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One of the most important questions in quantum cosmology is that of identify-
ing a suitable time parameter [1] and a time-dependent Wheeler-DeWitt equation
[2. 3]. The main peculiarity of the gravity theory is the presence of non-physical
variables (gauge variables) and constraints [3, 4, 5, 6]. They arise due to the general
coordinate invariance of the theory. The conventional Wheeler-DeWitt formulation
gives a time independent quantum theory [7]. The canonical quantization of the
minisuperspace approximation [8] has been used to find results in the hope, that
they would illustrate the behaviour of general relativity [9]. In the minisuperspace
models [2, 7] there is a residual invariance under reparametrization of time (world-
line symmetry). Due to this fact the equation that governs the quantum behaviour
of these models is the Schrodinger equation for states with zero energy. On the
other hand, supersymmetry transformations arc more fundamental than time trans-
lations (reparametrization of time) in the sense, that these ones may be generated by
ant icommutators of the supersymmetry generators. The recent introduction of su-
persymmetric minisuperspace models has led to the square root equations for states
with zero energy [10, 11, 12]. The structure of the world-line supersymmetry or the
world-line supersymmetry transformations has led to the zero Hamiltonian phenom-
ena [2, 6, 12]. Investigations of the time evolution problem for such quantum systems
have been carried in two directions: the cosmological models of gravity have been
quantized by reducing the phase space degrees of freedom [13, 14, 15, 16, 17] and
with the help of the WKB approach [18, 19].

In this work we obtain a time-dependent Schrodinger equation for the homoge-
neous cosmological models. In our approach this equation arises due to an additional
action invariant under reparametrization. The last one does not change the equations
of motion, but the constraint which becomes time-dependent Schrodinger equation.
In the case of the supersymmetric minisuperspace model we obtain the supersymmet-
ric constraints, one of them is a square root of time-dependent Schrodinger equation.

We begin by considering an homogeneous and isotropic metric defined by

ds2 = -N2{t)dt2 + tfi^dtti, (1)

where the only dynamical degree of freedom is the scale factor R(t). The lapse
function N(t), being a pure gauge variable, is not dynamical. The quantity dQ2 is
the standard line element on the unit three-sphere. We shall set c = h = 1. The
pure gravitational action corresponding to the metric (1) is

where k — 1,0, —1 corresponds to a closed, flat or open space, K2 = 8TTGN, where
GN is the Newton's constant of gravity, and the overdot denotes differentiation with
respect to t. The action (2) preserves the invariance under the time reparametrization

t'^t + a(t), (3)



if the transformations of N(t) and R(t) are

6R = aR 5N = aN + aN (4)

that is, R(t) transforms as a scalar and N(t) as a one-dimensional vector, and its
dimensionality is the inverse of a(t).

So, we consider the interacting action for the homogeneous real scalar matter
field 4>{t) and the scale factor R(t). This action has the form

Sm =

This action remains invariant under the local transformation (3). if in addition to
the transformation law for R(t) and N(t) in (4), the field d>(t) transforms as a scalar:
5<t> = a<f>.

Thus, our svstem is described by the full action

Now, we shall consider the Hamiltonian analysis of this action. The canonical mo-
menta for the variables R and <j> are given, respectively, by

dL 6RR R*o
P h ( 7 )

Their canonical Poisson brackets arc defined as

, {7?,P«} = 1, {<p,P4 = l. (8)

The canonical momentum for the variable N(t) is

this equation merely constrains the variable N(i) (primary constraint). The canoni-
cal Hamiltonian can be calculated in the usual way, it has the form H,. = NH0, then
the total Hamiltonian is

(10)

where u^ is the Lagrange multiplier associated to the constraint PA- = 0 in (9), and
Ho is the Hamiltonian written as



The time evolution of any dynamical variables is generated by (10). For the com-
patibility of the constraint the Eq. (9) and the dynamics generated by the total
Hamiltonian of Eq. (10). the following equation must hold

Ho = 0, (12)

which constrains the dynamics of our system. So, we proceed to the quantum me-
chanics from the above classical system. We introduce the wave function of the
Universe ip. The constraint equation (12) must be imposed on the states

Hoti; = 0. (13)

This constraint nullifies all the dynamical evolution generated by the total Hamil-
tonian (10). A commutator of any operator and the total Hamiltonian becomes
zero, if it is evaluated for the above constrained states. The disappearance of time
seems disappointing", however, it is a proper consequence of the invariance of general
coordinate transformation in general relativity. The equation (9) merely says, that
the wave function •</-' does not depend on the lapse function N(t). Therefore, we
expect that the equation in (13) may contain any information of dynamics. In quan-
tum cosmology the constraint (13) is well-known as the Wheeler-DeWitt equation
(time-independent Schrodinger equation).

