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Abstract

The transport of neutrons in a reactor is a random process, and thus the number of neutrons
in a reactor is a random variable. Fluctuations in the number of neutrons in a reactor can be
divided into two categories, namely zero noise and power reactor noise. As the name indicates,
they dominate (i.e. are observable) at different power levels. The reasons for their occurrences
and utilization are also different. In addition, they are described via different mathematical tools,
namely master equations and the Langevin equation, respectively.

Zero noise carries information about some nuclear properties such as reactor reactivity.
Hence methods such as Feynman- and Rossi-alpha methods have been established to determine
the subcritical reactivity of a subcritical system. Such methods received a renewed interest
recently with the advent of the so-called accelerator driven systems (ADS). Such systems,
intended to be used either for energy production or transuranium transmutation, will use a
subcritical core with a strong spallation source. A spallation source has statistical properties that
are different from those of the traditionally used radioactive sources which were also assumed in
the derivation of the Feynman- and Rossi-alpha formulae. Therefore it is necessary to re-derive
the Feynman- and Rossi-alpha formulae. Such formulae for ADS have been derived recently but
in simpler neutronic models. One subject of this thesis, i.e. Paper I, is the extension of such
formulae to a more general case in which six groups of delayed neutron precursors are taken into
account, and the full joint statistics of the prompt and all delayed groups is included. The involved
complexity problems are solved with a combination of effective analytical techniques and
symbolic algebra codes (Mathematica).

Paper II gives a numerical evaluation of these formulae. An assessment of the contribution
of the terms that are novel as compared to the traditional formulae is made. These include the
terms arising from the source multiplicity, and the prompt-delayed and delayed-delayed
correlations. Further, the consequences of averaging the delayed neutron families are analysed.
Finally, a comparison is made with assuming a traditional core material and one possible type of
future accelerator driven systems.

Power reactor noise carries information about parametric perturbation of the system.
Langevin technique has been used to extract such information. In such a treatment, zero noise has
been neglected. This is a pragmatic approach that avoids to handle complications that are
unimportant for practical applications. However, from the academical point of view, it is highly
desirable to establish direct contact between these two branches of neutron fluctuations in form
of a unified theory from which the zero noise and the power reactor noise components can be
obtained as limiting cases. Then the neglections made when considering the zero and power
reactor noise separately can be estimated. Such a unified theory will also illuminate the reason for
the advantage of using the Langevin approach to calculate the power reactor noise, and should be
able to describe the neutron noise in intermediate cases, where neither the zero noise nor the
power reactor noise dominates. The other subject of this thesis, i.e. Paper HI, is to develop such
a theory by assuming the cross section fluctuations to be a simple binary pseudorandom process.
Via backward master equation approach, a solution is obtained which is significantly more
complicated than the cases of zero noise or power reactor noise separately, which are also given
in the paper. It is shown that the general solution contains both the zero noise and the power
reactor noise in the sense that they can be extracted individually as limiting cases of the general
solution.

Keywords: Neutron fluctuations, random processes, master equations, correlations, covariances, power
spectra.
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I.I Random processes in nuclear reactors

Introduction

I. Physical Background

I.I Random processes in nuclear reactors

The number N(t) of neutrons at time t and the number Z(t) of detector counts in the
time interval (0,f) in a nuclear reactor are random variables. The reason for this is that the
various reactions and the transport processes of neutrons in a reactor are random. In this thesis
we take a subcritical reactor with an extraneous source S as our study object. The conceptual
scheme of a subcritical reactor core is shown in Fig. 1. When we view the processes taking place
in such a subcritical nuclear reactor, we can find the sources for the random phenomena.
Traditionally, the random sources are classified by two types: zero reactor noise and power
reactor noise.

1. Zero reactor noise

!

