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INTRODUCTION

The Spherical Inertia Electrostatic Confinement (SIEC) is widely accepted as one of the
simplest candidate among various fusion approaches for controlled fusion. Indeed, it has no
externally applied magnetic field and ions are focused in the small volume near the spherical
center. Fig. 1 shows a cross section of the single-grid Spherical IEC. When deuterium is used,
ions produced in the discharge are extracted from the plasma by the cathode grid, accelerated, and
focused in the center. The grid provides recirculation of ions, increasing the ion density.
Consequently a very high-density core of fuel ions is created in the center region. This might
enhance fusion reactions, since the reaction rate is proportional to the square of the fuel density.
Nevertheless, the high density of ions produces a high potential hill, which decreases the kinetic
energy of incoming ions and consequently reduces fusion reactions. Electron effects are thought
to change the potential shape in such a way as to avoid this problem. In an experiment at high
currents, a potential structure develops in the non-neutral plasma, creating virtual electrodes that
further enhance ion containment and recirculation [1-2]. (see Fig.2). Hirsch [3] pointed out
firstly an existence of the potential well or a virtual cathode structure in the potential hill.
Nevertheless, discussions on the virtual cathode have still continued. This is attributed to the fact
that Hirsch have discussed only a simple case where the charged particles are monoenergetic and
have no angular momentum. Analyses including angular momentum have been reported [4-8].
These studies, however, introduced unacceptable assumptions or have been completely numerical
such that the underlying phenomena become hard to understand. Thus the topic assumes a strong
importance [7]. It is the purpose of this paper to clarify the formation mechanism of the virtual
cathode and to derive the conditions necessary for formation of a virtual cathode structure.

We will discuss the steady-state solution for two opposite cases. One is the case where
electron collisions are so small that the velocity distribution function can be described in terms of
the collision-free kinetic equation. The second is the case where electrons suffer collisions so
frequently that the collision-free kinetic equation is no more applicable. The electrons are
described in terms of Boltzman's distribution, corresponding to thermal equilibrium. In both
cases, ions are collision-free and their velocity vector also diverges away from the center by a
small angle.
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DIVERGENT VELOCITY OF IONS

hi experimental devices in the laboratory, ions are generated outside the spherical cathode
structure, which are negatively biased. Ions are accelerated by the cathode and pass through the
cathode region towards the center. Ions arrive at the central region and then turn back to the
cathode region, where they are reflected again towards the center. The spherical symmetry of the
electrostatic field near the cathode region is, however, incomplete because the cathode has a
discrete structure. This non-symmetric electric field near the cathode region gives the ion beam a
certain divergence. Let the divergence of the ion velocity vector towards the center be A, at the
cathode region. The distribution function of ions at r = a takes the form:

siny = - ^ (1)
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The distribution function at a radius r = r is then given by:
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This equation shows that the divergence of the particle becomes larger near the spherical center
than at the cathode region, providing that the effects of electrostatic potential are inappreciable.

The particle density is obtained by integrating the above equation over velocity space, giving:

V'-s . (3)
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where, D2
S( r) = -^- -—
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In the region close to the center (r « Asa), where the value D2( r) is much larger than unity, we

obtain:

i—— f \

(4)

Thus the ion density in the dense core region is roughly 2nsa I A2
S. This assumes the ion density

is low enough and accordingly the effects of electrostatic potential can be ignored.
For the case of collision-free electrons, the distribution function is expressed by equation (3),

where qs = -e and nsg = nge . Nevertheless, since the kinetic energy of electrons is very low at

- 9 6 -



the cathode region, they are strongly effected by perturbations in the electrostatic potential.
Therefore, the above arguments concerning the core density and core radius break down. Results
are still obtainable after numerical calculations, and will be presented in the following section.