In order to get a time-dependent Schrodinger equation we shall regard the fol-
lowing invariant action

c ;
h

where (T, Py) is a pair of dynamical variables, Py is the momentum conjugate to T.
This action is invariant under reparametrization (3), if Py and T transform as

6PT = aPr &T = at, (15)

and N,Ras in (4).
So, adding the action (14) to the action (6) we have the total invariant action

5 = Sg + Sm + Sr• In the first, order form we get

t. (16)

We shall proceed with the canonical quantization of the action (16). We define the
canonical momenta nq- and npT corresponding to the variables T and Py, respectively.
We get

dl i?3 dl



leading to the constraints

i?3

n, = iT'i -pr = o, n2 = 77,,, = o. (18)

So, we define the matrix C,\a, (A. 5 = 1,2) as a Poisson brackets between the
constraints CAD = {n,i,IIfl}. Then, we have the following non-zero mat.rix elements

with their inverse matrix elements (C"1)1"2 = ^ j . The Dirac's brackets {, }* are
defined by

{/.9}* = { / , 5} -{ / , n , }C ' 1 B {n» , 5 } . (20)

The result of this procedure leads to the non-zero Dirac's bracket relation

Then, the canonical Hamiltonian is

HC = N(~PT + H0).. (22)

where the Hamiltonian constraint corresponding to the action (16) is

H = ~1\ + Ho. (23)

At the quantum level the Dirac's brackets become commutators

[T,Pr] = i{T,Pry=i^. (24)

So, taking the momentum Pq< corresponding to T as

*=-4w' (25)

the quantum constraint (23) becomes quantum equation on the wave function ip

i§r*v>R>*> = H{-im>-ikRt*)*- (26)

Explicitly, we have

12 R?dR { dR l^"' 2R^de W r ' { '



This equation is the time-dependent Sehrodinger equation for minisuperspace.
Equations of motion are obtained by demanding that the action 5 = Sg + Sm + Sr

is extremal, i.e. the functional derivatives of S must be zero

SR SR 6R SR { '

As a consequence of the equation of motion

£-g=S<*-">-»•
the last term in (28), ^4-/-V(T — N) dissapears and, in fact, inclusion in S of an
additional invariant action Sr does not change the equations of motion axcept the
equation f§ = 0, which is the constraint (23).

In the case of the Arnowit-Deser-Misner (ADM) formalism [3] the additional term
(14) can be written in the following invariant form

^ / f ^ i V l)dix

4/
I h1/2Pr{-d0T - WdiT + N)dtd3x.

According to the ADM prescription [3] of classical general relativity, one considers
a slicing of the space-time by a family of space-like hypersurfaces labeled by a pa-
rameter t. This parameter can be thought of as a time coordinate, so that each slice
is identified by the relation t = const. The remaining three spatial coordinates, x\
determine a coordinatization of each slice. The space-time metric g)Lll is decomposed
into shift N%, lapse N functions and the three-metric of the slice /iy. In the action
(30), h = dethij,' yf—g = N\fh and n^ (n^n^ = —1) is the unit normal vector to
hypersurface t = const with components n^ = (—JV,0,0,0) and n'1 — (jj, ~^-j- In
the case of the homogeneous metric (1) the shift vector is Nx = 0 and h1/2 = R3.

So, if we consider the four-dimensional gravity interacting with a scalar matter
field and the invariant additional term (30), then after applying the (ADM) (3 + 1)
formalism for the FRW model we get

s = -



In particular, choosing the gauge N = 1. then T = t and we obtain the so-called
cosmic time, on the other hand, if we take A1' = ~ we get the conformal time gauge.

In order to obtain a superfield formulation of the action (6) the transformation
of the time reparametrization (3) must, be extended to the n = 2 local conformal
time supersymmetry (LCTS) (£,77,77) [20, 21]. These (LCTS) transformations can
be written as

6t = L{L8j) + ^8DsL{t,8j)~^8D0IL(t.8,9).

