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Preface

This volume contains 21 papers contributed at the 1998-Workshop on
MHD Computations held in Toki, November 25-27, 1998. This workshop
was held as one of the collaboration research projects of the National
Institute of Fusion Sciences (NIFS). On the other hand, for more than
seventeen years, we have been continuing the workshop on the numerical
computations related to the thermonuclear fusion research, organizing the
domestic researchers in plasma physics and applied mathematics.

The purpose of this workshop is to study various possible plasma
behaviors and its controllability in the fusion research. The main basic
mathematical model treated in the workshop has been Magneto-Hydro-
dynamics (MHD).

This year, there were more than 30 participants in the workshop, and we
had 24 contributed talks under the following themes: 1) Study of plasma
equilibria and their stability analysis applied to plasma control; 2) Proposal
of new numerical methods and simulation techniques related to fluid
dynamics and electromagnetism; 3) Study of related mathematical as well as
numerical analyses.

We hope that this volume will contribute to the further development of the
research in this field.
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Evolution of Field Reversed Configuration1

S. Hamada and Y. Takaku
College of Science and Technology Nihon university

25th November 1998

Abstract
The model is studied systematically. An integral theorem and relations among

several decay rates of relevant quantities are obtained. The quasi-steady solution of
this model is also studied to make clear under which circumstance it is maintained
to be a stationary solution of the time dependent model equation. A formal criterion
for a quasi-steady solution to be an attractor is deduced.

1 Introduction

The 1 1/4 D time dependent model of Field Reversed Configuration (FRC) was pro-
posed by Steinhauer, Milroy and Slough in 1985 for the first time and numerically solved
to examine validity of their 1 1/4 D quasisteady model[l]. Although there are more re-
alistic models of FRC[2][3] other than this one, it may be worth studying systematically
because it is the simplest model with perfect inner consistency. Our study has not yet
finished but our schedule is as follows. First, we formulate again this model so as to fit our
purpose. Second, quasi stationary solutions are shown to be maintained under a certain
circumstance. Third, it is studied under which circumstance it could be an attractor.
Finally, it will be studied what would happen if the foregoing circumstances are violated.
Here, we report results up to the second problem and, as for the third problem, only
a formal criterion for the quasisteady solution to be an attractor. Assumptions for the
model are as follows.

1. long racetrack shape of separatrix Length L{t) of the uniform part of separatrix
is sufficiently longer than the radius r3(t)

7, » l <"»
L and rs are treated as slowly dependent on time t and length of all the magnetic
surfaces are taken to be equal to L(t).

2. axial symmetry We set cylindrical coordinates (r, 9, z) with z axis aligned on
the axis of symmetry and z — 0 on the equatorial plane of the separatrix. As we
concentrate mainly on structure of the uniform part of separatrix, almost all field
quantities are taken to be independent of z, that is, the z component of magnetic
field Bz, the 9 component of electric field Eg, the r component of plasma velocity vr,
the plasma pressure p, the plasma density p and the electric resistivity n are taken
to be functions of r, t only. One exception is the z component of plasma velocity
vz, which is taken to be a function of r, z, t. Another exception is a parameter 0 of
plasma temperatures, which is taken to be spacially uniform. (See next item.)

1 This paper has been submitted also to the editor of proceedings of US-Japan workshop on Physics
of high-beta plasma confinement in innovative fusion (FR5-05) held 14 and 15th Dec. 1998 at NIFS.
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3. Uniformity of temperatures We assume that the ratio of the plasma pressure to
the density is spatially uniform and dependent only on time t.

where rrn and me are the ion and electron mass, Ti and Te the ion and electron
temperatures, Z the charge number of ion and k the Boltzmann's constant.

4. uniformity of main coil The main coil has a uniform inner radius rw and suffi-
ciently longer than the separatrix length L(t). As a result, we have the well known
axial force balance relation [6]

4
' w

where (/?) is the (3 ratio averaged inside the separatrix and rn is the radius of the
neutral surface. (Notice the well known relation that 1r\ = r2

s.)

5. functional form of vz We assume that

vz(r,z,t) = ^vz(r,-,t) (1.4) vz{r, ^,t) = \— + v(r,t) (1.5)

where v is the z component of relative velocity of plasma to the separatrix end. The
function v is determined later. See eq. (3.2).

6. basic laws used for the model In addition to the foregoing assumptions, the
model is based upon the following laws.

pre-Maxwell equations:

3D

— = - V x £ ( 1 . 6 ) V - B = 0 ( 1 . 7 ) fj.j = V x B ( 1 . 8 )
a t

generalized Ohm's law
r)j = E + v x B (1.9)

equilibrium equation
Vp = j x B (1.10)

mass continuity equation for particle transport

where [i is the permiability of vacuum, j the electric current density and rj the
electric resistivity of the plasma.

p



2 Dimensionless Flux ip, Coordinate u and Time Variable r

We define a dimensionless flux ift as

i>(r, t) = —^— f 27rrBz(r, t)dr (2.1)
TTTgBg JO

so that ip is related to the magnetic flux $ as

2 t ) (2.2)

Here, Be(t) is the value of Bz at the inner wall r — rw of the main coil. It will be called
"external field " hereafter. Prom this definition of tp, we have

BAW &± ( 2 3 ) whgre . . ^ - i (2.4)
2r dr cm rj(t)

The coordinate w was introduced by Tuszewski and Linford[4]. As it is well known,
this coordinate has many advantages. The axis of the system, the neutral surface and
the separatrix always correspond to the values —1,0,1 of u , respectively. Inside the
separatrix, every magnetic surface tp = const, has two radii r+(tp) > r_(V>) > 0 and ,
correspondingly, two coordinates u+(ip) > U-{ip) . The remarkable relation it_ = —u+
always holds. Therefore, we have tp(u) = ip(~u) s o that tp(u) is an even function of u in
the domain [—1,1] of u. p and p are also even functions of u but Bz is an odd function
of u on account of (2.3). Furthermore, the function v in eq. (1.5) is easily seen to be an
odd function of u. Since the neutral surface corresponds to u = 0 because u+ — u_, we
always have v\ — r2j2 on account of (2.4). These facts suggest that we had better to use
the coordinate u rather than r.

In order to make resulting equation dimensionless, we introduce a dimensionless time
variable r and, correspondingly, decay rate 1/r/ of an arbitrary quantity / , which are
defined as

where 7/(0, t) is the electric resistivity on the neutral surface.
Now, almost all relevant quantities except v in (1.5) can be expressed in terms of

V>(it, T) in the following way.

=| i ( l_4^ 2 ) (2.7) p = J | - ( l - 4 ^ 2 ) (2.8) m = - 4 B e ^ | ± V (2.9)
z/j zfi^y r

H 2ip'1 dr KTBC rr2 rr2 r/(0r)

where ' means the partial derivative with respect to u.
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3 Equation of Mass Continuity

The equation of mass continuity (1.11) is expressed in the cylindrical coordinates as

Changing independent variables (r, t) to («, T) , using (1.4, 5) for vz, (2.8) for p and (2.11)
for rvT, we obtain an equation for tp(u,T). In the domain [—1,1] of u, the even and odd
parts of this equation should hold separately. Thus, we obtain from the even part.

W [ { (

- + -L ) ( l -4</ / 2 ) ] (3.1)

where g is a function defined as g(u, r) = (r) + iju)/r](0, T) with the even part 77 and the
odd part fj of r)(u, T). The equation (3.1) is used to determine ip(u, r ) . On the other hand,
from the odd part of the mass continuity equation we obtain

7 7 ( 0 , r ) L [ 8 W r l # </> 4 ( ^ + ^
17 ~ / ^ 2 ( 1 - 4 ^ ) [ ^ T + [ ^ {

This equation is used to determine v(u, r) after the equation (3.1) is solved.

4 Flux Loss Time r$ and Particle Loss Time

Prom (2.2), we have a relation

1 1 1 1 1 d$(0,r) 1 dip(O, T)
— = h — + — where — = - _ , v \ ' , — = —, Jr ' (4.1)
T T r2 T r $(0r)9r r V(0r)5r

From physical point of view, rvT should be continuous everywhere. This means that the
even and odd parts of the right hand side of (2.11) should be continuous, separately. In
particular, the odd part should vanish and continuous at u = 0. Then, we obtain the
following two equations

H m l ( ± + 4 # » ) = 0 (4.3)
V ' u>o ^ ' V * ' V y

For the total ion number N inside the separatrix, we have JV =
Then, we have a relation

± + i + i (4.4) vhere L = -J£L-± (4.5)
TT2 TB2 T{p) Tr2 1 {(1) T)

where (4.5) is obtained from (1.3). The particle loss rate can also be obtained by calcu-
lating ion number per unit time passing through the separatrix.

1 = 2nrsLps fxrlvrs drs = ft nrsvrs 1 = 4 ^ ( 1 - 4 ^ ) ^
S ) dr-̂  (/?)17/(0, r) + rr? ^ (1 - 4^2)^ l j
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Here, the suffix s means the value on the separatrix u = 1 and the final expression is
obtained with use of (2.11). This expression for particle loss rate is the same as those
obtained for quasisteady models [4] [5].

5 Basic Equation for the Model

Since ip'(0,T) = 0 on the neutral surface (see eq. (2.3)), the equation (3.1) has
singularity on both sides at u — 0. Noticing an identity

multiplying 1/r̂ , on both the sides, adding them to both sides of (3.1) and using (4.1)
and (4.4) we get

where the singurarities have been removed as seen from (4.3). This is our basic equation.
In order to determine the time variation of ̂  at a time r, it needs to know, together
with ip(u,r), several decay rates l / r$ , 1/rjv, 1/r ,̂ and l/rrj or 1/r^) at the same time
r. The former three decay rates, however, can be determined by (4.2), (4.6) and (4.1)
if ip(u,r) and l / r r j are given. Differentiating both sides of (5.2) with respect to u, and
trying directly to calculate 1 /T^) , we obtain an integral theorem instead of l / r^) itself.
That is

M ^ S < ^ •? ] -•
This theorem is clearly necessary for the basic equation to be compatible with the re-
quirement

)=0 and
OT

The decay rate l/rr2 or 1/T^) is determined so that this theorem holds. That is

/ 2QPJ)'2 \ . 1 /-, . (j3) / 1 U W o / 1 U

_1_ _ H2-,3)2(l-/3)/ ^ Ty V1 ̂  2-0. \l-p/2/) rBe \
Z \\-Pl2l) ( _v

l + (2-*)(l-<I=fe» ^ j

Notice that the decay rate of the external field 1/rg,. is a known variable. The angle
bracket means integration from u — 0 to 1: average of an even function inside the sepa-
ratrix. By the way, we obtain from (5.5) and (4.4)

1 _ 1 = 2 ~ P ) r,
rL r0 i + (2-^)(l-( I-^))U(2

)7- + ( A - <rJ^72))7-} (5-6)

jfi rN 2 - p - 1 /^/2 rB

- 5 -



6 Quasisteady State

We call ip satisfying (5.2) but independent of time r "quasisteady solution" and denote
it as V'o(w) with suffix 0. All quantities relevant to "00 will also be shown by the same suffix
0. In order for the equation (5.2) to have a quasisteady solution, g, r$, r^, r^ and rr2 or r^)
have to be independent of time r. Furthermore, we have 1/TJ, = 0, 1/r^) = l/rra = 0
for the quasisteady state. Thus, the basic equation (5.2) becomes the following ordinary
differential equation for the quasisteady state

{ (

Boundary conditions for this equation are as follows.

(6.2) lim l ( ^ + 4^') = 0 (6.3)

O (6.4) ^ ( l ) = ^ l - / 9 b . (6-5)

The problem (6.1 ~ 5) was investigated by one of the authors[5] in case of g — 1. That is,
for a pair of parametors 0 < a < o o , 0 < f3Qs < I, there is a unique solution ipo, r$0, TNO

with a single neutral surface and negative flux inside the separatrix. The flux loss time
r$0 is a function of a and fis, and the particle loss time r^o is given by T^O = r*o/a. This
results do not change for non-uniform g. Thus, there may be a two dimensional domain
D such that, if (r$0, TNO) £ D, there is at least a solution which satisfies (6.1 ~ 4) except
(6.5).

Now, let us consider conditions under which, if the initial value of ijj is equal to ^o(w),
the quasisteady state tpo(u) is maintained as a stationary solution of the equation (5.2).
First, g should be independent of time. Second, r^ = TJVO should be maintained by
somehow controlling the edge layer. Third. 1/T^) = 1/TT2 = 0 should be maintained by
controlling the external field Be so that (see (5.5))

2-/3O s

Under these three conditions, ij}o(u) continues to be a solution of (5.2). In fact, if at a
time T the three conditions are satisfied and ip(u,r) = ipo(u), then, the basic equation
(5.2) and the integral theorem (5.3) become

•ru , du
and

respectively. We, therefore, have 1/r̂  = 0 from the integral theorem and the right hand
side of the basic equation vanishes. Thus, tl>o(u) continues to be a solution of the time
dependent equation.

