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ABSTRACT
The dynamics of a Euler-Bernoulli beam with a time-

and space dependent bending stiffness is studied. The
problem is considered in connection with the application
of noise control using smart structures. It is shown that
a control for the vibrations of the beam can be achieved
by varying the bending stiffness. The technique of di-
rect separation of fast and slow motion coupled with a
Green's function method is used to analyze the dynam-
ics of the beam with high-frequency modulation of the
stiffness.

INTRODUCTION
The use of "smart materials" in various areas of en-

gineering has received much attention in the literature.
One of the specific aims in using smart materials is the
optimization of structural performance for a wide range
of loading parameters. To this end, structural acoustics
presents a rich field of implementation for smart mate-
rials in order to efficiently control noise and vibration
characteristics of structures. A general idea of active
control of noise and vibration is based on use of compen-
satory input into a controlled system is commonly im-
plemented by optimal spacing of sound sources or forces.
This formulation appears to be very fruitful for various
practical applications. A theory of such kind of control
is given for example in [1]. Semi-active dynamic ab-
sorbers with adaptable stiffnesses based predominantly
on piezoactuators ([2], [3], [4]) give promising results for
vibration suppression and have a number of advantages
in comparison with passive or pure active control ([3]).
On the other hand, composite materials, mainly sand-
wich structures with micro- or macro-inhomogeneous
(honeycomb) core components permit changing the dis-
tributed stiffness parameters and extend the use of para-
metric control of structures with distributed control el-
ements.

To demonstrate the effects of time- and space-
dependent stiffness parameters upon structural dynam-
ics, we consider an Euler-Bernoulli beam where it is as-
sumed that the beam is composed in such a way that
its bending stiffness contains a time-varying and space-
dependent component in addition to its principal time-

constant part. The aim here is to study the possibility of
controlling the vibrations by varying the bending stiff-
ness of the beam and to demonstrate a technique of di-
rect separation of fast and slow motions coupled with a
Green's function method in the case of a fast modulation
of the stiffness. Parametric control of beams and strings
is usually considered in connection with a time-varying
axial force or a moving boundary (see for example [6],
[7], [8]). The technique of direct separation of fast and
slow motions coupled with a Green's function method
used here, permits us to analyze the more general case
of stiffness perturbation with a periodic function of time
and arbitrary function of space. The concept of 'hidden
motions' [5] provides a theoretical basis for the above
separation of constant and variable components of the
bending stiffness.

FORMULATION
Consider a beam of finite length, /, whose forced mo-

tion is described by the well known equation,

[D(x, t) w"(x, t)]" + Mow(x, t) = q{x, t), (1)

where w(x, t) is the displacement of the beam, Mo de-
notes mass per unit length, which is taken to be uniform
and q(x, t) is a driving load. Here and below, primes and
dots denote derivatives with respect to the coordinate a;
and time t respectively. The boundary conditions cor-
responds to the simply supported beam

= 0 x = 0, x = (2)

The bending stiffness is represented as the sum of a
constant component Do and a variable perturbation
Dx{xtt):

Di (x, t) = Di (x) cos tot, (3)

where the time-dependence here has been chosen for
simplicity to be harmonic with circular frequency fi.
We also assume the driving load to be harmonic, i.e.

q(x,t) = q(x) cosojt, (4)

with circular frequency, u>. In order to explore possibili-
ties for active control of vibrational response w(x, i) by
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modulations of a frequency fi, we examine the station-
ary response of a linear system, defined by Eqs. (1-3),
to the driving load (4).

RESULTS AND DISCUSSION
We present here some results for the vibrating beam

B with a bending stiffness varying with a given high-
frequency. For a bending stiffness whose time-dependent
variation is a given function, the problem becomes a lin-
ear problem of parametric vibrations. The averaging
of high frequency 'hidden' motions of elements of the
beam's microstructure over the period of overall bending
motions (having much lower frequency) formally results
in a so-called vibrational force which may effectively con-
trol the generation of bending waves.