Control rod

Core

Detector

| 1 Source
S neutrons/sec

1. The number of neutrons in the time interval (0,0
emitted from the extraneous source is a random
variable. The statistics is determined by the source
emission event (decay, spontaneous fission, or
spallation) and the distribution of the neutrons
generated per emission event. It is assumed that the
emission process obeys Poisson distribution. Thus
with a source intensity S, the probability of an
event within time dt is Sdt. Let pq{n) be the
probability that n neutrons are generated per
emission, and P{N, t) the probability that there are
N neutrons emitted from the source within (0,t).
Adding the probability of mutually exclusive
events, one obtains

Fig. 1. Conceptual scheme of a subcriti-
cal reactor core with a source

P(N,t = (l-Sdt)P(N,t)

Introducing the generating functions:

f(z) = (2)

and

G(z,t) = (3)
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we obtain from (1),

^ (4)

If we assume that no neutron exists in the system before the emission process starts at time
t = 0, then the solution to (4) is

(5)

This is the generating function of the so-called compound Poisson distribution [1].

In the case of traditional radioactive sources, the neutron number distribution per
emission event is pq{n) = 5n l . Experimental measurements show that to a good
approximation, in the case of a spontaneous fission source, pq{n) is a Poisson distribution, and
in the case of spallation source, pJn) is a Gaussian distribution.

In an accelerator driven system, a spallation source will be used [2]-[9]. In a spallation
source, all neutrons arising from the spallation reactions of one primary projectile, usually a
proton, are correlated, and thus the source statistics is not Poisson, rather it is composed by a
Poisson distribution of the emission event and a Gaussian distribution of the source generating
neutrons. Although the spallation neutrons given rise by one projectile are generated in an intra-
or inter-nuclear cascade, and are thus born within a finite time span and not simultaneously, this
time span is very short (a few nsec) compared to the generation time of fission neutrons in the
fission chain, and is even shorter than the lifetime of the prompt neutron chain [10] [11]. The
arrival times of the projectile (e.g. a proton) are assumed to obey Poisson statistics with a time
constant that is much larger than the cascade generation time in the target. Thus, to a good
approximation, one can assume that the source neutrons obey a compound Poisson statistics, at
least in conceptual studies like the present one. In words, it means that there will exist
correlations between the neutrons that were generated, in contrast to the traditional case, not
only in the fission chain but also in the external source.

2. When the neutron is injected into the system from an extraneous source, it randomly under-
goes a number of nuclear events. A particular event might be a fission, a scattering, a capture,
or a detection. The number of neutrons per fission is a random variable. The time between
nuclear eyents is also a random variable.

In reactor physics, these neutron fluctuations caused by the above types of sources due to
inherent nuclear effects are called zero reactor noise [12],

In reactors at low power and constant material properties, such as a zero power reactor,
the fluctuations in such systems due to zero reactor noise carry information about some nuclear
properties of the system, including reactivity. Hence, methods were elaborated to use such
fluctuations for determining reactor parameters such as subcritical reactivity [12][13]. As we
will see in Section 1.2, two main such methods are the Feynman-alpha or variance-to-mean, and
Rossi-alpha methods or covariance method, respectively [14]-[17].
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2. Power reactor noise

In addition to zero noise, large power reactors contain additional noise sources introduced
by mechanical perturbations which can arise from temperature and pressure variations,
vibrations of control rods and the core barrel, formation and transport of steam bubbles in BWR,
and so on. The neutron noise induced by such perturbations is referred to as power reactor noise
[12]. Power reactor noise are used for extracting information on the perturbations (cross section
fluctuations) that generate the neutron noise. Changes in the noise can indicate anomalous
changes in system state or the appearance of new anomalies. Thus the use of power reactor noise
for diagnostic purposes is also called neutron noise diagnostics or reactor diagnostics [18].
These fluctuations are described by stochastic differential equations for the neutron fluctuations
directly (as opposed to the probability distribution as in the master equations of zero noise) with
coefficients as random processes (the fluctuating cross sections). This technique is also called
the Langevin equation or Langevin technique [12][18].