69 = -DsL(t,9j), 59 =- ---D0IL(t,8J)), (32)

with the superfunction IL(t,9,9) defined by

E(t, 0, 8) = a{t) + i8fi(t) + WP'(t) + b{t)B8, (33)

where Do = Ĵ  + i(jj^ and DQ = — Ĵ  — ?0Ĵ  are the supercovariant derivatives
of the n = 2 supersymmetry, a(t) is a local time reparametrization parameter,
0'(t) = N~ll2p is the Grassrnann complex parameter of the local conformal n. = 2
supersymmetry transformations and b{t) is the parameter of the local Lr(l) rotations
on the Grassmanii coordinates 9 (0 = 8^). Then, the superfield generalization of the
action (6), which is invariant under the n = 2 (LCTS) transformations (32) has the
form [22, 23]

= 59 + Sm= f (-^N-lRDsRDeR + ̂ .R2) dOdSdt (34)

d0d6dt,

where <?(C5) is the superpotential. The most general supersymmctric interaction for
the set of complex homogeneous scalar fields with the scale factor was considered in
[24, 25]. For the one-dimensional gravity superfield IN(t, 6,0) we have the following
series expansion

lN(t, 8,9) = N{t) + i9v(t) + iU'{i) + V'(t)99, (35)

where N(t) is the lapse function, f(t) = Nl/2(t)ip(t) and V'{t) = N(t)V(t) +
tp(t)tl>(t). The components N,-ii>,4> and V in (35) are. gauge fields of the one-
dimensionai n = 2 supergravity. The superfield (35) transforms as the one-dimensional
vector under the (LCTS) transformations (32),

SIN = (2LW)- + ~DoLD0N + ^DgLDsIN. (36)

The series expansion for the .superfield tti{t, 6, 8) has a similar form

R{t, 9, 9) = R{t) + i8\'{t) + i8X'(t) + B'{t)09, (37)

6



where R(t) is the scale factor of the FRW Universe, A' = nNi/2\ and B'(t) =

KN{t)B{t) + %(y(t)\{t)-V(t)\(t)).
For the real scalar matter superfield <&(t, 6, 8) we have

*(*, 9, 9) = <p{t) + i9x(t) 4- iSx'it) + F'(t)90, (38)

where X'(t) = Nlf*(t)x(t) and F'{t) = N(t)F(t) + ±(tf(i)*(i) - v{t)X{t)). The
components Z?(£) and F(t) in the superfields 1R and $ are auxiliary fields. The
superfields (37) and (38) transform as scalars under the (LCTS) transformations
(32).

Performing the integration over 9,9 in (34) and eliminating the auxiliary fields
B and F by means of their equations of motion, the action (34) takes its component
form. The first-class constraints may be obtained from the component form of the
action (34) varying it with respect to N(t),ii>(t),il>(t) and V(t), respectively. Then,
we obtain the following first-class constraints HQ = 0, S = 0, S = 0 and F = 0,
where

2 f ̂  J 5 ( 0 )

(39)

(40)

s = s^
and

2 -

The canonical Hamiltonian is the sum of all the constraints

In terms of Dirac's brackets for the canonical variables /?., irR, cj>, ir$, A, A, x and ,\- the
quantities H0,S,S and F form the closed super-algebra of conserving charges

{//o,5}* = {H0 ,5}' = 0 (43)
iS, {F,S}' = -iS.



So, any physically allowed states must obey the following quantum constraints

Hov = 0. Sv = 0. Sv = 0. Fv = 0. (4-1)

when we change the classical variables by their corresponding operators. The first
equation in (44) is the Wheeler-DeWitt equation for the minisuperspace model.
Therefore, we have the time-independent Sehrodinger equation, this fact is due to
the invariance of the action (34) under reparametrization symmetry, this problem is
well-known as the "problem of time" [1] in the minisuperspace models and general
relativity theory. Due to the super-algebra (43) the second and the thirth equations
in (44) reflect the fact, that there is a "square root." of the Hamiltonian Ho with zero
energy states. The constraints Hamiltonian Ho, supercharges S.S and the fermion
number operator JP follow from the invariance of the action (34) under the n = 2
(LCTS) transformations (32).

In order to have a time-dependent Schrodinger equation for the supersymmet-
ric minisuperspace models with the action (34) we consider a generalization of the
reparametrization invariant action 5, (14). In the case of n = 2 (LCTS) it has the
superfield form

ST{n=2) = j \ p - %-JN~x (DSTDOP - DgPDoT)^ dOdOdt. (45)

Note, that the BerEg, as well as the superjacobian of n = 2 (LCTS) transformations,
is equal to one and is omitted in the actions (34,45). The action (45) is determined
in terms of the new superfields T and P. The series expansion for T has the form

T(t, 6,9) = T{t) + 9r]'{t) - Off {t) + m'[t)99, (46)

where rf{t) = Nl^{t)rj{t) and m'(t) = N(t)m(t) + i$(t)r)(t) + v(t)r;(t)). The super-
field T is determined by the odd complex time variables r)(t) and fj(t), which are the
superpartners of the time T(t) and one auxiliary parameter rn(t). The transforma-
tion rule for the superfield T(t,9,6) under the n = 2 (LCTS) transformations (32)

(47)
ZJ Z

The superfield JP(t,6,§) has the form

(48)

where P^t) = Nl'2Pn and P±{t) = NPr + ^P,, - ipPn), P^ and Pn are the odd
complex momenta, i.e. the superpartners of the momentum P]-.