The problem may be analyzed by a method of direct
separation of the motions of a system (see [5]). To apply
the above method, it is essential to restrict our consid-
eration according to the assumption u -C ft. Thus, the
dependence upon time of the function D\ is taken as
'fast', while the driving load is treated as 'slow'. We
define

w(x,t) = W(x,t) + *(x,t), (5)

and arrive at the following system of equations:

Do W
IV + Mo W = q cos wt- <

1W"]" cosQt, (6)

*" ]" cos Ut >, (7)

which govern fast and slow motions respectively. The
second term on the right-hand side of equation (7) is the
so-called 'vibrational force' [5], averaged over a period
of fast motions. Note that we have not assumed here
that fi = -Di/JDo is small. Using the Greeen's functions
method the system Eqs. (6,7). can be reduced to an
integro-differential equation with respect to the function
of slow time; i.e.

d4W
'"da-5"

1 d2

2 dx2

'dx2 J (8)

Here G(x,£) is the Green function of vibrations of a
simply supported beam. The time-dependence of W =
W coswt is explicitly formulated.

Consider, first, the case of pure time modulation of
the stiffness when D\{x) = D\ = [IDQ = const. For a
case of a driving load given by the Fourier series,

s m

n = l

we seek a solution in the form

n=\

(9)

(10)

(11)
n = l

and obtain an analytical expression for the 'slow' An

and 'fast' Bn amplitude of displacement which corre-
spond to the n—th mode. We introduce dimensionless
frequency parameters for 'fast' 0f and 'slow' 0S mo-
tions:

= 7 T 4 ^ , (12)

and dimensionless displacements, an = AnD0/(qJ'i),
and bn = BnD0/(qJ4), where qt - ||9|| = ( E 9n)1/2

is the norm of the driving load. The vibrations response,
w{x,i), is then conveniently re-written as

w{x,t) =
n = l

Do n—l

[an cos(ujt) + bn cos(Qt)} sin ( T^L j , (13)

where

an =
qn

(TITT)4 - 0)

, qn
On =

q. {{rrnY - ft} [ [nnY - 0) ] - 1/2 (rnr) V 2 '

fj. {rnr)4

8,,2 'q, [(HTT)* - 02] [{n-KY -0}]- 1/2 (mr)V

An elementary analysis shows that high-frequency
modulation of the beam's stiffness has a strong influ-
ence upon the amplitude of vibration. Namely, high-
frequency modulation of the bending stiffness of a beam
in the vicinity of the n-th mode eigenfrequency, u>n =
riTT, suppresses the 'slow' motion and excites the 'fast'
motion at a specific mode. As is clearly seen from the
above analysis that fast modulation of stiffness in time
cannot decrease the kinetic energy of a vibrating beam,
yet it can effectively re-distribute this energy in a fre-
quency domain, i.e. by exciting vibrations at higher fre-
quencies than the frequency of a driving force. This may
be favorable from the acoustical standpoint. Indeed, this
mechanism permits a shift to a high frequency by tuning
of the vibration frequency away from the sound range or
from the frequency of a driving load. The advantage of
this kind of control is its low sensitivity to the frequency
of the excitation since the control must be in tune with
any n—th eigenfrequency of the structure and not with
the frequency of the driving load.

Secondly, the possibility of 'fast' motion excitation of
a specific mode can be employed. For example, direc-
tivity diagrams of a beam vibrating on first, symmet-
ric (monopole), and second, skew-symmetric (dipole),
modes are essentially different; skew-symmetric motion
is preferable from the radiation standpoint.

The effect of coupling distinct vibrational modes by
parametrical variation of moment of inertia is associated
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with the spatial dependence of D\. For example, if

D\ (a;, t) — JJLDQ cos vx cos Clt, (14)

the equation for 'slow' motions of a beam clearly indi-
cates coupling of symmetric and skew-symmetric mo-
tions.

As an example, the problem has been solved for
the simplest case of the purely symmetric driving force
q(x) = qx sin(nx/l) and purely skew-symmetric stiff-
ness modulation v = TT using a two term approach,
m — 1,2. The following expressions for slow and fast
amplitudes has been obtained:

2/U7T4

b2 =

and &i i O , 02 = 0. As a result of modal coupling,
the 'fast' stiffness modulation in the vicinity of the res-
onance of the skew-symmetric mode 62 —> 0 suppresses
both symmetric and skew-symmetric 'slow' amplitudes.
The motion of the beam becomes dominantly skew-
symmetric which, as noted above, is preferable from the
radiation standpoint. It should be mentioned that the
excitation of 'fast' motion is non sensitive to the fre-
quency of the driving load and control can be imple-
mented in a large frequency range. To illustrate the
modal coupling, in Fig.l amplitudes the of vibration of
the beam at the mid-span x = 1/2 and at x = 1/4
are presented versus 'fast' frequency. Increase in ampli-
tude of vibrations at x = 1/4 and decay of amplitude
at the mid-span show strong participation of the skew-
symmetric mode.
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