1.2 Motivation for the present work

1. Review of the traditional Feynman- and Rossi-alpha formulae

As we said before, zero noise carries information about nuclear properties of the system
such as reactivity of the system. Hence two fluctuation based methods, the Feynman-alpha or
variance-to-mean, and the Rossi-alpha or covariance method have been extensively used to
measure the reactor subcritical reactivity. As their names already suggest, they are both based
on the measurement of the second moment of the statistics of the detector counts. In the
Feynman method, one determines the relative variance

(6)

as a function of the measurement time t. Here, Z(t) is the detector count in (0, t), a random
variable, < Z(t)) is its expected value and az (t) its variance. With the use of the theory of linear
Markov processes (master equations), used also in Paper I, the following expression, the so-
called Feynman-alpha formula, has been derived earlier for the variance-to-mean [14]-[17]:

i = o v J

In the above, e is the detection efficiency. The most important part of the sum is the prompt
part, i.e. i = 0, for which one has



1.2 Motivation for the present work

and

(v(v-D) 1 A/
A0=

{V{V
2
l)} s v— (9)
v2 ((3-p)2 (P-p)2

where (3 is the delayed neutron fraction, p the subcritical reactivity, A the prompt neutron
generation time. The quantities v, ( v ( v - l ) ) and Dv are related to the various moments of the
number distribution of the fission neutrons. For their definitions we refer to the Nomenclature
in the Appendix of Paper I. For simplicity, we drop the bar from v in the following text. We
only note here that (7) is derived with the assumption of a Poisson source, i.e. the probability of
emitting one neutron in dt is Sdt.

The physical interpretation of (7) is as follows. If all neutrons were statistically
independent, as e.g. those emitted by a radioactive source, the statistics would be Poisson and
the relative variance equal to unity. However, in a multiplying medium, each neutron will

induce a chain, leading to the generation of a total on -—- neutrons in an infinite system. All

neutrons in such a chain are correlated due to having a common ancestor. Due to positive
correlations, the variance will be higher than Poisson. Since each individual chain will die out
in a subcritical reactor, the die-out being determined by the time constants a •, the relative

variance will saturate. It is this part of the variance-to-mean which exceeds unity, where the
useful information on the system is found.

The Rossi-alpha method is based on the measurement of the covariance function of the
detector counts in infinitesimal time intervals dt around times t and t + x, defined as

P{x)dx =
\Z)

With similar techniques as in the foregoing case (master equations) an analytical expression for
the Rossi-alpha formula can be derived in the form

(11)

Here the time constants at are the same as in (7) and (8), and the constants Ci similar to Ai in
(9). The interpretation of (11) is also similar to that of the Feynman-alpha formula: if all
neutrons were independent, the covariance would be zero. Due to the branching (fission) and
corresponding generating of correlations, the covariance is larger than zero, but it dies out
exponentially with the same time constants as the ones that appear in the Feynman-alpha
formula. Again, the useful information on the system such as its reactivity is contained in the
exponents at, in particular in a 0 .

2. The need for the extension of the theory

The theory behind such fluctuation processes received a renewed interest recently with
the advent of the so-called accelerator driven systems (ADS). Such systems, intended to be used
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either for energy production or transuranium transmutation, will use a subcritical core with a
strong spallation source [2]-[l 1], Since such systems will be run in a subcritical mode, it will be
important to measure, and continuously monitor, the subcriticality of the system. Based on the
experience with traditional systems, the Feynman- and Rossi-alpha methods appear as suitable
candidates for such purposes.

However, there is an important difference between the traditional systems and a future
ADS. Namely, the neutron source in an ADS, usually assumed to be a spallation source, has
statistical properties that are different from those of the traditionally used radioactive sources as
we discussed in Section 1.1. Therefore it is necessary to investigate the effect of the neutron
source correlations on the Feynman- and Rossi-alpha formulas.

The formal task is therefore to re-derive the Feynman and- Rossi-alpha formulae with the
assumption of compound Poisson source statistics. This has actually been done recently by
several authors [19]-[24]. However, in all works at most one average delayed neutron group was
assumed (in some papers the delayed neutrons were not even explicitly taken into account). For
this reason, in particular, the delayed-delayed correlations could not be included into the theory.
In Paper I, six groups of delayed neutron precursors are taken into account, and the full joint
statistics of the prompt and all delayed groups is included. Thus the results in Paper I are the
generalisation of earlier ones.

It is also interesting to perform a numerical evaluation of the new terms of the Feynman-
and Rossi-alpha formulae. These terms arise from the source multiplicity, and the prompt-
delayed and delayed-delayed correlations. This has been made in Paper H It is shown that the
larger the source multiplicity, the bigger the amplitude of both the Feynman- and Rossi-alpha
value becomes, and the prompt-delayed and delayed-delayed correlations are negligible in
practical cases.