The superfield P(t, 9, 8) transforms as

6P(t, 6,9) = LP + ^DSLDOP + ^DeLDsP. (49)



The action (45) is invariant under the n = 2 (LCTS) transformations (32). Perform-
ing the integration over 9 and 6 in (45) and making the redefinitions PT —> ̂ P r i
Pit —> fi"^) a n d P*? ""* ̂ • ^ w e °btain its component form

• | ( P , - ^Pr) (50)

ip , V, , \ iR3 iR3 - „ 1 ,
— — (Pjj — ? ; P T ) H (T/PT; — 77/};) I + m p -mtpPf, — -—-mipPn > at.

We can see from (50) that the momenta Pn, P,-t and PT in the superfield (48) are
related with the components of the superfield (35), which enter in the action (34),
unlike those momenta, the component p of the superfield (48) is not related with
any components in (35). Therefore, the variables p and m can be eliminated from
the action (50) by means of their equations of motion, then the component action
has the final form

In addition to the canonical momenta IYT and irpT for the two even constraints (17),
the action (51) has the additional momenta V^ and Vpn conjugate to rj and Pv,
respectively,

v _ d£r(n=2) _ R3
 p v _ dLr{n=2) _

OTj K° dPn

With respect to the canonical odd Poisson brackets we have

They form two primary constraints of second-class

U3(V) =Vr, + i~Pn = 0, n4(P,) = VPn - 0. (54)

The only non-vanishing Poisson bracket between these constraints is

{n3 ,n4} = ?^-. (55)
K3

The momenta V^ and Pp. conjugate to f\ and Pfl respectively, also give two primary
constraints of second-class

R3

U5(f})=Vn + i~Pfj = 0, n6(Pn)=VPi)=G, (56)
K



with non-vanishing Poisson bracket

The constraints (54) and (56) for the Grassmann dynamical variables can be elim-
inated by Dirac's procedure. Defining the matrix constraint C^[i.k = ?/. Pl/,f),P,-l)
as the odd Poisson bracket we have the following non-zero matrix elements

cvp,, = cv V / = {n3 ,n4} = ?;—-.
fa-

cm = ^ = {n5,n6} = i § , (58)

with their inverse matrices (C~')';P" — - i ^ j and (C"1)''7'1' = -ijjg- The result of this
procedure is the elimination of the momenta conjugate to the Grassmann variables,
leaving us with the following non-zero Dirac's bracket relations

{ri,Pr,r = i^, {f),Pny=z~. (59)

So, if we take the additional term (45), then the full action is

S(n=2) = S(71=2) + 5r(n=2). (60)

The canonical Hamiltonian for the action (60) will have the following form

where Sv = {Pr, - fjPT), Sn = (-P f l + rjPr), Fv = (VPV - f)Pt,), and H0,S,S and
F are defined in (39,40,41). In the component form of the action (60) there are no
kinetic terms for N,w.i> and V. This fact, is reflected in the primary constraints
PN = 0, P,P = 0, P^ = 0 and Pv = 0, where P A , , / ^ ; / ^ and Pv are the canonical
momenta conjugate to iV, ii, il> and V, respectively. Then, the total Hamiltonian may
be written as

H = Hr(n=2) + UNPN + U^\ + Uj,Pj, + UVPV. (62)

Due to the conditions P^ = Py, = P,j, = Pv = 0 we now have the first-class con-
straints

R3 R3

H = —PT + HQ = Q, T ^ ~F,, + F = 0,

Qn = I\sv + S = 0, Qn = ~ S 1 i + S = Q. (63)
K K,'

10



They form a closed super-algebra with respect to the Dirac's brackets

{QvQnY = -2<#- {H,QVY = {H,Qfl}* = Q

{^.Q,J* = tQ,, {r,Qn}'=-iQt,. (64)