Discussions presented so far are applicable in a limiting case where particles suffer no
collisions. In general, the collision frequency between electrons is much larger than that of ions.
Thus within a SEC, the electrons suffer a large self-collision rate. Formation of a virtual cathode
for this case has been studied by Ohnishi et al. [2]. They have assumed, however, charge
neutrality of the plasma, and no solution to Poisson equation has been obtained. In a stationary
plasma where the mean electron-electron collision time is much smaller than the mean life time of
electrons trapped within the chamber, the distribution function of electrons is determined by
detailed balance, resulting simply in Boltzman's distribution:

ne(r) = neaExp
kT

(5)

Throughout the present paper, we are interested for a case ion collision is negligibly small and
consequent ion distribution functions are given by the equation (2).

The exact electrostatic potential has to be determined from Poisson's equation:

^ ^ r ^ ( r ) Zen,(r)-ene(r) (6)
r dr dr

This equation is supplemented by the equations for particle density given in equation (3) or (5) as
a function of the electrostatic potential. The quantity Z stands for the charge number of the ion
and we will henceforth put it equal to unity since we are interested in D-D fusion. Equation (6)
with (3) or (5) for the particle density is a complicated nonlinear differential equation and we are
unable to obtain its solution analytically. A certain numerical calculation is, therefore, needed to
study the detail of the virtual cathode. An outline of these calculations and the resulting solutions
are presented in the next section.

NUMERICAL SOLUTIONS TO POISSON'S EQUATION

In carrying out numerical calculations, we will employ the following model:

(a) The electrostatic potential <pa at r - a is approximately the same as the voltage -Vg applied
onto the spherical cathode. This condition gives us one of the needed boundary conditions
for obtaining a solution to Poisson's equation.

(b) Ions are first produced outside the cathode region where the electrostatic potential is zero.
The hamiltonian of ions is therefore zero.

(c) Concerning electron birth, we are considering two opposite cases. In the first case, electrons
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are completely collision-free and their birth are at r = a with a small radial velocity ee Vg.
Then the electron hamiltonian of is e Vg (E + / ) . The ratio of electron density to the ion
density a at the cathode region is a controllable variable. In the opposite case, electrons
suffer many collisions and, therefore, their density is given by Boltzman's distribution. The
ratio of electron density to the ion density a for this case is still a variable,

(d) The divergence A of ions is 0.2 at the cathode region.

For the purpose of simplifying the equations to be solved numerically, a set of non-dimensional
variables is introduced:

, :.F(p = l) = 0,

nj(a) sN (p)t ,.N](p = l) =

Vg

In terms of these non-dimensional variables, the equation set takes the form:

and

or

Ne(p)=a Exp[Jc2F(p)] k2 =

The boundary conditions associated to these equations are:

= 0

A comment is required about the boundary conditions: since all the physical quantities are regular
functions of the normalized radius p , the second boundary condition should be dF I dp=0 at
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p=0 . This condition at the spherical center requires certain complicated procedures for solving
the nonlinear differential equation. We employed, therefore, an alternative boundary condition.
By assuming tentatively a certain value of dF I dpi p = l), we execute flip-flop calculations. The
resultant value of the tentatively obtained total charge will be employed as the value
dF I dpi p = l) for the next step of the iteration. If the result satisfies the second boundary
condition in (12), it is adopted as the solution. Once the result satisfies the condition (12), it also
satisfies the condition dF I dp = 0 at p = 0. Further, we applied the following approximated
formula for the integral in equations (9) and (10):

5 A "2 (13)1/ I!

4 ) I + 774

This approximation significantly simplifies the calculation. The validity of the approximation is
illustrated in Fig.l. The approximated formula is only slightly larger than the integral, however,
the difference seems insignificant relative to our results. Results of numerical calculations are
exhibited in from Fig.2 to Fig.6 for a various densities of ions and electrons at the cathode region.
These results are discussed in some detail next.

Figs. 3 (a)-(c) shows a solution to equations (7)-(9) and (12) for thermal electrons in a low
collision and low-density plasma. The density parameter enjaa

2 I e0Vg is as small as 0.1 and
electron density and ion density is the same at the cathode region. Fig.3 (a) shows the density
profile. Because of the small electrostatic-potential for this low-density operation, ions are little
affected by the potential. Ion focuses into a high-density core with a high electrostatic potential.
Ion density at the core of radius aA{ is approximately 2 / A] times the ion density nm at the
cathode region. The density profile of the electrons is exhibited in Fig.3 (b). Since thermal
electrons have no focusing property, their profile is broad. A broad profile of thermal electron is
disable to create a high peak of its density inside the potential hill near the center. Consequently,
no virtual cathode or potential well appears in the potential hill. We confirm these facts about the
potential profile in Fig. 3(c).