3. Unified theory

As we discussed in Section I.I, traditionally, two major types of neutron fluctuations are
considered in multiplicative systems. They are associated with different power levels of the
reactor. The variance of zero noise is proportional to the static (mean) neutron flux or average
power of the system, whereas the variance or the amplitude of the spectra of power reactor noise
is proportional to the square of the static flux or static reactor power. Hence, as the name also
indicates, power reactor noise dominates in power producing reactors with high power (and
where fluctuations of the cross-spectra are also likely to occur), whereas zero noise dominates
in low power systems (where, in addition, cross-section fluctuations are usually absent).

Due to the above reasons, i.e. different regions of validity and different mathematical
tools, zero noise and power reactor noise have developed as two separate branches of science.
This is a pragmatic approach that avoids to handle complications that are unimportant for
practical applications. However, from the academical point of view, it is highly desirable to
establish direct contact between these two branches of neutron fluctuations in form of a unified
theory from which the zero noise and the power reactor noise components can be obtained as
limiting cases. Then the neglections made when considering the zero and power reactor noise
separately can be estimated. Such a unified theory will also illuminate the reason for the
advantage of using the Langevin approach to the calculation of the power reactor noise, and
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should be able to describe the neutron noise in intermediate cases, where neither the zero reactor
nor the power reactor noise dominates.

In Paper HI, a unified theory of zero and power reactor noise was established through
calculating the probability distribution of the neutrons in a core with fluctuating cross sections
represented by a binary pseudorandom process. A solution is obtained which is significantly
more complicated than the cases of zero noise or power reactor noise separately, which are also
given in the paper. It is shown that the general solution contains both the zero noise and the
power reactor noise in the sense that the two forms can be extracted individually as limiting
cases of the general solution.

II. Mathematical Treatment and Outline of the Solutions

II. 1 From the average method to statistical analysis

Let us start with a rather simplified reactor model, i.e. an infinite homogeneous system
with a static subcriticality p and with an external source S. One-speed theory will be used for
the temporal dependence of the neutron density in the system, and thus both space and energy
dependence will be neglected. In addition, delayed neutrons will not be taken into account, i.e.
all neutrons are considered as prompt neutrons. The probabilities of fission, capture and
absorption will be described by the one-group parameters

Xf = vXf; Xc = vZc; Xa = Xf + Xc ( 1 2 )

Here Z^ , £ c are the macroscopic cross sections for fission and capture, respectively, v is the
velocity of neutrons.

With the above parameters, the reactivity and prompt neutron generation time p and A
are introduced as usual as

vXf-Xn 1
p = / a- A = _i_ (13)

In a subcritical reactor, p < 0.

Then the average neutron number in the reactor may be described by the time dependent
point kinetic equation:

^ = (vXf - Xa)N(t) + S = £ tf(t) + 5 (14)

One can easily obtain the solution of (14)

[ f ] { S ^ (15)

steady-state value transients

For a subcritical system, we can allow the initial source transients to decay and obtain
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(16)

From (16), the subcritical reactivity p can be determined. This is the average method. How-
ever, this method is not useful in practice because it requires the knowledge of the source
strength and the total number of neutrons in the system in absolute terms. This would require
extensive calibrations to correct for detector sensitivity, space-dependent effects (which are
neglected in the above treatment), etc.

It is also seen that the searched reactivity is also contained in the exponent of the transient
term. Measuring this exponential decay would present an alternative way of determining the
reactivity which would also be free from the problems of calibration.

However, since all measurements on subcritical systems are made in the stationary state,
this information is thrown away by use of the average method. This is a large waste of resource.
The advantage of noise based methods is that such exponents can be determined even in the
stationary state. This is seen in (7) and (11). This gives the motivation for the noise analysis of
the zero power system.

