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We propose a low dimensional transport model which em-
phasizes the competition between two turbulent relaxation
mechanisms, namely profile relaxation and nonlinear mode
coupling. When decreasing the relative weight of the latter
mechanism, transport exhibits a transition from diffusive to
avalanche-like regimes. The latter plasma turbulent transport
can prove to be very powerful in describing experimental ev-
idence, especially concerning transient dynamics.
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Performance of magnetic confinement is inherently
due to the capability of stabilizing large scale turbu-
lence Diamond and Hahm have recently suggested
that a threshold instability driven by a flux could re-
sult in large radial scale transport events [1]. Since then,
many self-consistent — in the sense that neither spatial
nor time scale separability between the fluctuations and
the equilibrium is assumed — fluid models of threshold
plasma turbulence have shown that the radial transport
exhibits intermittent ballistic bursts, called avalanches
[2-5]. Also, experimental measurements of tokamak tur-
bulence show evidence of intermittent transport [6,7], to-
gether with scale invariance in time of the fluctuations
[8] Self-organized criticality (SOC) has been proposed
to explain such an intermittent dynamics [9,10]. Our
present aim is to derive a minimal system modelling flux
driven plasma turbulence, and exhibiting transport via
ballistic bursts. In this framework, this paper addresses
the dynamical competition between two paradigms allow-
ing for a turbulent relaxation: nonlinear mode coupling,
responsible for energy transfer between scales and ampli-
tude saturation of the modes, and profile relaxation. Let
us consider a system driven at constant flux, for example
a particle source generating locally a transient steepen-
ing of density profile. Once the density gradient exceeds
the turbulence threshold, this steepening induces a burst
of turbulence which expels particles outwards, possibly
renewing this process at neighboring radial positions. In
this case, a gradient front (or an avalanche if one consid-
ers the flux) may propagate ballisticaly on a large radial
scale. Since particles are conserved, a depletion is ex-
pected to move inwards.

We propose a one dimensional (1-D) simplified model
to investigate a threshold plasma instability. It is based
on a Galerkin reduction of interchange turbulence, sup-
ported by 2-D simulation results. This approach does

not assume scale separability as would standard random
phase approximation [11] Instead some features of cou-
pling between all scales of the system have been retained.
In the present model, a control parameter a allows one
to investigate the crossover from profile relaxation to he-
licoidal mode coupling saturation For large nonlinear
coupling ( a » l ) , turbulent transport is diffusive- Con-
versely, in the weak mode coupling regime (a <Si 1), or
close to the threshold, the radial transport exhibits bal-
listic bursts. These fronts move outwards and inwards
with a velocity proportional to the square root of the
driving flux.

In deriving the reduced model, we focus on the in-
terchange instability in the scrape-off layer of tokamaks
[12-14]. In the flute approximation, the 2-D equations
governing the system are [4]:

(1)l * + [*, Vi*] = -g dylog(N) +

The average magnetic field line curvature is g. N and
$ are the normalized density and electric potential re-
spectively, [.,.] stands for Poisson brackets and D and v
are neoclassical diffusion and viscosity coefficients. The
particle source 5 represents the forcing of the system.
Within the analogy N -+ T and (<9y$, —#r<&) —>• v, where
T refers to the temperature and v to the divergence-free
fluid velocity, Eq. (1) also describes Rayleigh-Benard in-
stability, with g standing for gravity acting along r

Let us linearise Eq. (1), and expand the density and
electric potential fields in the following way: N(x,y,1) =
N(x4) + N(x,yJ) and $(z, y,t) = A + *(*, y,<).' Here,
N is the equilibrium density averaged over a magnetic
surface, i e. along y. The equilibrium electric poten-
tial is taken constant radially (along jr) and equal to
the floating potential A, which cancels out the sheath
equilibrium current. Such an approximation precludes
any shear flow stabilising effect. In the flux driven case,
we have shown previously that the electric potential ex-
hibits poloidal modulations, with the characteristic wave
vector ky0 maximising the linear growth rate [4]. A sim-
ilar result has been obtained with a 3-D model for re-
sistive ballooning turbulence in the edge [15] Follow-
ing the Galerkin decomposition, one thus expands the
fluctuating fields N and $ on this mode and its first
harmonic, in order to account for the physics of mode
coupling We further assume a phase shift equal to TT/2



between the density and electric potential fluctuations,
which maximises transport, and agrees both with exper-
imental data and numerical simulations in fusion devices
[4,16,17]. Solving Eq. (1) for the fundamental mode, the
1-D system then reads:

> *] i (2a)

= -ky0

= -ky0

• 6.N +

DdxxN + S

(2b)
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where Poisson brackets are projected on the fundamental
mode, as recalled by the subscript " 1 " . For the sake of
simplicity, we will further avoid the first nonlinearity in
Eq. (2a), and replace N by a constant normalised density
No- Numerical simulations with and without this nonlin-
ear term show that it is not generic of the bursty feature
of transport.

For a sufficiently large viscosity coefficient v, the
charge balance Eq. (2a) leads to a linear relation between
the electric potential $ j and the density fluctuations JVi,
namely <li = gNi/(i/Nok^o). Such a linear dependency
is supported by 2-D simulations. Fast dynamics of den-
sity fluctuations would result in the following nonlinear
relationship, Eq. (2b): Ni « $idxN. When the equi-
librium gradient governs the magnitude of the coupling
between the fluctuating fields, the turbulent flux Eq. (2c)
is diffusive, with a characteristic coefficient DtUrb oc $i-
This feature can be retained in the model at hand for
large value of the control parameter a. As emphasized
by 2-D simulations [4], we further assume that the dy-
namics of the first poloidal harmonics of wave vector 2kyo
is much faster than that of the fundamental mode. At
lowest order, the contribution of Poisson brackets may
be approximated by a nonlinear damping of the density
fluctuations of the generic form aNf, where the compli-
cated expression of a may be reduced to a a *&/v, with
70 = g/{vNokyQ). This control parameter a governs the
relative weight of non linear mode coupling compared
to profile relaxation. Within these approximations, and
dropping the subscripts, Eq. (2) becomes:

3tN = -7o N dxN - aN3 + DdxxN (3a)
dtN = -7o 8XN2 + 5 + DdxxN (3b)

Energy E = fQ
L (N2 + N2) dx is an inviscid invariant of

the system, provided that a = 0. The dynamics of fluctu-
ations is found to be governed by a Fisher-Kolmogorov-
like equation, which describes the dynamics of front prop-
agation in a frozen unstable medium [18]. However, in
a flux driven approach such as the one described by Eq.
(3a), the front modifies the medium — more precisely
the equilibrium gradient dxN - in which it propagates.
The feedback is ensured by the turbulent flux T =

which allows for a relaxation of the destabilising equilib-
rium gradient, Eq. (3b). Such a feedback is absent from
investigations of turbulence computed at fixed equilib-
rium gradient. Furthermore, Hwa and Kardar [10] ar-
gue on symmetry considerations that Burgers equation
[19] well describes the continuus limit for discrete SOC
models, namely sand-pile automatons. A dimensional
analysis shows that this equation allows for ballistic so-
lutions. However, the present system Eq. (3) only reduces
to Burgers equation in a very specific case. Indeed, in or-
der to recover Burgers, Eq. (3b) imposes N <x N — (N),
whereas Eq. (3a) implies a = 0 and N - (N) oc S{x,t),
which does not hold unless invoking a very specific source.
Note also that Eq. (3) is close to the system derived by
Diamond et al. to model the transition to enhanced con-
finement in reversed magnetic shear discharges [11]. The
present analysis differs in the treatment of the turbulent
flux which is not diffusive-like.

