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RADIONUCLIDE RESPONSE FUNCTIONS FOR THE
CONVECTION-DISPERSION EQUATION FROM A POINT SOURCE ALONG THE

AXIS OF NESTED CYLINDRICAL MEDIA

by

D.M. LeNeveu and M. Kolaf

ABSTRACT

In this report we develop response functions for the mass transport of radionuclides
from a small pinhole-sized defect in a waste container located in a cylindrical disposal
room. The disposal rooms are considered to be filled with buffer and backfill materials
composed of mixtures of clay and sand or crushed rock. Mass transport of radionuclides
released gradually into the room by diffusion through a pinhole can be determined by
convolution with the response functions.

A model based on the boundary-integral method (BIM) is described here. In this model
the room is represented by three coaxial cylinders comprised of buffer, backfill and
excavation damage zone, surrounded by the sparsely fractured rock. The main result of
the model is the flux integrated over the surface of the excavation damage zone which
can serve as the input into a model representing the surrounding geosphere.

The integrated flux obtained from the BIM model is compared with the integrated flux
obtained from the finite-element code called MOTIF (Chan et al. 1987). The
finite-element model consists of coaxial rectangular regions that have the same volume
as the respective cylinders in the BIM model. Sample numerical calculations are shown
for 129I which is one of longest lived and most readily leachable radionuclides that would
be released from a failed container. The two models give identical results in the absence
of groundwater flow, and almost identical results for a range of small groundwater
velocities. For very large groundwater velocities the BIM model is conservative (it gives
higher integrated fluxes than the MOTIF model), except when the source is near the
end of the room towards which the flow is directed.
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FONCTIONS DE RÉPONSE DES RADIONUCLÉIDES RELATIVES À
L'ÉQUATION DE DISPERSION-CONVECTION À PARTIR D'UNE SOURCE PONCTUELLE

LE LONG DE L'AXE DE MILIEUX CYLINDRIQUES EMBOÎTÉS

par

D.M. LeNeveu et M. Kolâf

RÉSUMÉ

Dans le présent rapport, les auteurs élaborent des fonctions de réponse pour le transport de masse de
radionucléides libérés par une petite défectuosité de la taille d'un trou d'épingle dans un conteneur de
déchets situé dans une chambre de stockage permanent cylindrique. On considère que les chambres de
stockage permanent sont remplies de matériaux tampons et de remblayage composés de mélanges
d'argile, de sable ou de roche concassée. Le transport de masse des radionucléides libérés graduellement
dans la chambre par diffusion à travers un trou d'épingle peut être établi par convolution avec les
fonctions de réponse.

Un modèle fondé sur la méthode des équations intégrales aux frontières y est décrit. Dans ce modèle, la
chambre est représentée par trois cylindres coaxiaux constitués de matériau tampon, de remblai et d'une
zone de dommages dus à l'excavation, entourés d'une zone de roche peu fracturée. Le principal résultat
que fournit ce modèle est le flux intégré à la surface de la zone de dommages dus à l'excavation qui peut
servir de données d'entrée dans le modèle représentant la géosphère environnante.

Le flux intégré obtenu à partir du modèle fondé sur la méthode des équations intégrales aux frontières est
comparé au flux intégré obtenu à l'aide du programme de calcul à éléments finis nommé MOTIF (Chan et
autres, 1987). Le modèle à éléments finis est constitué de régions rectangulaires coaxiales qui ont le
même volume que les cylindres correspondants dans le modèle MIL. Des calculs numériques sont
donnés à titre d'exemple dans le cas de l'129I qui est l'un des radionucléides à plus longue période et le
plus facilement lixiviable qui serait libéré par la rupture d'un conteneur. Les deux modèles donnent des
résultats identiques en l'absence d'un écoulement d'eau souterraine et des résultats quasi identiques dans
une plage de vitesses d'écoulement minimes des eaux souterraines. Dans le cas de très grandes vitesses
d'écoulement des eaux souterraines, le modèle fondé sur la méthode des équations intégrales aux
frontières donne des résultats prudents (il donne des flux intégrés supérieurs à ceux du modèle MOTIF),
sauf lorsque la source est à proximité de la chambre vers laquelle l'écoulement est dirigé.
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1. INTRODUCTION

This report supports a vault model developed for the Canadian Nuclear Fuel Waste
Management program that describes radionuclide mass transport from a small pin-hole
sized defect in a waste container emplaced in a disposal room. It is assumed that a
defected container is randomly located along the axis of the room. Because we are
dealing with linear phenomena, the total release from several defected containers can be
obtained by superimposing the releases from individual containers.