In general, we now split a sample realization into steady-state value and fluctuation as

N(t) = N0 + 5N(t) (17)

and assume

lim(5iV(0> = 0. (18)

Considering the auto-covariance

CNN(i) = lim ((N(t)N(t + x)> - (N(t)) (N(t + T ) »

(19)
= lim (§N(t)§N(t + x))

t—>oo

(20)

we find if

lim(8N(t)§N(t + T))±0, (21)
t —>°°

or 8N(t) is auto-correlated, then we can extract the information from the fluctuating part. This
is the basic idea behind the Rossi- and Feynman-alpha formula.

As we mentioned in Section I.I, when the time lag x is short, the neutrons may come from
the same reaction chain and thus they are correlated. In ADS, they may also come from the
correlated neutron source.

In principle, (19) can be calculated by use of either the forward or the backward type of
master equations. However, as discussed e.g. in [23], when calculating correlations, it is more
advantageous to use the backward formalism. In addition, the general theory can also be more
easily formulated by using the backward approach.
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The calculations with the backward approach go in two steps. First the distribution of the
number of neutrons, or its generating function, due to one single source neutron is derived.
Second, a formula is derived that connects the generating function of the single-particle induced
distribution with that induced by a continuous stream of (random) source particles. This formula
is often called the Bartlett-formula. From the asymptotic form (t —»°°) of the Bartlett formula,
moments of the stationary distribution can be derived. We shall follow this path below.

1. Concept of the Feynman-alpha method

In this section, we shall disclose the mathematical treatment behind the Feynman-alpha
formula by considering the same simplified reactor model as above, i.e. both space and energy
dependence will be neglected. In addition, delayed neutrons and detection processes will not be
taken into account. The theory was deliberately simplified in order to indicate the basic
technique of probability balance. The most general consideration so far can be found in Paper I.

According to the above, we shall start with the derivation of the single-particle induced
probability distribution

P(N,t), (22)

or the probability that there are N neutrons at time t in the system, induced by one initial
neutron at t = 0. We define the corresponding probability generating functions as

G(x,t) = \ x P(N,t) (23)
AT

The initial conditions for the above quantities read as

P(N, 0) = bNf!, (24)

G(x,0) = x, (25)

For P a first-instant type master equation can be obtained by adding the probabilities of
the mutually exclusive possibilities of having no collision or one collision of the initial neutron
within (0, dt), respectively. One then obtains

P(N,t) = (l-Xadt)P(N,t-dt) +

i

Xrdt8M n + Xfdty p(l)x M P(N \ t - dt)
C PI, U / / jr J_ X

/

Here J N - N. p(l) is the neutron number distribution per fission.

i= 1

From (26) and (23) we obtain for the generating function G
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For the first moment

N(t) =
dx

(27)

(28)

one obtains from (27)

= vXfN(t) - XaN(t) + 8(0 = g

where

and the initial condition

(29)

(30)

JV(O) = 1 (31)

was added in form of a delta function. With a Laplace transform one obtains from (29)

N{s) = i
A

and

(32)

N{t) = e

For the second moment

d/ x= 1

one obtains

= vXfMNN(t)-XaMNN(t) + Xf(v (v - l))iV(02

Here

Defining

(33)

(34)

(35)

(36)

(37)



H.I From the average method to statistical analysis 10

(35) can be compactly written as

dMNN(t) p
QNN(t) (38)

dt y^'~/wvw • ^-NN^

Since, as seen from (25), the initial condition for MNN is

MNN(0) = 0, (39)

the solution for MNN can be written as

MNNW = I N(t-f)QNN(t')df (40)

However we are not interested in calculating this second moment, since our goal is to
determine the second moment with an extraneous source. As it will be seen soon, for the
evaluation of the correlation of the source-induced distribution, one does not need to evaluate
this integral, only an integral over the source <2MV(0. Thus we turn to the Bartlett formula
[25]-[28], which gives a relationship between the single particle induced distribution and the
source induced distribution.

In this section, we assume a radioisotope source. For a multiple source, one can find the
generalized Bartlett formula in [28].

