (yet to be resolved) ambiguities in the reaction mechanism.

2.2. Elastic and inelastic antiproton scattering

The differential cross section for antiproton elastic scattering is determined from the

general expression

— = |/COUL(0) + /A D W A(0) |2 (20)

where /COUL(0) is the (exact) Coulomb scattering amplitude and /ADWA(0) is the ADWA

version of the scattering amplitude due to the nuclear potential. The Coulomb component

depends on the momentum transfer q and is [9]

/COUL(0) = RAfpt(e)F(q) (21)

where RA is a relativistic correction to the point charge scattering amplitude fpt and

F(q) is a form factor needed to account for the extended charge of a nuclear target. If a

uniform charge density distribution p(r) is assumed within a nuclear radius Rc, then the

form factor is analytic

4TT roo
F(q) = — / r2j0(qr)p(r)dr

Ze Jo



and so the full expression for the Coulomb scattering amplitude is [10]

3
2irk [qRc sin %

x exp —e In I sin - 1 sinh(TrA)

\

x 1+ ivA - ^ J sinh(27rA) s i n - (23)

where e = 2iA and A is a Coulomb parameter.
The nuclear potential scattering amplitude can be written in the ADWA as

rJL(Qr)jL(Kr)Vou(r)r2dr
Jo

(24)

where K is the initial wave number scaled by the ADWA absorption factor ft and

is the optical model potential described by

VOu(r) = -V0Sr(r)-iW0Si(r)

with the radial factors usually taken to be of Woods-Saxon form, namely

1
1 + exp[(r - Rx)/ax]

(25)

(26)

It is possible to satisfactorily replace the radial factors by Gaussian functions yielding an
optical potential

Vou(r) = -Zrexp(-b2
rr

2) - iZ< exp(-6I
2r2) (27)

The values for the six parameters in the Woods-Saxon potential are determined from a
complete optical model calculation. The four Gaussian potential parameters are simply
varied so that the Gaussian potential matches the Woods-Saxon one, and it is these
Gaussian parameters which are then employed in ADWA calculations.

Consequently, the nuclear potential scattering amplitude is now analytic, viz.

rADWA (0) r2dr

n
'Q2-\K\

> 46? 3L (28)



which, in the small « (negligible absorption) limit, is

f ( f ) ! ( ! ) <29>
Predictions for the elastic scattering of antiprotons from 12C and 27A1 at various

incident momenta are presented in figure 3. The fits to the experimental data [11]

are exceptional. In fact, the minor difference between theory and experiment at small

scattering angles is not due to the ADWA. As can be seen from the 879 MeV/c carbon

data, the ADWA amplitudes only dominate when 6 > 4° and the (exact) Coulomb

amplitudes which dominate the smaller scattering angles are well understood, so the

discrepancy must be due to experimental error. Indeed, this was found to be the case.

The transition amplitudes for inelastic antiproton scattering have precisely the same

form as for protons (without exchange effects). Accordingly, by incorporating the proper

antinucleon-nucleon interaction, the scattering differential cross sections can be evaluated

using the analytic expressions derived in section 2.1.

ADWA predictions for the inelastic scattering of 46.8 MeV antiprotons from 12C leading

to the first 2+ state at 4.44 MeV [12] are shown in figure 4. A standard shell model (SM),

particle-hole model (PHM) and large basis projected Hartree-Fock model (PHFBA) of

nuclear structure are used in scattering calculations. Although the PHM and PHFBA

both agree with data, it is clearly demonstrated that the SM is incapable of adequately

describing the structure of this excited nuclear state.

2.3. (N,2N) correlations

Under certain conditions it is possible to apply an ADWA to nucleon pick-up reactions.

This would entail the use of an interesting scattering geometry which is not only convenient

from a mathematical point of view but is also comparatively straightforward to implement

experimentally. Specifically, if both the incident and knock-on nucleons emerge in a

coplanar configuration, the angular integrals are trivial. Further if the incident nucleon

does not lose too much energy during the collision, its wave function may be approximated

by attenuated plane waves. However, the knock-on nucleon must necessarily be of low

energy and therefore such simplifying approximations are not feasible there. A full

distortion description is thus required for the knock-on nucleon wave function and the

radial integrals need to be evaluated numerically (60 point Gauss quadrature).

The ADWA does allow an analytic treatment of the interaction integrals though and

these are exactly the same as those delineated in section 2.1. Predictions using this

formalism [13,14] are compared with experimental data [15] in figure 5.



The fits to data are excellent particularly considering the relatively low bombarding

energy of 98.7 MeV. It would be most instructive to investigate nuclear pick-up reactions

using the ADWA when experimental data at incident energies up to an order of magnitude

greater than this become available.