Focusing on the transport generated by Eq. (3), let
us detail the dynamics of weak jimplitude perturba-
tions around a fixed point (No, No) characterized by
dNo/dx = -alohl, where To = 70N$ » Jo S(x)dx
represents the driving flux. The dispersion relation of
(SN, SN) oc exp i (kx — ut) reads:

Qro/7o) ± (4)

In the limit of weak mode coupling a2 To -C 2A:27o, or
also close to the threshold, a ballistic solution results
from Eq. (4), u = ±vt,k, with a velocity Vb = V^ToTo-
Note that this condition also defines a critical wave vec-
tor kc = vb/(2Ddamp), where Ddamp = 7o/Q- T^e burst
propagation velocity is found to increase with the forcing
To, and to be either positive or negative, allowing for out-
ward or inward burst propagation. A dynamical mech-
anism for velocity selection in the Fisher-Kolmogorov
equation is also proposed by [18]. They suggest that the
front propagation velocity is given by the wave vector
for which the group and phase velocities are equal. It is.
worth noticing that the velocity Vb fulfills this marginal-
stability criterion. On the contrary, if the time evolution
of the fluctuations is governed by the nonlinear damp-
ing term, i.e. if a2 » 2Ar27o/rO) a diffusive damping of
the avalanche events occurs, with a characteristic diffu-
sion coefficient D + Ddamp • In the limit Ddamp ^ D, if
all the wave vectors k are much smaller than the criti-
cal one kc, i.e. if Ddamp 4C Ax Vb/2, even one-step-size
avalanches are diffusively damped. In this case, one does
not expect the transport to exhibit large scale events.
Such an analysis is characterized by two possible relax-
ation mechanisms of an interchange-like threshold insta-
bility: via ballistic bursts, close to the threshold or in the
case where the nonlinear coupling is weak, or via diffu-
sive damping. Avalanche events may thus be stabilized
by at least three mechanisms: via magnetic or poloidal
velocity shear [20], which are not taken into account in



the present model, or via helical mode coupling.
Neglecting the diffusion term in Eq. (3b), Eq. (3) ad-

mits time independent analytical ballistic solutions. In
the limit a = 0, we find N = (70/v) N2 + B, and
N = v/372 f/70 {1 + Aexp [(x - vt)2v/D]}~1/2. A and
B are constant. Such solutions exhibit a front-like shape
of characteristic extension D/2v, and show that positive
bursts move outward (v > 0) while depletions propagate
inward. In the limit a > 1, profiles diverge, suggesting
the absence of any front-like solution in this case.

We have solved Eq. (3) numerically on a domain of
size L = 1 with a radial step equal to Ax = L/28,
using a leap-frog method for time integration and a
Cranck-Nicholson sheme for the diffusion terms. Den-
sity fluctuations are taken equal to zero at both bound-
aries, N(0) = N(L) = 0, together with the equilib-
rium density at the edge, N(L) = 0. So as to model
the core plasma, the equilibrium density gradient is set
to zero in the centre, dxN\x=o = 0. The diffusion co-
efficient has been increased artificially by a factor of
50 in a narrow region at both boundaries to avoid nu-
merical stability problems. The source term is of the
form: S(x,t) = SG{x) + e(x) SWN(t)- The Gaussian
shaped source SG(X) = So exp [-(x - 2L/25)2/Ls] (with
Ls = L/Z0) represents the input energy in the system and
sustains an average density gradient. SwN(t) is a white-
in-time noise with frequencies ranging from 2/T to 1/24

and random phases. This external noise is required to
retain the intrinsic noise of the 2-D model and of the 1-D
model of Eq. (2). Indeed, it can be shown for the latter
that, for specific local radial shapes of the modes, Eq. (2)
may result in a set of coupled Lorenz strange attractors,
which generates intrinsic noise. However, whether this
white noise well describes turbulent noise and whether
a coloured source would modify the transport dynamics
are still open questions [21], which are not considered
here. The noise amplitude is given by e(x). Two cases
have been considered: e = cst and e(x) oc SG{X). Unless
specified, parameters of the simulation are D = 2.10~3,
70 = 1 and 50 = 10"2.

Simulations without noise (e = 0) have been first per-
formed. In the case a = 0, weak density perturba-
tions are found to propagate inward and outward with
the velocity Vb specified by Eq. (4), Fig. 1: increas-
ing the magnitude of the Gaussian-shaped source by a
factor of 1.5 during a short time interval results in a
super-density burst which propagates outwards with ve-
locity vy, adding to Eq. (3b) and on a short time scale
a linear damping of the form — <r(x)N (with cr(x) =
I [l + tanh ((a: - 9I/10)/4.10-4)]), possibly modelling
an edge cooling experiment, has been found to result in
a depression moving inwards at the same velocity — v&.
These burst propagations correspond to a local increase
of the equilibrium density gradient, which generates an
outward turbulent flux T. As expected, inward and out-

ward pulses do not propagate ballistically in a strongly
damped case a = 103, but on a time scale ranging be-
tween the diffusive and the convective limits derived from
Eq. (4).

