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Abstract

The beam-plasma heating due to a relativistic electron beam (REB) under the effect of an
external static magnetic field is investigated. It is considered that a longitudinal 1-D oscillations
exist in the plasma, which is inhomogeneous and bounded in the direction of the beam propagation.
It is found that the variation in the plasma density has a profound effect on the spatial beam-plasma
instability. Besides, the external static magnetic field and warmness of plasma electron leads to
more power absorption from the electron beam, and consequently an auxiliary plasma heating.
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INTRODUCTION

REB has many applications in areas like material studies, compact torus formation,
generation of x-ray and microwave, ion acceleration, etc. where it is desirable to have energy source
supplied over a long duration of time.

As a potential application, the use of a REB to heat magnetically confined plasma to a high
temperature has attached a lot of attention, both theoretically (e.g., [1-3]) and experimentally (e.g.,
[4-6]). When a REB propagates through a plasma, its kinetic energy is transferred into plasma
thermal energy, thereby heating the plasma [1].

Different from previous works on beam-plasma instability [7-12], we study the effect of
both plasma inhomogeneity and the thermal electron motion on the quenching of the beam- plasma
instability. Investigation of beam-plasma interaction presents a great interest for the development of
effective methods via plasma stability, amplification and generation of electromagnetic waves,
acceleration of charged particles in plasma, high frequency heating of plasma and so on [13, 14].

Many authors studied the problem of nonrelativistic electron beam interaction with
unmagnetized plasma, where this interaction takes the form of an amplification of waves by beam
(e.g., [7, 9, 11, 12, 15]). It is shown that due to the resonance rise of the wave field with plasma
dielectric permeability is reduced to zero, and the power absorbed by the plasma is finite and
independent of the value of the dissipation. In this case the beam not only amplifies the waves in
plasma, but also provides an effective absorption of these waves by the plasma (plasma heating).

In the present work we study the influence of the variable plasma density and plasma
thermal motion under the effect of the external static magnetic field directed along z-direction,

(Hexl - Hoez) (under the condition of the smallness of phase velocity of waves compared to the

beam velocity) on the quenching of the beam-plasma instability. A semi-infinite beam- plasma

system (x>0), in which the unperturbed plasma density no(x) is an arbitrary function of x

[no(x) = N0(l-x);N0 is constant] is considered. We assumed that, ions are sleeping, plasma

electrons have a finite temperature, and the relativistic electron beam is cold and homogeneous.

FUNDAMENTAL WAVES

The equation of motion and the continuity equation for a relativistic electron beam, which
travels along the magnetic field, are:

= -eE; Vb=VOb+Vlb (1)
dt

j ^ (NbVb) = O;Nb=nOb+nlb (2)

where; m = moy"', y = (1 - V21C2)1'2 is the relativistic factor of the beam electrons, and Vib is the

component of beam velocity in the z-direction.

The equation of motion, and the continuity equation for inhomogeneous plasma electrons in

the oscillating electric field and a static magnetic field Hext perpendicular to the plasma density

gradient are given by: -
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In equations (1-4), VOb, nOb are the unperturbed velocity and density of the beam while

nOP,i\p are the unperturbed and perturbed density of the plasma, respectively. P is the plasma

pressure and v is the collision frequency of plasma electrons with other plasma particles. All other
terms have their usual meaning.

In the case of weak nonlinearly (\nOb « n}b , Vlb « VOb) then we have V, — < —
t

V, —lpdx <
a
dt

From (l)-(4), we can derive the following expressions for the perturbed densities: -
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where, VT = J—- is the electron thermal velocity and CO = (((O + iv)2 -co2)1'2 , coc -
V m me

the electron cyclotron frequency.

Using Poisson's equation

is

dE

dx
(7)

in combination with (5) and (6) in (7), the following second order differential equation, which
describes the electric field due to beam-plasma interaction, is obtained:

d2F(x)
dx2

where,
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(9)
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The term Cx(Je) on the right-hand side of equation (8) represents the effect due to electron
warmness. An equation similar to (8) has been obtained in the past by many authors [7-12],
however the thermal effect Cx (Te), which is of importance for the analysis of plasma instability and



heating, is neglected. Different from previous works [7-12]; the wave number K(X) contains the

effect of the external static magnetic field and relativistic electron beam through co and coRb.

The solution of equation (8) in the region x < 0 gives the following spatially growing modes
(upstream):

Ex{x,t) = £1
I(ft))exp(jfcc-/G)O, (Imfc, < 0)

where, k{ = (co/VQb) + K]JK[ is given by relation (10) in region x < 0 .