Let us consider the probability distribution of the neutrons induced by a source S that was
switched on at t = 0,

P(N, t) (41)

and its generating function

G(x,t). (42)

By adding mutually exclusive events, one obtains probability balance equation

P(N,t)= [l-Sdt]P(N,t-dt)

+Sdt\p(N- n, t-dt)P(n, t-dt) ( 4 3 )

n

From (43), we obtain the following differential equation for the generating function G:

(44)

+SG(x, t)G(x, t)

Here the initial condition for the generating function will be different from that of the single-
particle induced distribution, since no particle exists before the source is switched on at time
t = 0:

G(x,0) = 1 (45)
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The relationship between G and G known as the Bartlett-formula [25]-[28] can be
obtained by solving (44):

t

s\[G(x,t')-lW

G(x, t) = e ° (46)

From (46), the first and second moment can be obtained as follows.

For the first moment, one obtains with simple algebra

= s\N(f)df (47)

* - o

and

#(«>) = — (48)
-P

This is the same as (16), which is derived from the kinetic theory (average method).

For the second moment, one obtains

= N(tf + s( MNN(f)df (49)
2

OX
x= 1

J0

Defining the modified variance

M>,~,»~,(0 = M~~(t)-N(t) (50)

from (49) and (40), one obtains

H-.(oo) = N(°°)f QNN(t)dt (51)f
o

and with further simple calculation, one obtains the so-called Feynman-alpha formula for
radioisotope source without taking delayed neutrons and detection processes into
consideration.

(v - D > ^ (52)

We note that it is the correlation between the prompt neutrons that result in the variance
being increased by the fraction A,y<v (v - 1)) - above that for a pure Poisson process.
From this, the reactivity p can be determined whenKve extend the above theory to a real system
containing detector. The most general theory so far was established in Paper I for a multiple
source taking six groups of delayed neutron precursors into consideration. Comparing the
average method, the advantage of the Feynman-alpha method is obvious. First we can directly
use the detector counts. Secondly we don't need the information about the extraneous source.
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2. Concept of the Rossi-alpha method

The difference between the Rossi-alpha method and the Feynman-alpha method is that we
have to keep track of two time instants. So, first we consider the joint probability
P(NV t; N2, t + x) of finding Nl neutrons at t and N2 neutrons at t + x, due to one neutron
starting the process at t = 0. We introduce also the probability generating function of P as

G(xv t; x2, t + x) = V V * i x2 PiNpt; N2,t + x) (53)

Similar to (27), the backward master equation for G can be derived as

~G(Xl, t; x2, t + x) = X/yp(n)Gn(xv t; x2, t + x)
n • (54)

+ Xc - XaG(xv t; x2, t + x)

Defining the first moment of the neutron number as

(55)

it is easy to see that the first moment satisfies the same equation as (29).

For the second moment

MNN(t,x)=(N(t)N(t + x)) = ° *A*i.r.*2>r + t (56)

one obtains

* " V ^ L 5 = vXfMNN(t,x)-XaMNN(t,x) + Xf(v (v -l))N(t)N(t + x). (57)

Defining

QNN(t,x) = Xf(v (v - l))N(t)N(t + x) , (58)

(57) can be compactly written as

dMNN(t,x) _ p

Assume now

MNN(0, x) = 0 for x > 0 (60)

(which, as discussed in Paper I, is true for the correlation of the detected neutrons and not for
the correlation of the neutron number. For simplicity, we make this assumption.). From a
comparison of (29) and (57) one obtains

MNN(*> T> = / N(t-f)QNN{t\ x)df (61)
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Similar to the derivation of Feynman-alpha formula (52), instead of evaluating this
integral, we shall turn to the probability distribution of the neutrons induced by a source S (In
this section, we assume the radioisotope source again.) that was switched on at t = 0,

P(NltV, N2,t + x) (62)

and its generating function

G{xY,t\ x2,t + x). (63)

Similarly the relationship between G and G, known as the Bartlett-formula [25]-[28],
can be found as:

t

s\\G{xltt\ x2!t + x)-\]dt

G(xltf, x2,t + x) = e ° (64)

From (64), the covariance function of the fluctuations can be derived as

CM(T) = limJ(N(t)N(t + T)> - (N(t)) (N(t + x)))

(65)
= sfMNN(t,x)dt

'0

From (61) and (65), one obtains

QNN(t,x)dt (66)
o

and with further simple calculation, one obtains the so-called Rossi-alpha formula for
radioisotope source without taking delayed neutrons and detection processes into
consideration.

