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1 Introduction

In magnetic confinement experiments it is often observed that the plasma
losses are significantly higher than what can be explained by collisional trans-
port mechanisms (Liewer 1985, Wootton et al. 1990). The enhanced, or
anomalous transport is ascribed to turbulent mixing of the plasma. The
ability of a turbulent flow to disperse particles at a rate significantly exceed-
ing the one caused by molecular or classical diffusion is observed for neutral
fluids as well as plasmas. Although understanding turbulence is relevant for
practical purposes it is also of general and fundamental interest.

An important observation in turbulent flows is the possibility for a self
organization, or formation of coherent structures. These are localized struc-
tures containing a substantial amount of energy, embedded in a background
of weaker fluctuations. The structures are often persistent to external per-
turbations and their life time is relatively long compared to characteristic
time scales of the flow. Coherent structures appear to be an intrinsic part of
turbulence as they are observed for a wide range of parameters. Examples are
from turbulence in weakly ionized plasmas in the ionospheric E and F layers
(Sudan 1983) to fully ionized tokamak plasmas (Benkadda et al. 1994). Some
laboratory experiments show that in the presence of a strong, ambient mag-
netic field the coherent structures are basically evolving in two dimensions
perpendicular to the magnetic field (Huld et al. 1991). A similar reduction
of complexity is also observed in stably stratified neutral fluids by van Heijst
& Flor (1990) where a three dimensional, fully turbulent patch of vorticity
collapse to a two-dimensional dipole structure due to gravity.

Often, the word turbulence is used in a rather general description of fluid
flows. Originally it was applied for describing a state of randomly varying
three dimensional physical flows, characterized by the interaction of many
different scales. It also applies to two dimensional flows, but a stationary
state under such conditions will require a continuous energy input to balance
the dissipation by molecular viscosity. However, in a numerical simulation it
is possible to maintain a "random flow" in a dissipationless model without
energy input. It has become common practice to reserve the word turbu-
lence for driven/dissipative flows in three as well as two dimensions. The
term "random flow" then applies to the condition with no viscosity and no
forcing. In the absence of forcing, but with dissipation, the flow is described
as "decaying random flow'1.

In two dimensions the appearance of large scale structures, comparable to
the physical extent of the system, is commonly believed to be caused by an
inverse cascade (Kraichnan 1967). Here energy is systematically transferred
from smaller to larger scales resulting in a Kolmogorov like energy spectrum,
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i.e. a power law spectrum Ek ~ k °/3. The inverse cascade is based on a
statistical approach in Fourier space, but new results by Nielsen et al. (1996)
show that a Kolmogorov like spectrum is also obtained from the merging of
two finite size vortices. However, it is important to bear in mind that it is
the power spectrum of a snapshot in a single realization which is compared
to the Kolmogorov spectrum. Nevertheless, understanding the interaction
of two or three vortices might provide valuable insight in the formation of a
fully turbulent state and gives a firm motivation for also studying isolated
structures.

This dissertation gives an overview, which by no means is complete, to
two dimensional plasma flows. The plasma is taken to be strongly magnetized
such that magnetic fields generated by internal currents are small compared
to the background magnetic field. This requires that the magnetic pressure
exerted by the ambient magnetic field is large compared to the pressure due
to thermal fluctuations, i.e. a low-/? plasma

8 - Ee'nT « 1

Also, we assume low frequency electrostatic fluctuations with UJ <C ̂ oci where
Ljci is the ion gyro frequency.

The dissertation is organized as follows. In section 2 the emphasis is on
the properties of the guiding center model. This model owes its dynamics
entirely to a nonlinearity arising from the Poisson bracket. An extension
of the guiding center model for finite Larmor radius corrections, preferable
for numerical simulations, is also discussed. Section 3 examines ion flows
where the electrons are allowed to move freely along the magnetic field. The
electrons are assumed to respond adiabatically to perturbations in the ion
density, thereby introducing shielding. With a background density gradient
this establishes the Hasegawra-Mima equation with the possibility of linear
drift waves. The study also touches the full three dimensional Hasegawa-
Wakatani model where the electron motion is partially impeded by a finite,
parallel electron resistivity. In particular, the Hasegawa-Wakatani model con-
tains both the simple guiding center model and the Hasegawa-Mima model.
Thus, the coupling of flute modes {kz — 0) and drift modes (kz ^ 0) can be
observed.

The implementation of a spectral code for numerical simulations of the
model equations is discussed in section 4. It is not intended to be a complete
and general discussion of spectral methods, but merely an introduction to
the methods applied in this dissertation. Finally the results are summarized
in section 5. Different problems and approaches for future research are also
discussed.
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2 Flute Modes

In many plasma experiments it is sometimes observed that low frequency
electrostatic fluctuations in e.g. the spatial potential variations are strictly
aligned with the magnetic field. Experimentally this is observed by measuring
the potential at two different spatial locations along the magnetic field (Huld
et al. 1991).

2.1 The Guiding Center Plasma

If there is no phase difference along the magnetic field, the wave vector k
is perpendicular to the magnetic field and the fluctuations are termed flute
modes. The special spatial geometr}^ of the phenomena allows a 2D descrip-
tion in the plane perpendicular to the magnetic field. Note that variations in
the ion density can only be compensated for by electron motion perpendicu-
lar the magnetic field in order to avoid ambipolar electric fields. In the plane
perpendicular to the magnetic field, the velocity is to a first approximation
given by the E x B velocity. Further, the ions are assumed cold, i.e. the ion
Larmor radius is vanishing. For homogeneous magnetic fields this assump-
tion implies that the electron and ion E x B velocities become identical,
allowing the electron and ion continuity equations to be combined into one
equation for the charge density. With the Poisson equation this yields the
guiding center model in dimensionless units

dtn + V • (nv) = 0 (la)

v = - V $ x z (lb)

V2<£ = -n. (lc)

Here n is the charge density and $ is the electrostatic potential. The physical
quantities, denoted by" are obtained by multiplying with the normalization
constants

i=^ft x = \Dx $ = «;2$, (2)

where A# is the Debye length and K2 = Te/e. We note that the flow is
incompressible since V • v = V • (z x V$) = 0.

The guiding center equations can be combined to give one self-consistent
equation for the potential, i.e.

d,V2$ + [V2$, $] = 0 (3)
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where [, ] denotes the Poisson brackets, i.e.

[0, i>] = dyd> dx%> - dx<p dyyj.

It is readily observed that the linearized version of (3) only support the
trivial solution <& = 0. However, any circularly symmetric potential, or a
harmonically varying potential in space ($ ~ etkx). are exact solutions to
(3).

2.1.1 Point Vortices

In order to obtain a qualitative understanding of the dynamics governed by
(1) we introduce a point vortex model where the plasma is represented by a
finite number of charged filaments, or point vortices. The concept of point
vortices was introduced in fluid dynamics by Helmholtz already in the nine-
teenth century (Helmholtz 1858). This concept was subsequently studied by
Kirchoff (1876) and by Poincare (1893). In plasma physics it was adapted for
instance by Taylor & McNamara (1971). A thorough mathematical deriva-
tion of the point vortex model is given by Marchioro & Pulvirenti (1994).
The technique has proven useful for the description of e.g. large scale mo-
tion. For small scale motion the point vortex model with a finite number of
vortices, and the corresponding fluid model differ significantly (Taylor 1997).

The point vortex model corresponding to (1) can be represented as a
Hamiltonian system where the Hamiltonian represents an effective potential
energy of the mutually interacting point vortices. The trajectories r,;(t) of
vortices with vorticity a, are determined by

drix dHa'^r = s~ (4a)

where

1 N

H = i^

With the appropriate choice of canonical conjugate variables, e.g. rix and
a^iy or the more symmetric form y/a~irix and ^Jairiy, the equations (4) form
a Hamiltonian system where H is the Hamiltonian. An interesting property
of this model is that the phase space and configuration space are identical.
Thus, if the configuration space is bounded then the phase space is bounded
also.



FLUTE MODES

The equations (4) and (5) have at least three invariants in addition to the
Hamiltonian, i.e. M = J2i airi a n d I = J2i airf- As w e known from classical
mechanics (Goldstein 1980), Hamiltonian systems with N conserved scalars
and N degrees of freedom are integrable. The degrees of freedom are the
numbers of generalized coordinate pairs necessary to describe the system
and integrable mean that there exist an analytic solution. Thus, systems
with three, or less, point vortices are integrable. Omitting the trivial case
of a single point vortex, we note that the evolution of two point vortices, if
a,\ 7̂  — a,2, is a circular motion around the center of vorticity. If a\ = — a,2 the
two vortices will convect each other along parallel trajectories at constant
speed. A thorough derivation of the solutions can be found in Sommerfeld
(1964). Clearly it is the relative motion which is important, so for the solution
of a system with three vortices we introduce L^(i) = \rj — ri\ and obtain
from the evolution equations (Marchioro & Pulvirenti 1994),

7T
(6)

where i,j,k are all different. Here, A is the area of the triangle spanned
by (rj — T*J) and (r^ — r«). Let us assume that the harmonic mean of the
vorticity vanishes, afl + a^1 + a^1 = 0, or for the present purposes let us
assume a,\ = 0,2 = 1 and a3 = —1/2. This implies that

is a constant of motion. A self-similar evolution is observed if the initial
positions of the vortices are as shown in Fig. 1. Here, the distance between
r i and r 2 is £ and r 3 must be located on a circle with radius R = £ A/3/2 and
with the center of the circle located at the midpoint between rx and r^- For
«i = a-2 > 0 and a3 < 0 we obtain a self similar expansion if r 3 is located in
quadrant 1 or 3, whereas a collapse occurs if it is located in quadrant 2 or 4.
The solution to (6) is

with similar expression for L13 and L23. Thus, for this particular choice of
vorticities the separations vanish and the three vortices merge after a finite
time t = 3\/2ir/A. A slight perturbation in the initial positions destroys the
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Figure 1: Initial positions leading to self similar motion.

self-similar behavior and the collapse will then not take place. The trajecto-
ries of the three collapsing vortices are logarithmic spirals and are plotted in
Fig. 2.

This is only one example of a self-similar solution. Other solutions are
described in the independent papers by Novikov & Sedov (1979) and by Aref
(1979). The three-vortex problem was, however, first solved by Grobli in
1877 (see the historical paper by Aref et al. (1992)).

As mentioned previously, the point vortex model (4) with a finite num-
ber of vortices differ from the guiding center model (1). For example, two
point vortices will never coalesce whereas two finite size vortices may. In
Fig. 3 we show the merging and collapse of two and three finite size vor-
tices, respectively. The incompressibility ensures that the contours of two
separated areas remain separated. Therefore, two vortices are considered to
have merged if the resulting vorticity distribution is indistinguishable from a
monopole structure. The collapse observed for three point vortices is repro-
duced also for the finite size vortices, see Fig 3. Here the full computational
domain is 2TT X 2-K and the number of grid points is 5122. A detailed inves-
tigation of the collapse of a finite size double vortex mediated by a smaller
vortex of the opposite polarity is found in a recent article by Kevlahan &
Farge (1997). An interaction of large scale structures reminiscent of this pro-
cess has been observed experimentally in e.g. Q-machines by Pecseli et al.
(1984).
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Figure 2: Self similar-collapse of three point vortices. The stars indi-
cate the initial positions.

2.1.2 Constants of Motion

An important feature of incompressible flows is the conservation of the Casimir
functional

CF = F{n)dxdy, (7)

where n is the charge density as before and F is an arbitrary functional of n.
This can be proven by straight forward application of the continuity equation
(la) and making use of the incompressibility condition V • v = 0,

dtCF= I F'(n)dtndx

= / F'(n) (dtn + v • Vn) dx = 0.

Of particular interest for the guiding center plasma is the conservation of
energy and enstrophy (Kraichnan 1967)

J\f = \n\
2 dxdy

= f\V$\2dxdy,

(8)

(9)

These are so called rugged invariants, i.e. they survive a truncation of the
guiding center model in Fourier space. Thus, with a finite number of Fourier
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Figure 3: The upper rowr shows the merging of two finite size vortices,
while the collapse of three finite size vortices is shown in the lower
row.

modes it can be demonstrated that

« m a

feo

V V =

(10)

(11)

are conserved (Knorr & Pecseli 1988). At present there is no proof that these
are the only rugged invariants, although numerical simulations by Seyler
et al. (1975) and Krane et al. appendix B indicate that this is indeed so.
In the following we utilize the conservation of VV and M to monitor the
temporal discretization errors in the numerical simulations. They also play
an important role in characterizing the equilibrium flows governed by the
guiding center model.
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2.1.3 Stat ionary Solutions

For the point vortex model it was shown that there exist several self similar
and stationary solutions (Aref 1979, Marchioro & Pulvirenti 1994). Such so-
lutions are also found in the guiding center fluid model, e.g. a circularly sym-
metric distribution is time stationary. Also, analytic expression for propagat-
ing dipole structures are found (Larichev & Reznik 1976, Flierl et al. 1980).
To analyze the properties of such solutions we assume a solution to equation
(3) of the form $ = $(x,y — ut). This is a potential structure propagating
with a constant velocity u in the y-direction, without changing its shape. A
suitable coordinate transform is £ = y — ut, which allows us to write

-u—V2$ + z • V $ x V(V2$) = 0,

or

ux x z • V(V2$) + z • V $ x V(V2$) = 0.

Applying the vector relation abxc = axb-c, we get

V(ux - $) x z • V(V2$) = 0. (12)

Recalling that, given a function G(f(x)), the gradient VG = | j V / is parallel
to V / , we realize that any function G, such that V 2 $ = G(ux — <&), is a
solution to equation (12). The simplest possible form is G = c(ux — $),
where c is an arbitrary constant. To determine u and c we therefore have to
solve the equation

V 2 $ = c(ux — <&).

Introducing polar coordinates, x = r cos 6 and £ = r sin #, and separating the
potential into a radial and an azimuthal part, we find that $ = F(r) cos 9.
The resulting equation for the radial function F(r) is then given by

l-F + -TF
r dr

Applying the coordinate transform s = \fcr, this equation becomes the
ordinary Bessel equation with an inhomogeneous term us/y/c. A particular
solution to the new equation in s is easily found to be Fp = us/\/c, while the
homogeneous part of the problem gives the familiar Bessel functions J\ and
Y\. We note that Y\ is singular at r = 0 and reject it by physical reasoning.
Since (13) is a linear equation the full solution will be a superposition of the
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Figure 4: Potential variation associated with the stationary solution
(14) to the guiding center model.

homogeneous and the particular solution Fv. To avoid an infinite potential
at infinity, we follow Larichev & Reznik (1976) and split the spatial domain
into an inner and outer region s < R\fc and s > R-Jc where R is arbitrary.
In terms of the variable r we then get

F(r) — ur

for r < R. In the outer region, r > R, the potential must approach zero
at infinity so we choose c = 0 in this region and solve the resulting Laplace
equation, obtaining F(r) = X/r. The constants a and A are found by the
requirement of a continuous potential together with a continuous first deriva-
tive at r = R, while yfc is set to j/R where 7 is one of the zeroes of J\.
Assembling the two solutions we finally get the potential

= <

2uR

uR2

k r
cos 6,

h r<R

r > R.

(14)

A plot of $ is shown in Fig. 4 for R = 0.75 and u = 1 using the first
zero of the first order Bessel function, 7 ?» 3.8317. The existence of stable



FLUTE MODES 13

propagating dipole structures, or modons, have important consequences for
cross field plasma transport. Unlike ordinary wave motion where only the
perturbation propagates, particles are trapped by the modon and convected
over long distances before the modon disappear.

2.1.4 Inverse Cascade

The 2D guiding center plasma was shown to have an infinite number of
invariants. However, in a Fourier representation, i.e. $(x,t) = J2k $k(t)ezk'x,
with a finite number of modes, TV, only the enstrophy and energy were shown
to remain invariant (Seyler et al. 1975). In the following the two invariants
play an important role for the migration of energy and enstrophy between
small and large scale structures. A Fourier representation of (3) can written
as

k=p+q

Introducing Q, = h$>k and A~£ = — (p x q) • z/(2kpq) we obtain, after
considering the complex conjugate to (15) and some manipulations, for the
complex amplitudes c*.

dtch(t)= Y, ^k
q(p

2-Q2)cPcq. (16)
k=p+q

Hence, the evolution of C& depends on the simultaneous interaction of all
other modes where the wavenumber matching condition k — p + q is ful-
filled. Frequency matching is not an issue since a linear solution to the
guiding center equations does not exist, except for the trivial solution <3? = 0
corresponding to the dispersion relation to = 0.

To obtain a better understanding of the properties of (16) we restrict it
to a small time interval At/A'" and consider only one interacting triplet with
TV-fold intensity. In this time interval we assume all other interactions to be
"switched off". During the next time interval another term acts and so on
until all terms have been activated. In the literature on numerical methods
this procedure is known as "the method of weak approximations", or as
"the method of fractional steps" (Ianenko 1971). Taking the limit At —>• 0
this approximation converges to the true solution of (3). Thus, the basic
nonlinearity is adequately represented by

dtck(t) = Kp
k
q{p2 - q2)cpcq (17a)

dtc-p(t)=A*_h(<?-k*)cqC-h (17b)

dtc^q(t) = Aq_kp(k
2 - p2)c.kcp (17c)
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where A~q is invariant with respect to a cyclic permutation of its indices.
Setting Wk = |c/c|2, the conservation laws (10) and (11) reduce to

wk + w-p + w-q = Const (18)

k2wk + p2iv-p + q2w^q = Const (19)

which can be verified by direct application of the equations in (17). Thus,
any change in the system state must satisfy

8wk + 8w-p + 8w-q = 0 (20)

k28wk -\-p2Sw_p + q 8w-q = 0. (21)

In a Cartesian coordinate system («;&, w_p, u>_q) this correspond to two
planes and the evolution of the system is restricted to the intersection of these
planes. This is realized by introducing the vectors Sw = (8wk,8w-p,8w-q),
e = (1,1,1) and s = (k2,p2,q2). The previous requirements can be written
as Sw • e = 0 and Sw • s = 0. Consequently, Sw must be parallel to e x s
and we obtain

5wk = {q2-p2)f{t)6t (22)

5w.q = (p2 - k2)f(t)6t, (24)

where f(t) determines a time scale for the transfer of enstrophy between
different wave numbers. Following Fj0rtoft (1953) we form the ratios

q2 — p2 5iv-p k2 - q2 Sw-q p2 — k2

k2 — q2' dw-q p2 — k2' Sw^ q2 — p2

Knowledge of the exact form of f(t) is therefore not required, although it
can be obtained from the equations in (17) in terms of elliptic integrals,
see Knorr et al. (1990). Assuming p < k < q we have 6wk/8w-p < 0
and 8w-q/8wk < 0, while 8w-p/8w^q > 0. This implies that there can
be no change in Wk unless there is a simultaneous change in both W-p and
iv-q. In particular, an increase/decrease in w^p must be accompanied by an
increase/decrease in w-q. Thus only Wk can act as a source or a sink for w-p

and i6'_q (Fj0rtoft 1953). However, the increase/decrease of energy in to_p

and w^q does not have to be equal. Introducing the parameters r = cos(#)
and s = p/q the wavenumber matching condition k2 = p2 + q2 + 2pqcos(6),
and the ordering p < k < q, is satisfied in the filled region of Fig. 5. In
region A we have 8w^p/8w-q > 1 and similarly 8w^.p/8w-q < 1 in region B.
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Figure 5: For the parameters (r, s) in region A there is a net energy
transfer towards larger scales, whereas in region B there is a net
energy transfer towards smaller scales.