Equations that describe a response function for a point source along the axis of nested
cylindrical media are developed in this report. These response functions can be used to
model the release of radionuclides from defected containers emplaced in an underground
vault of the in-room design (Baumgartner et al. 1995). This design specifies
oval-shaped rooms. The model geometry used for in-room emplacement consists of
three coaxial cylinders of radii T\, r2 and r3 and length L, surrounded by a sparsely
fractured rock medium, infinite in the radial direction as shown in Figure 1. The inner
most cylinder is used to represent the buffer, followed by the backfill, excavation
damage zone and outer rock region. The release from a failed container is assumed to
occur at a point along the axis of the cylinders. The point source represents a pinhole
in the container. Groundwater velocity is assumed to be zero in the buffer and to have
components parallel and perpendicular to the axis of the cylinder in the other three
regions. The groundwater velocity is assumed to be constant in space and time in each
medium. It is assumed that the velocity and radionuclide concentration have no angular
dependence. We wish to determine fluxes from the disposal room integrated over the
surface of the cylinders bounding the buffer, backfill and damage zone regions. The flux
integrated over the surface of the damage zone will serve as the input into the geosphere
model (Stanchell et al. 1996, Johnson et al 1996).

The general solution strategy is to determine the Laplace transform of the Green's
function for a semi-infinite medium that satisfies the governing equation. The Laplace
transform of boundary source strengths is determined to satisfy the interfacial
boundary conditions between the four media. These source strengths along with the
Green's function are used to determine the Laplace transform of the flux integrated
over the outer surface of each medium. Laplace transform solutions developed by
Heinrich and Andres (1985) are used to extend the solutions to decay chains of
arbitrary length. Numerical inversion of the Laplace transform solutions is used to
determine the integrated flux as a function of time for each member of a decay chain.
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Excavation
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FIGURE 1: The Model Geometry

2. GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

In cylindrical coordinates, r and z, where there is no angular dependence, the
convection-dispersion equation describing radionuclide transport, for the first member
of a decay chain, can be written as:

(1)
dc; _ A. w _ z>
dt K dr2 ~Kr~dr~~"~K~dz~2" 4~ l(~dz~ ~*' K~r~dr~

Here C is the concentration of the radionuclide in pore water, Dr is the radial total
intrinsic dispersion coefficient, Dz is the axial total intrinsic dispersion coefficient, Vz is
the axial Darcy velocity, <f> is the product of the radial Darcy velocity and the radius, K
is the radionuclide capacity factor, A is the radionuclide decay constant, and t is time.
To conserve radial water flow it is assumed that ^ is constant. It is also assumed that
the coefficients, D r , Dz, Vz, K and A are constant.

We use the substitution, D = Dr, and the transformation y = z(D/DzY^2 (Carslaw and
Jaeger 1959) whereupon the convection-dispersion equation becomes :

dt K dr* vK dr K dy2+K dy^ Krdr

where Vy = VZ(D/Dzy/2. The transformed lengths of each cylindrical region, Li, are
defined by:

(3)
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where the subscript i refers to the medium number (i = 1 for buffer, i = 2 for backfill,
i = 3 for damage zone and i = 4 for outer rock). In the transformed coordinates, the
buffer occupies the region, 0 < r < ri, 0 < y < Li ; the backfill occupies the region,
ri < r < r2, 0 < y < L2] the damage zone occupies the region, r2 < r < r3, 0 < y < L3,
and the outer rock occupies the region, r > T3, 0 < y < L4.