After quantization Dirac's brackets must be replaced by anticommutators

{V,PV} = i{v.Pny = ~ . {fhPn) = HrhPiiY = ~ , (65)

with the operator representation

To obtain the quantum expression for Ho, S, S, F we must solve the operator ordering
ambiguity. Such ambiguities always take place when the operator expression contains
the product of non-commuting operators A and A, x and x, R and 717? = —t-§fv <b
and ix0 — —i-§Q- Such procedure leads in our case to the following expressions for
the generators on the quantum level

Qr, = - ( - -jp+iV-Qf) +S(R,nK,4>,TT<t,.\,x),

where Sr, = ^j—ifj&p and Ŝ  = ~ ^ + 7 ' ^ O T ' are the generators of the supertranslation,

P-r = —i-£p is the ordinary time translation on the superspace with coordinates
{t,T],fj)

{Sn,S1l}=2i^, (68)

and Fv = r;^- — 77^ is the U{\) generator of the rotation on the complex Grassmann
coordinate r}(fj = 77̂ ). The algebra of the quantum generators of the conserving
charges HQ, S, S, F is a closed super-algebra

{S,S} = 2H0, [S,Ha] = [S,H0] = [F,H0] = 0,

S2 = S2 = 0, [F,S] = -S, [F,S] = 5. (69)

We can see from Eqs. (64) and (67) that, the operators H,Qn,Q,-, and T obey the
same super-algebra (69)

{Qn,Qri} = 2//, [Qtl,H] = [Qtl,H] = [r,H] = 0

Q\ = Q*=0, [^,Q,,] = -Q,,, [T,Qf?i = Qfr (70)

11



In the quantum theory the first-class constraints (67) become conditions on the wave
function W, which has the superfield form

4- IT}(;{T. /?. o, A, A, \ . x) + i>K('r. R. Q\ A. A. \ . x)

+ a{T. R.ip.X. Kx-.k)vv- ("1)

So. we have the supersymmetric quantum constraints

H<H -•= 0. Qr,ty = 0. Q^ = 0, Ti' = 0. (72)

As a consequence of the algebra (70) the constraints

Q, ,* = 0. Qfl* = 0, (73)

lead to the equation
0, (74)

which is a time-dependent Schrodinger equation for the minisuperspaee model.
The condition (74) leads to the following form for the wave function (71)

V. =ii>- ri(Sv) - fj(St) + \(SS - SS)y:nV: (75)

then Qr{i\ has the following form

+ rtfS(-ig; + i{S,S}v)=0, (76)

this is the standard Schrodinger equation and due to the relation 11$ = ~{S,S} it
may be written as

where the wave function is i}>(T, R, <fi, A, A, x, x)- ^ w c P u t m t'10 Schrbdinger equation
(77) the condition of a stationary state given by f̂  = 0, we will have that Hoip = 0
and due to the algebra (69) wc obtain Sip = Sip — 0 and the wave function V*
becomes Ui.

The next step is to consider the additional term (30) in the general relativity
theory and its consequences in the canonical formalism.
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Ткач В.И., Пашнев А.И., Росалес Х.Х. Е2-2000-12
Об уравнении Шредингера в моделях минисуперпространства

Получено зависящее от времени уравнение Шредингера для модели
Фридмана-Робертсона-Уокера, взаимодействующей с однородной скалярной
материей. Показано, что для этого необходимо включить в действие дополни-
тельный член, инвариантный относительно репараметризации времени. Этот
член не меняет уравнений движения, но меняет одну из связей, которая на
квантовом уровне становится зависящим от времени уравнением Шредингера.
Применение этой процедуры в суперсимметричном случае приводит к супер-
симметричным квантовым связям, являющимся квадратным корнем из опера-
тора Шредингера.

Работа выполнена в Лаборатории теоретической физики им. Н.Н.Бого-
любова ОИЯИ.
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Tkach V.I., Pashnev A.I., Rosales J.J. E2-2000-12
On the Schrodinger Equation for the Minisuperspace Models

We obtain a time-dependent Schrodinger equation for the Friedmann-Robert-
son-Walker (FRW) model interacting with a homogeneous scalar matter field. We
show that for this purpose it is necessary to include an additional action invariant
under the reparametrization of time. The last one does not change the equations of
motion of the system, but changes only the constraint which at the quantum level
becomes time-dependent Schrodinger equation. The same procedure is applied to
the supersymmetric case and the supersymmetric quantum constraints are ob-
tained, one of them is a square root of the Schrodinger operator.

The investigation has been performed at the Bogoliubov Laboratory of Theo-
retical Physics, JINR.
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