(67)
(-2p)

The interpretation of (67) is similar to that of (52): it is the correlation between the prompt
neutrons that result in the covariance being larger than zero, but it will die out since the
correlation will disappear with the time lag increasing.

3. Generalization of the Feynman- and Rossi-alpha methods

As mentioned earlier, the Feynman- and Rossi-alpha formulae had to be generalised in
order to be applied to spallation driven subcritical system because of the different statistical
properties of the source as we mentioned in section I.I. This has actually been done recently by
several authors [19]-[23]. However, in all works at most one average delayed neutron group was
assumed (in some papers the delayed neutrons were not even explicitly taken into account).
Paper I consists of the generalisation of the method to the case when six different delayed
neutron groups are distinguished. The full joint statistics are explicitly expressed in the
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following generalised Feynman-alpha formula (68) and Rossi-alpha formula (69) (Notations
can be looked up in Paper I.).

Y(t) =

(68)

Here, Z(t) is the expected value of the detector counts in a stationary subcritical system
between time 0 and t, and a zz is its variance, and M ẑCO = ® zz-Z(t) is the modified
variance.

(q(q-

KJ

(69)

where Czz(x) is the stationary value of the covariance of the detector counts in infinitesimal
time intervals (t, dt) and (t + x,dt), and Z is the first moment of the stationary detector
counts in (t, dt).

Eqn. (68) is the generalisation of the Feynman-alpha formula (52), and (69) is the
generalisation of the Rossi-alpha formula (67). They are so far the most complete list of
formulae with an explicit use of six delayed neutron groups as well as full prompt-prompt,
prompt-delayed and delayed-delayed correlations and the multiplicity of the source. Besides of
the value of the results themselves, some novel mathematical methods were employed in this
paper in order to arrive to the present results. First, analytical methods were used to derive the
solution of the single-particle induced distributions in a compact form. Second, a symbolic
algebra code (Mathematica) was used to evaluate the integral of these distributions to arrive to
the moments of the source-induced cascade. We also believe that the results have a general
reference value. The fact is that details of the original derivations of the Feynman and Rossi-
alpha formulae are not available in journal publications or in monographs. Also, the explicit
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exact values of the various factors appearing in the Feynman and Rossi-alpha formulae are not
available in the most common references such as [12].

As said before, we also made a numerical evaluation of these new terms. The results are
described in Paper II.

II.2 From statistical analysis to Langevin technique

Fourier analysis is a powerful mathematical tool. Applying the Fourier-transformation
pair to the auto-covariance function (65), we obtain

CO

APSD8N((Q) = J CNN(x)e-imdx (70)
—oo

and

CNN(x) = ^ J APSD8N((n)eiaxd(a (71)

APSD^N(d)) is called the power spectrum (or spectral density) of the corresponding random
process. These two equations are known as the Wiener-Khinchin relations [13] in honour of
the two mathematicians who first called attention to the equivalence of the autocorrelation
function and the power spectral density.

From (67), one obtains for the power spectrum of 5N(t) as

( V ( V " 1 ) > 2 (72)
v

Here NQ = iV(°°) and

( 7 3 )

is the zero reactor transfer function without delayed neutrons for a subcritical reactor.

If the random process can be mathematically modelled by a differential stochastic
equation

Ly(x)=f(x), (74)

where L is an operator containing information about the system and f(x) is a "driving" term,
Wiener-Khinchin relations will take its advantage. This approach is known as Langevin tech-
nique. Let us illustrate this by the same subcritical system with a source just as in the previous
subsections.
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Now we assume that the neutron fluctuations are induced by fluctuations of some of the
cross sections, and we shall assume that it is the absorption cross section that fluctuates. Then
both the neutron density as well as Xa will be time dependent. The time dependent point kinetic
equation then reads as

^ = (vXf - Xa(t))N(t) + S = 2 £ W ) + S (75)

One now splits the time-dependent quantities into steady-state values and fluctuations as

N(t) = No + 5N(t) (76)

(77)

Putting these into (75), the usual procedure is to subtract the static equations and neglect the
second order term 8p(t)5N(t) to obtain

(78)

and

Nn8p(co)
5iV(co) = .° y (79)

icoA-p

From here, with a formal application of the Wiener-Khinchin theorem one obtains for the
power spectrum

APSDm(a) = N2
0 • AP5D6p(co)|G0(o))|2 (80)

here, the function G0(co) is the same as (73).