2.4. Proton induced pion production

Yet another interesting although somewhat more adventurous application of the ADWA

lies in pion production from proton-nucleus collisions. In the single nucleon model (SNM)

for this reaction [16], the ADWA yields an expression for the differential cross of the form

/

and A is a factor associated with the pion-nucleon Hamiltonian, E^ is the total energy of

the pion, M is the mass of the proton and Kn and Kp are the ADWA versions of the pion

and proton momenta.

Using harmonic oscillators for the neutron capture radial wave functions, the previous

integral is analytic and can be written as

J °°r

where m is a summation index and e is half the oscillator range parameter.

This approach can generate rather good fits to experimental data [17] as can be seen

in figure 6 where plane wave (zero attenuation) and ADWA predictions are presented.

The plane wave result displays the typically diffractive pattern of deep dips whereas the

presence of even a mild ADWA-type wave function distortion fills in these gaps and yields

markedly superior agreement with data.

Clearly wave function distortion is important in such analyses, but predictions are very

sensitive to both the amount of attenuation and the nuclear interaction. Slight changes in

either can produce quite different results. In fact, full distortion calculations also suggest

that there still exists considerable uncertainty in the reaction mechanism as well. In any

event, the ADWA is at least useful in delineating the significance of distortion effects in

these reactions whilst maintaining the analytic simplicity of (distortionless) plane waves.
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3. Nuclear reactions involving pions and kaons

3.1. Elastic scattering of pions and kaons

The interaction of pions and kaons with nucleons is governed by the same functional

form, generally taken to be the Kisslinger optical potential, namely

V(r) = - [bok]p(r) - hV • ,(r)V] (33)

where bo and 61 are optical potential strengths and p(r) is the nuclear density profile

p(r) = po(l + -qr2) exp(-a^r2) (34)

with ar being varied to best represent the actual nuclear density distribution. The

constants p0 and 77 are defined in terms of ar.

With ADWA wave functions for the pions or kaons, the elastic scattering amplitude f(9)

can be written in terms of two integrals which are analytic. However this analytic result

comprises a combination of modified Bessel functions and infinite sums of hypergeometric

functions which lead to little if any saving in computational effort. Conversely, insofar as

intermediate energy elastic scattering is concerned, the absorption parameter /? is small

and the scattering amplitude may be recast as a scaled sum of two simpler amplitudes

f\6) and f"{&) given by

f\9) ~ [°°r2p(r)jo(Qr)dr (35)
Jo

fll/a\ ^ f 3 [' . _ / 2 2\ /j^rtfr^l i (Or\ Ar ("^f\\

These integrals can both be split into the same form with analytic solution [18]

X S (37)

where N > 1 is a positive integer. Accordingly the elastic scattering amplitudes can be

expressed analytically as



ADWA predictions (including Coulombic scattering as detailed in section 2.2) are

compared with experimental data [19-21] for the elastic scattering of positively charged

pions from 12C, 16O and 40Ca at low energy (figure 7). The fits to the 20 MeV and 30 MeV

data are excellent and reflect the very weakly interacting nature of pions with nucleons

at this energy. The pion wave function distortions are thus slight and are clearly well

represented in the ADWA.

The predictions for 40 MeV scattering are satisfactory but then fail at 50 MeV. This is

attributable to the increasing strength of the pion-nucleon interaction and hence the

increasing importance of strong distortion effects. Therefore the ADWA is valid at

least between 20 MeV and 40 MeV incident pion energy and this will be useful, for

example, when dealing with photopion and electropion production reactions in section

3.4. Moreover, the ADWA can also be successfully applied at higher energies where the

ADWA once again regains validity for incident energies ranging from at least between

150 MeV and 280 MeV [22].

Data for the elastic scattering of positively and negatively charged kaons at an incident

energy of 446 MeV are available [23] and both are compared with ADWA predictions in

figure 8. The fits are very good, especially considering that some uncertainty exists in the

K+N interaction and that the K~ meson is the more strongly interacting of the two.

3.2. Collective model for pion and kaon inelastic scattering

Inelastic pion and kaon scattering from nuclei can be handled within the ADWA

framework and yield considerable simplifications [22], but these are only semi-analytic.

An alternative approach consists of using a collective model to describe the scattering.

This has been necessitated in part from the paucity of intermediate energy kaon inelastic

scattering data. In addition, detailed collective model calculations exist and these can be

used as "data" with which to compare ADWA predictions.

This is certainly reasonable as the purpose of the ADWA is to accurately approximate

the distorted wave functions they are replacing. Comparisons with such theoretical "data"

allows the opportunity of determining the validity (or otherwise) of the ADWA and the

values of the distortion parameters.

