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Abstract

Applications of a multi-layer neural network to numerical analyses are
described. We are mainly concerned with the computed tomography and
the solution of differential equations. In both cases as the objective
functions for the training process of the neural network we employed
residuals of the integral equation or the differential equations. This is
different from the conventional neural network training where sum of the
squared errors of the output values is adopted as the objective function.
For model problems both the methods gave satisfactory results and the
methods are considered promising for some kind of problems.
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1. Introduction
Though the studies on an artificial neural network were originally

started to construct a system which simulates a biological neural network, at
present the studies are not restricted to the biological ones but the network
has a variety of application fields, especially, for data processing methods.
Because of the original motivation of studies of the neural network there
are a lot of studies on applications of the neural network to classification and
pattern recognition but there are few examples of applications of the neural
network to numerical computations which need high accuracy as well as
high speed. There is, of course, a limitation to the application of neural
network to the numerical computation concerning the accuracy and the
speed as long as we use conventional computers. However, if we make use
of unique features of the neural network satisfactorily and devise a peculiar
numerical procedure, it is possible to use the neural network to the
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numerical computation effectively in spite of such limitations.

2. Structure and Training of Neural Network
A neural network is constructed from a lot of comparatively simple

processors (units) connected each other in order to realize a certain function
as a whole. For realization of the function of the system the state of
connections represented by a weight assigned to each connection is the
important factor and the training (learning) of the neural network is the
process to determine values of the weights.

In this article we consider a multi-layer feedforward neural network as
shown in Fig.l. We employ the logistic equation of a sigmoid function-
type as a nonlinear transforming function (an activation function of a unit).
The training algorithm we mainly consider is the error back-propagation
method, i.e., the most commonly used method for this kind of the network.

offset offset

W (M)

s /
Output
Layer

Input v. >/
Layer |

Hidden
Layers

Fig. 1 A multi-layer feedforward neural network

hi Fig.l Wi/p' is the weight assigned to the connection between the i-th unit in
the p-th layer and the j-th unit in the p+l-th layer. If we represent the
input value to a unit from the i-th unit in the preceding layer as Xi and the
corresponding weight as Wi, the output value y from this unit is obtained by
nonlinearly transforming the weighted sum of the input data by the sigmoid
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function o(X) as

y = <r(X) =
l + exp(-X)

X = ±wiXl
1=1

During the error back-propagation process the weights are updated
iteratively according to the following equation.

dE ddX

where E is the error function as the objective function of the optimization
process of the neural network, y is the learning rate, and C is the value
transferred from the succeeding layer.

3. Numerical Analysis and Features of Neural Network
The neural network is considered as a device which has various

features represented by the following items.
(1) a statistical model of the real world.
(2) a classification device.
(3) a continuous mapping device.
(4) a static or time dependent function.
(5) a smoothing operator.
(6) an interpolation device.

Though some of these features are advantageously used for numerical
computations there are only a few application of the neural network for this
field up to now. Because the training process of the neural network is
essentially a nonlinear optimization which inevitably requires a lot of
computational cost, it seems sometimes ridiculous to use the neural
network for numerical computations. But some of the above features are
very attractive and may make practicable the numerical computation
method based on the neural network technology by setting the advantages
off against the disadvantages.

4. Application of Neural Network to Computed Tomography
The simplest ideas to use the neural network for numerical

computations are found in the field of inverse problems. Among them the
CT (computed tomography) image reconstruction technique is one of the
interesting applications. In this section we describe the technique usable for
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the diagnostics for the experiments of fusion plasma experiments.