Therefore, if there are more triplets corresponding to (r, s) in region A than in
B then there will be a net transport of energy towards larger scales. Similarly,
for the opposite case there will be net energy transport towards smaller scales.
It is then possible to imagine a situation where energy is sloshing back and
forth between large and small scales until some quasi steady spectral state is
reached.

2.1.5 Equilibrium flow

In principle there are two fundamentally different approaches to characteriz-
ing the equilibrium flow of the 2D guiding center equations (1). For the point
vortex model a 27V dimensional phase space is formed by considering the po-
sitions of the point vortices r^. Thus, the micro-canonical ensemble is applied
for the isolated system. This approach gives the "sinh-Poisson" distribution
for the potential in the continuous limit, describing the most probable state
(Joyce & Montgommery 1973, Taylor 1997). Another approach is to con-
sider a phase space formed by the real and imaginary parts of the Fourier
coefficients of the truncated guiding center model (Kraichnan 1967, Seyler
et al. 1975). We form an ensemble of such systems in contact with a heat
bath, allowing the Fourier coefficients nk to fluctuate. The equilibrium state
of the ensemble is then described by the Boltzmann-Gibbs probability dis-
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tribution

P(nkl,... , nkN) = - exp [-aAf - (3W) , (25)

where M and VV are defined in (10) and (11). Here Z is the partition function

The superscripts r and ?' denotes real and imaginary parts, respectively. We
note that a and (3 act as inverse "temperatures"; not temperatures in the
usual thermodynamic sense, but merely indicators for high and small levels
of fluctuations. The integral is readily calculated giving Z = 11*. Z& and the
expected energy distribution is subsequently derived as (VVfe) = dgZ^

J (26)

A peculiar feature of this flow is that negative temperature states are per-
mitted, although a and /? cannot both be negative at the same time. This
negative temperature state corresponds to a condensation of energy in the
lowest possible scales, i.e. in configuration space the flow consist of two large
irregular counter-rotating vortices comparable in size to the computational
domain. Such a negative temperature state is also encountered in the equi-
librium flow of the point vortex model if the phase space is bounded (Joyce
& Montgommery 1973).

The derivation of the equilibrium distribution is based on the existence of
two invariants which constrains the evolution of the system in phase space.
There is no proof that VV and J\f are the only invariants which survive the
truncation of the Fourier series. However, numerical results by Seyler et al.
(1975) indicate that this is indeed the equilibrium state for the guiding center
equations. They used direct numerical simulations with initial conditions
corresponding to both negative and positive temperature states and found
that after a transient period the energy relaxed towards (26), or equivalently
the flow adheres to the probability distribution (25).

Note that there are many possible realizations which give the same en-
ergy power spectrum. Thus, the phases may vary although the spectrum is
statistically stationary. This situation corresponds to a fluctuating system
in configuration space.
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2.2 Finite Larmor Radius Effects

A standard approach to include finite Larmor radius corrections in plasma
fluid models is through the gyro viscosity, or the anisotropic part of the
viscosity tensor (see Braginskii (1965) for a thorough derivation). This ap-
plies effectively only to the ion fluid since the ion Larmor radius is y/rrii/me

times larger than the electron Larmor radius. This indicate that, at least for
practically relevant plasma parameters, the electron Larmor radius can be
considered as virtually vanishing.

A slightly different procedure to include finite Larmor radius corrections
was introduced by Chen (1984). Here the electric field is expanded, assuming
k2r\ <C 1, i.e. the electric field variations are assumed gently varying on the
length scale of the ion thermal Larmor radius. The corrected ion guiding
center velocity is obtained as

The physical significance of this correction is that an ion with guiding center
located in a harmonically varying field experiences, on average, a modified
effective electric field, due to the curvature of the electric field which is neg-
ative with respect to the electric field. Hence, the electron and ion velocity
differ, causing charge separation and ambipolar electric fields in the case of
inhomogeneous plasmas.

If inertial effects in the ion motion can be ignored, e.g. the ion polarization
drift

1 dE
Vp ~~

the approximation (27) is formally adequate. However, it is only second order
accurate and is incorrectly weighting small scale fluctuations. Even if their
initial amplitude is small, say Ek = 0 for k2 ^> A/r2

L, the nonlinear terms
will eventually cause all Fourier components in a numerical simulation to be
excited. An alternative and numerically more robust method was suggested
by Knorr et a!. (1988), where a fluid model is formally retained but where
the averaging along the ion orbit is carried out accurate to all orders. Using
the definition of the Dirac delta functions the electric field experienced by
a charged particle with guiding center located in x, and vanishing Larmor
radius, is given by

E{x) = I E(r)S(x-r)dr.
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In contrast, the electric field experienced by a gyrating particle with Larmor
radius rL is then written as

E(x) = / E{r) 8(\x - r \ - rL) dr.

This result is based on the assumption that the temporal fluctuations in the
electric field occur on a time scale much longer than the gyro period of the
particle. In this case the particle may be considered as smeared out over the
unperturbed Larmor orbit around the guiding center. Expressing the electric
field in terms of its Fourier series we obtain

E{x) = [ Y 1
 E^kT 6(\x ~r\~ r^) dr

kEke
lkx, (28)

where gk = Jo{krL) and JQ is the Bessel function of the first kind. The finite
Larmor radius corrected E x B velocity is therefore given as

(krL)vke
ih-" (29)

where Vk — Ek x z/B. This can be interpreted as a spatial filtering of the
Fourier coefficients of v(x) by a low pass filter thereby smoothing the zeroth
order guiding center velocity. Since g^ commutes with differentiation with
respect to x, it is realized that the FLR corrected guiding center velocity is
incompressible also. Although corrected for finite Larmor radius, v is still a
guiding center velocity. It is the vector sum of all corrected guiding center
velocities in a small control area; not the vector sum of the fluid particle
velocities in the control area.

To get a consistent FLR corrected guiding center model the charge density
is also corrected. Following the same line of arguments we obtain the FLR
corrected ion density as

k(krL)nke
lhx, (30)

i.e. by spatial low pass filtering of the ion guiding center density. This ap-
proach is particularly suited for spectral simulations where the Fourier co-
efficients of n and v are available at every time step without additional
computational expense.

In the derivation of v and n we implicitly assumed that the ions had
identical energy, or Larmor radius. This can be relaxed by averaging the ion
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Larmor radius over a Maxwellian velocity distribution (Knorr et al. 1988).
Then, the averaged filter coefficients become <?*. = exp{—(rLk)2/4}. It is
reasonable to assume that using gk gives a model which is physically more
relevant for the asymptotic flow. Effectively, this model assumes that the
relative distribution of ion Larmor radii remains the same in a fluid element
during its propagation and deformation.

A self-consistent FLR corrected extension of the guiding center model (1)
is therefore given by

dtne + v • Vne = 0 (31a)

dtrii + v • Vrii = 0 (31b)

v = -V<f> x z (31c)

V2$ = -{rii-ne) (31d)

where the FLR corrected guiding center velocity and the ion density, v and n,
are obtained from (29) and (30), respectively. In the FLR corrected guiding
center model it is no longer possible to derive a single self-consistent equation
for the potential evolution, e.g. as in (3).

2.2.1 Equilibrium Flow

In section 2.1.5 we derived an expression for the expected spectral energy
distribution for the flow governed by the guiding center model (1). The
derivation relied heavily on the conservation of enstrophy and energy in the
truncated model, i.e. with only a finite number of degrees of freedom. Includ-
ing FLR effects according to the system (31) we now have three invariants.
The enstrophy is conserved individually for the electron and ion guiding cen-
ter densities in addition to the energy (Knorr & Pecseli 1988)

2. (33)

fco

Thus, the Boltzmann-Gibbs probability distribution is modified

1 / ~ \
P(nkl,... , nkN) = — exp \-ixeMe - ^Mi - /?WJ (34)

to reflect the additional constraint. Following the same procedure as in sec-
tion 2.1.5 we obtain the expected spectral energy distribution

<£fe) = a 2 12 W i t h Cl = . - 1 '
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and the expected Fourier components of the electron and ion guiding center
densities

<3 5 b )

By proper choice of the spatial low pass filter, i.e. g^ or g^, we can consider
either the case where all ions have the same energy as in (29) and (30), or
the case where the different ion velocities are averaged over a Maxwellian as
discussed before.

In Fig. 6 and 7 we show the analytical results for various parameters for
the case with only one ion Larmor radius. Note the fine structures in the
spectrum for large k. In particular, the larger fj,e is compared to fj,l: the
larger the fluctuations in the energy spectrum are. From (35a) and (35b)
it is clear that the evolution of individual realizations of the flow is governed
by the parameters jie, fa and 8 which all can be set initially in a numerical
simulation. In addition, a random phase should be given to each Fourier
mode nek and n^. Thus, by a careful selection of /ie, jxt and ,8 we can spec-
ify the distribution of energy among small and large scale structures. This
gives us the opportunity to do repeated simulations of individual systems
with the same energy, but having very different conditions in configuration
space. Comparison between the analytical spectra and spectra from direct
numerical simulations is reported in appendix B, where also other aspects of
FLR corrections are discussed.
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Figure 6: Analytical results for the asymptotic state of the energy
distribution for rL = TT/20, fi = —0.009, /^ = 0.1 and \xe = 1.0.
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Figure 7: Analytical results for the asymptotic state of the energy
distribution for rL = TT/20, /? = -0.009, ^ = 0.1 and \ie = 5.0.
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3 Drift Modes

Previously we have considered two dimensional systems where the ion and
electron perturbations are perfectly aligned with the magnetic field, the so-
called flute modes. In the following we will allow a small finite parallel
wavenumber kz ^ 0.

3.1 Debye Shielding

For collisionless plasmas a finite 23-parallel wavelength enables the electrons
to move along the magnetic field. The ions, however, are still considered
to evolve essentially in the plane perpendicular to the magnetic field due to
their much larger inertia. Assuming waves in the range (v2) <C (u/kz)

2 <C
(Ug), where the magnetic field is directed along z, the inertial term in the
electron momentum equation parallel to the magnetic field can be ignored
(Chen 1984)

0 = -Tedzne + enedz$.

Integration with respect to z then yields

ne = noe
e*/n. (36)

Physically, we are assuming that the time evolution of the ion fluid is so
slow that the electrons respond adiabatically and can establish an isothermal
Boltzmann equilibrium distribution by flowing along the magnetic field lines
(Chen 1984). Linearizing (36) and introducing dimensionless variables, see
(2), we obtain for the ion motion

dtn + v • Vn = 0 . (37a)

v = —V$ x z (37b)

V 2 $ = -n + «2$, (37c)

where n now denotes the ion density. Fluctuations in the ion density will
be compensated for by electrons moving along the magnetic field from wave
crest to wave through. Effectively, this correspond to a short circuiting of the
ambipolar electric fields, or shielding of the electric fields on scales larger than
1/K. The shielded system is combined into one equation using the Poisson
bracket formalism

dt{K2<5> - V2$) - [V2$, $] = 0. (38)

23
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By varying K it is possible to study differences in shielded and unshielded
systems. The variation in K — Te/e reflects the electron energy, i.e. the more
energetic electrons the larger is K.

The effect of introducing shielding is best illustrated, without mathemat-
ical rigor, by considering the interaction of three point vortices. In section
2.1.1 we illustrated a specific example that three unshielded vortices with
individual vorticities a.\ = a? = — 2a,z would collapse towards the center of
vorticity if the initial configuration were as described in Fig. 1. Similarly, the
possibility of an indefinite self similar expansion was also established. We
shall examine shielded vortices with an initial configuration identical to the
one causing self similar expansion in the unshielded case. If the initial sep-
arations of the vortices are smaller that the shielding distance, the vortices
are expected to behave as if there were no shielding present at all. Basically,
the negative and the nearest positive vortex form a pair (dipole), leaving the
third one behind. Once the separation of the dipole and the third vortex
is comparable to the shielding distance their interaction diminish rapidly.
Since the negative vortex in the dipole is smaller than its partner, it will be
converted in a circular motion around the bigger one. After half a revolu-
tion the dipole is approaching the third vortex and revitalize the interaction.
By symmetry we infer that the three vortices converge from that time on,
ultimately collapsing.

The arrest of the self similar expansion in the shielded system is also
expected for finite size vortices. The results from direct numerical simulations
of (37) are shown in Fig. 8. It is important that the effect disappear for the
case of no shielding, i.e. the set of equations in (37) have properties which
are significantly different from the simple guiding center model in (1).

As noted by Kono et al., see appendix D, the collapse of point vortices
depends strongly on the initial conditions. A slight perturbation in the initial
positions precludes a collapse and the vortices which initially were converg-
ing start to diverge. By the same arguments as above, the vortices start
to converge once their separations become comparable to the shielding dis-
tance. Recalling the results by Novikov & Sedov (1979), which claims that a
collapse correspond to a systematic transfer of energy towards larger scales
and towards smaller scales for an expansion, we expect the repeated expan-
sion/contraction in physical space causes the energy to be sloshing back and
forth between small and large scales.

It is known that particles trapped in coherent structures can be con-
verted over large distances as the structure itself propagates. However, par-
ticle transport due to trapping will be reduced if the coherent structures
themselves are trapped.
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Figure 8: The boomerang effect. Solid and dashed contours corre-
spond to positively and negatively charged vortices, respectively.
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3.2 The Hasegawa-Mima Model

A plasma model attempting to explain some of the basic phenomena occuring
in the scrape off layers of e.g. Q-machines or tokamaks should include a
background density gradient. This is because of the plasma production in
the core region and the constant losses at the walls. The plasma flow is
inhomogeneous in the plane perpendicular to the magnetic field. Also the
background density gradient may provide free energy to drive instabilities.

To a first approximation the fluid velocity is well described by the VE =
—V$ x £?/.B2-velocity. The next step is to include the ion polarization drift,
which is approximated by

1 ,„ ^3 Q )

Although it serves as a small correction term in the fluid velocity it introduces
fundamentally new physics. The guiding center velocity v = VE + vp is no
longer incompressible as in the simple guiding center model (1). Thus, there
are sources and sinks in the ion density which are implicitly compensated
for by the electron motion along the magnetic field. Under the assumption
of quasi-neutrality the ion continuity equation, the Boltzmann distributed
electrons and the velocity v = vE + vp are then combined in an equation
for the perturbed electrostatic potential. In the case of gentle gradients and
since vp is considered a small correction compared to VE, the lowest order
terms are (Hasegawa & Mima 1978)

dt ($ - V i $ ) - (V_L$ x z) • Vj_ {lnra0 - V]_§] = 0, (40)

or in terms of the Poisson bracket

dt(& — V^_$) + [V]_$ — In no, $] = 0. (41)

Here the equation is normalized according to standard practice for drift waves

~-— ~ - $-—<3>
uci ' s e '

where ps = \jTejm,i is the effective Larmor radius, i.e. the ion Larmor radius
at the electron temperature. The result reduces to (37) in the case of a van-
ishing background spatial variation in ?̂o and if K = 1. This is an interesting
result since quasi neutrality was not used in the derivation of (37) and that
it relied solely on the E x B velocity.

The equation (41) is known as the Hasegawa-Mima equation and was
first derived by Hasegawa & Mima (1978). The Hasegawa-Mima equation
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has a rich variety of solutions including monopole and dipole structures. In
particular, it also allows linear drift waves. Assuming a background density
variation in the ^-direction and setting (5 = — Vh^ 0 > the linearized equation
becomes

This yields the dispersion relation

/3ky

( 4 2 )

where the drift frequency LJ* = /3ky was introduced. Considering long wave-
lengths, &j_ <C 1, the wave propagates with the diamagnetic drift velocity
vd = z x Vlnn 0 , perpendicular both to the density gradient and the mag-
netic field.

A peculiar feature of the nonlinear equation (41) is that it allows for
analytic harmonic solutions of the form (Ferro Fontan & Verga 1995)

Q(x, t) ~ exp {—iujkt + ik • x} ,

where u;*, satisfies the dispersion relation (42). This is an aspect of the
nonlinearity due to the Poisson bracket which causes whirling motion as
opposed to another nonlinearity described by the Korteweg-de Vries equation.
In that case the nonlinearity give rise to a steepening of the propagating wave,
ultimately balanced by dispersion (Whitham 1974).

3.2.1 Inverse Cascade

The Hasegawa-Mima equation has two invariants (Hasegawa k, Mima 1978),
the generalized enstrophy

N = - [ [(V$)2 + (V2$)2] dx, (43)

and the energy integral

W = - f [$2 + (V$)2] dx. (44)

The two terms in the energy integral can be interpreted as an electrostatic
potential energy (n<3> ~ $2) and a kinetic energy (nv2 ~ (V$)2).
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With two invariants, the approach used for establishing the inverse cas-
cade for the guiding center equations, section 2.1.4, can be repeated here.
The equation (41) can be written in Fourier space as

(45)
k=p+q

where A~£ = - (p x 5) • z/[2(l + k2)]. Following the same arguments as in
section 2.1.4 we consider only three interacting modes in a small time interval
assuming all others are "switched off". The conservation laws (43) and (44)
can therefore be written in Fourier space as

(1 + (1 + (1 + = Const

and

Introducing = (1 + A;2)|$fe|2 these equations are formally equivalent to
(18) and (19) and the discussion in section 2.1.4 applies. Thus, the existence
of an inverse cascade for the Hasegawa-Mima equation is also derived.