Figure 2 shows the contours of iso-density N(x,t) with
a white-in-time noise amplitude set to e(z) = 5<?(x)/50.
In the case a = 0 (a), transport exhibits intermittent
and ballistic events moving outward, namely avalanches,
with a velocity Vb- Such dynamics are consistent with
a description in terms of intermittent front propagation.
However, the PDF's of the equilibrium density gradient
and of the flux weakly depart from a Gaussian in the case
addressed here. Indeed, kurtosis Ku(f) = </4)/(/2)2 is
of the order of Ku = 3.07 ± 0.02 for the gradient and
Ku « 3.20±0.04 for the flux (/ = T-(r)) at x = L/2 (for
a Gaussian, Ku = 3). Such a low departure from gaus-
sianity should still be consistent with a diffusive trans-
port regime, especially regarding steady state regimes.
However, the ballistic dynamics of transients observed in
the present system is not reproduced by a simple diffu-
sive model. The gradient PDF weakly extends toward
large unstable gradients, which is characterized by a non
vanishing skewness Sk = -0.15 ± 0.01 at * = 1/2, with
Sk(f) = </3)/(/2)3 / 2 and / = 8xN-(dxN) (for a Gaus-
sian, Sk = 0). Conversely, transport is no longer ballistic
for a = 103, as expected for the diffusive behaviour gov-
erned by large mode coupling, Fig. 2(b). In this case,
one finds Ku = 3.03 ± 0.02 for both the gradient and the
flux.

The power spectrum of local density fluctuations
\N(XQ,U)\2, computed analytically with Nk,ui given by
the linear theory, exhibits power laws: w"1/2 and w~3^2

decays at low and high frequencies respectively, for a ^ 0.
The transition frequency is found to be equal to ut =
v2/AD (1 + D/Ddamp)2- The power spectrum computed
in the case € = So/50, D = 10~4 and a = 103 is plot-
ted on Fig. 3. It consists of three parts: a flat profile
at low frequency, and roughly u~1 and w~3 decay at in-
termediate and high frequencies respectively. The slopes
differ from linear predictions, as well as the transition fre-
quency. This spectrum is similar to that observed in SOC
models [10]. However, a u~a decay with 0.5 < a < 1.5 is
not a univoque signature of a SOC-like dynamics, since
some linear processes also exhibit such a trend [22].

Using a Galerkin approach inferred from 2-D simula-
tions [4], we have derived a low dimensional model to
study the competition between two turbulent relaxation
mechanisms of flux driven threshold instabilities, namely
nonlinear helicoidal mode coupling and profile relaxation.
For large nonlinear coupling, transport is diffusive. Con-
versely, in the weak mode coupling regime, or close to
the threshold, radial transport exhibits ballistic bursts,
moving outwards and inwards with a velocity propor-
tional to the square root of the driving flux. This simple
model exhibits a cross-over from diffusive to avalanche-



like turbulent transport The impact of the latter is an
important issue for impurity transport. It also provides
a mean to analyse fast transport events sometimes ob-
served in tokamaks [23]. Such a model thus provides a
new capability in describing plasma turbulent transport
and can prove very efficient to address transient phenom-
ena when compared to purely diffusive models.
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FIG. 1. Contours of iso-density N(x, t) (case a = 0): su-
perdensity (a) and subdensity (b) bursts propagate balhsti-
cally with a velocity ±t>6 (dashed lines),

FIG. 2. Contours of iso-density N{z,t) - <7V(x)> when the
system is driven by a white-m-time noise e = 5G(X)/50: (a)
a = 0, (b) a = 103 Dashed lines correspond to fronts moving
with the velocity vt>

FIG. 3. Numerical power spectrum of local density fluctu-
ations |iV(xo, w)|2 at xo = 9L/10 (case e = S0/50, a = 103 )..
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