Figs. 4 (a)-(c) show a solution for a case where only the electrons differ from the conditions
used in the previous solution. As for ions, their essential properties are as same as the previous
case [Fig.4 (a)]. The representative kinetic energy of electrons at the cathode region is as small
as 0.0003 times the applied voltage onto the cathode. Accordingly, the canonical angular
momentum of electrons is very small. The radial electric field accelerates electrons towards the
center, keeping their angular momentum constant. In other words, the divergence of electron
flow decreases at an inner region, which allows electrons to penetrate deep inside the potential hill.
Consequent electron focuses into a small region around the center and a high peak in the density
profile of electron forms a potential well inside the potential hill. This is shown in Fig. 4 (b).
The appearance of the virtual cathode in the potential hill is a quite general result in an aligned
flow of electrons, as is seen in Fig. 4(c).

Figs. 5 (a)-(c) show the effects of the divergence of aligned electrons in a collision-free plasma.
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Only the divergence changes and all other plasma parameters are same as the two prior examples.
The divergence A of electron is 0.4, 0.1, and 0.025 in Fig.5 (a), Fig.5 (b), and Fig.5 (c),
respectively. The sharp electron focusing makes it possible to achieve a virtual cathode, but this
effect is not enough to appreciably cancel the potential hill.

Figs. 6 (a)-(c) and Figs. 7 (a)-(c) concern cases of aligned electrons while the ion density at the
cathode region changes. The divergence of ions At is chosen as 0.2 and that of electrons Ae is
0.025. Figs. 6 (a)-(c) show the density profile of ions versus the edge density of the ions. If the
ion density at the cathode region increases, the effects of electrostatic potential become
appreciable. As is shown in Fig.6 (a), in the case of low ion edge density eniaa

2 I enVg -0.1, the
electrostatic potential only slightly changes the density profile of ions. For a case of intermediate
ion edge density enjaa

21 e0Vg = 0.5 , the large self-electrostatic field decelerates the ion motion.
This results immediately in an increase of the ion density, as is shown in Fig. 6 (b). Fig. 6(c)
shows potential profile for the case of high edge ion density (eniaa2 I e0Vg = 0.8). Due to the
large effect of the electrostatic potential, the deceleration of radial motion by ions produces a large
bump in the ion density profile. The location of the bump is the point where equation
e<p(r )r2 = A2expaa

2 is approximately satisfied. This condition exactly corresponds to condition
(14). An appreciable number of ions are reflected at this point to form the density bump.

It may be interesting to watch the potential profile associated to the bump up of ion density.
Potential profiles are exhibited in Figs. 7 (a)-(c) corresponding to Figs. 6 (a)-(c), respectively. For
the case of high edge density where the bump in ion density profile appears, no bump in the
potential profile appears. Throughout our numerical calculations, no second virtual anode
follows the density bumps of ion that have been pointed out by Hirsch [1]. Ions with a certain
angular momentum are easier to reflected back compared with ions with zero angular momentum.
Thus a majority of ions are reflected back before they can form a virtual anode.

Figs. 8 (a)-(c) show the density profile of ions, versus the edge densities of ion for the case of
thermal electrons. The parameters used are essentially the same as Figs. 6 (a)-(c) respectively,
except for the divergence angle of electrons. No second peak of ion density is observed, even in
the case of high ion density. No second virtual anode appears either in this case.

Application of a high edge density of aligned electrons focused towards the center enables a
larger depth of the virtual cathode. This fact is demonstrated in Figs. 9 (a)-(c), for the case of
high density, eniaa

2 I e0Vg =0.8. By increasing the electron density at the edge, the electron
density is increased everywhere in SIEC. The electron density near the center also increases and
consequently a deep well on the potential hill near the center is formed. The potential of nearly
90 % of the ion kinetic energy at the cathode region decreases to 45 % when a high electron
density is applied at the cathode region.