3.2.2 Modon solution

As for the simple guiding center equations (1) it is possible to derive a
modon solution to the Hasegawa-Mima equation, although more complicated
(Larichev & Reznik 1976, Makino et al. 1981). The result is quoted below:

u- 3

u- s m

r < R

r > R.

(46)

Again, the solution is split into an inner and outer region and it is also
required that p2 = 1 — 0/u. The value of K is determined by requiring a
continuous first derivative in the potential at r = R, giving

J(
2pR\pR

where 71>n is an increasing secjuence of zeros of the first order Bessel function.
An important difference from the modon solution (14) is that the requirement
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p2 = 1 — (3/u imposes restrictions on the admissible velocities of the modon.
The velocity of the modon must be outside the range of the phase velocity
of the linear modes, i.e. u < 0 or u > (3. Dipoles which propagate with
0 < u < (3 are not stable solutions and will decay due to resonance with
linear drift waves (Nycander 1989).

If /? = 0 the amplitude of the perturbation is proportional to the prop-
agation velocity, as was found for the solution (14) to the guiding center
equations.

3.3 The Hasegawa-Wakatani Model

A severe deficiency of the Hasegawa-Mima equation is that it describes lin-
early stable waves or fluctuations, i.e. perturbations have to be imposed
initially in the numerical simulations. An extension to the model which is
linearly unstable is obtained if we include a finite collisional resistivity along
the magnetic field for the electron motion (Hasegawa & Wakatani 1983).
From the electron continuity equation we obtain to first order

dtlnn — — V_L<& x z • Vj_lnn = —dzj,, (47)
B en

where jz is the z-component of the electron current, j = — enve. Since the
ion dynamics in the z-direction is immaterial due to their much larger inertia,
jz is also the total current along the magnetic field. The ̂ -component of the
electron momentum equation yields an expression for j z ;

- Tedzn + £enjz = 0, (48)

where £ is the plasma resistivity along the magnetic field.
The ion dynamics perpendicular to the magnetic field is described by the

vE + vp velocity and a term which is due to ion viscosity, i.e.

V i $ x z 1 ( V_|_$ x z „

(49)

where ji is the ion viscosity. Inserting this into the ion continuity equation
and assuming quasi neutrality we obtain the coupled set of equations

{dt - (V_L$ x z) • V ± ) V i $ = -Cd2
z{<§> -n) + nV\§ (50a)

(dt - (V ± $ x z) • V i )n = -0dy$ - Cd2
z{$ - n), (50b)
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where C = Tej{n^e2uJCi^). A different approach were the equations (50) are
obtained by calculating moments of the gyro-kinetic equation is given by Hu
et al. (1997).

The Hasegawa-Wakatani model has the nice property that it contains
both the guiding center model and the Hasgawa-Mima model in different
limiting cases. If the ion viscosity is vanishing and the electron conductivity
goes to infinity, which implies C —>• oc and n = $, the Hasegawa-Mima
equation (41) is obtained by adding (50a) and (50b). In the opposite limit
with a vanishing conductivity, and /.;, = 0, the prevailing terms of (50a) is
equivalent to the guiding center equation (3).

3.3.1 Linear Modes

For small amplitude perturbations the Hasegawa-Wakatani equations can be
linearized which give

dtV
2
L<5> = -Cd2(<$> - n) + fj,V4

±^ (51)

dtn = -Bdy§ - Cd2
z($ - n). (52)

Assuming a plane wave solution we obtain the dispersion relation

•J1 \ + Ml] ckz (t + fj,ki\ = o.

In the limit of infinite conductivity C —» oo, the dispersion relation reduces
to

to*
%k\ %\ + k\

Clearly this corresponds to a damped wave where the damping is due solely
to the finite ion temperature. With a finite parallel conductivity and ignoring
the ion temperature, we obtain

UJ2 + iu . u/^ 1 = 0 .

Since the solutions to a second order, complex equation are complex conju-
gate this implies that we have an unstable mode. After some manipulations
the imaginary part of u, or the growth/decay rates, are derived as

2 ^ , 2 I -1" -1- /TCA •*• ' \l -1" ' ^ 9 1 7 - 4 / I , 7 . 2 \ 4 I (̂ )̂
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The positive sign coincide with the growing mode and the instability is sus-
tained by extracting the free energy in the background density gradient. Plots
of F + are shown in Fig. 9 for ky constant and in Fig. 10 for kx constant.

3.3.2 Reduced Hasegawa-Wakatani model

The maximum growth rate for the linear modes was in the previous section
shown to occur at the lowest wavenumbers with respect to kz. It is therefore
reasonable to retain only the fastest growing wave mode in the ^-direction
in the full nonlinear Hasegawa-Wakatani model. Thus, a quasi three dimen-
sional model is obtained as

{dt - (V$ x z) • V ± )Vi$ = a($ - n) + nV4
±$ (54a)

z)-Vi)n=-i8^ + a($-n), (54b)

where a = Ck$ is commonly denoted the adiabaticity parameter in the liter-
ature (Gang et al. 1991). Small a corresponds to the hydrodynamic regime
where n is converted as a passive scalar by the E x B flow, i.e. there is es-
sentially no coupling between the two equations except for the term —f3dy§
which act as an external stirring force. In the opposite limit, termed the
adiabatic regime, we have $ = n. Thus by varying a it is possible to change
the phase shift between $ and n i n a controlled manner.

The quasi three dimensional Hasegawa-Wakatani model (54) has gained
some popularity as it is readily implemented and require modest compu-
tational resources compared to the full three dimensional model (Koniges
et al. 1992, Dudok de Wit et al. 1995, Hu et al. 1997). However, the ab-
sence of wave interactions along z precludes the coupling of drift waves and
flute modes and is a severe deficiency. Numerical simulations by Cheng &
Okuda (1977) indicate that the coupling of flute and drift modes is of partic-
ular importance for the convective transport perpendicular to the magnetic
field. Direct numerical simulations of the Hasegawa-Wakatani model (50)
by Biskamp & Zeiler (1995) suggest that the energy alternates between flute
and drift modes. Also the transport occurs in bursts which coincide in time
with large scale convective cells, i.e. flute modes.
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Figure 9: The growth rate F + for ky = 1 and \5 — C — 1.

Figure 10: The growth rate F + for kx = 1 and (3 = C = 1.



4 Numerical Methods

A number of different simulations has been carried out. But, although the
equations differ from one simulation to another, the numerical method used
to solve them are the same. Therefore, we will only discuss the numerical
implementation of the simplest simulations, i.e. the system of equations (1).
The model equations are discretized in space according to the Fourier col-
location method, but due to its similarities with the Galerkin discretization
scheme we will discuss both approaches.

In the larger simulations where the flow consist of multiple fluids, or re-
quire high spatial resolution, the code was parallelized on an IBM-SP2 using
message passing utilizing the Message Passing Interface (MPI). For an intro-
duction to MPI see the book by Gropp et al. (1994). To gain maximum speed
in calculating the fast Fourier transform (FFT) in production simulations we
applied the FFT's in the ESSL library (IBM 1994), specially tuned for IBM.
For simple test runs on our workstation we used the FFT routines found in
the Sun performance library (Sun 1996)

4.1 Spatial Discretization
Formally we seek a solution to the system of equations (1) in a Hilbert space
H, equipped with an inner product (,) (Canuto et al. 1988). Since we assume
doubly periodic boundary conditions on [0, 2TT]2 a natural choice for H is the
space spanned by the orthogonal trigonometric polynomials <fik(x) — etk'x for
kx,ky e Z where Z is the set of all integer numbers. With the inner product

2 />2TT

/ <t>(x)ij)*(x)dx, 4>,ipen, (55)
Jo

where ip* denotes the complex conjugate of I/J, the trigonometric polynomials
are orthogonal. The orthogonality of the polynomials implies that they form
a complete set in H and that the exact solution can be written as a linear
combination of the basis functions or trial functions

n(x,t) =
k

where a& = {n,4>k)/{(l>k>4>k)- If the trial functions satisfies the periodic
boundary conditions individually, then their sum will, too.

Next we define a finite dimensional subspace Xpj C H as

span < eieikx N <k k <--l\

33
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In addition we need a projection operator PN which projects n 6 T-L onto
XN, PN : U i-+ XN, such that

iV/2-1 iV/2-1

= X ] 5 Z &*>(t)<l>k(x). (57)
fcx=-./V/2 fcj, = - A 7 2

Due to orthogonality of the trial functions the projection, or truncated se-
ries, «A' is the closest element to n in XN with respect to the norm ||n|| =
((n,n))ll'2. Also, if n(x) is analytic and periodic in all derivatives for x e
[0, 2n]2, then the Fourier coefficients of n(x) decay faster than any power of
k~l. This property is referred to as spectral accuracy (Canuto et al. 1988).

Carrying out the projection operation on $ and v also, and substituting
[nN, v*, $N] into equation (1), we obtain the residual functions

Ri

# 2

( * .

( * ,

( * ,

d f e j , . . .

d f e l , . . .

d f e l , . . .

) = dtn
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)

V V
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NVN

Z

) (58a)

(58b)

(58c)

As the name indicate, the residuals are not necessarily vanishing, i.e. Ri / 0.
Finally, the residual functions are required to be orthogonal to a space Y/v
spanned by so called test functions ii>(x)

{dtn
N + V-{nNvN),iP) = 0 (59a)

( / + V$JV x M ) = 0 V %) e YN (59b)

(V2$Ar + ?Vv,i') = 0, (59c)

In the following Q,v will denote the projection operator Qiv : X^ i—> Y^.
Formally, this method is equivalent to a variational method, the method of
weighted residuals, which require that

f(dtn
N + V • (nNvN)) t/»* dx = 0 (60a)

v
N x z) <iP* dx = 0 V ib e YN (60b)

/(V2$A ' ' + nN) i<* dx = 0, (60c)

where ip{x) are weight functions. Since x act as a dummy variable in the
integral we are left with constraints only on the expansion coefficients a*.(£).
The actual choice for Yjv will give approximations with different properties
and will be discussed in the following.
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4.1.1 Galerkin Discretization

For the Galerkin discretization we choose the test functions to be the same
as the trial functions, i.e.

YN = XN = span I eik'x <kk<

The system of equations (59) reduce to TV coupled ordinary differential equa-
tions

dtnk = - ^2 ivp-qhg (61a)
k=p+q

vk — —[ik^k] x z (61b)

$fc = nk/k2. (61c)

We note that the Galerkin method do not specify a grid in configuration
space. Also, the singularity at k = 0 is immaterial since ho does not enter
the dynamical equations.

A direct evaluation of the convolution sum is computationally expensive
as the operation count for the summation scales as O(M2) where M is the
total number of Fourier modes. This excludes the Galerkin method for prac-
tical use. However, a commonly applied remedy is to transform vp and iqhq

to configuration space by means of the fast Fourier transform (Orszag 1970).
Here the convolution sum is equivalent to a multiplication and with the trans-
form back to wavenumber space the operation count scales as 0(Mlog2 M).
If the convolution sum is evaluated by a transform method this scheme is
referred to as the pseudo spectral method.

4.1.2 Fourier Collocation Discretization

Another popular choice of test functions are the shifted Dirac delta functions,
ip(x) = S(x — x1), which yields the Fourier collocation scheme. Here, x' are
equidistant collocation points, i.e. x' = 2-nl/N and y' = 2irm/N. Hence, the
integrals in (59) become trivial and we obtain

=x,=0 (62a)

=x, = 0 (62b)

= 0 . (62c)

The discretized system of equations is exactly satisfied at the collocation
points. In contrast to the Galerkin method the Fourier collocation method
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gives the time evolution of the function values of n(x,t) at the collocation
points and is therefore dependent on a grid in configuration space.

So far it is not obvious how to obtain the spatial derivatives. For sim-
plicity we will consider how to calculate Q j y V $ \ Expressing <&A in terms
of the trial functions we get

N/2-1 A72-1

QNV®N = / I E ^ ik$ke
lkx I 8(x - x') dx

kx = -N/2ky = -N

N/2-1 N/2-1

= Y Y
kx = -N/2ky--N/2

which we recognize as the inverse discrete Fourier transform of ik^^. It
is important to notice that since $A' G X^ the Fourier coefficients $*. of
$ A are identical to the coefficients obtained from the discrete Fourier trans-
form. This is, however, not the case for $ G %. Here, the discrete Fourier
coefficients can be expressed in terms of the exact Fourier coefficients;

for mx,my G Z\{0}. Thus, $& depends not only on the fe'th mode, but
also on all the modes which "alias" the fc'th on the discrete grid (Canuto
et al. 1988). This result is due to the orthogonality relation (one dimensional
for simplicity)

N

*™> e~
inxi = N6m,n+lN, I e Z, (63)

where, an A'-periodicity is introduced.

4.1.3 Nonlinear Aliasing

It is well known that the trigonometric polynomials q>k(x) = elkx constitutes
an orthogonal system over the interval [0, 2TT]:

etmx e-tnx dx = 2ir5mnj (64)

where 8mn is the Kronecker delta. If the function values are known only
at the collocation points Xj, we have the orthogonality relation (63). This
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modification has important consequences for the use of transform methods
in solving nonlinear partial differential equations (Orszag 1970, Canuto et al.
1988). Consider the product w{x) = u(x) v(x) at the collocation points Xj.
Applying the discrete Fourier transform to both sides and expressing u(x)
and v(x) in terms of their Fourier coefficients we get

wk = ^^ upvq + X / UPVI
 m

p+q=k p+q=k+mN

The resulting expression contains two terms; the first is what we expect
from the continuous case, and the latter is a purely discrete effect due to
the orthogonality relation (63). It is therefore concluded that evaluating the
convolution sum by the discrete Fourier transform introduces errors which
may invalidate the numerical integration after a relatively small number of
time steps.

A remedy to solve this problem is to increase the number of modes in
the transform to 3iV/2 where the additional modes are zero. This causes
conflicts with our preference for transform lengths as powers of two. An
equivalent way is to have TV a power of two and zero pad all Fourier modes
where k > 2/3&max (Canuto et al. 1988). Although this example is given
for one dimension, it is easily generalized to two or more dimensions. For a
two-dimensional grid with TV2 grid points we throw away 4/9 of the Fourier
modes. This is not necessary if there is no energy in the largest wave numbers
due to e.g. dissipation.

Other approaches to avoid aliasing errors from the nonlinear products are
described in e.g. Canuto et al. (1988)

4.1.4 Relating the Galerkin and the Collocation Schemes

Although the Galerkin and the Fourier collocation method use different test
functions, the two methods can in some cases be formally equivalent. To
see this for the guiding center model it is sufficient to consider the evolution
equations (61a) and (62a). If the convolution sum in the Galerkin approach
is evaluated by transform methods, the continuity equation is given by

ik'-x7 vup • y nq I e

x \ k' \k'=p+q

ivp-qhq- Y2 ivp-qnq. (66)
k=p+q k=p-\-q±mN
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for mx,my £ Z\{0}. Similarly, from the collocation scheme we obtain

dthk = - ^2 ivp-qnq- ^ ivp-qnq, (67)
k=p+q k=p+q±mN

by applying the discrete Fourier transform. The equations (66) and (67)
are formally equivalent, except for possibly different initial conditions. This
indicates that the computational costs for the collocation method and the
Galerkin method utilizing transform methods for nonlinear products are iden-
tical. Furthermore, if the Fourier coefficients are zero padded according to
the 2/3-rule, we obtain the true Galerkin scheme.

4.2 Temporal Discretization

After discretizing the spatial part of the guiding center equations (1), the
semi discrete model (62) can formally be cast as

dtU(x',t) = F(U). (68)

Here U(x',t) = QN(nN(x,t)) and F(U) = QN{AfN{nN(xA))) where AfN is a
finite dimensional spatial operator. Thus, U(x'. t) represents the functional
values of nN(x,t) at the grid points, or collocation points x'. The liter-
ature is quite extensive on methods for integrating equations of this type
(Gazdag 1976, Williamson 1980, Burden & Faires 1989, Press et al. 1992)
and a number of standard methods are provided. Our system of equations is
formulated as a mixed boundary and initial value problem where the electron
and ion density is given at t = 0. In particular, the boundary conditions are
automatically satisfied by the trial functions.

We initially choose a fourth-order Runge-Kutta method. This method is
explicit in the sense that it only requires knowledge of F(U) at t = nAt in
order to predict the solution at t = (n + 1) At,

K\ = AtF(Un) (69a)

K2 = AtF(Un + JM/2) (69b)

Ar
3 = AtF{Un + A'2/2) (69c)

K4 = AtF(Un + K3) (69d)

Lm+i = Un + l (Ki + 2K2 + 2A'3 + KA). (69e)
6

The x' dependency is suppressed for simplicity. This method has proven to
be both robust and stable, but we notice that it requires four evaluations
of the spatial operator which is unacceptable in terms of computing time.
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If memory is a concern and restricts the number of large arrays which can
be present in memory simultaneously, different low-storage versions of this
algorithm can be found in the article by Williamson (1980). Since still higher
resolution is always sought, this is important even if new computers with
more memory is provided.

The major drawback of the Runge-Kutta method is the unacceptable
number of evaluations of the spatial operator F required to advance the so-
lution in time. Other algorithms have better performance characteristics, i.e.
the Adams-Bashforth predictor-corrector method (Burden & Faires 1989).
This algorithm consist of two steps. First a prediction Un+1 is given based
on three previous versions of F. Next, the solution at (n + l)At is im-
plicitly corrected by evaluating F at the predicted solution Un+l. Setting
Fn = F(Un) we get the following scheme;

12
jjn+l = Un + ^ i UFn+l + g^n _ pm-l\ _ ( ^

Finally, the variables are updated to reflect the new time step:

Fn~2 = Fn'1 (71)
Fn-i = Fn ( 7 2 )

Fn =

This method requires two evaluations of the spatial operator in order to
advance the solution in time. Since knowledge of three previous time steps are
required, the fourth-order Runge-Kutta method is used to initialize our code
before we switch to the faster Adams-Bashforth predictor-corrector method.