4.1 Parametric Computed Tomography
In this subsection we consider a process to obtain a density distribution

n(x,y) in a cross-section of a cylindrical or a toroidal plasma by a multi-
channel microwave interferometer. Analysis of the density distribution
from the set of the measured phase shift data (Fig.2) is a problem to solve the
first kind Fredholm integral equation. The phase shift of microwave
passing through a plasma is described as

fy =k jn(x,y)dy

where ^uV i' and ^l- r are the upper and lower limit of integration for the
j-th path of micro-wave. Because in this kind of measurements the
number of the microwave paths does not exceed several tens at most, usual
CT techniques cannot be applied to this problem. Therefore, some
assumptions such that the contours of the density distribution are only
slightly deformed from concentric circles are introduced and the parameters
defining the shapes and positions of the contours are analyzed. A typical
example of this kind of methods is to represent the density distribution by a
linear combination of a limited number of appropriate functions. For this
purpose we employed the Fourier-Bessel series as

M N

n(x,y) = n(r,6) = £ zlia
mriJm(^nr,

r)cosm^
ttj-0 n— 1

By entering the measured values corresponding to the line integrals
(the phase shift data of the microwave interferometry) of the paths to the
input unit of the neural network, values of the above parameters
(coefficients of the Fourier-Bessel series) are obtained from the output units.
In this problem the training of the neural network is carried out by
preparing parameters for various model distributions and corresponding
phase shift data as the supervisor data. The error function E of the neural
network is represented by the sum of the squared values of differences
between the nnetwork output and the supervisor data as
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where f represents the coefficients amn.
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Fig.2 Schematic diagram of the plasma density measurement
by microwave interferometry.

This is a very simple application of the neural network to the inverse
problems and we obtained satisfactory results for model distribution of the
plasma density. Bishop el al.[l] applied a similar method to the analysis
of the JET plasma by taking into account some additional information on
MHD equilibria of the measured plasma.

By this method once the network training is carried out only the
forward calculation along the network is necessary for the analysis which
consumes only a small amount of computation time. However, as the
density distribution is represented by only a small number of parameters
the expressive power of the system is relatively low, and if one wish to carry



out more detailed analysis the size of the network increases drastically.

4.2 Non-Parametric Computed Tomography (1)
In order to cope with the above problem we devised a new CT image

reconstruction method by using the neural network[2]. The most
distinctive feature of this method in comparison with the previously
described method is in the choice of the error function. In this method the
value of the density f is obtained from the output unit for the position (x,y)
given to the input units as,

Therefore, the network structure is 2 - (hidden layer) - 1, and the size of the
network is always kept rather small. The error function is given by using
the residual of the integral equation as

{g(h,ek)-srured)2

where rk and 9k are the parameters defining the path of the line integral (rk:
the distance from the origin to the k-th line, 0k: the angle of the direction to
the path). Correspondingly, the updating equation of the weights is given
as follows.

We applied this method to some model distributions and obtained
satisfactory results. The detailed description of the method is found in ref
[2]. Because of the features (5) and (6) described in Section 3 this method
maybe promising for the case where sufficient number of data points are
not available.

4.3 Non-Parametric Computed Tomography (2)
Though the new CT image reconstruction technique is promising

there are some problems to be solved. One of them is the error
amplification due to the numerical differentiation during the training
process. We devised a new algorithm which does not include the
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numerical differentiation. The procedure is described as follows.

(1) Continuous mapping between the parameters (r,6) defining the
integration path and the value of line integral b is constructed by using a
neural network as

(2) Derivatives of b with respect to r and/or 8 are calculated analytically.

( (

(3) The second neural network which gives Bf/Bx and/or Bf/By as the
output value by giving x and y as input values is constructed.

(4) Integration of Bf/Bx along the x direction or Bf/By along they direction
give the value of f.
The above procedure does not include the numerical differentiation

and it is expected that the CT image reconstruction with the high accuracy is
realizable. Details of this method will be described elsewhere.