Similar trials to increase the edge density of thermal electrons have been done. Nevertheless,
no solution is found if the edge density of electrons is more than 1.4 times the ion density.

No ion hole appears inside the virtual cathode for the case of aligned electrons since ions with
small angular momentum cover the potential well to form a peak of the ion density at the center.

- 1 0 0 -



The increment that is considered for the electron density at the cathode region is as large as factor
six. This brings, however, a decrease of the total electric charge of a system of only 14 percent. If
electrons are thermal and consequently distributed broadly, neither a secondary ion hill nor a
virtual cathode is formed.

CONCLUSIONS AND DISCUSSIONS

We have studied double structure or virtual cathode formation of a spherical inertial
electrostatic confinement. The study concerns particle's distribution with divergence A of the
direction of the velocity around the center and addition of edge electron density.

(a) The angular momentum of both ions and electrons causes a virtual cathode in a potential hill
near the spherical center of SIEC.

(b) The potential hill is small if the density parameter eniaa
21 e0Vg is much smaller than

unity. In this case, the radius of the high-density core is aA and ion density at the core is
2 / A2 times the ion density at the cathode region.

(c) If the density parameter eniaa
21 e0Vg is close to unity, the height of the potential hill

becomes appreciable. This causes a large bump in the density profile of ions for the case of
aligned electrons. No potential bump or virtual anode, however, appears to be associated
with the ion bump. For the case of thermal electrons, no ion bump appears.

(d) An appreciable potential well inside the potential hill appears at a high-density operation if one
applies an enhanced electron density, as well as a small divergence of aligned electrons at the
cathode region.

(e) No ion hole appears in the potential well, but ion peaks at the potential well.

Applications of conclusions of these studies are only restricted for the limited situation
described in section 4. For cases where the density parameter eniaa

2 I enVg is larger than unity,
no solution to the nonlinear Poisson equation has been obtained.

It has been obvious that the electron plays an essential role in virtual cathode formation.
Detailed studies on the electron distribution function are needed to estimate precisely the
laboratory SIEC.

The density limit eniaa
2 I e0Vg <1 for a steady solution restricts the development of the SIEC

to a low power level fusion device. A steady-state device may satisfy the condition
niaa

2 = 2.5xlO12 I m .

When we apply high-density parameters larger than unity, numerical solutions to Poisson's
equation take complex value at the inner region of SIEC. This suggests that a certain additional
term is needed to obtain a physically acceptable solution. The solution might be a time-
dependent one, involving an unstable or oscillating solution.

In this paper, we ignored all inter-particle collisions. However, further studies on a
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collisional equilibrium scale of related fueling and loss processes are essential for understanding

the complete picture for a SIEC.
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Fig. 1: Cross section showing construction of
the single-cathode Spherical IEC. This
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non-neutral plasma, creating virtual
cathode
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Fig.3: A radial profile of ion density, electron density, and electrostatic potential in a case of low
density plasma: enjaa

2 I e0Vg =0.1. Other parameters are nea I nia -1, divergence of ions
Aj =0.2 and electrons are thermal.
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Fig.4: A radial profile of ion density, electron density, and electrostatic potential in a case of low-
density plasma: eniaa

21 e0Vg = 0.1. Other parameters are nea I nia = / , divergence of ions
A, =0.2 , and that of electrons Ae =0.1.
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Fig.5: Potential profile for different electron divergence in low-density plasma
(eniaa

21 e0V =0.1). Other parameters are nea I nia = 1, and A,=0.2.
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Fig.6: Density profiles of ions at various density in a case of nea I nm = 1, A,• = 0.2 , and

Ae =0.025.
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Fig.7: Potential profile at various densities for a case of nea I nia = 1, 4y =0.2 , and 4e =0.025 .
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Fig.8: Density profiles of ions at various densities for a case of nea I nia =1, A, =0.2 , and
thermal electrons
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Fig.9: Potential profiles of various density rations of electron and ion at the cathode region in a
High-density plasma: eniaa

21 e0V =0.8, 4 =0.2 , and Ae =0.025
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