The method presented in (70) is known as a fully corrected version. An
even faster method, where only one evaluation of F is necessary, is obtained
if we avoid the evaluation involved in Fn = F(Un+1) by setting Fn = Fn+1.
This corresponds to a partially corrected method (Gazdag 1976). A simple
test of the partially corrected method was carried out where the relative error
at t = nAt was denned as

Here U is obtained from the fully corrected Adams-Bashforth method while
U' corresponds to the partially corrected method. In a simulation with a
spatial resolution of N = 1282 grid points, the relative error was found to be
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~ 10 7 after 5000 time steps. Thus, the partially corrected Adams-Bashforth
method can safely be used instead of the more time consuming fully corrected
method.

4.2.1 Stability

The spatial operator F which enter the evolution equation (68) is in general
nonlinear. Stability analysis, however, is based on the linearized version of
(68). If L denote the linear approximation to F the equation (68) reduce to

dtU = L{U). (74)

Also, the spatial discretization is considered to be fixed, and let Un denote
the computed solution at tn = nAt. The temporal discretization is stable if
there exists constants 8, C and K independent of At, such that for all T > 0,

| |C/»| |<Ce* r | |£/° | | , (75)

for 0 < tn < T and for all 0 < At < 8. A more restrictive condition, which
does not allow the exponential growth permitted by (75), can be stated for
the scalar problem

dtU = XU. (76)

The region of absolute stability for a temporal discretization of (76) is defined
as the set of all XAt such that \\Un\\ is bounded as t —>• oo. Thus, a temporal
discretization to (74) is asymptotically stable if every A;At lies inside the
region of absolute stability where A; are the eigenvalues of the linear operator
L. The eigenvalues are unknown for our discretized system and we choose
a third order Adams-Bashforth method and a Fourth order Runge-Kutta
method since their region of stability includes parts of both the real and
imaginary axis.

Of the different models presented in section 2 and 3 we have only imple-
mented the system of equations (1), (31), (37) and slightly modified versions
which all have in common that no linear approximation exist for the spatial
operator. Thus, we have no theory for the stability properties of our imple-
mentations and have therefore chosen the time step according to practical
rules of thumb and trial and error. An obvious approach is to chose At in
agreement with the Courant-Friedrich-Lewy stability criterion (Mitchell &
Griffiths 1990) which require the time step to be smaller than the time it
takes a perturbation to propagate from one gridpoint to another. In two
dimensions this implies that the so called Courant number,

C - At max vx\ \vy
Ax' Ay
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should be less than one. However, from the numerical simulations it was
found that in order to obtain a stable solution, in terms of the stability
criterion (75), the time step should be chosen so that C < 0.25.

To estimate the errors in the time stepping scheme we monitor the local
truncation error (LTE). For simplicity we consider the scalar problem in (76).
The predictor step in the third order Adams-Bashforth method (70) has a
local truncation error

— ' + . — = -U^faAAt4, (77)
At 8

where Wi+i denotes the computed solution at U+i, U^ = d\U and U-2 < fa <
ti+i. This error is termed local because it measures the difference between the
true and the computed solution under the assumption that the true solution
was known exactly at the previous time steps (Burden & Faires 1989). A
similar expression is obtained for the corrector step in (70), i.e.

i) - wi+i

At 24
where tj_2 < fa < U+\. Assuming gentle variations in U^ over a few time
steps we have U^(fa) « U^(fa). Subtracting (78) from (77) we obtain

U{i\fa) = (wi+1 - ^+ i)24/(10At 5) .

This result is then used in (78) and we obtain for the LTE

\U(ti+1)-wi+1\ _ 1 ,
r**s Wi-\-^ — UJi-\-'\ . \ l\y)

At IQAt
Again, this is a local error estimate and does not give information about
the total error accumulated over many time steps. However, if the time
stepping produce an approximate solution which is always too large (or too
small), the accumulated LTE gives a worst case error bound. In Fig. 11 the
accumulated LTE is shown for a fixed integration period, but varying At.
The accumulated LTE clearly display a linear relation to the number of time
steps. Table 1 shows the Courant numbers and the conservation of enstrophy
and energy for the simulations shown in Fig. 11.

It may be objected that the error from the finite difference methods in
time will swamp the spectral accuracy of the spectral discretization in space.
This is not necessarily true since the spatial discretization constrains the
maximum allowable time step to achieve stability. Also, the characteristics
of the errors are different for say finite difference and spectral methods. It is
shown that finite difference methods in space often produce large phase er-
rors rather than amplitude errors (Canuto et al. 1988), which makes spectral
methods more preferable in some respects. Finally one should not underes-
timate the simplicity of implementing, say the Fourier collocation method.
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Figure 11: The accumulated local truncation error (LTE) is shown for
three cases with a successively smaller time step, i.e. Ai3 = Af2/2 =
Ati/4 for A), B) and C) respectively.

Run
A
B
C

C N AVV/VV

4.49E-01
2.25E-01
1.12E-01

1.25E+03
2.50E+03
5.00E+03

1.00E-02%
1.76E-03%
5.84E-04%

2.09E+00%
2.09E+00%
2.09E+00%

Table 1: Parameters for the simulations shown in Fig. 11. Here C
is the Courant number, Ar is the number of time steps and AA" and
AVV are variations in enstrophy and energy.
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4.3 Tracking Test Particles

In the appendices A and B we study some of the transport properties of two
dimensional flows by means of tracking test or fluid particles. Fluid particles
are defined as passive particles which do not contribute to the total density;
they are simply convected by the flow.

The position of a fluid particle is given as

t

X(t)= f v(X{t'),t')dt'. (80)
o

If the Eulerian velocity field v(x, t) is known, e.g. from numerical simulations
or from experiments, the Lagrangian position is easily found by integrating
the velocity, equation (80). This can be done by a second order Runge-Kutta
scheme

~ 7?4-1

X =Xn + Atv(Xn,nAt) (81a)
Xn+1 _ Xn + At | v ( X n ) ^ + v(X

n+\ (n + l ) A t ) J (81b)

This is an initial value problem where the initial position of the particles must
be prescribed. A problem is that for numerical simulations we only know the
Eulerian velocity at the grid points. Therefore we interpolate the velocity
in order to obtain approximate results at the position of the fluid particle.
We expect the accuracy of this integration to depend both on the method of
integration and the interpolation routine. Results from Yeung & Pope (1988)
indicate that the error originating from the interpolation method plays a
more important role than the error caused by a poor integration technique.
The Eulerian velocity field contains a significant amount of energy in the
highest wave numbers due to nonlinearities in the governing equations. This
rules out a linear interpolation scheme for our purpose. The other extreme is
Fourier interpolation which provides high precision estimates of the velocity
at the particle position, but at unacceptable computational expenses. Yeung
& Pope's (1988) compared several methods for interpolation, higher order
Taylor expansions, splines and bi-cubic splines, and found that the bi-cubic
spline method was far superior to the others.
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5 Concluding Remarks

A brief introduction to nonlinear phenomena in two dimensional plasma flows
has been presented. Particular attention was given to simple models describ-
ing flute and drift modes. Although the derivations of the model equations
are based on different assumptions regarding the plasma conditions, the re-
sulting equations exhibit similar behavior in some respects. For instance,
both the simple guiding center model (1) and the Hasegawa-Mima model
(41) have stable dipolar structures. The inverse cascade was also found in
both models. However, it is evident that there are significant differences,
first of all the Hasegawa-Mima model assumes a background density gradi-
ent which makes it an inhomogeneous model. Secondly, in this model the
electrons respond instantaneously to variations in the ion density by moving
along the magnetic field, thereby introducing Debye shielding.

A severe deficiency of the Hasegawa-Mima model is that perturbations
have to be introduced initially contrary to the experimental evidence for drift
waves being generated by a linear instability. However, with the introduc-
tion of a finite electron resistivity along the magnetic field, the Hasegawa-
Wakatani model (50), the fluctuations can grow from an initially small noise
level by the linear instability and eventually spontaneous formation of coher-
ent structures can be observed. Also, the full three dimensional Hasegawa-
Wakatani model contains both the guiding center equations and the Hasegawa-
Mima equation in the appropriate limits. This, in particular, allows cou-
pling of drift waves and flute modes which is considered to be of great in-
terest for plasma transport perpendicular to the magnetic field (Cheng &
Okuda 1977, Biskamp & Zeiler 1995).

The problem of turbulent, or anomalous, transport is one of the most
important ones for the understanding of mixing of plasma in the ionospheres
and magnetospheres surrounding planets and stars. Also, for confinement
of hot plasmas in fusion experiments it is expected that turbulent transport
is the limiting factor for the energy confinement times which it is possible
to achieve. Full scale numerical simulations is possible only for very spe-
cial cases, and usually it is very simplified and idealized models which are
approached. Also the very nature of the turbulent transport is usually ide-
alized by considering only the diffusion of individual test particles, pairs of
test particles or small clouds of such particles. These particular problems
are also those most amenable for theoretical studies. In many ways, the
problems concerning turbulent transport in fluids and plasmas can be de-
veloped along the same lines, and significant progress has been made by
combing results from studies of turbulent plasmas and neutral fluids (Horton
& Hasegawa 1994, Nezlin & Chernikov 1995). It can of course be argued

45



46 CONCL UDING REMA RKS

that these simplified models are too far from reality to allow any predictions
of transport coefficients or, say, anomalous heat conductivities in actual ex-
periments. On the other hand it is fair to point out that if not even these
simple models can be understood or analyzed in depth, then it seems rather
unlikely that any full scale model will ever be understood. The question of
single particle diffusion in turbulent environments seems to be well under-
stood and simple models seem to work well, at least for idealized conditions;
appendix B contains some examples. Also good progress has been made
concerning relative particle diffusion of two simultaneously released particles
(Misguich et al. 1987). The problem dealing with the diffusion and expan-
sion of a cloud of contaminant in the plasma is however not well understood.
It is evident that the proper quantity to be studied is the concentration
probability density, as done in appendix A. We believe that this complex
of problems holds promise, even for the restricted two dimensional models
used in the enclosed publications. The limits of applicability of the scaling
laws demonstrated in appendix A should be explored, for different turbulent
spectra. In particular also the effects of molecular diffusion on the erosion or
smearing out of the small scale, thin filaments developing in the cloud should
be studied. To illustrate the problem, we may for instance consider a specific
example of a small population of ionized contaminant released in a strongly
magnetized turbulent plasma. The expansion of this cloud along the mag-
netic field lines is relatively trivial and uninteresting. On the other hand,
the understanding of the transport across the magnetic field is of central
importance in many contexts. This process is complicated by effects like the
meandering of the entire cloud while it expands and deforms with long fila-
ments developing due to the shearing motion. Although it can be interesting
to investigate individual realizations, only a statistical analysis is meaningful
for a practical application. The analysis is most easily carried out in un-
bounded, periodic systems. The introduction of boundaries is important for
approaching physically realistic conditions. Such an attempt was made in
appendix C and several suggestions for numerical implementations of such
problems is reported in the literature (Marcus 1990, Bergeron et al. 1996).

Also other aspects of turbulent fluctuations contain interesting, and not
well understood problems. For instance, the evolution of turbulent spectra
and the importance of coherent structures in this process deserves further
scrutiny. Results by Nielsen et al. (1996) indicate that a Kolmogorov like
spectrum is obtained from the merging of two finite size vortices. Early
work by Novikov & Sedov (1979) on point vortices also noted the systematic
transfer of energy in the case of a triple vortex collapse. With the new
understanding of the triple vortex collapse and the arrest of the expansion
for shielded systems, see section (2.1.1), it would be worthwhile to study the
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energy distribution for a triple vortex system, with finite size vortices, which
undergo successive expansions and contractions in configuration space.

Standard investigations of the dynamics of two dimensional plasmas as-
sume a simple guiding center model, where the finite Larmor radius effects
are ignored. The analysis of appendix B allows a straight forward inclusion
of the lowest order FLR effects. The implications of this model have still not
been fully explored, and in particular it is worthwhile to extend it by inclusion
of also the lowest order correction due to the polarization drift. This will be a
future study. The basic properties of the flow, say the behavior of the energy
spectrum or coherent structures, are interesting by themselves. However, for
practical purposes it is the consequence of a given property which makes it
interesting. This has motivated our study of the finite Larmor radius effects
in relation to transport and also the connection of the concentration of a
passive contaminant and the probability distribution function.
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Abstract. - The dispersion of a cloud of passive test particles in homogeneous and isotropic
two-dimensional turbulence is studied by direct numerical simulation. The basic statistical
properties of the concentration of the cloud are analyzed with particular attention to space-time
variations in the center-of-mass frame. Approximate analytical expressions for the concentration
and the concentration fluctuations can be obtained from the power spectrum of the velocity
fluctuations.

An important problem in the analysis of turbulent diffusion is the determination of the
statistical properties of the concentration field of a contaminant released in a turbulent flow at
some initial time or, alternatively, by a continuous source [l]-[5]. The theoretical and numerical
investigations have been concentrated on the most easily obtainable lowest-order statistics, the
local average concentration and the concentration fluctuations, for instance.

The basic equation for the present numerical analysis is expressed in terms of the stream
function, <P, and vorticity u as

^ ^ + V#(r, t) x e • V«(r, *) = 0 . (1)

The flow is incompressible, V • v = V • V#(r, t) x e = 0 with V x v = ue, with e perpendicular
to the plane of analysis. Equation (1) is solved numerically on a square grid with doubly
periodic boundary conditions by a de-aliased spectral code. In our simulations we used a
spatial resolution of 128 x 128 gridpoints. The problem is here strictly two-dimensional, and
for instance surface tension effects or friction with a supporting bottom surface are ignored.

We considered two basically different approaches for the simulation of steady-state turbu-
lence; one corresponding to a standard turbulence simulation, where energy is fed into the
fluctuations at certain scales and dissipated at others. Alternatively, a non-dissipative system
can be simulated directly by (1), where the energy density is determined entirely by the initial
conditions. The present study is based on the latter model because here the steady-state
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spectrum can be analytically determined a priori. For the basic equation (1), an analysis of
the averaged velocity power spectral density as a function of wave number can be expressed
as [6], (7)

for a truncated, discrete Fourier representation, where (5 and 7 are two constants determined
by the initial conditions, giving a characteristic wave number A;2 = /?/7- Equilibrium spectra
facilitate simulations for obtaining ensemble averages, where many statistically equivalent
realizations are computed, by starting with the same spectrum in each case but allowing for
different initial phase distributions. For the driven-dissipative system, the spectrum has to be
obtained from the simulations, and can therefore be known only with limited accuracy.

The statistical properties of the space-time varying concentration, c(r', £), are best described
by the probability density P(c;r'.t) for c at a given position r' and a certain time t. In
terms of the coordinate r with origin in the center-of-mass position R, and using Bayes'
rule, this probability can be rewritten as P(c; v,t | R)P(R, t). The probability density for
the center-of-mass position is P(R. t). Most of the important information is contained in
P(c; r, 11 R). However, even this function contains too much information in the sense that its
full space-time variation can be difficult to present. It is, therefore, customary to consider only
its lowest moments, the average local concentration C(r, t) = (c) = J^ cP(c: r. t | R)dc and
the standard deviation a2(r, t) = {(c - C)2} = /0°°(c - C)2P{c; r, 11 R)dc.

In the simulations a spatially continuous cloud of a passive marker fluid is considered, rather
than a cloud of individual test particles. The initial distribution of the cloud is modelled by
a superposition of several "water-bags", i.e. spatial domains denned by a boundary where
the corresponding density of the test fluid vanishes outside, while it is constant within. Any
density distribution can be modelled to arbitrary accuracy, given sufficiently many water-
bags. For a limited number of water-bags, the method is simple to implement numerically:
only the individual contours need to be followed in time. This method avoids the negative
concentrations which can arise due to Gibbs's phenomenon in standard spectral codes (even
if molecular diffusion is included).

Several problems have been analyzed; the diffusion, or meandering, of the center of mass,
the relative diffusion of volume elements as measured by the expansion of cloud, the elongation
of the contours, and the statistics of the concentration in absolute as well as center-of-mass
coordinates. Here, some results obtained by following a limited number of water-bags are
presented. Since the flow is incompressible, the area inside each contour is conserved. This
is used to confirm the accuracy of the contour code. Areas are conserved at all times within
1/2%. The accuracy of the flow simulation code based on equilibrium spectra can be tested
by verifying conservation of energy and enstrophy. These conservations are better than 1/2%
at all times.

The spectral subrange k > ko will have properties similar to an inertial subrange of a
turbulent spectrum. One advantage of using equilibrium spectra is that ko can be varied by
simple modifications of the initial conditions. An important parameter for the cloud evolution
is £ô o> with £0 being the typical initial scale size for the cloud. If £0 ^ l/&0i the initial
evolution will be determined entirely by the inertial subrange and self-similar properties of the
evolution can be anticipated. We expect that the memory time of the initial concentration
distribution is longer in the coordinate system following the center of mass of the cloud. Our
analysis is restricted to this frame of reference, although also the information on the absolute
diffusion of the center of mass of the cloud is available, as well as the position of any individual
point in a contour, without additional computations. In the simulations presented, we chose
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Fig. 1. - Equi-streamfunction contours (thin dashed lines) from a simulation taken at selected times,
t = 0,1, 2 and 3 in computational units. The gray-scale coding gives the distribution of three uniform
density passive test clouds, or "water-bags", dispersing in the flow.

initial conditions corresponding to the spectrum (2) with A = 1, /? = 10 3 and 7 = 10 1 and a
10 x 10 square system, giving an effective power spectrum E(k) ~ 10/A;2 in the entire spectral
range of relevance.

Most of the results are presented in form of spatial variations at selected time steps.
Qualitatively the results can be interpreted [1] as representative for downstream observations
of a slender plume from a continuous source in a strong mean wind, UQ. in the z-direction.
with time taking the role of the z-coordinate, z — Uot. Figure 1 shows equi-streamfunction
lines and contours of 3 water-bags at selected time steps. The contours are strongly deformed
and elongated, while the entire cloud is displaced by meandering caused by the largest scales
in the flow.