- 6 -



7 Small Deviation Sip from a Quasisteady State

We put ip(u,T) = ipo(u) + 8ip(u,r) and consider behavior of Stj) within a range of
linear theory. We assume that g is not only independent of r but also uniform: g = 1,
for simplicity. Since the particle loss rate is always given by (4.6), we assume that the
deviation of particle loss rate 8{1/TN) due to the perturbation 8ip is given by

(± )

An assumption included here is that the value of TNO on the right hand side is fixed by
somehow controlling the edge layer. We fix the decay rate of the external field at the
value of l / i x o given by (6.6). Then, if 8tp = 0, we have 1/r^) — 0. But if 8ip ^ 0, as it
can be seen from (5.5) and (4.5) we have a deviation given by

V

] (7-2)

The deviations <J(l/r$) and 8{\/T$) due to £0 can also be calculated from (4.2) and (4.1).
Now, linearizing the basic equation (5.2), we get

(
- \Po) ^0

(7.3)

Notice that 5(l/r$) and 8{l/r^) disappear by cancelling each other. Denoting [ ] on the
right hand side as L(8ip), the equation is written in a short form:

d 81,

8 a Criterion for I/JQ to be an Attractor

Multiplying (1 + 4i/>o2)V>o4(5V'/'!/'d)' o n D o th si(les of (7.3') and integrating from u = 0
to 1, we get

\§ < 4 ^ 2 ^ t f (8.1)

- 7 -



If the right hand side of this equation is always negative for any permissible Sip, the
quasisteady state Vo is an attractor. In fact, if the condition holds, we have

((i + 4^X(7r)'2)->D
Vo

Then, we have at each point of u

Sip'ip'o - Sipip'o' -»• 0

On the other hand, the differential equation of Sip
% = 0

has the general solution Sip = const.ip'0 and only one solution satisfying the boundary
condition 5ip(u — 1) = 0 is Sip = 0. Therefore, if the right hand side of (8.1) is always
negative, Sip indefinitely tends to zero and the quasisteady state is an attractor. The right
hand side of (8.1) can be rewritten by integration by parts as

YO

So, if we define a linear operator L as

i{^)} (8.2)

the criterion for ifto to be an attractor is that the inequality

{5ipC(Sip)) > 0 (8.3)

is always satisfied.

9 Conclusion

The 1 1/4D time dependent model of field reversed configuration has been formulated
in somewhat different way from the original work[l], and in its process, an integral theorem
has been obtained together with relations among decay rates of several relevant quantities.
Conditions that the quasisteady state is maintained as a stationary solution of the time
dependent equation have been listed up. A formal criterion has been proposed for a
quasisteady state to be an attractor.
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The Construction of Generalized Magnetic Coordinates

Michinari Kurata

Dept. of Energy Engineering and Science,

Graduate School of Engineering, Nagoya University

and

Jiro Todoroki

National Institute for Fusion Science

Abstract

Generalized Magnetic Coordinates (GMC) are curvilinear coordinates (£, 77, £), in which the magnetic field is

expressed in the form

The GMC construction algorithm is applied to the simple periodic model magnetic field. The coordinates are expanded

in the Fourier series in three dimensions. It is obtained after about 10—35 times iterations. The coordinates are well

constructed by the comparatively small number of Fourier modes.

Keywords:

generalized magnetic coordinates, GMC, magnetic flux coordinates, magnetic surface,

magnetic islands, ABC magnetic field, Fourier series, B-spline function

§ 1. Introduction

Magnetic flux coordinatcs[l,2] are widely used in the study of the MHD equilibrium and stability in the toroidal

plasma when the nested magnetic surfaces exist. Unfortunately, the nested magnetic surfaces exist only in the limited

region of torus; and even inside the outermost magnetic surface there might exist complicated magnetic islands

structure. In such cases, the use of the conventional magnetic flux coordinates is not expected.

The Generalized Magnetic Coordinates (GMC)[3] are the new one to supplement the magnetic coordinates system

adequate to treat the general magnetic configurations. The GMC can be constructed in the region without nested

magnetic surface and the region of chaotic or ergodic magnetic lines of force. So the GMC can treat the magnetic field

involving magnetic islands and outside the outermost magnetic surface.

In the GMC (<!;, 77, f) the magnetic field is expressed in the form

- 9 -



here H( s i/gBc does not depend on f, where -sfg is Jacobian. The function *P is the covariant f component of vector

potential. When the good magnetic surface exists, *P becomes independent of f and 4/(<^,77)=Const. is the magnetic

surface. The ^-dependent part of *P corresponds to the destruction of the magnetic surface. The GMC are to be

constructed so that the £ component of vector potential becomes dependent of £ as little as possible.

In order to check the GMC construction algorithm, the general numerical method to construct a GMC is applied to

the simple periodic model magnetic field[4,5]. In this paper the GMC are applied to the model magnetic field involving

clearly magnetic islands.

§ 2 . Construction of GMC

The algorithm to construct GMC is the new one to construct magnetic surfaces without tracing magnetic lines of

force. It is based on the transformation rule of the vector potential accompanied with the change of coordinates[3].

We shall consider a curvilinear coordinate system (|, rj, £), f being the angle variable corresponding to the toroidal

direction. We introduce a time-like parameter x and consider the continuous path from an initial state of coordinates to

the GMC. Then coordinates are expressed as follows,

r=r(£,77,f;T). (2)

The coordinates approach to GMC when T-»°°. The parameter x corresponds to the iteration time in numerical

calculation by computer.

The magnetic induction densities •N/̂ >B=(//1' ,Hn,H'*) can be expressed in terms of the vector potential

\={A^,\,A^) as

, dA, dA dA. dA. , dA dA,

dr] 3f 3 f 3<fj d% dr]

If we introduce the notations

A=jAd^/§d^, As A-A, (4)

the principles to construct The GMC can be expressed by the following conditions;

1) Wf does not depend on f,

2) Ac is minimized,

which are represented as

| | 2 d f = 0 . (5)

§ 3 . Modeling and Results

We employ the ABC(Arnol'd-Beltrami Childress) magnetic field in the Cartesian coordinates added constant magnetic

field in the direction of z as the model magnetic field,

- 1 0



Bx =bcos(2ny) + csm(2nz), (6)

By — ccos(2nz) + asin(27rx),

Bz = acos(2n:x) + bsin(2Ky) + Bo

with (a—0.2, b-QA, c=0.6). This magnetic field is periodic in the directions of (x,y,z). The constant magnetic field

Bn is added so that B. >0.

The (x,y,z) coordinates are expanded into Fourier series in terms of the GMC (£, 77, £),

x = $+i X ixlmnexp(2m[lZ+mii+nC]), (7)
I=-Lm=-Ln = l

y = T]+ 1 1 I Y, m „ cxP(2m[l^+mr1+nQ),
l=-Lm = -Ln=\

The space is divided into 20—40 meshes of (<̂ , rj, £). The scalar function v is also expanded by Fourier series. The

GMC are obtained after about 10—35 times iterations so far.

In the previous paper[5], we reported two magnetic field cases of B0=0.5,1.0 without involving clearly magnetic

islands using the number of Fourier mode from L=l to L=7. Fig.l shows the Poincare maps of magnetic surfaces of

Bo=1.0 on the f=0 plane in the GMC. Fig.2 shows the shape and contour of A^(^,77). When the nested magnetic

surfaces exist, they are equal to A^ =Const..

Next, the constant Bo is lowered to B0=0.45, so that the magnetic field involves clearly magnetic islands. The

variation of the magnetic field in the C, direction is larger than the case of Bo = 0.5. Fig.3 shows the GMC mesh of

^,j)=Const. at equal intervals constructed in the number of Fourier mode L=9 on the z=0, 0.25, 0.5, 0.75 planes in the

Cartesian coordinates. The Poincare maps of magnetic surfaces of B0=0.45 is also overlapped in Fig.3. The only

central toroidal field of interest is drawn in the Poincare map and the outside of it is omitted to draw. Fig.4 shows the

Poincare maps of magnetic surfaces on the £=0, 0.25, 0.5, 0.75 planes in the GMC. The magnetic islands of poloidal

mode number M=5,7 and 9 are clearly shown. The magnetic islands rotate as f changes. Fig.5 shows the shape and

contour of averaged magnetic surface A (̂< ,̂TJ). The averaged magnetic surface is A^Const. when the breaking of

nested magnetic surfaces exist. Fig.6 shows the Poincare map on the £=0.75 plane overlapped to Fig.5. The magnetic

islands of M=5 rotate along the averaged magnetic surface; and the width of magnetic islands of M=5,9 could be

measured by the averaged magnetic surface.

In order to evaluate the magnitude of the £ dependent part of n', we calculate the integral,

The integral /^ is plotted against the number of Fourier mode L in Fig.7. It decreases exponentially as L increases.

Since the GMC are constructed so that Iv becomes zero, /^ must converge to zero. So the error of /^ is caused by the

finite truncation error for the most part.

In order to estimate the influence from the breaking of magnetic surfaces, we evaluate the magnitude of the £
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dependent part of H^ and Hn by the integral,

The integral /j^and /^ are plotted in Fig.7. Since A? is minimized in the GMC, Vv* and /if71 are also minimized. Since

H^ and Hn naturally contain the contribution from magnetic islands where the nested magnetic surface does not exist,

only its contribution should be contained in /^ and /^ if the GMC are precisely made up. Since both /^ and /^ are not

saturated and they are not very different from /^, they are mostly reflected by the smallness of number of Fourier mode

more than the breaking of magnetic surfaces.

In order to estimate A £ that relates with the breaking of magnetic surfaces, we calculate the integral,

The shape and contour of E^ are shown in Fig.8. The shape of E* seems like a crater of volcano. The shapes are

roughly unchanged for the number of Fourier mode from L=l to L=9, but the shapes become a deeper crater as L

increases. Although the magnetic islands of poloidal mode number M=5 locate in the middle of the magnetic axis and

the outermost magnetic surface, E, is not especially large there. The largest region of E, is annular and located

around the outside of the outermost magnetic surface. The region of nested magnetic surfaces around the magnetic axis

corresponds to the region of smaller E. . The similar result for E* is obtained for the magnetic field of fio=0.5.

At last, in order to examine the distribution of H1', we calculate the integral

?. (11)

The shape and contour of E^ are shown in Fig.9. Since the shape of E^ is similar to E^q, the region of the outside of

outermost magnetic surface influences on the convergence of E^ alike. Although E^ must converge to zero like /^, the

shape of E^ approaches to that of E^n if L becomes large to L=9. The meaning of this is not clear at the present.

§ 4. Summary

It is shown that the averaged magnetic surface A^ =Const. is equal to the magnetic surface when the nested magnetic

surfaces exist. The GMC can be constructed for the magnetic field involving clearly magnetic islands by the general

algorithm to construct GMC. In this model field H^,Hn and H1' decreases exponentially as the number of Fourier

mode increases. The distribution of A^ that relates with the breaking of magnetic surfaces is estimated. The largest

region of A^ is located around the outside of the outermost magnetic surface. The relationship between A^ and the

region where magnetic surface does not exist should be examined in further detail.
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In the general magnetic configuration of interest the periodic condition in three dimension cannot be used. In order to

drop the periodic conditions of magnetic field in ^ and 77 directions, the B-spline function should be used as the basis of

expansion. The B-spline function that has local support is adequate to treat the general magnetic field involving further

breaking of magnetic surfaces.
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Abstract

Applications of a multi-layer neural network to numerical analyses are
described. We are mainly concerned with the computed tomography and
the solution of differential equations. In both cases as the objective
functions for the training process of the neural network we employed
residuals of the integral equation or the differential equations. This is
different from the conventional neural network training where sum of the
squared errors of the output values is adopted as the objective function.
For model problems both the methods gave satisfactory results and the
methods are considered promising for some kind of problems.

Keywords: neural network, computed tomography, differential equation,
collocation method, data assimilation, Lorentz equation

1. Introduction
Though the studies on an artificial neural network were originally

started to construct a system which simulates a biological neural network, at
present the studies are not restricted to the biological ones but the network
has a variety of application fields, especially, for data processing methods.
Because of the original motivation of studies of the neural network there
are a lot of studies on applications of the neural network to classification and
pattern recognition but there are few examples of applications of the neural
network to numerical computations which need high accuracy as well as
high speed. There is, of course, a limitation to the application of neural
network to the numerical computation concerning the accuracy and the
speed as long as we use conventional computers. However, if we make use
of unique features of the neural network satisfactorily and devise a peculiar
numerical procedure, it is possible to use the neural network to the

- 1 9 -



numerical computation effectively in spite of such limitations.

2. Structure and Training of Neural Network
A neural network is constructed from a lot of comparatively simple

processors (units) connected each other in order to realize a certain function
as a whole. For realization of the function of the system the state of
connections represented by a weight assigned to each connection is the
important factor and the training (learning) of the neural network is the
process to determine values of the weights.

In this article we consider a multi-layer feedforward neural network as
shown in Fig.l. We employ the logistic equation of a sigmoid function-
type as a nonlinear transforming function (an activation function of a unit).
The training algorithm we mainly consider is the error back-propagation
method, i.e., the most commonly used method for this kind of the network.

offset offset

W (M)

s /
Output
Layer

Input v. >/
Layer |

Hidden
Layers

Fig. 1 A multi-layer feedforward neural network

hi Fig.l Wi/p' is the weight assigned to the connection between the i-th unit in
the p-th layer and the j-th unit in the p+l-th layer. If we represent the
input value to a unit from the i-th unit in the preceding layer as Xi and the
corresponding weight as Wi, the output value y from this unit is obtained by
nonlinearly transforming the weighted sum of the input data by the sigmoid
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function o(X) as

y = <r(X) =
l + exp(-X)

X = ±wiXl
1=1

During the error back-propagation process the weights are updated
iteratively according to the following equation.

dE ddX

where E is the error function as the objective function of the optimization
process of the neural network, y is the learning rate, and C is the value
transferred from the succeeding layer.