To simplify the solution, continuity of flux and concentration at the interface between
media, integrated over the interfacial area, is applied rather than continuity at every
position on the interfacial area. It is assumed that there is no interfacial resistance to
mass transport. The interfacial boundary conditions are:

27rr, f ' Fi{n,y,t)dy = 2irn f "+1 F,+ 1(r , ,y,t)dy, i = 1,3 (4)
Jo Jo

and

, ^ ' Ci{r,y,t)\r=:ridy = 27rr,^ <+l Ci+I(r,y,t)\r=ridy, i = 1,3 (5)

where

t) = ^diT^y^t) - A ^ U , , i = 1,4, j = 1,3. (6)

Initially there is a point source of unit strength along the axis of the cylindrical room.

We apply the boundary integral method (LeNeveu and O'Connor 1994) using the
Green's function G(r,y,s, \r',y'), for the Laplace transform of Equation (2),

G{r,y,s\r',y') = B {Iv{q0T') Kv{qor) + 2 f ) cos ^ cos ^ / , ( 9 n r ' ) Kv{qnr)\ (7)

for r > r', and

G{T,y,s\r',y') = B llv{qor)Kv{qor') + 2 f ) cos ^ cos ^ / , ( g n r ) JC(gnr')j (8)

for r < r'. Here a is the Laplace transform variable,

(s> , n V \ * M , , , m ^ o

and /^ and ^ are modified Bessel functions of the first and second kind of order v.

The Green's function was obtained by applying the transformation (Ozisik 1980)

C(r, y, 0 = r"C"(r, y, t)exp{ay + /9*) (9)

to Equations (8) and (9) of Kolaf and LeNeveu (1995) where

• - 1 <10>



- 4 -

and

V2

0 = — s - . (11)

The Green's function used here can be derived by the method of separation of variables
and satisfies the following boundary conditions:
y = 0 and y = Li

DJJ^+Cio
az 2

or in transformed coordinates

^ + £<* = «. (13)

This boundary condition implies that the flux, Fi(Li,r,t) and F,(0,r,t), from the ends
of the room is given by,

JS(£1-,r,0 = ^C i-(Ii l-,r>0 (14)

and

^fCi(0,r,t) (15)

in each medium. This means that the release from the surfaces, y = 0, y = L, is by
convection only. Since the length of the room is much larger than the diameter, the
type boundary condition at the end of the room should be relatively unimportant
except for cases where the axial velocity in the backfill or excavation damage zone is
large enough to cause significant mass transfer from the end of the room. In such cases
the convective type of boundary condition used here will result in mass transfer from
the end of the room being unimpeded by the presence of the adjoining rock.

According to the boundary integral method the Laplace transform of the concentration
d(r,y,s) can be determined from:

Ci(r,y,s) = 2 7 r £ > i /
L ' Sg(y#

l«)Gi-(rly,«|ril!fW (16)

where n; is the number of areal source strengths for each medium z. The unknown
source areal strengths SfAy',a) are assumed to be:

Sfj(y',s) = exP(aiy')Sj(s) (17)

where the subscript j is an index for the unknown boundary source coefficients, Sj, and
their radial positions, r,.



0

damaged zone

rock

FIGURE 2: Cross section of a disposal room showing the location of the boundary
source coefficients.

3. SOLUTIONS TO THE SYSTEM OF EQUATIONS

There are six unknown boundary source coefficients, 5i at r = r* for the buffer, 52 at
r = ri and 53 at r = r% for the backfill, £4 at r j and 5s at r£ for the damage zone and
Se B.t r = T3" for the outer rock as shown in Figure 2. The superscripts — and +
indicate infinitesimally small negative and positive radial increments.
By applying the Laplace transform of the boundary conditions (4) and (5), and using
equations (7), (8), (16) and (17) the following set of equations are obtained

—SiXn + S2X12 + 03X13 — Go

—S1X21 + S2X22 + 53X23 = Fo

-S2X32 — 53X33 + S4X34 + S5X35 = 0

-S2X42 — S3X43 + 54X44 -f S5X45 = 0

—S4X54 — S5X55 + S^Xse = 0

—04X54 — SSXQS -+• SQXQQ = 0.