The expansion seen in fig. 1 is on average primarily due to scales smaller than or comparable
to the average diameter C(t) of the cloud [2], [8]. In terms of the lateral-component spectrum.
Fxx. the energy available for cloud expansion is

x=2
<1/C(t) l/C{t) JQ

where it is implicitly assumed that E(k) vanishes for k > kmax, the maximum wave number
in the simulations. We(t) is increasing as the cloud expands. Thus the cloud expansion rate
increases with time. As there is a certain arbitrariness in the arguments giving (3), a numerical
factor of order unity can be included. In the short-time limit, an approximate relation for C2(t)
can be obtained as [8]

dC2{t)
dt

(4)

with initial value CQ. For times where km^x < £2 < fc0
 2 we used that E(k) ~ A/(-yk2) for

k 3> ko, see also [9]. In this limit the solution can be obtained analytically in implicit form
in terms of the exponential integral. We show this result by a dashed line in fig. 2 a). It is
interesting that this simple scaling argument indicates agreement with the simulation results
given in full line. In the limit C2 > kg2, the relation (4) has to be modified and a diffusion
type of expansion, £ ~ t, is obtained [8].

In fig. 2 b) the average lengths of the contours are shown as a function of time. An
exponential elongation is evident. The statistical spread of the contour length over the
realizations is largest for the initially smallest contour. The analysis of Batchelor [10] predicts
such an exponential elongation of a line element with an exponent proportional to, and of the
same order of magnitude as, the root mean square of the Eulerian spatial velocity derivatives.
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1 =.

Fig. 2. - Temporal evolution of the average cloud diameter in its center-of-mass frame in a), and its
circumference in 6), shown for 3 initial cloud diameters, 0.3, 0.6 and 0.9. The dashed line in a) gives
analytical results based on (4). The results were obtained by averaging 50 realizations. The bars
indicating statistical variation correspond to one standard deviation.

Applying these results to successive elements along a contour, we expect an exponential
elongation of the entire contour. Estimating the rms value of the Eulerian spatial velocity
derivatives by (/ / k2E(k) dkx d/cy)

1//2, we find agreement with the time scale of the elongation
rate in fig. 2 b) within an order of magnitude.

For a single water-bag, the intermittency is defined as the probability a for a selected spatial
position to be inside the cloud [3], [11], [12]. Normalizing the initial concentration to unity
we have P(c;r',t) = a6(c — 1) + (1 — a)8(c), where a = a(r',£). In this simple case C = a
and a2 = a - a2. In particular, the normalized fluctuation is given by ojC = yj(a — a2)/a2.
For the present problem, a/C diverges as l/^/a = \j\fC for small a at the edge of the cloud.
For large times after release the average center-of-mass concentration is well approximated by
a Gaussian in our case, just as in experiments [5]. In this limit, the average concentration
can be determined by one time-varying parameter, namely the cloud diameter £(£), which has
an implicit analytic expression in (4), i.e. the corresponding concentration can be expressed
as C(r,t)/Co — 2/(TT£2(£)) exp[-2r2/£2(£)]. As a consequence, for large times the entire
statistical information concerning the concentration fluctuations for a single water-bag cloud
release can be derived from (4) solely from the power spectrum of the fluctuations in velocity.

Extensions of these results are obtained by including several water-bags treated as additive
immiscible fluids. The local concentration is C — Yljcjaji with Cj being the (constant)
increase in concentration associated with each water-bag. We postulate that the normalized

Fig. 3. - The average concentration C(r, t) at selected time steps in the center-of-mass frame. The
time interval between frames is 1.5 in computational units. Spatial ranges are ±0.75 in both directions.
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1.5 -

Fig. 4. - Radial variation of cr2/C, shown at selected time steps. The results are for conditions as in
fig. 3.

standard deviation can be approximated as

(5)

This relation is certain in the case in which the evolutions of the individual clouds labelled
by j = 1,2,..., N are statistically independent. This is generally not so since all individual
water-bags are confined within the larger ones at all times due to the incompressibility, and
all the clouds in a given realization are under the influence of the same fluctuations. It might,
however, be expected that (5) can be justified as an approximation in the center-of-mass frame
of reference, in case it can be argued that all the statistical information is exhausted by bringing
all clouds into this frame. For large times, the dominant correlation between individual
constituent clouds is due to the large-scale fluctuations which give rise to the meandering
of the entire cloud. In the center-of-mass frame individual elements of the clouds are assumed
to diffuse independently due to small-scale fluctuations, at least to an approximation.

The approximation (5) becomes particularly simple in cases where Cj — c for all j . In the
limit of small OCJ the relation (5) reduces to

a/C
1

(6)

indicating a simple relationship between concentration and normalized concentration fluctua-
tions which can be compared with experimental or numerical results. The relation (6) can also
be obtained as a limiting case of a result in [12] obtained by a different reasoning. Figure 3
shows the full spatial concentration obtained as an ensemble average over 50 realizations from
simulations containing three water-bags. According to (6) the quantity a2 jC is independent
of spatial position (at least for large times and large radial positions in the cloud) but possibly
varying with time. The numerical results for a2jC shown in fig. 4 behave in accordance (within
±10%) with this prediction.

Within the present approximation an estimate for C(r, t) can be obtained by a universal
exponential form with a single effective cloud diameter, C(t). With the result (6) this means
that the entire average concentration and concentration fluctuation of a cloud released in
two-dimensional turbulence can be approximated by a single parameter, C(t), which can be
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derived from (4) when the power spectrum for the turbulence is known. The arguments do not
rely on any special spectral shape, and can therefore be tested on the equilibrium spectrum (2)
as well as any other spectrum.

Results from numerical simulations of clouds expanding in a 2-dimensional turbulent flow
have been presented. The results were related to analytical expressions based on simple
scaling arguments. Basic concentration statistics in the center-of-mass frame of reference were
provided in terms of the time evolution of the average concentration and the local concentration
fluctuations using a spectral code without viscosity. The concentration distribution of a passive
test cloud was modelled by a superposition of water-bags. A generalization of our codes to
driven-dissipative systems, including Coriolis force, is straightforward. Simulations with the
purpose of direct comparison with atmospheric releases require extensions to three dimensions
and inclusion of molecular diffusion. The problem of elongation of contour lines remains
meaningful and interesting also in 3D without molecular diffusion, and can be analyzed as in
the present study. The equivalent of a water-bag will be a closed surface in 3D. The evolution
and deformation of such a surface poses an interesting but computer-intensive problem. The
consequences of molecular diffusion for the analytical results have been discussed in, e.g.. [12].
The assumption of stepwise constant concentrations can no longer be maintained when molec-
ular diffusion is included, and this problem is numerically analyzed best by considering a
continuously varying cloud concentration.
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Low-frequency electrostatic turbulence in low-/3 plasmas is studied in two spatial dimensions by direct
numerical simulations. In this limit the guiding center velocity in the direction perpendicular to a homogeneous
magnetic field is in a first approximation the EXB0/Bl velocity. The electron Larmor radius can safely be set
to zero for most relevant conditions, but the ion dynamics are noticeably influenced by their finite Larmor
radius. In the present study we use a fluid model where these effects are included by a simple filtering
operation. The equilibrium spectra are investigated and compared with known analytical results. Particular
attention is given to the finite Larmor radius effect for the turbulent diffusion of charged particles across
magnetic field lines. The integral time scale and the micro time scale associated with the velocity correlations
for the turbulent flow are discussed with attention to their dependence on the finite Larmor radius corrections.
Finally, the numerical code is generalized to a hybrid model, which incorporates many ion species with
different Larmor radii simultaneously present in the flow. [S1063-651X(97)00601-6]

PACS number(s): 52.65.-y, 52.25.Gj

I. INTRODUCTION

Low-frequency electrostatic turbulence in strongly mag-
netized plasmas allows the analysis to be carried out in two
dimensions in the limit where magnetic field lines can be
considered equipotential, and the magnetic field assumed ho-
mogeneous. Then the local plasma velocity can be approxi-
mated by v= — V4> XBQ/B0, provided characteristic frequen-
cies are well below the ion gyro frequency ilci. The
equation of continuity for electrons and ions then becomes
the Euler equation

dn, :{r,t) 1

~^f + ir
at D0

(1)

where [ , ] denotes Poisson brackets and the electrostatic
potential <I> takes the role of the stream function. Together
with Poisson's equation

,r)= [ni(r,t)-ne(r,t)l (2)

a closed, standard equation is obtained for <t>,

d

Jt (3)

The equation is written in dimensionless form and the correct
length, time, and potential are found by multiplying with
r0, t0=(oci/(i>pi, and 4>o = noero/eo» respectively. Here r0 is
a scale length characterizing the initial condition. Since there
is no characteristic spatial scale length in the equations, the
turbulence for the zero Larmor radius model is scale invari-
ant. This model has been extensively investigated, for in-

stance, by Seyler et al. [1], and a review of its implications
to ionospheric turbulence is discussed by Kintner and Seyler
[2].

Equations (1) and (2) assume that the positions of the
charged particles are well approximated by their guiding
centers. For electrons this is valid for most physically rel-
evant cases, but the assumption might fail for the ions due to
their larger Larmor radii. A straightforward, but computa-
tionally costly, remedy assumes a full gyrating particle de-
scription. A standard fluid model, where the finite Larmor
radius (FLR) effects are introduced through the gyro viscos-
ity, was derived by Braginskii [3]. Recently this analysis has
been extended by Smolyakov et al. [4].

A simpler fluid model includes the lowest order FLR ef-
fects by introducing an operator acting on the electric field
[5]. By this the averaging of the electric field along the cir-
cular gyro orbit of an ion with gyro radius p is approximated,
with the assumption that the characteristic length scale for
the electric field variations is much larger than p. The result-
ing ion gyro center velocity is obtained as

(4)

The effective ion EXB velocity thus differs from that of the
electrons, i.e., the ion mobility differs from the electron mo-
bility due to FLR effects. The model (4) has been discussed,
e.g., by Stasiewicz [6] in the case of large Larmor radius
effects in the magnetosphere. When polarization drifts are
ignored this approximation is formally adequate, but it is
incorrectly weighting short scale length fluctuations. Even if
their amplitude is by assumption small, this weighting is nu-
merically unfavorable. An alternative and numerically more
robust model was suggested by Knorr et al. [7], where a fluid
model is formally retained, but the averaging along the ion

1063-651X/97/55(l)/982(9)/$10.00 55 982 © 1997 The American Physical Society
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orbit is carried out accurate to all orders. Also the modifica-
tion of ion density is included since the ion density differs
from the guiding center density when FLR corrections are
included; a modification of the effective ion drift alone is
insufficient and gives an inconsistent model. The resulting
numerical scheme is easy to implement and is only slightly
more time consuming than the solution of (4). Analytical
results are available for the model which can serve as non-
trivial tests of the code.

The paper is organized as follows. In Sec. II the model
and its applicability are discussed, both for a two-fluid and a
multi-ion fluid model. In Sec. Ill an outline of the numerical
implementation is given. Analytical expressions for the as-
ymptotic state of the two-fluid model is compared to results
from direct numerical simulations in Sec. IV. Next, in Sec. V
the dispersion of passive test particles and the corresponding
time scales are presented for a systematic variation of the ion
Larmor radius. Finally, our results are summarized in section
VI.

II. FLR CORRECTIONS TO ARBITRARY ORDER

A computationally preferable alternative to (4) is to retain
the full expression from the averaging of the electric field
over the gyro orbit. As previously discussed, the electric field
experienced by a gyrating charged particle is no longer the
same as the electric field evaluated at the guiding center.
Knorr et al. [7] derived an expression for the corrected guid-
ing center velocity, indicated by an overbar,

(5)

where the vector component vk, without the overbar, is ob-
tained from the EXB velocity evaluated at the guiding cen-
ter. Jo is the Bessel function of order zero. The polarization
drift is ignored, imposing restrictions on the applicability of
the model [7]. The relative magnitude of the polarization
drift as compared to the EXB drift is in a first approximation
{a))/wci, where the characteristic frequency (OJ) is to be
obtained along the particle trajectory. As an estimate we
have {w)~&i;th in terms of the thermal velocity and wave
number, giving (a>)/a)ci~kp. The polarization drift may be
ignored for small kp in strongly magnetized plasmas. The
latter requirement implies u>2

pi<u>2
ci in the low-frequency

relative dielectric constant e± = 1 + oi2
pilu>ci. Note that the

FLR-corrected flow remains incompressible, just as the
EXB flow.

A series expansion of JQ(kp), assuming kp<l, gives
yo(jfcp)«= 1 — ^(/tp)2. Retaining only the leading terms, we
obtain the standard [5] correction to the guiding center ve-
locity as given by Eq. (4). From the series expansion we note
that FLR corrections correspond to a reduction in magnitude
of the guiding center velocity for a harmonically varying
electric field. The governing equations remain well behaved
for all p, in particular also in the limit p—>co since
J0(kp—• °°) = 0. It should be emphasized, however, that this
limit is inconsistent with the basic physical assumptions un-
derlying the expression for the guiding center drift.

The effective, or corrected, guiding center velocity dis-
cussed in this paper is distinct from the velocity appearing in

the usual fluid equations; in that case the velocity is the
average of all particle velocity vectors crossing a small ref-
erence area.

Also the ion density has to be corrected for FLR effects.
Describing the dynamics of a magnetized, low-/3 plasma on
a plane perpendicular to the magnetic field, the perturbations
are assumed to be strictly B-field aligned. The guiding cen-
ters of electrons and ions are then assumed to be uniformly
distributed along magnetic field lines, and the phase angles
in the gyration to be uniformly distributed in the interval
[0,2TT). The projection of the particle positions on the plane
of analysis is then uniformly distributed on a circle for par-
ticles with given Larmor radius and gyro centers on a given
magnetic field line. The analysis is similar to that giving the
corrections to the EXB velocity [7] and the result is

= 2 Jo(kp)nk exp(ik-x). (6)

From a prescribed guiding center density n(x) we now cal-
culate the corresponding charge density by filtering the Fou-
rier coefficients of n(x) with gk=JQ(kp), or alternatively, by
performing the appropriate convolution in configuration
space.

Physically, the inclusion of FLR corrections consists of
the following steps; first the Poisson equation is solved to
give the electric field. Then the effective electric field is de-
termined, corresponding to the appropriate Larmor radius for
the given particle species. The particle guiding centers are
moved in response to this effective field, with the density of
the appropriate guiding centers following a continuity equa-
tion. Then the electric field is again obtained from Poisson's
equation, where the local electron and ion densities are ob-
tained for the given guiding center density by distributing the
particles along their appropriate circular orbits as already de-
scribed.

If the initial distribution of any of the species is uniform,
it will remain so also at later times due to the incompress-
ibility of the flow. Initial conditions where only the electron
component is perturbed will therefore be unaffected by FLR
effects and the time variation of the electric field will be
similar to the one described by e.g., Seyler et al. [1].

In dimensionless units the governing equations, with the
FLR corrections incorporated, take the form

dt

dne

~dt

(7)

(8)

(9)

(10)

where v and n are obtained from Eqs. (5) and (̂ >), respec-
tively. Again it should be stressed that ne and n, are the
electron and ion guiding center densities, respectively. A
typical simulation of the potential evolution is shown in
Fig. 1.
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time = 0.0 time = 2.0

time = 4.0 time = 6.0

FIG. 1. The time evolution of the potential in a simulation with
one electron and one ion species, where p = 0.5 and the spatial
dimension is [0,10)2 in dimensionless computational units. The
solid contours indicate a positive potential, while the dashed con-
tours correspond to a negative potential.

In the derivation of the governing equations (7)-(10), it
was implicitly assumed that all the ions had the same Larmor
radius. This constraint may be relaxed by averaging the ion
velocity, or equivalently the ion Larmor radius, over a Max-
wellian velocity distribution. Thus the averaged filter coeffi-
cient becomes gk=exp[ — (pk)2/4]. Effectively, this model as-
sumes that the relative distribution of ion Larmor radii
remains the same in a fluid element during its propagation
and deformation. This assumption may be difficult to justify
for a collisionless plasma.

Alternatively, we may construct a hybrid model consist-
ing of many ion species, each characterized by their respec-
tive Larmor radius p. The electrons still obey the continuity
equation (8), while each ion species follows a continuity
equation

dnt,
(11)

In addition, the Poisson equation must be modified to include
the charge contributions from each ion species,

.yB- (12)

First we demonstrate the results from a simulation where
all the ions are assumed to have the same Larmor radius.
Next, we include several ion components, with different Lar-
mor radii, which interact through the collective electric field.
As mentioned, consistency with the derivation of the basic
equations, where polarization drifts were ignored, requires
p to be much smaller than the scales characterizing the fluc-
tuations and the size of the system. However, in the follow-
ing we relax this condition somewhat in order to bring out
the basic features more clearly.

III. NUMERICAL CONSIDERATIONS

The system of equations (7)-(10) is solved on a square
grid with spatial dimensions [0,L)2 in dimensionless compu-
tational units. In the present simulations we used N2 grid-
points with A?= 128. The parameters L and N are chosen
independently. To approximate the spatial derivatives we
employed a standard Fourier collocation scheme [8,9], with
isotropic zero padding to avoid aliasing errors from the non-
linear products. Here all wave numbers where \k\^2kml3,
with km = 2TrN/(2L), are zero padded. The Fourier colloca-
tion scheme enforces periodic boundary conditions. Al-
though inclusion of a large number of ion species in the
extended system will give a time consuming code, a moder-
ate number is acceptable on a parallel machine. Therefore the
equations were implemented on an IBM-SP2 with 16 nodes.
Each fluid is then assigned to a node and communicates with
the master node at every time step in order to update the
electrostatic potential.

To integrate the system of equations (7)-(10) in time, we
used a fourth order Runge-Kutta method for the first two
time steps. Then, we applied a partially corrected third order
Adams-Bashforth method [10]. Here, the solution of an or-
dinary differential equation in the form

dC
(13)

is advanced in time by

^•n + 1 __ i ' +5F"" 2 }
Af
—{23F«-

At _
— { n

where F" + 1 = F(C" + 1). The variables F"'1, F"~\ and F"
are subsequently updated to reflect the new time step. The
partially corrected method replaces Fn+l with F " + l . Thus
we are left with only one evaluation of the time consuming
spatial operator, per time step.