3. Numerical Analysis and Features of Neural Network
The neural network is considered as a device which has various

features represented by the following items.
(1) a statistical model of the real world.
(2) a classification device.
(3) a continuous mapping device.
(4) a static or time dependent function.
(5) a smoothing operator.
(6) an interpolation device.

Though some of these features are advantageously used for numerical
computations there are only a few application of the neural network for this
field up to now. Because the training process of the neural network is
essentially a nonlinear optimization which inevitably requires a lot of
computational cost, it seems sometimes ridiculous to use the neural
network for numerical computations. But some of the above features are
very attractive and may make practicable the numerical computation
method based on the neural network technology by setting the advantages
off against the disadvantages.

4. Application of Neural Network to Computed Tomography
The simplest ideas to use the neural network for numerical

computations are found in the field of inverse problems. Among them the
CT (computed tomography) image reconstruction technique is one of the
interesting applications. In this section we describe the technique usable for
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the diagnostics for the experiments of fusion plasma experiments.

4.1 Parametric Computed Tomography
In this subsection we consider a process to obtain a density distribution

n(x,y) in a cross-section of a cylindrical or a toroidal plasma by a multi-
channel microwave interferometer. Analysis of the density distribution
from the set of the measured phase shift data (Fig.2) is a problem to solve the
first kind Fredholm integral equation. The phase shift of microwave
passing through a plasma is described as

fy =k jn(x,y)dy

where ^uV i' and ^l- r are the upper and lower limit of integration for the
j-th path of micro-wave. Because in this kind of measurements the
number of the microwave paths does not exceed several tens at most, usual
CT techniques cannot be applied to this problem. Therefore, some
assumptions such that the contours of the density distribution are only
slightly deformed from concentric circles are introduced and the parameters
defining the shapes and positions of the contours are analyzed. A typical
example of this kind of methods is to represent the density distribution by a
linear combination of a limited number of appropriate functions. For this
purpose we employed the Fourier-Bessel series as

M N

n(x,y) = n(r,6) = £ zlia
mriJm(^nr,

r)cosm^
ttj-0 n— 1

By entering the measured values corresponding to the line integrals
(the phase shift data of the microwave interferometry) of the paths to the
input unit of the neural network, values of the above parameters
(coefficients of the Fourier-Bessel series) are obtained from the output units.
In this problem the training of the neural network is carried out by
preparing parameters for various model distributions and corresponding
phase shift data as the supervisor data. The error function E of the neural
network is represented by the sum of the squared values of differences
between the nnetwork output and the supervisor data as
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where f represents the coefficients amn.

microwave
sou rce

plasma

microwave
interferometer

Fig.2 Schematic diagram of the plasma density measurement
by microwave interferometry.

This is a very simple application of the neural network to the inverse
problems and we obtained satisfactory results for model distribution of the
plasma density. Bishop el al.[l] applied a similar method to the analysis
of the JET plasma by taking into account some additional information on
MHD equilibria of the measured plasma.

By this method once the network training is carried out only the
forward calculation along the network is necessary for the analysis which
consumes only a small amount of computation time. However, as the
density distribution is represented by only a small number of parameters
the expressive power of the system is relatively low, and if one wish to carry



out more detailed analysis the size of the network increases drastically.

4.2 Non-Parametric Computed Tomography (1)
In order to cope with the above problem we devised a new CT image

reconstruction method by using the neural network[2]. The most
distinctive feature of this method in comparison with the previously
described method is in the choice of the error function. In this method the
value of the density f is obtained from the output unit for the position (x,y)
given to the input units as,

Therefore, the network structure is 2 - (hidden layer) - 1, and the size of the
network is always kept rather small. The error function is given by using
the residual of the integral equation as

{g(h,ek)-srured)2

where rk and 9k are the parameters defining the path of the line integral (rk:
the distance from the origin to the k-th line, 0k: the angle of the direction to
the path). Correspondingly, the updating equation of the weights is given
as follows.

We applied this method to some model distributions and obtained
satisfactory results. The detailed description of the method is found in ref
[2]. Because of the features (5) and (6) described in Section 3 this method
maybe promising for the case where sufficient number of data points are
not available.

4.3 Non-Parametric Computed Tomography (2)
Though the new CT image reconstruction technique is promising

there are some problems to be solved. One of them is the error
amplification due to the numerical differentiation during the training
process. We devised a new algorithm which does not include the
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numerical differentiation. The procedure is described as follows.

(1) Continuous mapping between the parameters (r,6) defining the
integration path and the value of line integral b is constructed by using a
neural network as

(2) Derivatives of b with respect to r and/or 8 are calculated analytically.

( (

(3) The second neural network which gives Bf/Bx and/or Bf/By as the
output value by giving x and y as input values is constructed.

(4) Integration of Bf/Bx along the x direction or Bf/By along they direction
give the value of f.
The above procedure does not include the numerical differentiation

and it is expected that the CT image reconstruction with the high accuracy is
realizable. Details of this method will be described elsewhere.

5. Application of Neural Network for Solving Differential Equations
Methods to solve differential equationsby the neural network

collocation methodwere proposed and tested by B.Ph. Milligen, et al.[3] and
I.E. Lagaris, et al.[4]. Difference between above two methods is in the
treatment of the boundary/initial conditions. In the Milligen's method the
boundary/initial conditions are imposed as penalty terms added to the error
function of the neural network. In the Lagaris's method, on the other hand,
the solution of the differential equation is composed of the neural network
output and appropriate shaping functions so that the resultant solution
satisfies the boundary/initial conditions exactly. In this way, there is a
possibility that the Lagaris's method gives a higher accuracy but it is rather
difficult to prepare appropriate shaping functions. We tried to prepare
necessary shaping functions by connecting partly defined shaping functions
smoothly (the divided shaping function method).
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5.1 Solution Method
The Lagaris's method is explained briefly in the following. We

consider to solve the following differential equation defined in a domain Cl.
Du{x)=g{x) on Q

In the domain we prepare the domain composed of a set of collocation
points.

Du{x)=g{x) on Q Q e Q |Q|<°°

The original continuous differential equation is solved by minimizing the
following residual.

2

The corresponding equation for the collocation method is as follows.
E=X(Dut(xrp)-g(x)f

where the solution is constructed by using the neural network output and
the appropriate shaping functions.

ut (x, p) = A(x) + F(x,fN (x,pj)
The function F is exactly 0 at the Dirichlet boundary and the value of A at
the same point is exactly the boundary value.

5.2 Examples of Problems
Wat first we tried the divided shaping function method worked well.

For this purpose we solved the poisson equation in a square domain and a
T-shaped domain. For the square domain a single shaping function was
used (Fig.3), and for the T-shaped domain 7subdomain were prepared and
the 7 shaping functions connected smmothly and the whole shaping
function was constructed (Fig.4). In both cases accuracy of the computations
was not necessarily satisfactory but the divided shaping function works
rather well and promising.
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Next we studied the problems concerning the data assimilation
technique. For this purpose we tried to solve the Lorentz equation by
assigning the initial condition of different variables at different temporal
points. The results were satisfactory and the method worked well even if
the initial conditions are not imposed at the different temporal points for
different variables. From this experiment it is conjectured that the neural
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network collocation method might be usable for the data assimilation
problem where the temporal or the spatial positions for the initial /boundary
conditions are prepared irregularly.

6. Improvement of Neural Network Training
For the problems treated in this article the important and urgent

studies are improvement of the training characteristics. Among them the
realization of the fast training is very important. Among them to increase
the value of the derivative for large argument is very effective
improvement. For this purpose we consider the parametrized weight
method [5] and the modified sigmoid function.

6.1 Parametrized Weight Method for Fast Training
By the parametrized weight method each weight is expressed by some

third order equations, by which the derivative of E with respective to the
weight becomes large even for a large vlue of the argument of the sigmoid
function. By this fact the increment of the weight at each iteration step
becomes large and the convergence is accelerated.

X =

dxp ' dp\m)

>+o((AP
(m))2)

This method is especially effective for some kind of model problems but for
some model problems this method does not work as expected. The
deetailed description of this method will be presented elsewhere.



6.2 Modified Sigmoid Function for Fast Training
According to the same guidline as the previous subsection we replaced

the argument X of the sigmoid function by a higher order equation of X,
which gives a large value of derivative of the sigmoid function and makes
the step length of the training large.

X
dy _da
dX~lx

( 1
dX dX

This method does not improve the convergence dramatically as the method
described in the previous subsection but improves the convergence on the
average.

7. Summary
We have developed a new application methods of the neural network.

This is based on the principle that the sum of squared residuals of the
integral equation or the differential equation should be minimized. The
concrete examples of the model problems are the CT image reconstruction
and the solutions of the Poisson equation, the Lorentz equation and so on.
We obtained a satisfactory results and the method may be promising for
various kind of unique problems.

Reference
1. CM. Bishop, Rev. Sci. Instr. 65, 1803 (1994).
2. X.F. Ma, T. Takeda, Application of neural network to CT, in this

report.
3. B.Ph. Milligen, et al., Phys. Rev. Letters 75, 3594 (1995).
4. IE. Lagaris, et al., Artificial neural network for solving ordinary and

partial differential equations, Preprint 15-96, Dept. of Computer
Science, Univ. of Ionia (1996).

5 T. Kin, T. Takeda,

- 2 9 -



JP0055061

Application of Neural Network to CT
Xiao Feng MA Tatsuoki TAKEDA

DEPARTMENT OF COMPUTER SCIENCE AND INFORMATION MATHEMETICS,
THE UNIVERSITY OF ELECTRO-COMMUNICATIONS

Abstract

This paper presents a new method for two-dimensional image reconstruction by using a mul-
tilayer neural network. Consider the general tomography problem illustrated in Fig.l. The goal
is to determine the local spatial quantity f(x,y) from a number of line integral measurements

J(k)

made along various lines of sight k though a given region of space.
Multilayer neural networks are extensively investigated and practically applied to solution of

various problems such as inverse problems or time series prediction problems. From learning an
input-output mapping from a set of examples, neural networks can be regarded as synthesizing
an approximation of multidimensional function (that is, solving the problem of hypersurface
reconstruction, including smoothing and interpolation). From this viewpoint, neural networks
are well suited to the solution of CT image reconstruction.

Though a conventionally used object function of a neural network is composed of a sum of
squared errors of the output data, we can define an object function composed of a sum of residue
of an integral equation.

2
E = 2^ [9k ~9k )

k

where g^N is line integration calculated from neural network output, g™eas is the observed
projection data and k is the number of integral lines. By employing an appropriate line integral
for this integral equation, we can construct a neural network that can be used for CT. We
applied this method to some model problems and obtained satisfactory results.

As it is not necessary to discretize the integral equation using this reconstruction method,
therefore it is application to the problem of complicated geometrical shapes is also feasible.
Moreover, in neural networks, interpolation is performed quite smoothly, as a result, inverse
mapping can be achieved smoothly even in case of including experimental and numerical errors.
However, use of conventional back propagation technique for optimization leads to an expensive
computation cost. To overcome this drawback, 2nd order optimization methods or parallel
computing will be applied in future.
Keywords: computerized tomography, multilayer neural networks, error back propagation
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gNN(rk,6k) = (8)

(9)
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Fig.4: Paths of line integrals of the projection data
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Application of the Infinite-Precision

Numerical Simulation to an Inverse Problem*
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Abstract

In the paper an inverse problem on the heat equation is solved by direct simulation using
infinite-precision numerical simulation. It consists of spectral( collocation ) methods and
the multiple-precision arithmetic. Numerical results are relatively satisfactory. Moreover, we
show another interesting approach which may increase validity of infinite-precision numerical
simulation to inverse problems.

Key Words : inverse problem, infinite, spectral method, multiple precision

1 Introduction

Inverse problems often arise in engineering, and they are very important from the practical
view point. However, it is very difficult to solve them because they are ill-posed[3]. Errors
grows exponentially.

Inverse problems are usually transformed into minimization( regularized ) problems, then
solved. A lot of theoretical regularization techniques have been developed[3, 12], however
they are not always applicable to practical problems due to unpredictable errors. This is be-
cause minimization problems are not ill-posed but ill-conditioned. So, additional techniques
are necessary for suppression of oscillation phenomena.

In practical( complicated ) problems AI(Artificial Intelligence) approaches are valid. In
such systems the fuzzy theory is often adopted, because it is easy to reflect the experience
of experts to the control system. We applied the fuzzy control to a little complicated inverse
problem which is concerned with the vessel design in the plasma confinement^, 4]. The

"This work is partially supported by Grant-in-Aid for Scientific Research(Nos. 09440080, 10354001 and
09304023) Japan Ministry of Education, Science and Culture.

- 3 8 -



problem is an initial value problem on the Laplace operator and it is defined in the domain
with a complicated shape. We transformed the problem into a direct problem with a free
boundary, and optimized iteratively by using the fuzzy control. Unfortunately, numerical
results were not so satisfactory[12]. In such complicated direct problems unpredictable errors
spoil sophisticated numerical methods. In our problem, the complicated solver of the direct
free bounday problem may cause unpredictable errors.