(18)



- 6 -

In applying the boundary conditions (4) and (5), the Green's function is integrated over
the interfacial surfaces. The integral of the cosine terms in Equations (7) and (8) go to
zero. This simplifies the solution considerably. The equations giving Go, Fo, and X,j are
given in the Appendix.

The flux integrated over the ends, Ff of the room for medium i, determined by
evaluating the concentration at ends of the room from Equation (16), integrating the
concentration from r, to r l+1, multiplying by Vyi/2 and applying Equations (14) and
(15), can be expressed as:

Fj = P2S3r2K^(q2r2)[r2I^+1{q2r2)-r1(^y I^+1(q2r^ + (19)

- r2 \^-

- r2 (-
\T*3

- r3 ( ^

Y* I^+ii^)] + (20)
T*3/ J

where

p. = 2*ai[exp[aiLi) - 1]

(Note the factor containing the exponential term appears in both the numerator and
denominator of the factor PiSj and can, therefore, be eliminated in the evaluation of F%
and Fl.)

Since the Darcy velocity is assumed to be zero in the buffer,

F{ = 0. (22)

The flux integrated over the outer surface of the buffer, backfill and damage zone, Fi,
F2 and F3 are given by Equations (23), (24) and (25) respectively.

Fi = S2X22 + SsX2z (23)

F2 = S4X44 + S5X4S + Fl (24)

F3 = S6X66 + F3
e (25)
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4. RADIOACTIVE DECAY CHAINS

For a decay chain the methods of Heinrich and Andres (1985) can be applied to obtain
a chain dependent Green's function, G{m.

m

Gim = E *.m»G.n (26)
n=l

where

i S ' W ^ (27)

m-1

I J XiKu = 1 for m = 1, (28)

m and n are indices for the position in the decay chain, i is the medium index for the
variables, An, a,, /3ln, K{n, Z^, Li, and i/,-. Gin have the same definitions as G, except
that the radionuclide-dependent variables, A, and If,-, require the extra index, n. As a
parent radionuclide decays, contributions to the flux and concentration of the daughter
are created that must be taken into account in the continuity conditions at the
boundaries between the media. New terms are required on the right hand side of
Equations (18) as follows:

= Gm\ (29)
Sm3Xm23 = Fm\

"I" ^m4-^m34 "I" "in5

Here,

m m—1 m

Gml = E Gok*lmk + E E Prl*«l*l» " (^2^*12 + 5r3Xfcl3) $2M] (30)
Jt=l r = l Jt=r

^ 1 = E ôfc*lm* + E E Prt**21*lM - (5r2^22 + ^3^23) $2p,] (31)
ik= l r = l Jt=r

m—1 m

E E [(^2Xfc32 + £-3**33) *2M - (£4*it34 + Sr5Xk3s) $3W] (32)
r = l Jfc=r
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m—1 m

r r a 2 = 2-r 2^1 LW»-2^*42 + J r 3 ^ * 4 3 ; *2pg ~ (,"->r4-<**44 + Or5^\k45J ^3pq\ \M)
r=l *=r

m—1 m

m3 = 2 ^ 2-» K':'r4^*54 + £r5^fc55,) *3p9 ~ <->r6-**56*4pgJ \A^J
r-1 k-r

F m 3 = E E [(5r4*it64 + 5r5**65) $3p, - £6**66*4W] , (35)
r=l *=r

p = m — r + 1 and q — m — k + 1. The equations for Gok, Fok and Xkij are the same as
for Go, Fo and *, j defined previously except that the radionuclide dependent variables
<7,, A, fc, and /3f- require an additional index, &.