The time step is chosen in accordance with the Courant-
Friedrich-Levy condition [9]. This requires the time step to
be smaller than the time a perturbation needs to propagate
from one gridpoint to another. In the present simulations a
characteristic velocity is O( 1) while the gridpoint spacing is
O(N~*). Hence the time step is chosen to be AfS l/N.

From the simulations of the Eulerian flow, we have access
to the Eulerian velocity field at each time step. This is sub-
sequently used to trace the position of a test particle simply
by integration of its Lagrangian velocity,
r(r) = /J V(/-(T),T) dr. Numerically this is done by a second
order Runge-Kutta method,

In addition, we must interpolate the Eulerian velocity field at
the actual position of the test particle. Thus we have three
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possible origins of error for tracking the particle. Results by
Ramsden and Holloway [11] indicate that the choice of in-
terpolation method (and integration method for the position),
is basically unimportant compared to errors due to the finite
resolution of the two-dimensional (2D) Eulerian dynamics.
Fourier interpolation is discarded because of large computa-
tional expenses, O(MN2) where M is the number of test
particles. Hence we choose bicubic splines in order to inter-
polate the velocity. This method has proven to be both accu-
rate and fast [12], implying O(N2) operations for construc-
tion of the spline and O{M) for evaluation. In the
simulations we used M= 1225 particles, which initially were
distributed on [0,L)2, with uniform spacing. Test particles
crossing a boundary are reintroduced at the corresponding
position at the opposite boundary and the trajectory is con-
tinued. The system size L is added when calculating the net
particle displacement. The particle tracking thus explicitly
makes use of the periodicity of the system.

IV. EQUILIBRIUM SPECTRA

With the FLR corrections given by the foregoing argu-
ments, Knorr and Pecseli [13] worked out an analytical ex-
pression for the spectral equilibrium distribution in the case
of electrons and one ion species. We use these results as a
test of our program, but as they have not been investigated
numerically before, the results are interesting by themselves.

In wave number space the equations (7)-(10) are given
by their truncated Fourier representation

dnik

dt

ek
7

at

L

*max

p+q=k

vk=-i$>kkxb,

(14)

(15)

(16)

(17)

where vk=gkvk and nik = gknik.
This truncated system possesses three invariants, the en-

strophy for each species and the total energy. These are con-
served quantities even for a finite number of wave numbers
[13]

e,ikW (18)

(19)

By considering a microcanonical ensemble of systems con-
sisting of the Fourier coefficients of ne and n,, evolving on
the intersection of the hypersurfaces defined by (18) and
(19), the equilibrium is given by the Boltzmann-Gibbs dis-
tribution

(20)

where Z is the partition function

z = /
dn'A dn\kdn\k dn\k

Kmax=n
*0

k

The superscripts r and i denote the real and imaginary parts,
respectively. The distribution in (20) is characterized by the
inverse "temperatures" fie, yu.,-, and /? corresponding to the
fluctuations in ne, n,-, and the total energy. Setting
Z=UkZk and differentiating the logarithm of the partition
function Zk, with respect to these temperatures, the Fourier
components of the spectral energy distribution

^ ) = ^ I F ' with

and the Fourier components of the electron and ion guiding
center density

<k*i2>=/*;1 i -

P+cjk2

are found. With /xe= 1.0, ̂ , = 0.1, and (3= - 9 x 10~3, these
expectation values are used as initial conditions for the simu-
lations running for 4X 104 time steps. The equilibrium state
given by the negative temperatures is only possible for a
finite system where A:0 = 2TT/L is nonzero [14]. The negative
temperature state corresponds to a condensation of energy in
the lowest k modes. However, no singularity arises in the
spectrum, for small negative /3 values, because only discrete
wave numbers enter the analysis. The spectrum is positive
definite for all |fc|>0, and |A:[ = 0 does not enter the dynami-
cal evolution.

In the limiting case of zero Larmor radius, where g\=\,
the spectral energy distribution is characterized by /3 and an
effective temperature cA = fj.e/xi/(fie + /j,t), independent of
k. It is easily shown that this limit reproduces the results of
Seyler et al. [1], as expected. As mentioned earlier, the basic
governing equations remain well behaved also in the formal
limit p—>°°, which, however, is violating the assumptions in
the derivation. We note here that also the equilibrium spectra

= 0 and
= O. In

these cases the ion motion is completely decoupled from the
dynamics in our equations, while in the zero Larmor radius
case the ion and electron dynamics are indistinguishable.

In Fig. 2, the time averaged, numerically obtained spectral
distribution is compared with the theoretical result for two
different ion Larmor radii. For simplicity we represent the

are well behaved in this formal limit, giving
ck=fj.e. A similar result is also obtained with
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10
Wave Number

FIG. 2. Time averaged numerically calculated spectrum (solid
line) compared to the analytical result (dashed line) for (a) p=0.5
and (b) p= 1.0. The values of p are given in computational dimen-
sionless units, where the simulated domain is [0,10)2. The abrupt
drop in energy for large k is due to the zero padding scheme em-
ployed in the simulations.

spectra by continuous curves, even though the analysis as
well as the simulations refer to discrete wave numbers. In
particular, Fig. 2(a) corresponds to the potential evolution
shown in Fig. 1. The spectra are obtained as a time average
over the entire simulation. Alternatively, the spectra can be
obtained at a selected time step or as an average over a
reduced time interval, at the expense of an increased uncer-
tainty, giving rise to some irregularity in the spectral shape.
Apart from this statistical scatter, the results in Fig. 2 are
representative for selected wave number spectra during the
entire calculation. The dynamics in configuration space are
thus highly dynamic, see Fig. 1, while the power spectrum is
essentially stationary, as expected. The stability of the spec-
tra was explicitly verified by demonstrating the relaxation of
a perturbed spectrum towards the theoretical distribution of
energy in wave number space. In this case, the equilibrium
spectra were perturbed by increasing the energy in a few
central wave numbers by an order of magnitude. Alterna-
tively, we have observed the relaxation from an initial con-
dition where energy was concentrated in a ring in wave num-
ber space, but this relaxation took a noticeably longer time.

The agreement between the numerical results and the
theoretical prediction is good, indicating that the results
quoted above represent the correct wave number spectral dis-
tributions. In particular, it can be argued that D.e, ft,, and

10 15 20 25

FIG. 3. The Lagrangian velocity components (x direction) for a
typical electron (solid line) and ion (dashed line) test particle where
p = 0.5.

£ are the only invariants of the truncated system (14)—(17). If
the analytical results of Knorr and Pecseli [13] are accepted a
priori, the results of Figs. 2(a) and 2(b) serve on the other
hand as a test of the accuracy of the code. The only con-
spicuous deviations between the analytical results and the
simulations are for the smallest wave numbers in the system.

V. TURBULENT DIFFUSION

The finite Larmor radius effects discussed in the forego-
ing section will be particularly important for low-frequency
electrostatic turbulence in strongly magnetized plasmas.
Here electrons and ions diffuse at different rates because of
the difference in the EX B drifts they experience in the same
turbulent electric field. In order to demonstrate the basic fea-
tures of this process we used the code discussed in the fore-
going section to analyze the consequences of the FLR cor-
rections for turbulent transport. In order to study well denned
conditions, we assume the equilibrium spectra discussed in
Sec. IV.

The most important quantity for describing the diffusion
in the present context is the normalized Lagrangian velocity
autocorrelation function

{VW-Vjt + t

(V2)
(21)

with V(r) = v(r(f),f). For homogeneous and time stationary
turbulence, R(s) contains all relevant information necessary
for obtaining the mean-square particle displacement
(r2(t)). Thus it is well known [15] that

Jo
l-s/t)R(s)ds.

This expression can be approximated for both small and
large t,

(V2)t2,

2(V2)rt,
(22)

For large times, t>r, this corresponds to the diffusive limit,
where the integral time scale is T = / ^ / ? ( J ) ^ J . For small
times, t<\, we have the convective regime, where \ is the
micro time scale [16] defined as \ = ^-2/R"(0). The rela-
tion between the Lagrangian and the Eulerian velocity auto-
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1 2 3 4 5

0 1 2 3 4 5

0.0
0 1

FIG. 4. Lagrangian velocity autocorrelation functions for elec-
trons (solid line) and ions (dashed line) obtained from simulations
with one ion species in addition to the electrons. The results are
shown for three different ion Larmor radii, p = 0.5, 1.0, and 1.5,
corresponding to (a), (b), and (c), respectively. The figure is ob-
tained by tracking 1225 test particles for 4X 104 time steps corre-
sponding to 100 dimensionless computational time units.

correlation functions has been discussed in detail by Pecseli
and Trulsen [17]. However, they used a different model,
where the flow consisted of many point vortices convected
by their mutual electrostatic field.

A. Flow with one ion component

With the flow fields being different for electrons and ions
[even though they are derived from the same space-time
varying electric field, see (5)], two different correlation func-
tions can be defined; one for electrons and one for the ion
species specified by the Larmor radius p. Consequently, each
species has its own associated integral time scale, re and
r,; and similarly for the micro time scales, \ e and \ , .

As discussed in the foregoing section, the electric field
power spectrum changes with the ion Larmor radii in the
initial conditions. Given the spectrum of the fluctuations, the
electrons experience the full energy in the electric field while
the ions experience a field which is reduced by the Jo(kp)
factor in (5). This is readily observed in Fig. 3 where the x
component of the Lagrangian velocity is shown for one elec-
tron and one ion test particle. Both were released at the same
initial position, but their velocities rapidly become uncorre-
lated. Also, it is evident that the ion velocity variation is

1.Q

0.8

0.6

0.4

0.2

0.0

"-

"-

-

^Tr-vA :

0.0 0.5 1.0 1.5
Larmor Radius

2.0

FIG. 5. The ratio Telrt is shown as a function of p in dimen-
sionless, computational, units. The solid line shows the analytical
result, while triangles correspond to results obtained from direct
numerical simulations. The analytical results are based on the actual
spectra in the simulations. Since these are statistically fluctuating in
individual realizations, the analytical curve exhibits corresponding
irregularities.

smaller and smoother on the average compared to the elec-
tron velocity. The FLR corrections for the ion dynamics have
the consequence that an initially close electron-ion gyro cen-
ter pair will separate faster than in the zero Larmor radius
case. Two initially close electrons will on the other hand
remain close for an extended time since they experience es-
sentially the same EXB flow, similarly for initially close ion
gyro centers. The problem of relative diffusion [18] will be
discussed in a different work.

A comparison between the electron and ion velocity cor-
relation functions corresponding to the same flow clearly in-
dicates an increase in the integral time scale T, for the ions
for increasing p. Results are shown in Fig. 4 for p = 0.5,
1.0, and 1.5 in computational dimensionless units. For
p = 0 the velocity statistics for the electrons and ions are the
same and the autocorrelation functions are therefore identi-
cal. The results are readily understood by the difference in
rms velocities for electrons, (v2,) = f£(k)dk, and for ions,
{v2) = j£(k)J2

)(kp)dk. The mean-square velocity is larger
for the electrons than for the ions since J2

){kp)^\. The in-
tegral time scale can be estimated by the ratio of a length
scale which is determined by £{k) and a velocity (v2)m.
Since ions and electrons move in the same electric field spec-
trum, the characteristic length is the same for both species,
while their rms velocities are different for different p by the
arguments given before. By this heuristic argument we ex-
pect that the integral time scale increases for increasing Lar-
mor radius. Hence the ratio r e /7 , is estimated as

(23)

In Fig. 5 we show this quantity with a full line where
{v2

ei) is obtained from the initial equilibrium spectrum. The
ratios of the actual integral time scales obtained from the
simulations are indicated by triangles. Considering the sim-
plicity of the argument, the agreement is good. The small
irregularities in the full line are caused by fluctuations in the
simulation spectra.

The result (23) is expressed in terms of the integral time
scales r e , for electrons and FLR-corrected ions. These time
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FIG. 6. The variation of the ratio X /̂X,- is shown for increasing
p in dimensionless computational units. The solid line shows the
analytical result, while the triangles correspond to results obtained
from direct numerical simulations.

scales are determined by the integral of the entire respective
velocity correlation functions. Alternatively, a micro time
scale X is determined by the curvature of the respective cor-
relation function at the origin, i.e., X = V~2//?"(0). Also this
time scale is sensitive to FLR corrections. From Fig. 4 we
notice that the curvature of R(s) at ,? = 0 decreases with in-
creasing p, or equivalently that X increases with increasing
p. A graph of the ratio \e/\t as a function of p is shown in
Fig. 6. The curvature of the correlation function at 5 = 0 was
determined by a parabolic fit. This figure is obtained from
simulations with one electron and one ion species where p is
varied systematically.

We can give analytical estimates for the ratio Xc/X, by
making use of the short time approximation of the Lagrang-
ian autocorrelation function. For small t we may approxi-
mate the trajectory of the fluid element by a straight line
r(t)=rQ + ut with constant u, insert this approximation in
(21), and average over a Maxwellian velocity distribution
P(u). In addition, we use that the Fourier transform of the
autocorrelation function is given by the power spectrum. An
approximation of the Lagrangian autocorrelation function, in
terms of the Eulerian spectrum, is then obtained as

R(s)>
1 s\u2)

• (24)

This approximation is based on an assumption of a frozen
velocity field, in which a fluid element is convected without
distortion. The approximation can be improved if the veloc-
ity entering the exponent in the Lagrangian autocorrelation
function is replaced by the rms velocity of the particle and
the velocity of the flow. The argument implies that the flow
field in which a test particle propagates is distorted by mo-
tion of surrounding vorticity centers which have a velocity of
the order of (ve)

m. Following, e.g., Wandel and Kofoed-
Hansen [19] we then estimate the rms-difference velocity
between a test particle and these vorticity centers as
({v2) + (v2))m for an ion and ^2(v2

e)
m for an electron.

These estimates are then used for (u2) in (24), see also Lan-
dahl and Mollo-Christensen [16]. By a Taylor expansion of
R(s) around s = 0, the ratio of Xe/X,- is then estimated as

r V 2{v2) V
(25)

FIG. 7. Lagrangian velocity autocorrelation functions for a
simulation containing electrons and three ion species with different
Larmor radii. The solid line corresponds to the electrons, while (B),
(C), and (D) correspond to ions with p = 0.5, 1.0, and 1.5 respec-
tively. Times are in dimensionless computational units.

In Fig. 6 this ratio is compared with the numerically obtained
results. Although there is some discrepancy between the
theoretical and the numerically obtained results, the overall
shape of the curve is reproduced by the theory. Obviously,
the results agree exactly for p = 0. The agreement of simple
estimates such as (23) and (25) with the numerical results
may seem surprising. It is, however, important that it is the
ratios of characteristic quantities that are estimated and not
quantities themselves. A common error in the coefficients of
the relevant time scales will be canceled in (23) and (25). For
practical applications it is the ratio of time scales which is
most interesting and important, since it contains the informa-
tion of the charge separation which depends on the FLR
effects.

B. Flow with several ion components

As discussed in Sec. II, the system of equations (7)-(10)
is easily extended to include the more realistic case where
many different ion Larmor radii are simultaneously present
in the flow. In this way a multifluid model is obtained where
the relative density of the various ion components can be
chosen according to an a priori given velocity distribution,
e.g., a Maxwellian. This multifluid model will be character-
ized by different mobilities of the ion components in addition
to ion-electron differences already discussed. In Fig. 7 we
show as an illustration the Lagrangian velocity autocorrela-
tion functions for the case where three ion components with
different Larmor radii are simultaneously present in the same
flow. Again we observe an increase in the integral time scale
T for increasing p, caused by the filtering of the spectrum by
the / 0 function. The results are qualitatively consistent with
those of Fig. 4, where only one ion species was present. We
notice that the velocity correlation takes on negative values
for large time separations.

In Fig. 8 we show the root-mean-square particle displace-
ment ("absolute diffusion") for a simulation identical to the
one described in Fig. 7. As expected, the mean-square dis-
placement is proportional to t in the convective regime and
proportional to yjt in the diffusive limit, see (22). For clarity,
two lines with slopes corresponding to t and \Jt are included
in the figure. Equally important is the fact that ion species
with different Larmor radii, but present in the same flow,
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FIG. 8. Plot of the rms displacement of the test particles, (A)
corresponds to the electrons while (B), (C), and (D) correspond to
ions with increasing Larmor radius, p = 0.5, 1.0 and 1.5 respec-
tively.

have different dispersion rates. From Fig. 8 it is evident that
electrons, which experience the full energy in the electric
field, have a larger mean-square displacement than the ions.
In addition, the ion dispersion rate is seen to increase with
the inverse Larmor radius, as expected. These differences in
turbulent diffusion rates give rise to charge separation effects
which are absent in the zero Larmor case.

VI. CONCLUSIONS

In this paper we presented an implementation of a com-
putationally advantageous code for including finite Larmor
radius effects in a fluid model. The problem was studied
numerically by Knorr et al. [7], but in a formulation where
they averaged over Larmor radii for ions having gyro centers
in a small area of configuration space. Physically, this aver-
aging, which leads to a particularly simple form of the con-
volution, assumes that all the ions in that small area follow
essentially the same orbit. This can be achieved if there is a
strong collisional interaction between the ions. The simplic-
ity of the formalism used by Knorr et al. [7] was thus ob-
tained at the expense of a somewhat uncertain physical
model, which we avoided in the present study.

In addition to standard accuracy tests, equilibrium spectra
obtained from direct numerical simulations of the equations
(7)—(10) were compared to analytical results. Excellent

agreement was found, adding confidence to our code and
also to the theoretical analysis. These particular equilibrium
spectra have not been studied numerically before. We ap-
plied the code for a study of turbulent transport, demonstrat-
ing that FLR effects have nontrivial effects on the dispersion
of charged particles in magnetized plasmas. For turbulent,
inhomogeneous plasmas this difference in diffusion rates
will have significant influence on the buildup of ambipolar
dc-electric fields, and subsequently also on the bulk flow
characteristics. Even though the finite Larmor radius effects
give small corrections to the EXB drift, these corrections
have important consequences by giving rise to charge sepa-
ration effects which are absent for vanishing FLR correc-
tions. The analysis in this paper was based on a continuum
model in two spatial dimensions. The effects considered here
can, however, also be included in a generalized, discrete
Hamiltonian vortex model as discussed in [13]. We have also
studied this model, but the analysis falls outside the scope of
this paper.