We consider the direct simulation to inverse problems along the strategy. It is based on
the fact that numetical simulation is practical. Inverse problems are very important from
the practical view point, so numerical simulation is inevitable. It is more important than
theoretical analysis. However, numerical simulation can not give global solutions to inverse
problems. Therefore, if numerical methods give good local solutions, then we should satisfy.
This approach may be realized by infinite-precision numerical simulation to PDE systems.
The simulation to one-dimensional boundary value problems enabled incredible accuracy(
errors < 1(T1OOO)[11, 7].

2 Our Method and Model Problem

2.1 Infinite-Precision Numerical Simulation
Errors in numerical simulation to PDE systems originate from truncation errors in the

discretization and round-off errors. Realization of arbitrary precision simulations needs ar-
bitrary reduction of both errors.

When partial differential equations have smooth solutions, truncation errors can be re-
duced by raising the order of approximation. We adopt the spectral method as a discretiza-
tion method. Particularly, the spectral collocation method is used here. This is because
it is very useful to nonlinear problems and its application is very easy like FDM. In the
spectral collocation method, the order of approximation can be controlled by the number
of collocation points. For example, in the spectral collocation method with Chebyshev-
Gauss-Lobatto points, the iV-th order approximation can be realized only by using (TV + 1)
collocation points[l].

In addition, the multiple-precision arithmetic[9] is used for reduction of round-off errors.
A lot of FORTRAN subroutines about the multiple-precision arithmetic are already known.
We used the library of FORTRAN subroutines on the net (http://www.lmu.edu/acad
/personal/faculty/dmsmith/FMLIB.html)[10].

Our numerical method consists of these two methods, i.e. the multiple-precision arith-
metic and the spectral (collocation) method. In our method, truncation errors and round-off
errors are controlled easily. This is very important in numerical simulation in applied math-
ematics. Of course, both errors can be reduced arbitrarily. This means theoretically we can
perform numerical simulation with errors which are less than the given tolerance. From this
point of view, our simulation can be called that in infinite precision[ll, 7].

2.2 Model Problem
To evaluate our method we consider the following model problem. This problem is a

typical inverse problem on the heat equation.
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Model Problem 1

(1)

(2)

(3)

(4)

du

dt

u(x, 0)

«(-U)
u{l,t)

d2u
dx2 '

7TX

= cos—,

= o,

= o,
o <
o <

«,

t,

t.

- 1 < x <

< x <

1,

1,

The exact solution for Model Problem 1 is given as follows:

7T t 7T X
( 5 ) i t ( x , t ) = e x p — — c o s - — , 0 < t , , - 1 < X < 1 .

4 2

The exact solution grows exponentially as t increases.

2.3 Spectral Collocation Method in Time
We use the spectral collocation method in space and time. Generally, we need an iterative

method to apply the spectral collocation method in time. To do so, the time axis is divided
into intervals. In each interval the initial and boundary value problem is solved. This
procedure is executed iteratively[5].

For the application of the spectral collocation method to the interval [ts,te] we consider
the following variable transform:

(6) t[r) = YT+2^ts + te^ ~ 1 ^ r ^ 1 ' &t = te-ts

(7) r(t) = ~{t-\{ts + te)).

Then,

[) dt dtdr Atdr'

Thus Model Problem 1 is transformed into the following problems.
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Model Problem V - 1

For the interval [0, ie] (i.e. ta = 0),

2 du d2u
(9)

(10) u(x, -1 ) = cos—, - 1 < z < 1,

(11) w( - l , r ) = 0, - 1 < r < 1,

(12) U(1,T) = 0, - 1 < r < 1

Model Problem 1' - 2

For the interval [ts,te] after the interval [is,te] (i.e. £s = £e ),

(13) £-p = -~, - 1 < r < 1, - 1 < x

(14) M(X, -1) = u(x,t - te), - 1 < x < 1,

(15) U ( - 1 , T ) = 0, - l < r < l ,

(16) U(1,T) = 0, - 1 < r < 1

3 Numerical Results
For Model Problems 1', SCM( Spectral Collocation Method ) in space and time with

Chebyshev-Gauss-Lobatto points is used. We use same order approximation in t and x
directions for the simplicity. JV represents the order of SCM. The number of total collocation
points is (N + I)2. Numerical results are estimated by maximum among absolute values of
relative errors at collocation points.

First, numerical calculation is executed in double precision. A constant e0 = 0.1. Table 1
shows the time tc when the error exceeds e0 = 0.1. In Table 1, "—" shows the case where the
error exceeds 0.1 at the first interval. tc with symbol "*" shows the last time when numerical
calculation is stopped by overflow until the error exceeds £"0- The boldface represents the
largest tc for fixed N. There is a proper value of At for fixed N.

Next, numerical calculation is executed in quadruple precision. Table 2 shows tr for
So = 0.1. In many cases, results in quadruple precision are better than those in double
precision.
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Table 1. tc by SCM in double precision(e0 = 0.1)

At = 0.1
At = 0.2
At = 0.3
At = 0.4
At = 0.5
At = 0.6
At = 0.7
At = 0.8
At = 0.9
At = 1.0
At = 1.1
At = 1.2
At = 1.3
At = 1.4
At = 1.5
At = 1.6
At = 1.7
At = 1.8
At = 1.9
At = 2.0
At = 2.1

iV = 4
0.2
0.2
0.9
7.6
8.0
7.2
5.6
4.0
2.7
1.0
1.1
—
-
—
—
—
—
—
—
—
-

iV = 5
0.1
0.2
0.9
4.0
2.5
7.2
15.4
40.8
71.1
29.0
13.2
7.2
3.9
1.4
—
—
—
—
—
-
—

N = 6
0.2
0.4
0.6
1.2
2.5
5.4
7.0
11.2
21.6
60.0

172.7
85.2
44.2
23.8
12.0
6.4
3.4
1.8
—
—
—

;v = 7
0.2
0.6
0.3
1.2
2.5
3.6
3.5
5.6
9.0
17.0
29.7
75.6

284.7*
218.4
115.5
62.4
34.0
19.8
11.4
6.0
2.1

7V = 8
0.2
0.4
0.6
0.8
2.0
3.0
4.2
4.8
6.3
8.0
12.1
18.0
33.8
81.2

283.5*
283.2*
283.9*
198.0
108.3
60.0
35.7

N = 9
0.2
0.6
0.6
0.4
1.0
1.8
3.5
3.2
3.6
5.0
8.8
9.6
14.3
21.0
36.0
97.6

283.9*
284.4*
283.1*
284.0*
270.9

N = 10
0.2
0.4
0.9
0.8
1.5
1.8
3.5
4.0
3.6
5.0
5.5
6.0
9.1
11.2
16.5
24.0
42.5
91.8

283.1*
284.0*
283.5*

Table 2. tc by SCM in quadruple precision(eo = 0.1)

At = 0.1
At = 0.2
At = 0.3
At = 0.4
At = 0.5
At = 0.6
At = 0.7
At = 0.8
At = 0.9
At = 1.0
At = 1.1
At = 1.2
At = 1.3
At = 1.4
At = 1.5
At = 1.6
A t = 1.7
A t = 1.8
At = 1.9
At = 2.0
At = 2.1

iV = 4
0.2
0.2
0.9
8.8
8.0
7.2
5.6
4.0
2.7
1.0
1.1
-
-
—
-
—
-
—
-
-
-

N = 5
0.1
0.2
0.9
10.0
6.5
17.4
35.7
98.4
71.1
29.0
13.2
7.2
3.9
1.4
—
-
-
-
—
—
-

iV = 6
0.2
0.4
0.6
1.2
2.5
12.0
17.5
28.0
52.2
151.0
172.7
85.2
44.2
23.8
12.0
6.4
3.4
1.8
-
—
—

N = 7
0.2
0.6
0.3
1.2
2.5
6.0
8.4
15.2
23.4
37.0
66.0
180.0
462.4
218.4
115.5
62.4
34.0
19.8
11.4
6.0
2.1

iV = 8
0.2
0.4
0.6
0.8
2.0
3.0
7.0
11.2
14.4
20.0
28.6
44.4
79.3
200.2

1365.5
696.0
365.5
198.0
108.3
60.0
35.7

N = 9
0.2
0.6
0.6
0.4
1.0
1.8
3.5
6.4
9.0
13.0
17.6
25.2
35.1
53.2
91.5
225.6

3393.2
1737.0
913.9
492.0
270.9

JV = 10
0.2
0.4
0.9
0.8
1.5
1.8
3.5
5.6
9.0
11.0
13.2
16.8
22.1
30.8
40.5
60.8
102.0
241.2

4598.0*
4598.0*
2725.8
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Tables 3 and 4 show the largest tc for fixed N. The calculation in quadruple precision is
stabler compared with that in double precision.

Table 3. Largest tc by SCM in double precision(fo = 0.1)

A*
# iteration

tc
Max. of exact sol.

Max. of numer. sol.
error

iVx,iVt = 4
0.5
16
8.0

3.74 xlO8

3.38 xlO8

0.0948

Nx,Nt = 5
0.9
17

71.1
2.20xl0 l b

2.24 xlO16

0.0204

Nx,Nt = 6
1.1
157

172.7
1.15xlO186

1.04 xlO185

0.0999

Table 4. Largest tc by SCM in quadruple precision(£0 = 0.1)

At
# iteration

tc
Max. of exact sol.

Max. of numer. sol.
error

N = 4
0.4
22
8.8

2.69xlO9

2.42xlO9

0.0994

N = 5
0.8
123
98.4

2.45xlO105

2.65xlO105

0.0775

N = 6
1.1
157

172.7
1.15xlO185

1.04xl0185

0.0999

TV = 7
1.3
328

426.4
7.84xl0456

8.62xl0456

0.0999

N = 8
1.5
909

1363.5
1.25xlO14bl

1.23xlO1461

0.0999

N = 9
1.7

1996
3393.2

1.16xlO3636

1.28xl03636

0.1000

Next, numerical results by the FDM(Finite Difference Method) are shown for comparison.
The quadruple precision arithmetic is used. The second-order centered difference method
about x is used in FDM. Crank-Nicorson method is used for time integration, n represents
the number of grids in x direction. The calculation by FDM is unstabler compared with
that by SCM.

Table 5. tc by FDM in quadruple precision(e0 = 0.1)

At = 0.10
At = 0.11
At = 0.12
At = 0.13
At = 0.14
At = 0.15
At = 0.16
At = 0.17
At = 0.18
At = 0.19
At = 0.20

n = 11
1.90
3.30
4.80
6.11
7.84
7.80
7.36
5.95
4.50
3.61
3.00

n = 101
2.80
3.96
5.04
4.42
3.78
3.30
2.88
2.55
2.16
1.90
1.80

n = 1001
2.50
3.74
4.92
4.42
3.78
3.30
2.88
2.55
2.16
1.90
1.80
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Table 6. Largest tc by FDM in quadruple precision^ = 0.1)

#

Max.
Max.

At
iteration

tc
of exact

of nuraer.
error

sol.
sol.

2
2

n = 11
0.14
56

7.84
.52x10*
.75xlO8

0.092

n = 101

2
2

0.12
42

5.04
52 x 105

75 x 105

0.095

n

1.
1.

= 1001
0.12
41

4.92
63xlO5

78xlO5

0.094

Next, numerical results under the more strict condition are shown. Here
The numerical calculation have been executed by SCM in quadruple precision.

Table 7. tc by SCM in quadruple precision^ = 0.0001)

— 0.0001.

At = 1.0
At = 1.1
At = 1.2
At = 1.3
At = 1.4
At = 1.5
At = 1.6
At = 1.7
At = 1.8
At = 1.9
At = 2.0
At = 2.1
At = 2.2
At = 2.3
At = 2.4
At = 2.5

N = 10
10.0
12.1
15.6
20.8
28.0
36.0
54.4
39.1
18.0
9.5
4.0
2.1
—
-
—
—

N = 11
6.0
8.8
10.8
14.3
18.2
24.0
32.0
42.5
63.0
96.9
50.0
25.2
11.0
4.6
2.4
—

N = 12
6.0
8.8
9.6
11.7
14.0
16.5
20.8
27.2
36.0
47.5
72.0
111.3
129.8
64.4
33.6
17.5

N = 13
4.0
5.5
7.2
9.1
11.2
13.5
16.0
20.4
23.4
30.4
42.0
54.6
74.8
121.9
252.0
170.0

Table 8. Largest tc by SCM in quadruple precision(e0 = 0.0001)

At

# iteration
tc

Max. of exact sol.
Max. of numer. sol.

error

Nx, Nt = 10
1.6
34

54.4
1.7401 xlO58

1.7400 xlO58

8.07 xlO" 5

JVx,JVt = H
1.9
51

96.9
6.6839 xlO103

6.6846 xlO103

9.83 xlO" 5

Nx,Nt = 12
2.2
59

129.8
1.2329 xlO139

1.2327 xlO139

9.90 xlO" 5

JVx, Nt = 13
2.4
105

252.0
1.0715 xlO270

1.0716 xlO270

7.99 xlO~5

•44 —



Lastly, we show the numerical result by SCM in multiple precision. The number of
collocation points N = 10. We can not use larger N from restriction of computing resources.
£o = 0.0001. Numerical calculation is executed in various digit numbers. Here, 16 and 34
digits correspond double and quadruple precisions, respectively. The calculation in multiple
precision is the better compared with that in double or quadruple precisions.