For zero ground state spin nuclei, the collective model transition amplitudes in the

ADWA are proportional to the sums of the following integrals

10



X2 = ^ {

+ 2a2
rr

2p0Vexp(-a>2)} JL+i(Qr) dr (41)

where J/ if the total momentum of the nucleus after excitation by the inelastic pion or

kaon collision. Using the expression for the nuclear density profile of equation (34), these

integrals may be written as

r* exp(-ay)JJfH(Qr) dr (42)

exp(-a2r2) JL+, (Qr) dr (43)

These are equivalent to those given by expression (14) and are analytic. The solutions

are listed in section 2.1.

The collective model calculations of Cotanch [24] for kaon inelastic scattering from 12C

at 100 MeV, 300 MeV and 600 MeV incident energy and leading to the first 2+ state at

4.44 MeV are fitted using the ADWA and are displayed in figure 9.

The agreement is excellent over this rather large range of energies and indicates that

positively charged kaons interact only weakly with nucleons and so have a high nuclear

penetrability. This is further evidenced by the fact that the attenuation parameters a

and /? are close to their plane wave values of one and zero.

3.3. Pion and kaon induced nucleon knock-on reactions

Having already dealt with (N, 27V) reactions in a coplanar, asymmetric energy sharing

configuration, it is worthwhile considering the extension of this mathematical strategy to

(TTJTT'N) and, in particular (because of the substantially larger kaon mass), to (K,K'N)

reactions. As before, the exit nucleon has low energy and so its wave function cannot be

conveniently approximated. However, the interaction integrals for these nuclear reactions

are identical in form to those developed for elastic pion and kaon scattering in section 3.1.

It would be informative to apply such a semi-analytic theory to appropriately acquired

reaction data when they become available.

11



3.4. Photopion and electropion production

Experiments have been performed for both photopion production (E7 = 194 MeV) and

electropion production (Ee = 195 MeV) from 12C [25,26]. The emergent positively charged

pions have energy between 30 MeV and 40 MeV which lies within the zone of validity

of the ADWA (see figure 7). With this incentive, an ADWA version of the Helm model

has been derived. A further motivation lies in the fact that the Helm model (which uses

plane waves) has been rather successful in fitting this data. Accordingly the pion wave

function distortion can only be slight, thereby confirming the results of section 3.1.

When the ADWA formalism is applied to the Helm model, the differential cross section

for photopion production can be calculated from simplified matrix elements which depend

on integrals of the type

IM = iL' Jr2JL>(Qr)$L,(r)dr (44)

with Q being the modified momentum transfer and

Ji + L = Jf (45)

where J* and Jf are the initial and final momenta of the nucleus. The transition densities

PLV (r) a r e assumed to be peaked at a radius R in the vicinity of the nuclear surface and

in the form of a 5 function smeared out by a Gaussian convolution of width g, namely

f,(Q) = exp(-5
2Q2 /2) (46)

This is actually quite a reasonable assumption since the overlap of the initial and final

wave functions in the matrix elements tend to peak close the nuclear surface. Thus with

transition densities

piv(r) = pJ+l jLL>r-25(r - R)fg(Q)rL' (47)

the integral is then trivial and leads to

IM = J2Ji + 1 i w exp(-02Q2/2) jL>(QR) (48)

The parameters g, R and ^Ly may be found by fitting the appropriate electron scattering

data. Thereafter the differential cross section for electropion production is

12



where fc7 is the photon momentum, Te and Tn are the kinetic energies of the incident

electron and emergent pion, Ef is the energy of the state of the residual nucleus and

Nht,(ki,Te) is the virtual photon spectrum found using the Dalitz-Yennie formula [27].

ADWA and Helm model [(a,/?) = (1,0)] predictions for the reaction 12C(7,TT+)12B

leading the boron ground state are presented in figure 10. The ADWA fit to the data is

excellent and superior to the Helm model prediction. The effect of even slight distortion

is shown to improve the agreement with experimental data.

Of particular interest are the predictions for the photopion reaction leading to the first

excited state in boron (figure 11) in which the two sets of experimental data differ. The

ADWA predictions clearly favour the smaller cross section values and indeed it is this

data set which is correct.

The results for electropion production on 12C are shown in figure 12. The ADWA

predictions consistently match the experimental data at all available scattering angles.

Note that the largest disparity between Helm and ADWA predictions occurs at small

scattering angles. This is due to the fact that the overall momentum transfer is small

there and so the relative difference between the ADWA and Helm momentum transfers is

greatest. At larger scattering angles the momentum transfers are larger and the relative

differences between the two models are progressively less significant.

3.5. Hypernuclear physics

A final application lies in the strangeness exchanging (K~, ir~) and (7r+, K+) reactions.