It was seen that (80) is similar to the zero noise formula (72), the two differences being
the quadratic dependence on No, and an additional frequency dependence on the power
spectrum of the reactivity fluctuations induced by the cross section fluctuations in (80). It was
also seen that technically, the Langevin technique of power reactor noise is much simpler than
the master equation technique of the zero noise. This is due to the fact that in the Langevin
formalism the zero noise component is missing. The noise is zero if there are no cross section
fluctuations, as is seen e.g. from (80). In addition, the situation was also simplified by the
linearisation, i.e. neglection of higher order terms (closure).

II.3 Unified theory via backward master equation approach

In principle, Wiener-Khinchin relations disclose that if the nature of both the zero noise
source and power noise source can be mathematically modelled, both the master equation
approach and Langevin technique can be used to account for effect of the existence of both the
zero noise and the power reactor noise.

In practice, very little is known about the nature of the noise source. It means that it is very
difficult to mathematically model the noise source. That is why the desire to establish such a
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unified theory as mentioned in section 1.2.3 could not be filled up to now. In Paper III, from
academical research interest, this problem was investigated. We assumed the cross section
fluctuations to be a simple binary pseudorandom model, i.e. &Xa(t) will take either the value a
or - a . We used a couple of backward type master equations to account for both the zero noise
and power reactor noise components:

vavtm> N2,a2,t + x)

= [ 1 - (Xa + a + y)dt ]Pa(Nv av t-dt; N2,a2,t-dt +

+(XC + a)dtbNi 08Ni 0Pa(Nlt av t; N2, a2, t + x)

/
+Xfdt\p(l) x TTPa(ivf >, av t-dt; N{

2\ a2, t-dt + x)

i ;= i

+ydtP_a(Nx, av t-dt; N2, a2, t-dt + x)

where

al,t; N2,a2,t + x) (82)

is the joint probability distribution that there are N1 neutrons in the medium of type o^ at time
t and N2 neutrons in the medium of type a2 at time t + x in the system, induced by one initial
neutron in the medium of type (3 at t = 0. (3 has alternative choices: either a or - a .

From these equations and a more complicated generalisation of the Bartlett formula, the
solution for the second moment was obtained in Paper El as

2 2 2

2Nn p a (s° 2 /
A s\s2((Q +s2 )(co +sl )

03 +S\

It is seen that the power spectrum of the general model consists of two terms, one proportional
to the first power of No and one proportional to No. Thus these terms correspond to the zero
noise and the power reactor noise, respectively. For the limits No —> 0 and iV0 —> °° the zero
and the power reactor noise terms become dominant, respectively. They are however not
exactly equivalent to the traditional terms since the parameters included all contain the effect
of both the cross section fluctuations and the stochastic transport effects of the zero noise. The
equivalence of (83) with the pure zero noise and power reactor noise terms in the limiting cases
are also shown in Paper IE. It was thus also demonstrated that the zero noise and power reactor
noise can be treated simultaneously by the use of the master equation approach.
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III. Conclusions

In this thesis, the backward master equation approach was used to generalize the
traditional Feynman- and Rossi-alpha formulae to account for the prompt-delayed and delayed-
delayed correlations of the prompt neutrons and six groups of delayed neutron precursors, and
the correlations of multiple source neutrons. The numerical evaluation of these new terms was
also performed. It was found that the correlations of multiple source neutrons enhance the
amplitude of both the Feynman- and Rossi-alpha value. This will be beneficial for the
performance of the method in ADS. It was also found that the correlations between the prompt
neutrons and the six groups of delayed neutron precursors can be neglected in practice.

The backward master equation approach was also used to develop a unified theory to
account for the co-existence of both the zero noise and power reactor noise for a hypothetical
system in which the capture cross section was assumed to change between two states. It was
demonstrated that if the parametric perturbation could be mathematically modelled, both the
zero noise and power noise could be treated simultaneously via the backward master equation
approach.
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