The most important mode is the one for which lmK^Oi) is a maximum. Providing that
the discontinuity at x = 0 has no influence on the solution in the region x < 0 , the following
solutions of equation (8) in the regions x < 0 and x > 0 can be derived as:

F, =

F2 =

+ R(x);

+ A^-*1* + R (x);

x<0

x>0
(10)

where both Iraff, and ImK:2 are negative, and R(x) is a new addition due to the thermal motion of
electrons;

= ±\[Zl(x)Z2(t)-Z2(x)Zl(t)]C1(Te)dt
W J

n

where, Z, = e'x'x ; Z2 = e~'XlX ;W = ZlZ2- Z^Z2 = const.

The constants of integration ^ (/ = 1 — 3) are determined under the boundary conditions
d F

that both F and are continuous at x = 0, hence,
d x

Using the definition (9) the electric field E2(x) is derived in terms of £,(0) as:

E2(x) = ,E^)K2

• 2 K , 2

•K2)e
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E2 yields a power of the form:
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The 3rd and 4th terms on the right-hand side of equation (12) are due to the mixing
(spatial beats) between the growing and decaying modes in the region x > 0 , while the last three



terms are due taking into consideration the thermal motion of electrons. It is clear that the electric
field power given by (12) is strongly affected by both mixing, static magnetic field, relativistic
electron beam and thermal effect, (i.e., the power of electric field at VT ^0,H0^0 and y < 1 is

greater than the power in the case of VT -0,H0-0 and y = 1). Mixing produced a noticeable

effect on £2(;c)| under the conditions Kx ^ K2; ReK2 » I m K : 2 , which are necessary in order for

the trigonometric terms in (12) to vary rapidly, compared with the exponential growth terms. The
(*) represent the conjugate values. These conditions are not necessary for the thermal effect.

From (12), we get:

(13)

hence the electric field is discontinuous at x - 0.

Let us now analyze the solution (11) for a realistic plasma model, i. e., an inhomogeneous
plasma with a finite gradient in n o (x) . For this we assume:

co\ (x) = to\ (x)[l + e(x/L)]; (L > x > 0; e > -1) (14)

corresponding to a constant density gradient in the transition region. It can be shown that the linear
approximation is valid in this case provided that

1» \e\(cob la>Pt )\coPr /v)(V0b/coPtL) (15)

which indeed requires that L & 0 .

In order to prove that expression (11) is essentially correct, a solution of wave equation (8)
requires the use of density profile (14), which yields the equation

j 2 r

where;

VOb 0)0) L (OQ)CORb

The solution of (16) is:

z); 0<x<L (17)

where, z = 2%ll2/b and Jy(z)', Ns(z) are the Bessel function of the first and second kind,

respectively, and C2(Te) = ^ 2



The result of Bohmer, et al. [7] is in agreement with that obtained by solution (17), except
the presence of a new term C2(Te) on the right-hand side, and the static magnetic field Ho and the
relativistic effect y, which are strongly proportional to the electron thermal velocity Vr .

2^-f2(e); x>L
where

i[(Nl(Zo)Jl(zl)-Jl(z0)Nl(z1))±(JQ(zl)N0(z0)-NQ(zl)J0(z0))]}
such that

z0 = ——— ; z, = ——— are correspond to (;e = 0, x = L) and:
bVOb K, bVob K2

Q)RbCO _ C0Rb(O
K K

Equation (18) can be re-written as

v^_ K^
VOb K,K\ coRb

The case of interest is when e is not too small and (L/A) is not very large [large rapid changes in
no(x) ] which is the opposite extreme from the WKB situation. From the definition following (15)

where A,=V0b/(OPf it is noted that m a x (y/coPe ;e) > |£| and \b\ ~ £((OPe l(Ob){XIL). Therefore, if

(LIX) is not too large, and e is not too small, then b is large and £| will be fairly small.
Consequently, z is small in this case and the Bessel function in (18) may be expanded for small
arguments. When this is done, one finally obtains the approximate result

to
ft) , F(0) V K HKI(X-L)+-—X —x
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where x> L.

This equation is in agreement with that obtained by Sahyouni et al. [12] but in the case of
vanishing magnetic field (i.e., H0=0) and nonrelativistic electron beam (i.e., 7 = 1). Since the
power of electric field in this case is greater than the power in the case of vanishing magnetic field
an auxiliary plasma heating may be obtained. The result (19) may be compared with result (11) for
the simple discontinuous model. It can be seen that provided b is large and (16) is satisfied (L not
too large and not too small), the result (11) is a good approximation to equation (19).

CONCLUSIONS

Existence of an external static magnetic field and plasma warmness leads to wave
amplification and accordingly to plasma heating in beam-plasma system (solutions (11) and (19)).



From (12), we could conclude that power absorbed from the beam into plasma is strongly affected
by both mixing and plasma warmness. The variation in the plasma density does have a profound
effect on the spatial beam-plasma instability. This effect indicates that the resulting drop in intensity
of electric field is a sensitive function of the plasma discontinuity. It is also in growing modes, only
if the plasma density decreases.
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