Table 9. tc by SCM in multiple precision^ = 0.0001)

# digits
At = 1.0
At = 1.1
At = 1.2
A* = 1.3
A* = 1.4
At = 1.5
At = 1.6
At = 1.7
At = 1.8
A* = 1.9
At = 2.0

16
3.0
3.3
4.8
6.5
8.4
12.0
17.6
30.6
18.0
9.5
4.0

34
10.0
12.1
15.6
20.8
28.0
36.0
54.4
39.1
18.0
9.5
4.0

50
12.0
22.0
28.8
37.7
50.4
69.0
83.2
39.1
18.0
9.5
4.0

100
12.0
45.1
56.4
75.4
99.4

138.0
83.2
39.1
18.0
9.5
4.0

150
12.0
50.6
85.2
113.1
149.8
184.5
83.2
39.1
18.0
9.5
4.0

200
12.0
50.6
114.0
148.2
200.2
184.5
83.2
39.1
18.0
9.5
4.0

250
12.0
50.6
146.4
191.1
254.8
184.5
83.2
39.1
18.0
9.5
4.0

300
12.0
50.6
174.0
227.5
303.8
184.5
83.2
39.1
18.0
9.5
4.0

500
12.0
50.6
288.0
375.7
429.8
184.5
83.2
39.1
18.0
9.5
4.0

1000
12.0
50.6

578.4
755.3
429.8
184.5
83.2
39.1
18.0
9.5
4.0

4 Another Approach Using Some Informations

Inverse problems can not be solved efficiently without any informations. Application of SCM
without any informations spoils its advantage on accuracy. Then we consider an another
approach using growth rate of the solution. Such approach is possible after simple simulation(
e.g. low-order approximation ).

The solution of Model Problem 1 is transformed by introducing a parameter A as follows:

(17) u(x,t)=exp(-\t)u{x,t), A > 0

Model Problem 1 is transformed to Model Problem 1":

Model Problem 1"

(18)

(19)

(20)

(21)

du

u{x,Q)

u(-l,t)

u(ht)

d2u

dx2

TTX
= COSy

= o,
= o,

1

0

0

Xu, 0 < t,

-Kx < 1,

<*,

< t.

- 1 < x < 1,

- 4 5 -



The exact solution for Model Problem 1" is given as follows:

(22) u(x,t) = exp ( \^j- A 0 < t, - 1 < x < 1.

We solve Model Problem 1" by SCM in quadruple precision. Numerical calculation is
executed only for the first interval [0, At]. Numerical results are shown in Table 10. A = 0.0
means no information on the solution. In case of A = 3.0, error is small for various At. This
approach is similar to elimination of singurality[4].

Table 10. Error by SCM in quadruple precision

A* = 0.01
A* = 0.02
At = 0.05
At = 0.1
A* = 0.2
At = 0.5
At = 1
A* = 2
A* = 5
At = 10

A = 0.0
2.14 x 10"7

8.14 x 10~b

1.23 x 10-7

7.68 x 10""7

1.58 x 10- '
7.78 x 10"8

4.02 x 10 ' 9

4.07 x 10~5

9.92 x lO"1

1.00

A = 1.0
2.14 x 10-7

8.35 x 10-b

1.23 x 10~7

9.01 x 10~7

2.15 x 10-7

1.70 x 10"7

1.75 x 10~9

3.87 x 10~8

1.45 x 10"b

1.00

A = 3.0
2.14 x 10"7

8.80 x 10"b

6.03 x 10~8

2.54 x 10"b

4.05 x 10-7

6.34 x 10"7

1.74 x 10"8

6.93 x 10-10

1.61 x 10"9

2.07 x 10"7

A = 5.0
2.14 x 10- '
9.26 x 10"b

6.03 x 10-8

3.50 x 10~b

7.63 x 10-7

3.40 x 10~7

1.63 x 10"7

4.49 x 10"7

4.27 x 10"4

1.56 x 10"'2

A = 10.0
2.14 x 10"7

1.05 x 10~5

6.03 x 10~8

7.31 x 10-b

3.44 x 10~6

1.51 x 10"b

1.15 x 10-5

1.20 x 10"3

6.99 x 10"2

5.48 x 10"1

5 Conclusion
We considered direct simulation to inverse problems along the strategy. It is based on

the fact that for inverse problems if numerical methods give good local solutions then we
should satisfy. To realize the strategy we used infinite-precision numerical simulation. It
was applied to an inverse problem on the heat equation. Numerical results are relatively
satisfactory. Moreover, numerical results using some informations on the solution were very
satisfactory, however they were not obtained in multiple-precision. We confirmed necessity
of such informations to inverse problems.

We have a plan to investigate more detailed simulation to this problem. We also have a
plan to apply our approach to other inverse problems [6] and free boundary problem [5, 8].
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Abstract

In the paper, we performed multiple precision calculation of eigenvalues and
eigenvectors of matrices by means of FORTRAN. The method is very traditional
and it consists of the double-step QR algorithm and the inverse iteration. How-
ever, it is performed in multiple precision arithmetic by using the newest and
free library on the net. Numerical results are satisfactory.

Key Words: eigenvalue, eigenvector, multiple precision

1 Introduction

Recently, progress in computing technology enables various numerical simulations. At the
same time, we can easily use powerful computers. From such a background, we have already
proposed numerical simulations of partial differential equations in infinite precision[l, 2], and
showed its validity for some simple problems. However, we have to develop various libraries
for its application to various problems.

In the paper, we developed FORTRAN subroutines for calculation of eigenvalues and
eigenvectors in multiple precision. Numerical methods which are used here are traditional.

*This work is partially supported by Grant-in-Aid for Scientific Research(Nos. 09440080, 10354001 and
09304023) Japan Ministry of Education, Science and Culture.
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However, the newest and free libraries which are written in FORTRAN are used for multiple
precision arithmetic. So, our subroutines realize facility of numerical calculation of eigenval-
ues and eigenvectors in multiple precision. They are easily improved to be faster by using
the parallel computing environment.

2 Numerical Method
We used the double-step QR algorithm for computing eigenvalues to avoid complex cal-

culation and we also used the inverse iteration method for computing eigenvectors. For
multiple precision arithmetic we used the newest and free FORTRAN libraries on the net.

2.1 Double-step QR algorithm

The QR algorithm is widely used for computing the complete set of eigenvalues[3]. The

basic QR algorithm to the matrix A starts with Ao = A and generates a sequence of matrices

{ Am } by the following iteration:

That is, An-i is decomposed into factors Qm and Rm, where Qm is unitary and Rm is upper
triangular.

It is easy to show that

Thus all matrices in the sequence {Am} are unitarily similar and therefore have the same
eigenvalues. The sequence {Am} converges to the upper-triangular form:

\1 NL-\

0\

where the eigenvalues appear on the main diagonal.
The shifted matrix A — a I has eigenvalues \\— a, X2 — a, ..., \n — a. The QR algorithm

to A — al can be described as

When we chose a very close to An, |(An — o)/{\ — cr)| (i ^ n) becomes close to zero. So,
a i ? ' ' a^ra\ • • • > an^-n which are components of the n-th row of Am:

m)
nl a

a
nn-\

(m)
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converge to zero very rapidly. When they are small enough, aL™ can be considered to be an
eigenvalue of A. The remaining eigenvalues of A are obtained from eigenvalues of Am. After
repeating this procedure iteratively, we can obtain the complete set of eigenvalues of A.

For a non-symmetric matrix which has complex eigenvalues, we need a complex shift a.

Then a complex matrix appears in the procedure. This is not preferable.
We can avoid complex numbers by using the double-step QR algorithm. Consider a

arbitrary pair of shifts o\ and o2 in the QR-decomposition

Am — a
2I = Qm+\Rm+li An+1 = -Rm+lQm+1 +

Let

Qm = QmQm+ly

Then

Am+1
= Qm+lQmAm-lQmQm+1

m+1 =

m+lQm

= Qm{Am ~

The above calculation is reduced into the following two steps (Double-step QR algorithm):

Am+i =

Suppose <7i and a2 are eigenvalues of

(m-l) (m-l)
Un-1 n-1 "n-1 n

(m-l) (m-l)
an n-1 "« "

As cr2 = a\ , both <7\-{-o2 and cricr2 are real. So, the right-hand side of the following equation:

(An-i - a2I)(Am-i -ail)= Am^ - (ff! + a2)

is real. Therefore, Qm a n d Rm are real. Then An+i must be real.
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Thus, in the double-step QR algorithm we can avoid complex calculation. The matrix ATl

converges to the following form:

(A,

0
\

\

a(m-1)
n-1 n-1

(m-1)

a(m-1)
n-1 n

a,ln n-1 " " " /

The eigenvalues of the lower right block satisfy

The remaining eigenvalues of A are obtained from eigenvalues of Am. After repeating this
procedure iteratively, we can obtain the complete set of eigenvalues of A.

Before starting the double-step QR algorithm, balancing of a matrix and transformation
into the upper Hessenberg form by similarity transformation are necessary.

2.2 Inverse Iteration

We can get eigenvectors by use of the power method.
Let Ai, A2, . . . , An (|Ai| > |A2| > • • • > |An|) be eigenvalues of a matrix A associated with

eigenvectors Z\, z2, . . . , zn . Start with an arbitrary vector x0 and generate the sequence
{xm\xm = Amx0}.

From the assumption Aj ̂  Xj (i ^ j), z\, z2, . . . , zn are bases of Cn. So,

X0 - ClZl + C2Z2 -\ h

Then

AmxQ =

From the fact that |Ai| > |Aj| (i = 2 , 3 , . . . , n ) , it follows that I -r~ 0 as m —> oo.

Then xm converges to the vector parallel to the eigenvector Z\. The rate of convergence is

L

When the matrix A has eigenvalues Aj, A2, . . . , An (\Xi\ > |A2| > •••

eigenvectors zu z2, . . . , zn, A'1 has eigenvalues — , — , . . . , — (T— r >

> |An|), and

A2
1

• | A n |

) associated with eigenvectors Z\, z2, . . . , zn. So, the power method applied to A 1

This method isobtains the eigenvector zn. The rate of convergence is / — = ——
A n - i An

called the inverse iteration.

The shifted matrix A — ai has eigenvalues {Â  — a} associated with eigenvectors {ZJ}.
The inverse iteration applied to A — ai finds the eigenvector Zk associated with Ajt which is

— 5 1 -



the nearest eigenvalue to a. The rate of convergence is , where Aj — a is the second
At — a

smallest eigenvalue of A — al.

When a is a good approximation of Â  , At — a is very close to zero. So, the shifted inverse
iteration converge very quickly. We can adopt a from the eigenvalues by the double-step QR
algorithm. In practical calculation , we solve the linear system

instead of

x = A Xm—\.

2.3 Multiple precision subroutine

A lot of FORTRAN subroutines about multiple precision arithmetic [4] are already known.
We used the library FMLIB by Daivd M. Smith which is distributed on the net[5].

FMLIB is a package of FORTRAN subroutines for floating-point multiple precision arith-
metic and it involves elementary functions. We can perform multiple precision arithmetic as
follows.

1. Replace operators in the original FORTRAN program with FM subroutines.
2. Declare common blocks /FMUSER/, /FM/, /FMBUFF/, and /FMSAVE/.
3. Initialize several variables by calling a subroutine FMSET with demanding precision.

3 Model Problems

To evaluate our subroutines we consider the following two model problems. These problems
are well-known to be difficult.

3.1 Hilbert Matrix

At first, the following Hilbert Matrix is considered:

f 1
1/2
1/3

1/2
1/3
1/4

1/3
1/4
1/5

1/n
••• l/(n + l)

••- l/(n + 2)

+ 2) ...

As the Hilbert matrix is symmetric, its eigenvalues are all real. However, it is known that

the matrix has a large condition number concL4 = \\A\\ • H^l"1!! = T\i- So, numerical

computation is difficult.
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3.2 Perturbation

Suppose A and B are following n x n matrices:

/ 0 1

0

0
1

\ /0 1

B =
0
1

\

\ 0 )

2kir 2kir
A has a n-tuple eigenvalue A^o — 0, and B has eigenvalues \sk— \/e(cos 1- isin )

n n
(k — 0 , 1 , . . . , n — 1). When |\B — A\| = e is small and n is large, difference \\sk — Xiol = \/~£
is relatively large. In this case, it is difficult to compute eigenvalues.

tv(B — A)x
In general, when \\B—All is small, \B—\A ~ . Here, A^ and \B are eigenvalueslyx

of A and B, respectively, x and y are right and left unit eigenvectors of A related with A^,

respectively. It follows |AB — A l̂ < — :—. If lyx = cos# (9 is the angle between x and
\'yx\

y) is small, |AB — A^| may be large.
In the above case, the right eigenvector x and the left eigenvector y associated with

ABO — \/E are following:

y
1 -e- l 1

1 - ^ / F U A'A2 ' 'A"-1

The values of cos# for several n and e are shown in Table. 1. These small values of cos# are
not preferable.

Table. 1: cos# for n and e

n

10

10

10

£

1E-01

1E-10

1E-20

COS0

6.75E-02

8.10E-09

9.80E-18

n

100

100

100

e

1E-01

1E-10

1E-20

cos^

6.55E-03

5.33E-10

2.16E-19

4 Numerical results

4.1 Hilbert matrix

We compute the eigenvalues of the 100 x 100 Hilbert matrix in double precision and
multiple precision with 300 significant digits.