The equations for the flux integrated over the outer surface of the buffer, backfill and
damage zone for the members of the chain due to a unit impulse at the beginning of the
chain can now be expressed as:

Fm\ = £'m2*m22 + £n3*m23 (36)

Fm2 — £n4*m44 + £n5*m45 + Fm2 (37)

Fm3 = 5m6*m66 + F^3 (38)

Talbot's (Talbot 1979) algorithm is used to obtain the inverse of the Laplace
transforms, Fmi(s).

For conditions where the Darcy velocities are equal or zero in all media the response
functions obtained from integrated continuity conditions are identical to that obtained
for continuous continuity conditions because /0 ' cos(niry/L{)dy = 0.

5. VERIFICATION

A nuclear fuel waste disposal facility would likely be sited where the Darcy velocities in
the media at vault depth would be small. For these conditions the use of integrated
interfacial continuity conditions should give an accurate representation of the response
functions to an axial impulse point source of unit strength in a disposal room composed
of nested cylinders of buffer, backfill and damage zone. This premise has been verified
here by comparisons to results from the finite-element code MOTIF (Chan et al. 1987).
These comparisons were done along the same line as for the preliminary version of the
BIM model with a single medium (buffer) in the room (Kolaf and LeNeveu 1995). A
three dimensional room scale mesh of the disposal system was constructed containing
nested rectangular regions composed of buffer, backfill, damage zone and rock. The
volumes of these regions were the same as the respective volumes in the BIM model (cf.
Figure 2 of Kolaf and LeNeveu, 1995). The source for this system was a unit mass
located in a small element along the long horizontal axis of the buffer region. Two
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source locations were used, one at the centre of the axis and the other, 10.5 meters from
the right side of the room (with the horizontal groundwater flow going from left to
right). The rock surrounding the room was finite in extent, extending 200 meters above,
below and on either side of the room. A zero concentration boundary condition was
used on these four sides, parallel to the central axis through the buffer. To mimic as
close as possible the BIM model, no rock was present at the ends of the room, and a
boundary condition of net diffusion over the ends of the room, dC/dy = 0, was used.
This corresponds to the convective type boundary condition, F — VC, where F is flux,
C is the radionuclide concentration, and V is the Darcy velocity in the rock. In MOTIF
it is not possible to reproduce exactly the BIM boundary conditions of Equations (14)
and (15); this may be the source of the discrepancy between the BIM and MOTIF
results at larger Darcy velocities in the excavation damage zone (EDZ).

Four comparisons (cases 1 to 4) between MOTIF and BIM models are illustrated in
Figures 3 to 6. In case 1, there was no groundwater movement in the system. In case 2
and case 4 there was a uniform axial Darcy velocity (V ,̂) in each medium. In case 3,
the BIM model used uniform radial Darcy velocity in each medium while the MOTIF
model used uniform vertical Darcy velocity (V ,̂-) of the same magnitude in each
medium. The Darcy velocities in each medium are given in the figures. Other
parameter values used in the comparison are given in Table 1. When there is no
component of groundwater velocity perpendicular to the planes at the ends of the room
that are impenetrable for diffusion, MOTIF results do not depend on the position of the
source, as can be seen in Figure 3. The same is true for the vertical flow of Figure 5.
The very good agreement between the BIM and MOTIF results that were obtained
with somewhat different room geometries indicates that the exact shape of the disposal
room is not verv important; what matters is only the total volume of each medium.
This justifies approximating an oval disposal room by a cylindrical BIM model. For
very large axial Darcy velocities in the EDZ, the integrated release may depend
considerably on the position of the source in the room as is indicated by the MOTIF
results in Figure 6, where the Darcy velocity in the EDZ is two orders of magnitude
larger than in Figure 4. In this case, the integrated release calculated with MOTIF
precedes that of BIM when the source is close to the end of the room towards which the
flow is directed (10.31m from the end). However, when the source is at the centre the
BIM model is conservative with respect to the MOTIF model. From this information,
for large axial flow velocities and randomly occuring source positions, we infer the BIM
model will, on average, give conservative values for the integrated room release
compared to the results from MOTIF. For other cases, the agreement between MOTIF
and BIM is very good with the BIM model giving somewhat more conservative results.