In the ADWA the transition amplitudes for such reactions can be written in terms

of integrals with form identical to that of equation 14 and with solution detailed in

section 2.1.

Experimental data exist [28,29] for the hypernuclear reactions 12C {K~,ir~)llC and
12C(7r+,A'+)1^C. The ADWA results for these reactions [30] are displayed in figures 13

and 14. In the former, the lowest two 1~ states are used since these lie within the energy

range of the 0 MeV data. The latter employ the first 0+ and the first 2+ states which

are both within the energy range of the 11 MeV data. A plane wave calculation yielded

results with a similar overall shape but with a peak differential cross section magnitude

some 20 times larger.
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4. Conclusions

An analytic distorted wave approximation which incorporates "distorted" plane waves

to realistically represent the usual distorted waves enables truly remarkable computational

simplifications to be accomplished. Not only is this most beneficial insofar as research

is concerned, but it also an invaluable educational tool. Complex nuclear reactions can

be accommodated without the need to resort to large and cumbersome "black box" type

computer codes. In addition it is possible to compare predictions made with very large

basis models of nuclear structure in a relatively short time, as opposed to full distortion

calculations which can take up to two orders of magnitude longer. The ADWA provides the

enormous flexibility of being able to study both the effects of wave function distortion and

the consequences of using various sophisticated nuclear structure and nuclear interaction

models. As long as the ADWA is confined to its regions of validity, a wide range of nuclear

reactions can be studied successfully in this manner.
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Figure Captions

Figure 1. ADWA predictions for the inelastic scattering of 800 MeV protons leading to

the 2+(4.44 Mev) and 1+(15.11 MeV) states in 1 2C.

Figure 2. ADWA predictions for 800 MeV inelastic proton scattering leading to the

2"(8.88 MeV) state in 16O and the 2+(16.11 MeV) state in 1 2C.

Figure 3. ADWA predictions for the elastic scattering of antiprotons from 12C and 27A1

at various incident momenta. The slight discrepancy at small scattering angles is due to

experimental ambiguities and the data there are unreliable. The 879 MeV/c data also

shows the differential cross section calculated with the Coulomb amplitude only (dashed

line) and with the ADWA amplitude only (dash-dot line) to emphasize their relative

importance.

Figure 4. Results for the inelastic scattering of 46.8 MeV antiprotons from 12C and leading

to the 2+(4.44 MeV) state. The solid, dashed and dotted lines correspond to ADWA

calculations performed using the PHFBA, PHM and SM models of nuclear structure

respectively.

Figure 5. ADWA calculations and experimental data for the (p, 2p) reaction on 12C in

the coplanar, asymmetric energy sharing configuration leading to the § ground state

and i first excited state in U B for various high energy (right) proton scattering angles

(0R). The incident proton energy is 98.7 MeV and the low energy exit (left) protons are

restricted to those with an emission angle of #L — 25°.

Figure 6. Plane wave (dashed line) and ADWA (solid line) results in the one nucleon

model for the reaction 40Ca(p, 7r+)41Ca with an incident proton energy of 185 MeV and

leading to the |~ ground state. The ADWA provides a dramatically improved description

of this nuclear reaction.

Figure 7. The elastic scattering of low energy positive pions from 1 2C, 16O and 40Ca in

the ADWA. The predictions match all the available data up to and including those at an

incident pion energy of 40 MeV. The ADWA begins to fail at 50 MeV.

Figure 8. ADWA predictions for 446 MeV K+ and K~ elastic scattering from 12C

compared with experimental data.
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Figure 9. Full distortion (solid line) and ADWA (dashed line) collective model predictions

for inelastic K+ scattering from 12C leading to the first 2 + state at 4.44 MeV. The distinct

similarity of the results strongly suggests that the ADWA is providing a satisfactory

representation of the kaon wave function.

Figure 10. Helm and ADWA model predictions for the positive pion photoproduction

reaction 12C(7, TT+)12B leading to the 1+ ground state in 1 2B. The two sets of data are

those of ref. 25 (•) and ref. 26 (x).

Figure 11. Same as figure 10, but for the 2+ first excited state at 0.95 MeV in 1 2B. The

ADWA prediction strongly suggests that the smaller of the two differential cross sections

is correct and this has been found to be the case.

Figure 12. ADWA and Helm model predictions for electropion production on 12C at an

incident electron energy of 195 MeV. The ADWA agrees well with all the data and its

accuracy is independent on the momentum transferred in the reaction.

Figure 13. Differential cross sections for the hypernuclear reactions 12C (K~ ,ir~)l£C and
12C (7r+, K+)xlC leading to the ground state in ^ C . The solid lines correspond to ADWA

predictions in the weak coupling model.

Figure 14. Same as for figure 13 but for the excitation energy peak at 11 MeV in ^ C .
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