The result computed in double precision is shown in Table.2. As the Hilbert matrix
is symmetric, all the eigenvalues must be real. However, 64 eigenvalues are complex. In
addition, A17 ~ Aioo seem to be unnatural, because their magnitude is almost same.
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Table. 2: Eigenvalues of the Hilbert matrix in double precision

Ai

A2

A3

A15

A16

Al7

A19

A21

•

A98

A99

A100

matrix size:
Real part

0.218269609775742E+01
0.821445560556198E+00
0.218595882370696E+00

0.456986377749665E-10
0.521223882655702E-11
0.100217547714874E-12
0.107363474464636E-12
0.110942509461211E-12

0.930601959363224E-13
0.613157780640225E-14
0.630907998468590E-15

n=100
Imaginary par t

0.000OOO0000000O0E+OO
0. 000000000000000E+00
O.OOOOOOOOOOOOOOOE+00

0.000000000000000E+00
0.000000000000000E+00
0.192798275536923E-17
0.143209038847983E-17
0.O00OO0O00000000E+O0

j

0.OO00O0000OOOOO0E+OO
0.000000000000000E+00
0.000000000000000E+00

Table. 3: Eigenvalues of the Hilbert matrix in multiple precision

Ai

A2

A3
A4

A5

A6

A7

A8

A9

A10
An
A12

A13
A14

Al5

A16

Al7

Al8

Al9

A20

A21

A22

A23

A24

A25

2.1826960E +0
8.2144556E - 1
2.1859588E - 1
4.9292251E - 2
1.0031812E - 2
1.8850632E - 3
3.3086781E -4
5.4645302E - 5
8.5362805E - 6
1.2661665E - 6
1.7887224E - 7
2.4126491E - 8
3.1133493E - 9
3.8502295E-10
4.5698647E-11
5.2122262E-12
5.7190022E-13
6.0423965E-14
6.1525525E-15
6.0420119E-16
5.7263067E-17
5.2407021E-18
4.6339730E-19
3.9606773E-20
3.2735442E-21

matrix size: n=10C
A26

A27

A28

A29

A30

A31

A32

A33

A34

A35

A36

A37

A38

A39

A40

A41

A42

A43

A44

A45

A46

A47

A48

A49

A 50

2.6173449E-22
2.0250747E-23
1.5166509E-24
1.0997826E-25
7.7233052E-27
5.2536401E-28
3.4621983E-29
2.2107547E-30
1.3679747E-31
8.2036351E-33
4.7682332E-34
2.6862998E-35
1.4669365E-36
7.7648552E-38
3.9839826E-39
1.9813085E-40
9.5503168E-42
4.4615596E-43
2.0198685E-44
8.8610078E-46
3.7662991E-47
1.5508081E-48
6.1850682E-50
2.3888963E-51
8.9336950E-53

)
A51

A52

A53

A54

A55

A56

A57

A58

A 59

Aeo
A6i

A62

A63

A64

A65

A66

A67

A68

A69

A 70

A71
A72

A73

A74

A75

# digits = 300
3.2340872E-54
1.1330678E-55
3.8408823E-57
1.2593740E-58
3.9929580E-60
1.2237932E-61
3.6244390E-63
1.0368774E-64
2.8641142E-66
7.6355256E-68
1.9636724E-69
4.8692490E-71
1.1635461E-72
2.6778314E-74
5.9318818E-76
1.2639324E-77
2.5886262E-79
5.0921195E-81
9.6129590E-83
1.7400590E-84
3.0172384E-86
5.0067135E-88
7.9417696E-90
1.2027870E-91
1.7370402E-93

A76

A77

A78

A 79

Aso
Asi

A82

A83

A84

A85

A86

A87

A88

A89

A90

A91

A92

A93

A94

A95

A96

A97

A98

A99

AlOO

2.3887789E -95
3.1234093E -97
3.8765971E -99
4.5588509E-101
5.0696739E-103
5.3195286E-105
5.2538963E-107
4.8711734E-109
4.2268760E-111
3.4211009E-113
2.5727901E-115
1.7899102E-117
1.1461868E-119
6.7162863E-122
3.5764767E-124
1.7165587E-126
7.3519486E-129
2.7753614E-131
9.0907113E-134
2.5311009E-136
5.8243350E-139
1.0634224E-141
1.4443909E-144
1.2973462E-147
5.7797008E-151
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The result in multiple precision is shown in Table.3. All the eigenvalues are real . From

this result, the condition number concL4 = \\A\\ • j|̂ 4—111 = j-ij- is about 10150. From these

two results, double precision is not proper to this case. Multiple precision is necessary for
the Hilbert matrices with large dimension.

Mathematica is widely used for algebraic calculation. We compared our results with
Mathematica's results. However, Mathematica 3.0 could not get algebraically eigenvalues of
matrices whose dimensions are greater than 12 in reasonable time. So we used Mathematica's
numeric mode and measured computation time(Table.4). PC used here is equipped with
Pentium II 300MHz CPU and 224 MB memory.

FORTRAN Program

Table. 4: Computational time

(sec) Mathematica (sec)
Precision

( # digits)

Double Precision

100

200

300

Dimension n

10

0

0

0
1

20

0
1

3
5

100

0

90

186
340

200

3

1323
1897

2578

Precision
( # digits)

15

100
200

300

Dimension n

10

0

0
1

1

20

0
2

4

6

100

1

138
222

361

200

4

1385
1672

2445

FORTRAN program is not so slow. This means it is superior both in facilities and in
improvement on speed by parallelization.

4.2 Perturbation

We compute eigenvalues of the perturbed matrix B for n = 100, e = 10~20, and compare

with the exact eigenvalues A& = 10~io°(cos —— + isin zrprx;) computed by Mathematica 3.0.
100 100

Table. 5: Eigenvalues of the perturbed matrix B in double precision

matrix size: n = 100, e = IE — 20

Ai

A2

A3

A4

A23

A24

A25

A26

Real part
0.6309@701763531598
0.6297@515968499192
0.6259@450172025149
0.619@6797828387999

0.118@3960020963865
0.07@896951553309539
0.039@47718337829974
-0.0000@4873355560028325

Imaginary part
0.000000000000000®
0.0396@3719563725086
0.079@ 15440946703962
0.118@1638305383951

0.619@9558071208230
0.62@61205138493846
0.629@6808384037713
0.630@7801471677452
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Table. 6: Eigenvalues of the perturbed matrix B in multiple precision

matrix size n = 100, e = I E - 20, # digits=300
Ai

A2

A25

A26

Re:0.630957344480193249434360136622343864672945257188228724527729528833494943297686
80757291406774365226487327346730988364659067642396464880448569818546555924659850
36241859191339523915193186595632068892720998767238331147096889970166794020026058
48115012327035845249311315549845097992743041198103120640@952408

Im:0.000000000000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000000®

Re:0.629712294289357216986493297153056039350325840256954926906857325135709477785915
60148630667904388074737180685546540687471304439885790375919317854457189325671847
55877254610235617371439057342093103816616321763013272464537732643672000708031450
542482393225232805356331429565298595580141628090108500788@52150

Im:0.039618139460747281519151193681085575203658333800090396581737454138386948237809
11970865266265717350921704570224804179053767685434224321663821793122701304710785
40696786691783067475296510408927145885846112051960083386877021420217021970983004
67914108411481330268104387103913851309999381928379471693@7081351

Re:0.039618139460747281519151193681085575203658333800090396581737454138386948237809
11970865266265717350921704570224804179053767685434224321663821793122701304710785
40696786691783067475296510408927145885846112051960083386877021420217021970983004
67914108411481330268104387103913851309999381928379471693@4938175

Im:0.629712294289357216986493297153056039350325840256954926906857325135709477785915
60148630667904388074737180685546540687471304439885790375919317854457189325671847
55877254610235617371439057342093103816616321763013272464537732643672000708031450
542482393225232805356331429565298595580141628090108500788@81210

Re:-0.00000000000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000@75578874627077156696

Im:0.630957344480193249434360l36622343864672945257188228724527729528833494943297686
80757291406774365226487327346730988364659067642396464880448569818546555924659850
36241859191339523915193186595632068892720998767238331147096889970166794020026058
481150123270358452493113155498450979927430411981031206407@51620

The result in double precision is shown in Table.5. The mark '@' shows the first position

where the digit of the computed eigenvalue differs from that of the exact eigenvalue.

The result in multiple precision with 300 digits is shown in Table.6. Over 290 digits

coincide with those of the exact value. The result is satisfactory.

This case also shows multiple precision is necessary to get the accurate eigenvalues.

5 Conclusion
We developed FORTRAN subroutines for calculation of eigenvalues and eigenvectors in

multiple precision and applied to some ill-conditioned matrices. Numerical methods which

are used here are traditional. However, the newest and free libraries which are written in
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FORTRAN are used for multiple precision arithmetic. Numerical results are very satisfac-
tory. Moreover, our subroutines realize such advanced calculation on PC. They are easily
improved to be faster by using the parallel computing environment which can be easily
realized by the technology PVM[8].

In the near future, our subroutines are used in infinite numerical simulation[l, 2].
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Unified Algorithm for Partial Differential Equations

and
Examples of Numerical Computation

WATANABE Tsuguhiro
National Institute for Fusion Science

Abstract

A new unified algorithm is proposed to solve partial differential equations which describe nonlinear
boundary value problems, eigenvalue problems and time developing boundary value problems. The
algorithm is composed of implicit difference scheme and multiple shooting scheme and is named
as HIDM (Higher order Implicit Difference Method). A new prototype computer programs for 2-
dimensional partial differential equations is constructed and tested successfully to several problems.
Extension of the computer programs to 3 or more higher order dimension problems will be easy
due to the direct product type difference scheme.

Keywords: partial differential equation, implicit difference scheme, multiple shooting scheme,
eigenvalue problem, evolutionary problem
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by Flux Flow Creep Model
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Abstract
The magnetic shielding performance of the high-Tc superconducting (HTS) plate is numerically investigated by

assuming the flux flow creep model as a constitutive relation representing a mixed state. In order to reduce the number of
variables, both the axisymmetry of the plate shape and the isotropy of the applied magnetic field are introduced. Under
these assumptions, the shielding factor and the damping coefficient are calculated as functions of time and the frequency
of the applied magnetic field. The results of computations show that an increase in the frequency will weaken the time
dependence of the shielding factor and will enhance the shielding performance. In addition, the magnetic shielding
performance in the low-frequency range and in the high-frequency range is shown to be strongly influenced by the flux
creep and the flux flow, respectively.

Keywords: magnetic shielding, superconductor, YBCO, flux flow, flux creep

I. INTRODUCTION

Recently, the application of the high-Tc superconductor
(HTS) has been proposed in many engineering fields. The
magnetic shielding is one of the most important and
promising applications of the HTS. Although high-
conductivity or high-permeability materials have been so
far used as magnetic shielding materials, they cannot cut
off magnetic fields with the low frequency below lOHz. In
this contrast, the HTS is expected to have a frequency-
independent magnetic shielding ability because of its
shielding mechanism, i.e., the Meissner effect. For this
reason, the HTS has attracted great attention as a new type
of the magnetic shielding material and experimental studies
on its magnetic shielding performance have been performed
intensively [l]-[4]. However, in these studies, the applied
magnetic field is much smaller than the lower critical one
and, hence, the HTS does not remain in a mixed state but
in a pure superconducting one. On the other hand, the high
upper critical magnetic field is one of the excellent
advantages of the HTS. In this sense, the next stage is to
investigate the magnetic shielding performance of the HTS
plate in a mixed state.

The purpose of the present study is to develop the
numerical code for analyzing the time evolution of the
shielding current density and to numerically investigate the
magnetic shielding performance of the axisymmetric HTS
plate in a mixed state. In the next section, we introduce the
governing equation of the shielding current density in the
axisymmetric HTS plate by taking account of the strong
anisotropy of the critical current density. The numerical

method for the solution of the equation is also explained
there. In the third section, the time and the frequency
dependence of the magnetic shielding performance of the
HTS plate are investigated by using the method explained
in the third section. Furthermore, the influence of the flux
creep and the flux flow on the magnetic shielding
performance is studied quantitatively. Conclusions are
summarized in the final section.

The SI units are used throughout the present study.

II. MATHEMATICAL FORMULATION

In this section, we introduce the governing equation of
the shielding current density in the HTS plate. The
schematic view of the magnetic shielding measurements is
shown in Fig. 1. Throughout the present study, the shape
of the HTS plate is assumed to be a disk of radius a and of
thickness b. Let us use the cylindrical coordinate system
(p, 9, z), and take the symmetry axis as z-axis and the center
of gravity of the plate as the origin. The magnetic flux
density BQ is generated by a couple of Helmholtz coils and,
therefore, it is spatially homogeneous and its magnitude
BOz changes as BQz = BQ sincor.

As is well known, the MPMG-YBCO superconductor
has a crystallographic anisotropy in the critical current
density: its component parallel to the a-b plane is negligibly
small as compared with that along the c axis [5]. By taking
this fact into account, we assume that the HTS plate is
composed of K pieces of thin layers and that the shielding
current density does not flow across the interface of every
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Fig. 1. Schematic view of the magnetic shielding
measurements.

two layers. When the thickness of each layer is much smaller
than the radius a of the HTS plate, the variation of physical
quantities in the z-direction can be neglected as compared
with their variation in the p-direction. Thus, it is also
assumed that neither the shielding current density nor the
electric field depends on z in each layer.