One consequence of using integrated continuity conditions rather than continuous ones,
is the independence of the response functions on the source position. This allows for
computational efficiencies in the integration of the response function into an overall
assessment code.
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TABLE 1

PARAMETER VALUES FOR MOTIF AND BIM COMPARISONS

parameter description
thickness of buffer

thickness of backfill
thickness of EDZ
length of room

capacity factor of I in buffer
capacity factor of I in backfill

capacity factor of I in EDZ
capacity factor of I in rock

decay constant of 129I
total intrinsic diffusion coefficient in buffer

total intrinsic diffusion coefficient in backflll
total intrinsic diffusion coefficient in EDZ
total intrinsic diffusion coefficient in rock

axial dispersion length in backfill
axial dispersion length in EDZ
axial dispersion length in rock

transverse dispersion length for axial flow in backfill
transverse dispersion length for axial flow in EDZ
transverse dispersion length for axial flow in rock

radial dispersion length in backfill
radial dispersion length in EDZ
radial dispersion length in rock

transverse dispersion length for radial flow in backfill
transverse dispersion length for radial flow in EDZ
transverse dispersion length for radial flow in rock

parameter value
1.48
0.76
1.400
206.2
0.275
0.275

5.0xl0~5

l.OxlO"5

4.41xl0"8

6.93xlO"3

6.93xlO"3

1.38xl0"7

2.76xlO~8

0.345
29.84
30.50

5.00xl0~3

0.362
3.05
0.345
0.298
30.5

5.00xl0"3

3.62xlO"3

3.05

units
m
m
m
m

a"1

m2/a
m2/a
m2/a
m2/a

m
m
m
m
m
m
m
m
m
m
m
m
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6. APPLICATION OF RESPONSE FUNCTIONS

To obtain the integrated flux over the surface of the excavation damage zone originating
from a small defect in a waste container, the radionuclide release rate from the defect is
convoluted with the response functions described above. Equations describing release
from a small defect in a container are given in LeNeveu (1996).

7. SUMMARY

We have developed radionuclide response functions for the convection-dispersion
equation for a point source located on the axis of nested cylindrical media. The
response functions are used to model radionuclide transport through the buffer, backfill
and excavation damage zone from defected containers for in-room emplacement
(Johnson et al. 1996). We have demonstrated that the flux integrated over the outer
surface of the excavation damage zone surrounding a disposal room compares
favourably with similar results from the finite-element model MOTIF.
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APPENDIX. Equations For Go, Fo and X{j

Equations for Go, Fo and Xij are given below.

Go = -frKoigiTi) (39)

Fo=glrlKl{glrl) (40)

(41)

(42)

(43)

(44)
T l j - - - - •

(45)

(46)
•^3

X54 = 27rr2r3-^-M3 (— J /^(^^2)^(53^3) (48)
L)3 \T2/

(49)3 T^

; -^-M4/ l,4 {g4r3)Kv< (g4r3) (50)

X21 = -2-KrlLlg1Il/l+i{giTl)Kl^(giT-i) (51)

X22 = 2irrlL2g2M2I^(g2ri)KV2+i(g2r1) (52)

—J J ^ + i ^ r i ) ^ ^ ^ ) (53)

— J / ^ ^ O ^ + i ^ ^ ) (54)

(55)
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X44 = 2TrlL3g3M3ll/3(g3r2)KV;i+1(g3r2) (56)

— I IU3+\{gzr2)K^{g3T3) (57)

7*3 /

— ) -^(^3^2)^+1(^3^3) (58)

X65 = -2TrrlL3g3M3Il/s+1(g3r3)Kl/3(g3r3) (59)

X66 = 27crlL4g4M4Il,i(g4r3)KUi+1(g4r3) (60)

Here,

{ } (61)
and

M,; = 1, Vyi = 0 (62)

^ > 0 - ( 6 3 )

(Note the factor containing the exponential term appears in both the numerator and
denominator of the solution for Sj and can be eliminated from the evaluation.)
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