From the multifluid simulations we obtain results which
qualitatively agree with expectations based on two-fluid
simulations and a systematic variation of p. The Lagrangian
velocity autocorrelation function experiences the same
broadening as p increases in both the two-fluid and the mul-
tifluid simulations. The basic features of the rms displace-
ment are also reproduced in the multifluid simulations.

When a density gradient is present, turbulent EXB diffu-
sion of electrons and ions will necessarily be ambipolar due
to the different diffusion rates of the various ion species
present, caused by the finite Larmor radius effects. If locally
homogeneous and isotropic conditions can be assumed, our
results on characteristic time scales can be used to estimate
the time for buildup of these ambipolarelectric fields.

We have generalized our model and numerical code to the
case where the electrons can be assumed to be in a local
isothermal Boltzmann equilibrium, while a two-dimensional
description is retained for the ions. These results will be
presented in a different context.
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Abstract

Numerical simulations of vortical structures in 2D electrostatic plasmas in an

annular geometry shows that by varying the boundary conditions it is possible

to suppress vortices of one polarity, thereby eliminating propagating dipolar

structures. Transport of plasma caused by propagating dipolar structures is

consequently reduced, or even eliminated, by the externally imposed electric

field. The results have implications for understanding cross field transport

of plasmas in the presence of coherent structures and offers interpretation of

L-H transition observed in for instance tokamak plasmas.
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Shear flows associated with radial electric fields are believed to play an important role

for plasma transport perpendicular to a magnetic field [1]. In particular, results by Taylor

et al. [2] indicate that the transition from low to high confinement modes in tokamaks can

be induced by controlling the radial electric field using a biased probe positioned inside the

last closed magnetic surface. Similar experiments have been carried out in toroidal devices

without a rotational transform as well as linear devices [3-5], verifying the importance of

the radial electric field.

An important transport mechanism is due to long lived coherent structures [6]. Here,

particles trapped in small structures are convectecl by large scale structures, in addition to

burst like transport associated with propagating dipoles. Observations by Nielsen et al. [4]

suggest that dipolar structures only exist in the limit of small bias. However, with a strong

electric field, i.e. a situation with reduced radial transport, only monopolar vortices with a

given sign are observed. Breaking the symmetry of the distribution of coherent structures

will consequently inhibit cross field plasma transport which is due to particles trapped in

propagating dipoles.

Motivated by the experiments of Taylor et al. [2] we expect the important dynamics to

occur in the region with strong radial electric field variation. Thus, we ignore the plasma

dynamics in the central region of the plasma column. We assume a strongly magnetized

plasma , i.e. (3 <C 1, and the fluctuations are considered to be aligned strictly to the magnetic

field. Hence, the analysis is carried out in a plane perpendicular to Bo = BQZ. Assuming

low frequency fluctuations, well below the ion cyclotron frequency, the velocity is to a first

approximation given by the incompressible E x Bo velocity, neglecting the polarization drift.

Furthermore, both electrons and ions are assumed to have zero Larmor radius and the two

continuity equations can be combined to one for the charge density. In dimensionless units

the guiding center equations are

[$,Q] = 0 (1)

= -Q (2)



where [, ] are the Poisson brackets. The scaling parameters are i0 = ^d/ui^, $o = noe£2/eo,

where £ is a characteristic length and n0 is the average density. The equations (1) and (2) are

solved in an annulus with Dirichlet boundaiy conditions for the potential, i.e. $(r*o) = $o and

$(ri) = $1 by a modified Fourier collocation method. All simulations are carried out on a

grid with M — 256 radial and N = 512 azimuthal modes. For Dirichlet boundary conditions

in a continuous system both the enstrophy, W = f g2 dA and energy, E = J |Y<&|2 dA are

conserved. Hence, the accuracy of the numerical scheme can be tested by monitoring W

and E, which were found to be conserved within 1% in all simulations.

A truncation of the guiding center equations in Fourier space does not affect the conser-

vation of energy and enstrophy. This can be utilized in a statistical analysis which predicts

that with appropriate initial conditions an inverse cascade occur where energy migrate to

the largest available scales. Thus, the asymptotic state is found to be dominated by a large

dipole like structure, comparable to the domain size. This behavior is observed also when

finite Larmor radius effects are included [7,8]. Therefore, the inverse cascade is a robust

feature of 2D-fiows and is expected to play an important role in the formation of large scale

structures. In addition, the guiding center equations support stable and stationary solutions

of both monopole and dipole type in an infinite domain. Even in the case of a background

shear flow the existence of stable elliptical vortices is known [9,10]. In this communication

we report on the evolution of a plasma where large scale structures are present from the

outset.

An annular plasma, column exposed to a radial dc electric field will rotate due to the

E x BQ velocity. The deviation from solid body rotation causes a shear which is defined

as a(r) = rdr(vv/r) where vv is the azimuthal velocity. If a negatively charged monopole

is located in an azimuthal flow with a negative shear it will be elongated radially and

subsequently disintegrate. On the contrary, a positively charged eddy located in the same

sheared flow must be elongated azimuthall}' and the shear creates a restoring effect on the

perturbed monopole. This is in agreement with numerical results by Marcus [11] although

his model is for the /5-plane approximation to geostrophic flows, where the shear is due to
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a gradient in the Coriolis force. In our model the shear is caused by a potential difference

between the boundaries at r0 and r\. From the dc electric field we then obtain

a\r =

In Fig. 1 the evolution of a number of structures forming solitary monopoles and dipoles is

shown for both homogeneous and inhomogeneous boundary conditions. For homogeneous

boundary conditions, i.e. no background radial electric field, the structures evolve without

loosing their individuality, except for some shedding at the outer fringes of the vortices.

A totally different situation arise if we impose a negative radial electric field. Now there

is a negative shear and the negative vortices are stretched into long, and thin, filaments.

The positively charged eddies, however, remain localized. Simulations with a sufficiently

strong electric field causes both the negatively and the positively charged eddies to become

unstable.

In order to illustrate the effect of a sheared background flow on the stability of a monopole

eddy we consider a sector of the annulus with a local Cartesian coordinate system. The

background shear flow is u = Syx. An uniform and axially symmetric charge distribution

with g(x,y) = go for \Jx2 + y2 < 1 and zero elsewhere correspond to a potential distribution

2 (*2 + y 2 ) < l ,
(3)

x2

The initial velocity field can then be derived by adding the sheared velocity u and the E x Bo

velocity due to the charge distribution. Assuming a frozen velocity field, the trajectory X(t)

of a fluid particle located inside the monopole is described by

X =
0 \g0 + 5

0
X (4)

for small t. The eigenvalues are A = ±J — ̂ go(^go + S) with a bifurcation point at S = — \g0.

If S > —\g0 the eigenvalues are complex which correspond to a stable circular flow topology.

For S < —hg0 we have a saddle point and the monopole will be torn apart and loose it's
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localized structure. Outside the monopole, i.e. for r 2J> 1 the streamlines must conform to the

background flow. It should be noted that the arguments apply equally well to a concurrent

change in sign of S and g0. Thus, a dipole embedded in a sheared background flow will cease

to exist after a transient time, where the remains constitute a localized monopole and small

scale structures. Cross field transport due to propagating dipolar structures can therefore

be reduced.

The threshold value for instability indicates that vortices which are unstable in one region

may become stable if they are relocated to a region with smaller shear. This is observed in

Fig lb), where the remains of unstable eddies are located close to the outer boundary.

Our code is dissipationless. hence, the stretching and filamentation observed in Fig. lb)

will continue until their widths are comparable to the numerical resolution. However, in-

troducing dissipation in the system will cause the filaments to result in a homogenized

background. Large structures will be less affected.

To quantify the different stability properties of negatively and positively charged eddies

in the presence of a dc radial electric field we expand Rij(tn) = g(ri,ipj,tn) in spatial basis

functions 4>k{ri-,tn) and i/>k{<Pj,tn) at selected time steps tn

K

Rij(tn) = E Mtn) <t>ki{tn)4>kj(tn)- (5)
k=l

The expansion is based on the Biorthogonal decomposition [12], where the columns of cj)^

and tpkj comprise an orthonormal set of eigenvectors of the scatter matrices RRT and RT R

respectively. The strength of this approach is that a redundant data set can be reconstructed

with surprisingly few terms, i.e. large scale structures correspond to large Wk- Sorting Wk

according to size, i.e. Wk > ttffc+i a n d discarding all but the most prominent term we construct

a measure for the presence of positively and negatively charged eddies

N(t) = F fw1(t)<l>1(r,t)M'P,t)rdrdip. (6)
vv0 J

Here No = / \g(r,tp, 0)| r dr dip is a normalizing factor and the integrals are of course eval-

uated from their discrete counterparts. If the flow is dominated by large scale positive
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structures wre have N(t) > 0 and similarly, N(t) < 0 suggest that negative structures dom-

inate. In Fig. 2 we show N(t) corresponding to the same parameters as in Fig. 1. The

annihilation of negatively charged eddies in the case of a negative shear is clearly captured

in Fig. 2B) as N(t) becomes more positive as time passes. Figure 2C) shows N(t) for the

same initial conditions as in Fig. l)b), except for a reversed dc electric field. Qualitatively

the results in Fig. 2B) and C) are equivalent, apart from a difference in sign. However,

the minor differences can be explained by the lack of azimuthal symmetry in the initial

positioning of the structures.

In this letter we have identified a simple mechanism to suppress vortices with a given

polarity. The dc electric field, due to a potential difference between the inner and outer

boundaries, produce a shear in the azimuthal velocity. For a sufficiently strong shear, eddies

which are charged oppositely with respect to the shears sign are unstable. Similarly, the

shear creates a restoring effect on perturbed eddies which have a charge equivalent to the

shears sign. Hence, burst like transport due to particles trapped in propagating dipolar

structures is inhibited. If the size of the remaining eddies are large they may convert small

scale eddies from the interior to the outer regions. However, the shear flow reduce the radial

extent of the stable structures and the corresponding transport will be diminished. If the

L-H transition is explained along these lines, the foregoing arguments are consistent with

experimental observations [13], that H-modes can be obtained for both polarities of the

radial electric field.
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FIGURES

FIG. 1. Evolution of the charge density for homogeneous boundary conditions in a). In b) we

apply a negative radial electric field while a positive electric field is applied in c). Blue and yellow

correspond to a negative and positive charge density, respectively.

FIG. 2. We show N(t) for three simulations where A) and B) correspond to Fig. la) and b),

respectively. Here C) is obtained from an identical simulation as in B), except for a positive dc

electric field.
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Fig. 1 (color)
"Suppression of Coherent..." by Krane et al.
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Abstract

The properties of low frequency dynamics of electrostatic fluctuations in
strongly magnetized plasmas have been studied. It is demonstrated that per-
turbations in density and potential can be very localized, indicating the appli-
cability of an approximate description based on a finite number of vortices. A
model based on a few isolated vortical structures is discussed, with particular
attention to vortex collapse, where three vortices merge together within a finite
time, or to the converse process, i.e. a vortex explosion. Details of these particu-
lar types of vortex dynamics depend on the actual model used for describing the
electrons, the presence of a Debye shielding in particular. The study is extended
by a numerical simulation where the point model is relaxed to a continuous, but
localized, vorticity distribution with finite size vortices.

1 Introduction

Low frequency electrostatic turbulence in strongly magnetized plasmas allow the
analysis to be carried out in two dimensions in the limit where magnetic field
lines can be considered equipotential, the magnetic field assumed homogeneous.
A possible, and often used, numerical method for analyzing the dynamics of
such systems is based on a vortex-in-cell method [1, 2], where the support of the
flow vorticity is approximated by a discretized vortex system. In many cases the
vortices are thus a tool for analyzing a general and complicated flow pattern, but
it is often experienced that also individual vortices can appear. Such structures

*on leave from Faculty of Policy Studies, Chuo University, Hachioji, Tokyo 192-03, Japan
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are expected to play a crucial role for the macroscopic properties of the system,
especially concerning transport of particles. The emergence of self-organized
states has been observed experimentally in a magnetically confined pure electron
columns by Fine et al. [3] and numerically in decaying and force-driven drift
wave turbulence by Kurkhakin et al. [4], for instance. Both observations concern
long-lived and seemingly ordered motion of well defined vortices, suggesting that
the relaxation to the ordered states may be described by introducing discrete
point vortices. Hereby, partial differential equations describing the plasma or
fluid dynamics can be replaced by a simpler set of ordinary differential equations
describing the vortex motion.

For the model systems considered in this paper, an unperturbed non-uniform
density yields a potential which supports an E x B drift in an azimuthal direc-
tion. Then the fluctuations resonate with the E x B rotation to give a localized
structure of the fluctuations, that is, a discretization of the density fluctua-
tions, which provides a basis for introducing a finite number of point vortices
to. describe the nonlinear development of the processes.

In the next section, a linear eigen-value problem with resonance is solved
to demonstrate the discretization of the perturbations in density. In Section 3,
the point vortex description is formulated and some comments are made on the
dynamical properties of point vortices. In Section 4, equilibrium configurations
of point vortices are discussed. In section 5 we show numerical simulations for
collapse of finite size vortices, using a two-dimensional fluid simulation. Finally,
section 6 contains our discussion and conclusions.

2 Linear resonance and density discretization

The linear stability of the two dimensional crossed-field electron column has
been studied by Briggs et al. [5] who showed that there occurs no instability
when the density profile is monotonically decreasing. This result is confirmed
by several authors [6, 7] for specified density profiles. Here we show that linear
eigen-functions are localized with positive growth rates for hollow density pro-
files, leading to a discretization or localization of the density perturbations in a
nonlinear stage.

We start with the following equations which describe the low-frequency dy-
namics of a two dimensional electron fluid, where the fluctuations are strictly-
aligned with the magnetic field

J + vi-Vn=0, (1)
dt
^ l n n ) , (2)

(3)

These equations are combined to give the standard equation

^ V 2 0 + [ 0 , V 2 0 ] = O, (4)
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where space and time are normalized by the Debye length and Wp/fi, where
ajp = AnNoe2/m, fl — eB/mc, respectively. An electrostatic potential <j> is
normalized by e/T and [ , ] denote Poisson brackets. A fluctuation excited in
the column which propagates in the azimuthal direction, can be enhanced only
at the place where the fluctuation resonates with the rotating column.

We consider two cases; one with unbounded plasma, and one related to
actual laboratory experiments where boundary conditions are included in the
analysis.

2.1 Unbounded plasmas

The unperturbed electron density no(r) may be assumed axially symmetric as

no(r) = ANoe(ar2-br4l (5)

where

A = £ / I c
TT V 7T

and the parameters a and 6 are chosen to fit an experimentally observed density
profile. Then the structure of the unperturbed potential <j>o(r) is determined by

Substituting

J{tS-uit)

n(r,t) J-y no(r) ) ^ ^ \ M r ) l&

into eqs. (l)-(3) and linearizing the resultant equations, an eigen-value type
equation now reads

d r 2 r d r r * ) ' ~ " ' _w+£Mfi.

2£{a-

where the E x B rotation frequency ft{r) is given as

where erf (a;) = - ^ J^ exp(—t2)dt is the error function. The density fluctuation
ni(r) is given by

2 \
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The value of w is determined by requiring the potential fluctuation to approach
zero (which is the vacuum potential) for large r as r~t. The density profile
and the associated spatial dependence of the E x B rotation frequency fe{r) are
depicted in Fig. la) and b) for £ = 3 in the case of a = 0.0001 and 6 = 0.0006. For
the monotonically decreasing density profile there is a single resonance point,
while for the hollow density profile (a = 0.2 and b = 0.005) as is shown in
Fig. 2a), there can be two resonance points. The number of resonance points
which corresponds the number of peaks of the eigen-functions depends on the
profile of the unperturbed density profile.

The eigen-values and eigen-functions are calculated by the shooting method.
The eigen-function and the associated density fluctuation are given in Figs. lc)-
f). As anticipated, for the monotonic unperturbed density profile there is only
one resonance point at which the eigen-function has a sharp peak whose width
depends on the magnitude of the imaginary part of the eigen-value. For the
hollow unperturbed density (a = 0.2 and b = 0.005) the eigen-functions and
the density fluctuations are shown in Fig. 2c)-f).

It should be noted that the values of ui are always complex in order to
avoid the resonance singularity. Since eq. (7) is linear in &i(r), the sign of the
imaginary part of the eigen-values simply reflects to the sign of the imaginary
part of the eigen-functions, that is, the imaginary part of the eigen-values are
both positive and negative, for which the density fluctuations determined by
eq. (9) are independent of the sign of the imaginary part of the eigen-value.
Also Driscoll and Fine discussed the density discretization and gave an analysis
in terms of a diocotron instability [8].

Assuming that the electrons can maintain a local Boltzmann equilibrium,
low frequency electrostatic fluctuations can be described by the equations

^ + V j _ . V n = 0, (10)

vj_ = —-z x Ve>, (11)
-DO

- n), (12)

which are combined to give an equation for <p

^-(6-V2<p)-[0,V2<p] = Q, (13)

using the same normalizations as in eq. (4). For the density profile given by
eq. (5), the linear eigen-value equation is now written as

d2 Id £2\ . t , (, 2l{a-2br2)ear'-br*\ . . .
T T + - ^ o )<t>t(r)= i — rrn,— ^ r • 1 4

dr- r dr r2 J \ —w + ft(r) /
The eigen-function is determined in the same way as before. The resulting
eigen-function and the associated density fluctuation are given in Fig. 3 which
shows that the density discretization can be expected for this case as well fol-
low frequency fluctuations.
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2.2 Bounded plasmas
Again we argue that a perturbation excited in the column propagates in the
azimuthal direction to be enlarged only at the place where the fluctuation res-
onates with the rotating column of the diameter 2rp which is less than the
diameter 2rw of the cylinder. The unperturbed electron density no(r) may be
assumed axially symmetric as

no(r) = AN0[e-b^-a'2b^ - e -^ -« /2" ) 2 ] , (15)

where

where erf (a;) is an error function defined before. The plasma density goes
smoothly to zero at r = rp. The parameters a and b can be chosen to fit an
experimentally observed density profile. Then the structure of the unperturbed
potential <j)o{r) is determined by

dr2 r dr

Substituting

<f>{r,t) \ _
n(r,t) J ~ \ no(r) ) ^ ^ \ nt(r) ' 6

into eqs.(l) - (3) and linearizing the resulting equations, an eigen-value equation
now reads

/ d Id L , , . . - J,, , , .