Under the above assumptions, the behavior of the
shielding current density can be expressed by the following
equation [6]:

(1)

where E e denotes 0-component of an electric field E in
the /rth layer and [iQ represents permeability of vacuum.
The scalar function SJp, t) is z-component of a current
vector potential and is associated with the shielding current
density/ in the /rth layer through the relation:

Jp c dp
(2)

Here the thickness of the /rth layer is denoted by 2e . The
explicit form of the function Q*pq i*

1 (1) *s written as
pq

(3)
tn = u n =

where K(x) is a complete elliptic integral of the first kind
and its parameter km " is given by

p')2 - [zq + ( -

Here z denotes z-coordinate of the central plane in the/rth
layer.

The effect of electromagnetic characteristics of the HTS
is included by assuming the following J-E constitutive
relation:

, , , ) • (4)
For E{j), we adopt two kinds of functions: the Bean model
[7]-[l 1] and the flux flow creep model [6], [12]-[14]. The
former represents the balance between the pinning and the
Lorentz force, whereas the movement of fluxoids is
included in the latter. The explicit form of E(J) for the Bean
model is given by

E<J)=jla\j\ , (5)

where a denotes a virtual conductivity and is a functional
of / In order to determine o at each time step, we employ
the following iterative procedure [8]—[11]. At first, the
initial value a^0' of a virtual conductivity is assumed
sufficiently large, e.g., a C u xl0 8 . Here o C u denotes an
electric conductivity of copper at the room temperature, hi
the nth cycle, (1) is solved together with the associated
boundary conditions after the substitution of a (n) into a.
Then, the spatial distribution 7 e

(n )(p, t) of the shielding
current density is obtained and, subsequently, the virtual
conductivity is corrected by

D (6)

where j c denotes a critical current density and the
superscript («) represents an iteration number label. The
above cycle is repeated until the shielding current density
does not exceed j c all over the HTS plate. On the other
hand, the function E(j) for the flux flow creep model [6],
[12]-[14] can be written in the form,

E(J) =
J<Jc

>J>Jc

where pc and p f are the creep and the flow resistivity,
respectively, and Uo, kB, and Tdenote the pinning potential,
the Boltzmann constant and the temperature, respectively.

As the initial and the boundary conditions to (1), we
assume that the shielding current density does not have a
normal component on each layer surface and that it vanishes
at t = 0. In terms of S these assumptions are rewritten as
follows: Sp(a, f) = 0 and ^ ( p , 0) = 0. By solving (1) together
with these conditions, we can follow the time evolution of
the shielding current density.

If the finite element method and the 8-method are
applied to the discretization of (1) and the associated
boundary conditions, the resulting equation becomes a
nonlinear matrix equation. Thus, the iterative scheme is
employed to solve the equation. As the methods for its
solution, the successive substitution method and the
Newton-Raphson method are used for the Bean model and
the flux flow creep model, respectively. The numerical code
for solving the initial-boundary-value problem of (1) has
been developed by using the method explained above [6]
and, by means of the code, we can investigate the magnetic
shielding performance of the HTS plate.



III. MAGNETIC SHIELDING ANALYSIS

In this section, we investigate the magnetic shielding
performance of the HTS plate by using the code explained
in the previous section. As the measure of the shielding
performance, we adopt the damping coefficient defined by
a m 10 log10«B2)/<B0

2» and the shielding factor defined
by k s B^B^. Here B and Bz denote the total magnetic flux
density and its z-component, respectively. In addition, the
square bracket means a time average. Throughout the
present study, the geometrical and the physical parameters
are assumed as follows: a = 20xl0~3m, b = 2xlO~3m, Bo -
lxlCr2T, T = 77K,;C = 1.5xlO6A/m2, Uo = 92meV.

First, let us investigate the time dependence of the
shielding performance of the HTS plate. The shielding
factors k are calculated by using the flux flow creep model
and are depicted as functions of time in Fig. 2. We see
from this figure that the shielding performance strongly

5.0

g» 0.0

-5.0

o

d

o

d •

2.0 3.0
co? In

4.0

Fig. 2. Time dependence of the shielding factor k at (p/a,
zla) = (0.0, -0.06). The symbols, O , • and A , denote
the values for the flux flow creep model with co = 1, 102

and 104Hz, respectively, and the dashed curve represents
those for the Bean model. The values of the creep and the
flow resistivity are assumed as p c = 6.666xlO~"11Qm and
p f = 7.620xl0"10£2m, respectively.

flux creep region flux flow region

10

10 10° 102

Frequency, co (Hz)

Fig. 3. Maximum absolute value of the shielding current
density as a function of the frequency co in case that the
flux flow creep model is used. The values of the creep and
the flow resistivity are the same as those used in Fig. 2.

depends on time for the case with co = lHz. In this contrast,
the shielding performance is almost time-independent for
the case with co = 102 and 104Hz. This tendency is
attributable to the phase difference between the applied and
the induced magnetic field. With an increase in the
frequency, the phase difference increases and approaches
gradually to JI. In fact, an increase in co raises the maximum
absolute value of the shielding current density until the flux
flow becomes dominant for co > 102Hz (see Fig. 3). In such
a high-frequency region that co > 102Hz, the effect of the
flux creep can be neglected as compared with that of the
flux flow and, hence, the J-E constitutive relation is written
as E(j) = Pfj. Since the governing equation (1) becomes
linear in this case, the phase difference is equal to jr. The
shielding factors are also calculated by use of the Bean
model and are depicted in Fig. 2. In case of the Bean model,
the shielding factor does not change its value for the
frequency range from 10"2 to lO^Hz.

Next, we investigate the influence of the frequency on
the shielding performance of the HTS plate. Figure 4 shows
the frequency dependence of the damping coefficient for
the flux flow creep model. The damping coefficient a
decreases slightly with an increasing frequency for to < lHz,
whereas it diminishes dras t ical ly with co for
lHz < co < 102Hz. This is mainly because the flux flow
becomes dominant as compared with the flux creep in the
frequency range from 1 to 102Hz. With a further increase
in co, the damping coefficient will approach to a constant
value.

Finally, we investigate the influence of the flux flow
and the flux creep on the shielding performance of the HTS
plate. For this purpose, the damping coefficients are
calculated as functions of either the creep or the flow
resistivity. In Fig. 5, we show the dependence of the
damping coefficient a on the creep resistivity pc. This figure
indicates that, in case of co s lOHz, a decrease in the creep
resistivity will lessen the damping coefficient to its value
for the Bean model. In this contrast, the dependence of a
on pc is relatively weak in case of co = 102Hz because the
flux flow dominates the flux creep. From this result, we
might conclude that the flux creep affects only the shielding

Flux Row Creep Model

-30
10° 102

Frequency, co (Hz)
104

Fig. 4. Frequency dependence of the damping coefficient
a at (p/a, zla) = (0.0, -0.06). The values of the creep and
the flow resistivity are the same as those used in Fig. 2.
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10 I0"M 1012

Creep Resistivity, pc (Qm)
10"

Fig. 5. Damping Coefficient a at (p/a, zla) = (0.0, -0.06)
as functions of the creep resistivity pc. The value of pf is
fixed as pf = 7.620x10" 10£2m. The symbol A is for the
case of co = 10-2Hz, A for co = lHz, • f or co = lOHz, O
for co = 102Hz, and the dashed line indicates the value for
the Bean model.

the time evolution of the shielding current density on the
basis of the flux flow creep model. By means of the code,
we have numerically investigated the magnetic shielding
performance of the HTS plate in a mixed state. Conclusions
obtained in the present study are summarized as follows.

1) With an increasing frequency, the time dependence of
the shielding performance becomes weak. The reason
for this is that the phase difference between the induced
and the applied magnetic field increases up to n with an
increase in the frequency.

2) If the frequency is small enough to suppress the flux
flow, the damping coefficient takes a small value.
However, once the flux flow occurs, the shielding
performance is considerably improved until the damping
coefficient approaches to a constant value.

3) The flux creep influences on the magnetic shielding
performance against the low-frequency magnetic field,
whereas the flux flow has an influence on the high-
frequency magnetic shielding.

10" 10~* lO"6

Row Resistivity, pf (Qm)

Fig. 6. Damping Coefficient a at (p/a, zla) = (0.0, -0.06)
as functions of the flow resistivity pf. The value of pc is
fixed as pc = 6.666xlO~nQm. The symbol • is for the
case of co = lHz, A for co = lOHz, • for co = 102Hz, O for
co = lO^Hz, and the dashed line indicates the value for the
Bean model.

performance against the low-frequency magnetic field. In
Fig. 6, we show the dependence of a on the flow resistivity
pf. We see from this figure that, for the case with co = 102

and 103Hz, an increase in the flow resistivity will raise the
damping coefficient up to the value for the Bean model.
On the other hand, for the cases with co = 1 and lOHz, the
damping coefficient remains almost constant and does not
approach to the value for the Bean model. This tendency
indicates that the flux flow influences on the magnetic
shielding performance only in the high-frequency range.

IV. CONCLUSION

We have developed the numerical code for analyzing
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Numerical Solution for Hybrid of Homogeneous and Inhomogeneous Linear Elliptic PDEs

- Application of Combination Method of FDM and BEM -

Soichiro Ikuno*, Atsushi Kamitani** and Makoto Natori*
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The numerical method for solving the hybrid boundary-value problem composed of the homogeneous and the

inhomogeneous linear elliptic partial differential equations (PDEs) has been developed. The hybrid problem often appears

when the realistic MHD equilibria are determined by solving the Grad-Shafranov equation numerically. Although the

combination method of FDM and BEM has been proposed as the method for the solution of the hybrid problem, it takes

much CPU time to solve the problem by using the combination method. This is mainly because the iterative method is

employed to satisfy the interface conditions precisely. In order to overcome this disadvantage, the non-iterative new

method is proposed as the method for solving the hybrid problem. In the new method, the combination method of FDM

and BEM is formulated into a set of the simultaneous equations and the equations are directly solved by the Gauss elimination

method. The new method is compared with the original one for the simple hybrid problem. The results of computations

show that the CPU time required for the new method is about 60 times as small as that for the original method.

Keywords: hybrid of homogeneous and inhomogeneous, PED, FDM, BEM, MHD equilibrium
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Abstract
For the second order time evolution equation with a general dissipation term, we consider the

condition of stability for Newmark's method[10]. We treat the case that a coefficient linear operator
C in the dissipation term is constant in time and nonnegative: C > 0. We give the proofs of stability
and convergence of the scheme by an energy method. We apply the results to a model resistive MHD
equation[6].

Keywords: Newmark's method, second order time evolution equation, dissipation term, stability,
error analysis, energy estimate, recurrence relation

1. Newmark's method

We consider Newmark's method for the second order time evolution equation in Rn . Let C and K be

linear operators on R" and constants in time t, and f(t) be a given function on [0, oo). We consider the

following second order time evolution equation:

^u{t) + Cjtu(t) + Ku{t) = f(t). (1)

Let A(t), V(t) and U(t) be approximations of ^«•(*)> J^UW a nd u(t) respectively, then Newmark's

method for (1) is described as

A(t) + CV(t) 4- KU(t) = f(t)

U(t + T) = U(t) + rV{t) + \r2A{t) + f3T2(A(t + r) - A(t)) (2)

V(t + T) = V{t) + TA{t) + -yr(A{t + T) - A{t)).

2. Iteration scheme of Newmark's method

In Newmark's method, the approximation sequence U(t),t = to,to + T,- • • ,t,Q + ??.r, is generated by

the following iteration scheme:

*chiba'Q!im. uec.ac.jp
^ . u e c . a c . j p
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• 1. For t = to, compute A(t) from initial data U(t) and V(t):

A(t) = f(t) - (C V(t) + K

• 2. Compute A(t + r) from f(t + r), U{t), V(t) and A(t):

x[-KU(t) - (C + rh')V(t) + {(7 - 1)TC + (/? - |)r2A'}yl(0 + f(t + r)].

• 3. Compute U(t + T) from U(t), V(t), A(t) and A(t + r):

U"(t+T) = U(t) + T\'(t)+±T2A{t)+f3T2(A{t +

• 4. Compute V"(t + r) from V(t), A(i) and A(t + r):

V(t + T) = F(*) + rA(t) + yr(A{t + r) -

• 5. Replace t by t + r, and return to 2.

3. Recurrence relation of Newmark's method

Newmark's method (2) for (1) is reformulated as follows in the recurrence relational],[2] and Chaix-
Leleux[12]). Eliminating V and A from (2), we have

• (3r2K)U(t, + T) + {-21 + r( l - 27)C + - r 2 ( l - 4/3 + 2f)K}U(t)

r ( - l + 7)C + | r 2 ( l + 2/3- 2j)K}U(t - r) (3)
= pr2f{t + T) + \T2{1 -4/3 + 2-y)f(t) + | r 2 ( l + 2/3- 27)/(t - r).

By using difference operators, (3) is represented as

(/ + pT2K)DT-TU{t) + -yCDTU{t) + {(1 - i)C + r ( 7 - \)K}L

where

M T ) ) (5)
DTfU{t) = \{DTU(t) - D-TU(t)).

Especially, in the case -y = | , we have:

(7 + (3r2K)DTrU(t) + hc{DT + Df)U(t) + KU(t) = (I + /3T2DTt)f(t).

These recurrence relations are useful for the stability and error analyses of Newmark's method. See [8]
and [11] for the case with C = 0.