5. Application of Neural Network for Solving Differential Equations
Methods to solve differential equationsby the neural network

collocation methodwere proposed and tested by B.Ph. Milligen, et al.[3] and
I.E. Lagaris, et al.[4]. Difference between above two methods is in the
treatment of the boundary/initial conditions. In the Milligen's method the
boundary/initial conditions are imposed as penalty terms added to the error
function of the neural network. In the Lagaris's method, on the other hand,
the solution of the differential equation is composed of the neural network
output and appropriate shaping functions so that the resultant solution
satisfies the boundary/initial conditions exactly. In this way, there is a
possibility that the Lagaris's method gives a higher accuracy but it is rather
difficult to prepare appropriate shaping functions. We tried to prepare
necessary shaping functions by connecting partly defined shaping functions
smoothly (the divided shaping function method).
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5.1 Solution Method
The Lagaris's method is explained briefly in the following. We

consider to solve the following differential equation defined in a domain Cl.
Du{x)=g{x) on Q

In the domain we prepare the domain composed of a set of collocation
points.

Du{x)=g{x) on Q Q e Q |Q|<°°

The original continuous differential equation is solved by minimizing the
following residual.

2

The corresponding equation for the collocation method is as follows.
E=X(Dut(xrp)-g(x)f

where the solution is constructed by using the neural network output and
the appropriate shaping functions.

ut (x, p) = A(x) + F(x,fN (x,pj)
The function F is exactly 0 at the Dirichlet boundary and the value of A at
the same point is exactly the boundary value.

5.2 Examples of Problems
Wat first we tried the divided shaping function method worked well.

For this purpose we solved the poisson equation in a square domain and a
T-shaped domain. For the square domain a single shaping function was
used (Fig.3), and for the T-shaped domain 7subdomain were prepared and
the 7 shaping functions connected smmothly and the whole shaping
function was constructed (Fig.4). In both cases accuracy of the computations
was not necessarily satisfactory but the divided shaping function works
rather well and promising.
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(a) (b)
Solution of the Poisson equation in the square domain.
(a) Contour plot of the solution, (b) Contour plot of the eror.
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Fig.4 Solution of the Poisson equation in the T-shape domain.
(a) Contour plot of the solution, (b) Contour plot of the eror.

Next we studied the problems concerning the data assimilation
technique. For this purpose we tried to solve the Lorentz equation by
assigning the initial condition of different variables at different temporal
points. The results were satisfactory and the method worked well even if
the initial conditions are not imposed at the different temporal points for
different variables. From this experiment it is conjectured that the neural
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network collocation method might be usable for the data assimilation
problem where the temporal or the spatial positions for the initial /boundary
conditions are prepared irregularly.

6. Improvement of Neural Network Training
For the problems treated in this article the important and urgent

studies are improvement of the training characteristics. Among them the
realization of the fast training is very important. Among them to increase
the value of the derivative for large argument is very effective
improvement. For this purpose we consider the parametrized weight
method [5] and the modified sigmoid function.

6.1 Parametrized Weight Method for Fast Training
By the parametrized weight method each weight is expressed by some

third order equations, by which the derivative of E with respective to the
weight becomes large even for a large vlue of the argument of the sigmoid
function. By this fact the increment of the weight at each iteration step
becomes large and the convergence is accelerated.

X =

dxp ' dp\m)

>+o((AP
(m))2)

This method is especially effective for some kind of model problems but for
some model problems this method does not work as expected. The
deetailed description of this method will be presented elsewhere.



6.2 Modified Sigmoid Function for Fast Training
According to the same guidline as the previous subsection we replaced

the argument X of the sigmoid function by a higher order equation of X,
which gives a large value of derivative of the sigmoid function and makes
the step length of the training large.

X
dy _da
dX~lx

( 1
dX dX

This method does not improve the convergence dramatically as the method
described in the previous subsection but improves the convergence on the
average.

7. Summary
We have developed a new application methods of the neural network.

This is based on the principle that the sum of squared residuals of the
integral equation or the differential equation should be minimized. The
concrete examples of the model problems are the CT image reconstruction
and the solutions of the Poisson equation, the Lorentz equation and so on.
We obtained a satisfactory results and the method may be promising for
various kind of unique problems.
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