=
-w + ft (r)

where the E x B rotation frequency ft(r) is given as

The density fluctuation ni(r) is given by

ne(r) = J (19)

The potential fluctuation outside the plasma, is given by

Mr) = MrP)'-^:f)l(^ri, (20)
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which vanishes at the wall r = rw. The value of ui is determined so that the
potential fluctuation and its derivative is continuous at the plasma edge, r = rp,
and the potential at the wall, r = rw, is zero. The density profile and the
associated spatial dependence of the E x B angular velocity fi(r) are depicted
in Fig. 4a) and b) for I = 2 in the case of a = 0.4 and b = 1 for which the
density profile is rather flat but not quite monotonic. Then the angular velocity
is monotonically decreasing, leading to a single resonance. On the other hand
for a clearly hollow density profile (a = 0.9 and 6 = 1) shown in Fig. 5a), the
angular velocity has now two extremums and there are two resonance points.
The number of resonance points which corresponds to the number of peaks of
the eigen-functions depends on the profile of the unperturbed density profile.

The eigen-values and eigen-functions are calculated by the shooting method.
In the following rw is chosen equal to 2rp. The eigen-function and the associated
density fluctuation are given in Fig. 4c)-d). As anticipated, for the unperturbed
density whose profile is fairly flat but not exactly monotonic there is only one
resonance point at which the eigen-function has a sharp peak whose width de-
pends on the magnitude of the imaginary part of the eigen-value. For the hollow
unperturbed density (a = 0.9 and 6 = 1 ) the eigen-functions and the density
fluctuations are depicted in Fig. 5c)-d).

For the case where the low frequency electrostatic fluctuations are described
by (10)—(13) we proceed as in the foregoing analysis. For the density profile
given by (15), the linear eigen-value equation is written as

d2 Id £2 4LAb(r2 - a / 2 b ) e \ , , , , _ .
ui+j(r)

T ^ + , * ) M r ) = {l + , > ) < P e { r )dr- r dr rz —ui+jt(r)

The eigen-value problem is solved numerically in the same way as before. The
eigen-function and the associated density fluctuation are given in Fig. 6 which
shows that the density discretization or localization is expected as well for the
low frequency fluctuations.

3 Point vortex description

The eigen-functions obtained above indicate that the fluctuations can be large
at discrete points distributed symmetrically where the linear resonance occurs.
Historically, point vortex systems have been important for the understanding
and modelling of two dimensional random flows [9, 10, 11, 12]. Point vortex
systems are known to be Hamiltonian systems, which may exhibit a chaotic
behavior when more than three vortices are present [13, 14].

In the following, we consider the simple model equation

— ( K 2 0 - V 2 © ) - [ 0 , V 2 C & ] = O, (22)

which includes both eqs. (4) and (13) for K = 0 and K — 1, respectively. Here K
denotes a screening effect.
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Point vortices can be introduced through

a<5(r-r«), (23)

which gives the potential as

J^^ (24)

where K is a modified Bessel function of the second kind. In the limit of K —> 0,
eq.(24) reduces to

J2^H\r-ra(t)\), (25)

which is a solution of eq. (23) for K = 0. Therefore K is a parameter controlling
the range of the interaction between vortices. The equations for the motion of
vortices are given by the standard form

—ra =

| r r / A^lr.-r.l). (26)

The short range nature of the interaction between the vortices is due to the
screening. When the distance between the vortices is short enough for the
shielding to be neglected, the dynamical behavior of the vortices is described by
the following standard equation

which is obtained from eq. (26) in the limit of K —> 0 or from eq. (25) directly.
The equations (26) and (27) can be given an alternative notation where the
two-dimensional vectors ra are replaced by numbers in the complex plane. This
formulation is sometimes found useful for numerical studies in particular.

Many studies (e.g. [15, 16]) have been reported on solutions of eq. (27).
Among them are also remarkable works concerned with the vortex collapse for
which three vortices converge self-similarly. Depending on the sign of vorticities
Ka, {a — 1,2 and 3} the vortices can also diverge [13, 17, 18]. For the collapse to
occur, suitable initial conditions have to be satisfied in addition to the condition
tha t K1K2 + K2K3 + K3K1 = 0.

The vortex collapse is algebraically unstable: a small deviation from the
condition no longer leads to the collapse. In those cases three vortices first
converge to some extent and then turn to diverge. Once they start to diverge,
they keep diverging as long as eq. (27) is applicable. This is, however, not the
case for eq. (26). When they diverge, two of them are to form a pair to travel
together and the third one is left behind, because of the short range nature of
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the interaction. However since the vorticities of two vortices travelling together
are opposite in sign and have to be different in magnitude, the two vortices
return to the place where the third one remains. At the time they come to the
position where the two sides of the triangle become equal, the pair is renewed
by changing the partner. The new pair travels in a similar way as before until
it comes back to the place and again, exchanges its partner. This boomerang
interaction is shown in Fig. 7a) as well as the vortex collapse in b).

The vortex collapse is thought, to provide a key to the understanding of fun-
damental processes of strong turbulence. As discussed for instance by Novikov
and Sedov [17], the collapse accounts for energy being systematically transferred
into large scales in the spectrum, and for vortex dispersion, or "explosion", en-
ergy cascades into the small scales. The boomerang effect described here, an
effect which owes its existance to the shielding effect ( K / 0 ) , consequently cor-
responds to a "sloshing" of energy between large and small scales. This seems
to be a new effect.

Equation (26) has the following constants of motion:

ara, (28)

L = 2j7a|ra |2 , (29)
(X

E = ^7 a7 / jA'o(/c |ra-r ! ? | ) ! (30)

which are related to the symmetry properties of eq. (26). Because of these con-
served quantities, systems with two or three vortices are integrable, while dy-
namical behavior of systems with more than three vortices can become chaotic.
Therefore at first glance it seems impossible to describe vortex lattice forma-
tion in terms of point vortices. However some of the equilibrium configura-
tions such that vortices are equally distributed on a circle are shown stable by
Morikawa and Swenson [19]. Furthermore the linear resonance eventually intro-
duces dissipation which is an averaged effect of fluctuations as described by the
fluctuation-dissipation theorem.

4 Equilibrium configurations of point vortices

Equilibrium configurations of point vortices have been discussed by Morikawa
and Swenson [19] for the case that N vortices are equally distributed on a circle
with and without a center vortex. They found that the configuration is stable for
2 < N < 6 in the case of K < 1.289 without a center vortex and for 4 < Ar < 8
in the case of K < 1 without a center vortex.

We show other equilibrium configurations. Starting from the vortex equation
eq. (26) and introducing the distribution function

/ ( r , i ) = ^ 7 a < J ( r - r a ( t ) ) , (31)
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eq. (26) is rewritten as

K l \ ^ ' l ) t]- ( 3 2 )

Changing from cartesian variables (x, y) to cylindrical coordinates (r, 9) and
noting that

zx ( r - r ' ) -V = -r 'sin(ff-^)4-+ [l - -cos(0 - 0'

we have

8
/(r, 9, t) + O(r, 9, t)-^f(r, 6, t) + V(r, 6, t) ̂ / ( r , 9, t) = 0, (33)

where

V(r,9,t) = -±Jdr>r'Kl(^*l)sm(9-9i)f(r',e>,t). (35)

From the above equation, equilibrium configurations are obtained by conditions
that V(r, 9,t) are identically zero and Q(r,9,t) = Qo = const, for which the
vortex system is rigidly rotating around the origin without any displacement in
the radial direction. These equilibrium configurations consist of the fixed points
of the dynamical system given by eq. (26).

In the following we look for the concentric structure of M rings on each of
which Nm(m = 1, • • •, M) vortices are equally distributed, assuming that all the
vortices are the same, i.e., fa = 7, with/without a center vortex 70 (70 = 7 or
70 = 0):

ffr.O.t) =
z—' a ' ' ' ' T

m,n m

for which following the two relations hold for the equilibrium

2

V(mo,no) = -—1^2 —n!-Ki(o'm,n)sin(9m0tno - 9m,n) = 0, (37)

and
O . I - -J

COS^t7mo,no Vrn,n)\

IK amo

= const, (38)
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where

0 +
 am ~

and (m,n) refers to the n-th vortex on the m-th circle. The (mo, no) >s a n

arbitrarily chosen reference vortex.
For the case that vortices on each circle is distributed such that the separa-

tion distance between neighboring vortices is the same, that is, 9m,n = 2-nn/Nm

where Ar
m is the number of vortices on m th circle, V(mo, no) is always equal

to zero and Q(mo,no) does not depend on no because of the symmetry. There
are many combinations of the number of rings and the number of vortices on
each ring to make Q(Mo,no) constant. In Fig. 8 the N\-dependence of the
radius of the rings is depicted for M=2 and M=3 when Nm = mNi holds for
m = 2,• • •, M. In the case of Fig. 8a), the rings are chosen so as to be a mir-
ror images of each other. We have examined numerous cases and it appears
that any combinations in number of vortices assigned to each ring are possible
equilibrium configurations.

Although the above equilibrium configurations are certainly not all, some of
these configurations are found to be long-lived even without introducing any
damping, indicating that they may be considered as candidates for coherent
structures which may be realized as a vortex lattice.

5 Finite size vortices

In order to investigate vortex collapse with realistic finite size vortices we per-
formed a fluid simulation in two spatial dimensions. Our code is a modified
version of one described elsewhere [20] and need not be discussed further here.
The model equation being solved is that for screened vortices eq. (22) with K ̂  0.
Results are shown in Figs. 9 and 10. In these simulations we placed three vor-
tices with separation smaller than the shielding distance at the positions and
with vorticities prescribed by the condition for vortex collapse. The first simula-
tion result in Fig. 9 shows the collapse, where the final stage is strongly modified
by the finite size. The screening will not influence these results in any notice-
able way, due to the small initial separations. We find it interesting to compare
our simulations with the experimental results from a linear Q-machine [21, 22].
Here two vortices with positive polarity were excited externally, while a third
one with negative polarity was subsequently generated spontaneously by the in-
teraction with the surrounding plasma. The coalescence of the two like-signed
vortices observed in these experiments is very similar to the one we find in our
simulations. Also, a recent numerical simulation by Kevlahan an Farge [23]
show a similar merging of two vortices having the same polarity, in the vivinity
of a. third one with opposite polarity.

In the calculation shown in Fig. 10 we retained the three vortices from the
calculations in Fig. 9, but changed their sign. For unshielded point vortices,
this w-ould give rise to an '"explosion" of the three-vortex system, i.e. the three
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vortices would separate in a spiral motion. As anticipated previously, this sepa-
ration will not continue for shielded vortices. We note the pairing of two vortices
with opposite sign, and observe also here the "boomerang-effect". Eventually,
the two vortices return to the region they came from, interact with the remain-
ing vortex and we find a collapsing situation just like in Fig. 9. This result
might have been anticipated, but we should emphasize that the finite size vor-
tices only approximately follow the dynamics of point vortex equations. We
find it nontrivial that the return and subsequent collapse is seemingly a dynam-
ical situation which is sufficiently robust to prevail also for the modifications
introduced by the finite vortex size.

6 Discussion

In this article we have discussed and reviewed some basic properties of the point
vortex equations, whose basis was confirmed by solving eigen-value problems
associated with the linear resonance both in a magnetically confined electron
column and in a low frequency fluctuation which reviled the density discretiza-
tion. Some equilibrium configurations have been obtained also.

Special attention was given to the interaction of three vortices, vortex col-
lapse in particular. Most of this problem is well known, but the "boomerang-
interaction" being a special feature of shielded vortex collapse seems to be pre-
viously unnoticed. We demonstrated by a full fluid simulation where the point-
vortex assumption was relaxed, that the collapse seems to be a fairly robust
phenomenon, since its essential features were recovered also in these simula-
tions.

Acknowledgement

This work was in part supported by the Norwegian National Science Foundation
(Norsk Forskningsrad, NFR). One of the authors (BK) thanks "Tungregneut-
valget" at the University of Oslo for providing computer-time resources.

During the preparation of this work we were made aware of a paper sub-
mitted for publication by Vosbeek, van Gaffen, Meleshko and van Heijst. They
performed numerical simulations of vortex collapse using a full fluid description
with finite size vortices, in part similar to the approach in our section 5. Their
numerical methods differ from ours, and their results are restricted to unshielded
vortices.

99



References

[I] Leonard, A., J. Comp. Phys. 37, 289 (1980).

[2] Sarpkaya, T., J. Fluids Eng. I l l , 5 (1989).

[3] Fine, K. S., Case, A. C . Flynn W. G. and Driscoll, C. F., Phys. Rev. Lett.
75, 3277 (1995)

[4] Kukharkin, N., Orszag, S. A. and Yakhot, V., Phys. Rev. Lett. 75, 2486
(1995).

[5] Briggs, R. J., Daugherty, J. D. and Levy, R, H., Phys. Fluids 13, 421 (1970)

[6] Comgold, N. R., Phys. Plasma 2, 620 (1995)

[7] Spencer, R. L. and Rasband, S. N., Phys. Plasma 4, 53 (1997)

[8] Driscoll, C. F. and Fine, K. S., Phys. Fluids B2, 1359 (1990).

[9] Grobli, W., Vierteljahrsschrift der Naturforschenden Gesellschaft in Zurich
22, 37 (1877) and ibid. 129 (1877).

[10] Poincare, H., Theorie des Turbillons (Paris, 1893).

[II] Synge, J. L., Canadian J. Math., 1, 257 (1949).

[12] Aref, EL Rott, N. and Thomann, H., Ann. Rev. Fluid Mech., 24, 1 (1992).

[13] Aref, H., Phys. Fluids 22, 393 (1979).

[14] Novikov, E. A. and Sedov, Yu B., Sov. Phys. JETP 48, 440 (1978).

[15] Onsager, L., Nuovo Cimento 6, 279 (1949).

[16] Novikov, E. A., Sov. Phys. JETP 4 1 . 937 (1976).

100



[17] Novikov, E. A. and Sedov, Yu B., Sov. Phys. JETP 50, 297 (1979).

[18] Kimura, Y., J. Phys. Soc. Japan, 56, 2024 (1987).

[19] Morikawa, G. K. and Swenson, E. V., Phys Fluids 14, 1058 (1971).

[20] Krane, B., Pecseli, H. L. and Trulsen, J., Phys. Rev. E 55, 982 (1997).

[21] Pecseli, H. L., Rasmussen, J. J. and Thomsen, K., Phys. Rev. Lett. 52.
2148 (1984).

[22] Pecseli, H. L., Rasmussen, J. J. and Thomsen, K., Plasma Phys. Contr.
Fusion 27, 837 (1985).

[23] Kevlahan, N. K.-R. and Farge, M., J. Fluid Mech., 346, 49 (1997).

101



0.008

0.006

0.004

0.002

0.01

O.DI

O.Oi

0 . 0 '

0.00.

o.oo:

o.oo:

o.oo

0 2

V
o s

/

4 6 8

10 IS

a)

-—.
10

c)

20

-0.0002
-0.0004
-0.0006
-0.0008

-0.01

-0.02

-0.03

• (fl

Figure 1: a) The unperturbed density profile (a = 0.0001 and b = 0.0006). b)
the spatial dependence of the resonance frequency, c) the potential fluctuation
for I = 3, d) the density fluctuations for I — 3, e) the potential fluctuation for
t = 5 and f) the density fluctuation for £ = 5 in the electron column.
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Figure 2: a) The unperturbed density profile (a = 0.2 and b = 0.005), b) the
spatial dependence of the resonance frequency, c) the potential fluctuation for
£ = 2, d) the density fluctuations for £ = 2, e) the potential fluctuation for £ = 4
and f) the density fluctuation for £ = 4 in the electron column.

0 2 4 6 8 10 12 14

Figure 3: a) The unperturbed density profile (a = 0.2 and b = 0.005), b) the
spatial dependence of the resonance frequency, c) the potential fluctuation for
£ = 3, and d) the density fluctuations for £ = 3 for the low frequency fluctuation.

103



0 0 . 2 0 . 4 0 . 6 0 . 8 1 0 0 . 2 0 . 4 0 . 6 0 . 8 1

/

Id)

0.5 1 . 5

Figure 4: a) The unperturbed density profile (a = 0.4 and b = 1), b) the
spatial dependence of the angular velocity, c) the potential fluctuation for £ = 2,
d) the density fluctuations for £ = 2 in the electron column for the case of

= 0.1271872 and Imw = 0.001.
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Figure 5: a) The unperturbed density profile (a = 0.9 and b = 1). b) the
spatial dependence of the angular velocity, c) the potential fluctuation for I — 2,
d) the density fluctuations for I = 2, in the electron column for the case of
Rew = 0.0548 and Imw = 0.001.
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Figure 6: a) The unperturbed density profile (a = 0.4 and b = 1), b) the spatial
dependence of the angular velocity, c) the potential fluctuation for £ = 3, and d)
the density fluctuations for £ = 3 for the case of Rew = 0.188 and Imw = 0.001.

Figure 7: In a) we show the "boomerang-interaction" of three vortices, and in
b) the vortex collapse along logarithmic-spiral trajectories.

Figure 8: The radius of the ring versus the number of vortices on the most inner
ring at the equilibrium configurations: in a) M=2 and in b) M=3.
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Figure 9: Numerical simulations of three collapsing finite size shielded vortices.
The shielding distance (i.e. the Debye-length) is XD = 1/4. In a) we show the
charge density of the vortices and in b) the potential variation. The resolution
is 512x512 wavenumbers and the total computational domain is 2?r x 2TT.
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Figure 10: Numerical simulations of "boomerang-interaction" of three finite size
shielded vortices. The shielding distance (i.e. the Debye-length) is \D = 1/4. In
a) we show the charge density of the vortices and in b) the potential variation.
The resolution is 256x256 wavenumbers and the total computational domain is
2TT x 2TT.
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