4. Stability analysis by energy estimate

Taking a scalar-product between (4) and (DT + Df)U(t), we can derive an energy inequality for
Newmark's method. From this inequality, we obtain the stability conditions for Newmark's method. In
the following, we use the usual Euclidean scalar product (•,•) and the corresponding the norm || • || in
Rn.
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4.1 Derivation of an energy inequality

From now on, let C,K > 0 and f(t) = 0. We also assume that

7 > \- (6)

Using (4), we derive an energy inequality(see [1],[2] for the case 7 = \). Rearranging (4), we have

YD- - r>^\TT(t\
(7)

l3r2K)DTrU(t) + \C{DT + DT)U(t) + (7 - \)C{Dr - Dt

- \)KD-TU{t) + KU(t) = 0.

We take a scalar-product between (7) and (DT + Df)U{t). Since C is nonnegative, we have

t), (DT + Dr)U(t)) + (7 - l)(C(DT - Dr)U(t), (Dr + Df)U(t))

l (8)
= -{\C{DT + Df)U(t), (DT + Df)U(t)) < 0.

We estimate each term in the left hand of (8) as follows. The first term is written as follows:

((I + pT2K)Dr-TU(t), {Dr + Df)U(t))

= ±((1+ l3T2K)(DTU(t) - DrU{t)), (U(t + r) - U(t)) + (U(t) - U(t - r)))

= ^((I+0T2K)(U(t + T)-U(t))M(t + r)-U(t)) {

- ^ ( ( 7 + pr2K)(U(t) - U{t - T)), U(t) - U(t - T)).

The second term is transformed as follows:

(7 - \){C\Dr - Df)U{t), {DT + Df)U(t))

= (7 - \){{CDTU{t),DTU{t)) - (CD-TU(t),DfU(t))} (10)

= (7 - ±){(CDTU(t),DrU(t)) - (CDTU(t - r), DTU(t - r))}.

For the third term, we decompose DrU(t) into a symmetric part and an anti-symmetric part with respect

to DT and Df:

T{y

= r ( 7 - \){K{\(DT + Dr)U(t) - \{DT - Dt)U(t)}, (Dr + Dt)U(t))

= | r ( 7 - \){K{DT + Df)U(t), (DT + Df)U(t))

- | r ( 7 - \){K{DT - D-T)U(t), (DT + Df)U(t))

= | r ( 7 - DWK^HDr + Df)U(t)\\2 - | r (7 - \){KDTU{t),DTU(t))

+ i r ( 7 - \){KDTU{t - r),DTU(t - r)).

The fourth term is deformed as

(KU(t),(DT + Df)U(t))

- (Kl'2U{t),Kl'2U{t-T)) (12)

- (K^U^J^^Uit - T)).

Multiplying (8) by r3 and using the above formulas, we have

((/ + l3r2K)(U(t. + T) - U(t)), U(t + T) - U(t)) + (T2Kl/2U(t + r), Kl'2V(t))

+r(7 - \){C{U{t + T) - U(t)), U(t + T) - U(t))

+ | T * ( 7 - \)\\K"2{DT + Df)U{t)f - i r 4 ( 7 - \){KDTU{t),DTU{t))

< ((I + 8r2K)(U(t) - U(t - r)), U(t) - U(t - r)) + (r2KU(t), U(t - r)) [ '

+r( 7 - \){C{U(t) - U(t - T)),U(t) - U{t - T))

-\THI - \){KDTU{t - r),DTU(t - r)).
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+r(7 - D(C(U(t + r) - U(t)), U(t + r) - U(t)) - | r 4 ( 7 - \){KDTU{t), DTU(t))
I + pT2K)(U(t)-U(t-T)),U(t)-U(t-T)) + 2

+T{1-\){CDTU{t),DTU{t))-\T2(1-\){KDTU(t),DrU{t))

Since 7 - \ > 0, we can omit | r 4 ( 7 - i ^ A ' 1 ^ ! } , . + Df)U{t)\\2 from the left hand side of (13). So, we
have

((/ + pr2K)(U{t + T) - U(t)), U(t + r) - U(t)) + T2{KU{t + r), U(t))

(14)

+ r ( 7 - \){C{U{t) - U(t - T)), U(t) - U{t - r)) - | r 4 ( 7 - \){KDTU{t - r),DTU(t - r)).

Dividing (14) by r2, we obtain

((/ + pr2K)DTU(t),DrU{t)) + (KU(t + T), U(t))
'n.n(t) n.TTttW

(15)

+ r ( 7 - \){CDTU{t - r),PTt/(i - r)) - | r 2 ( 7 - I)(A'l?T^(t - r),DTU(t - r)).

Using (15) repeatedly, we have
((7 + pr2K)DTU{t), DrU(t)) + {KU(t + T), U(t))

•:n.TT(t\ n.TTitw

(16)

+T(1 - l)(CDTU(0),DTU(0)) - ±r2(j - l)(KDTU(0),DTU(0)).

Rearranging the right hand of (16), we define

Co = ((I + ,8r2K)DrU(0),DTU(0)) + (KU{T),U(0))

(17)

+r('y-±)(CDrU(t),DrU(t)) - | r 2 ( 7 - \){KDrU{t),DTU{t))
I + I3T2K)DTU(0),DTU(0))

+ r ( 7 - l)(CDTU(0),DTU(0)) - | r 2 ( 7 - D(KDrU(0),DT

= \\DTU(0)\\2 + r2(f3 - | 7 + \)\\
+r(KDrU(0), 17(0)) + llliV^m2 + r(7 - \

Rearranging the left hand side of (16) and using the identity:

(KU(t + T), U(t)) = T(KDrU(t), U(t)) + (KU(t),

we get

((/ + 0r2K)DTU(t), DTU(t)) + (KU(t + r), U(tj)

+T{1-\){CDTU(t),DTU(t))-\T2{1-\)(KDrU{t),DTU{t))

= \\DTU(t)\\2 + T2(j3 - i 7 + \)\\

D < Co.
We now estimate the third term of (19). For a positive a, we have

So, we have

< r \\K^2DTU{t)\\ x a x 1 x ||A'V^(«)|| < \{a2T2\\KV2DTU{t)\\2^WK'/iu^tf} [ >
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Applying this inequality to (19), we get

_ Co + ~{a

\\DrU(t)\\2 + T2{p - - r 2 ( 7 - -)}\\K^2DTU(t)\\2 + r ( 7 - -)\\Cl/2DTU(t)\\2 + ||A'1/2t/(t)||2 /O1.
2 2 2 (21)

So, we have

\\DTU(t)f + r2{/? -\h~\)- \c
~ \)\\C^DTU{t)f + (1 - ^)\\K^U(t)f < Co.

Since r(7 - | ) > 0, we can neglect r ( i - | ) ||C1/2DTC/(0||2 and get the estimate

Co > \\DTU(t)f + r2{/3 - | ( I ir{/3 | ( 7 )

+r(7 - DUC1/2!)^^)!!2 + (1 - ^JUA^^J/^IP (23)

Finally we obtain the energy estimate:

\\DTU(t)\\2 + T2{j} - i ( 7 - 1) - |a2}||Zv1/2
JDTt/(t)j|2 + (1 - ±^)\\K^U(t)f < Co. (24)

4.2 Stability conditions

In this section, using (24) we derive stability conditions for Newmark's method under the condition
7 > | . With respect to a parameter (3, we consider the following two cases.

4.2.1 Case 1 (/? > £7)

We consider the case /3 > ^7. In (24), we look for the condition:

This implies that

13 ~ 2^~ 2 ) = 2 a " 4
and hence

^ > | T > 5. (25)

Conversely, if j3 > 57 > | and a2 = 2/? - (7 - | ) , then 2a2 > 1. So, from (24) we have, for this a,

\\DrU(t)\\2 + (1 - -LjUA'1/2^*)!!2 < Co. (26)

Furthermore, in this case we have

< Co,

which implies that

\\U(t)\\<\\U(t-T)\\

Hence we have the stability estimate:

\\U(t)\\ < \\U(0)\\ + y/Qfi. (27)

Note that we need no restriction for the time step r > 0.
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4.2.2 Case 2 (0 < /? < ±7)

Under the condition that \ < 7 and 0 < ft < ^7, we need a restriction on r for the stability. Putting
a2 = | , we have

\\DrU(t)\\2 + T2(P - ^WK^DrUm2 < Co.

Using the definition of operator norm and the condition (3 — ̂ 7 < 0, we have

In order that this inequality makes sense as the estimate for an upper bound of ||DTJ7(t)||, the following

inequality must be satisfied:
0 < l _ r 2 ( I 7

Solving this inequality with respect to r, we have

/2JJ2- ( 2 8 )

Similarly to Case 1, we obtain

- Wm + V' «bfiWt <29)

4.3 Theorem on the stability of Newmark's method

Combining the aliove considerations, we obtain the following result.

Theorem 1 Let C > 0 and K > 0, and let f(t) = 0. Under the common condition that | < 7,
Newmark's method for (1) with time step r is stable as follows:

Case 1: h < (3 and for any r => \\V(t)\\ < \\U(0)\\ + y/C~ot.

Case 2: 0 < /? < | 7 and for r < ^ = I J = r =* \\U(t)\\ < \\U{0)\\ + yj^_rHh^mK

Here,

Co = \\

+ r(7 _ 1

5. Convergence of Newmark's method

We show the proof of convergence of Newmark's method using the stability theorem in the previous
section.

5.1 Convergence theorem

Theorem 2 Let T be a finite positive real number, T be a time step, C,K > 0, and f(t) = 0 (1). If
(i > 0 and 7 > | , Newmark's method for (1) converges on [0,T] with the order O(T2) when T J, 0.
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5.2 Proof of the theorem

Let u(t) be the solution of (1), U(t) be the solution of (4), and put r = T/n for n S N. We define the

error E(t) for t = jr(l < j < n) as follow:

E(t) = U(t) - u(t).

From (17) and Theorem 1, we consider the following quantity L[E):

2L[E] = \\DTE(0)\\
+\\K^E(0)f + r(7 - \

Since E(0) = 0, we have

L[E] = ^\\E(r)f + {[3 + I - I^HA-^f

By using the Taylor expansion of U(T) at 0 and the definition of U(r), we have

E(T)=:O(T3), 4

Next, by using (3), we define a time shift operator NT which appears in a formulation of Newmark's

method:

Nrv(t) = - ( 7 + 7 r C + / ? r A ) x [ { 2 7 + r ( l 2 7 ) C + | r ( l 4 / i + 27)A}V(f)

i;(f-T)], t > r, [ '

where V(T) is calculated from r(0), ̂ ('(O) and (2). When V(T) = U(T), we apply NT to U(r) j — 1 times,

and obtain the expression:

Before estimating E(t) = U(t) — u{t), we treat the following expression:

Nl-1u(T)-u{t) = Ni-1u{T)-Ni-2u{2T) + N3-2u(2r)

+ NTu(t -T) + NTu(t - r) - u{t).

For the estimate of this expression, we define t/,(&r) as follows:

Ui{kT) = N*+Iu(ir) - Nk;u((i + 1)T) = N!;{NTu(iT) - «((i

where

Ui(T) = N*u(iT) - NTu((i

So, we obtain

Using Theorem 1, we estimate each Ui((j - i - l ) r ) . From Theorem 1, we consider a quantity L\Ui\

which corresponds to Co in Theorem 1:

L[Ui] = ||0rl7
+ r ( 7 - |
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Using the Taylor expansion of u((i + l)r) at ir and the definition of JVT, we have

Ui{0) = pT2{u"{(i + l)r) - «"(.>)} - | r V " ( i r ) - ir4«.""(ir) + O(T5)
Ui(T) = NT[/3T2{u"((i + l)r) - «"(»»} - irV"(tY) - ir4M""(ir) + O(r5)]

where ' = J .̂ Then we have

ft(0) = 0(r3) , f/,-(r) = O(r3), I>T&(0) = O(r3), L[tf,-] = 0(r6).

Using these estimates and Theorem 1, we have

\\Ui(U - * - 1)T)\\ = ||iV -̂i-1{JVT™(»V) - «((» + l)r)}[|

') = 0(r3) .

So, we obtain

/V->-1 n(r\ — lilt) — \ ^ T7-((i — » — 1 Wl — D(T2\

and
£(f) = U(t) - u(t) = N3

T~1U{T) - Nl~lu{r) + O(T2) = N3
T~1E{T) + O(T2).

Applying Theorem 1 to this we obtain, for small enough r,

\\E(t)\\ < 0{y/L[E\) x t + O(T2) = 0(T2), when l<jand0</3.
Ld

Therefore, we obtain Theorem 2.

6. Numerical experiments

We compare Newmaik's method with the second order explicit Runge-Kutta method and the second
order implicit Runge-Kutta method. We apply those methods to the finite element approximation of
the following model resistive MHD(MgnetoHydroDynamics) equation[6]:

t) = 0,

(31)
0 < //, 0 < x < 1, 0 < t < oo,

it(0) = sin27r.r, £u(0) = 0,

where q is the electric resistivity, and A" is the so-called Alfven frequency.

We discretize C and A" by the finite element method using piecewise linear continuous functions for
the equipartition of (0, 1) with a mesh size Ax. From now on ?; = 0.0001, and mesh size of ̂ -direction
is Ax = 1/128.

6.1 Newmark's method vs. Runge-Kutta methods

For applying Runge-Kutta methods to (31), we rewrite (31) as the first order equation:

(32>
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Then, using (32), we can represent the second order explicit Runge-Kutta with a time step r as follows:

fcj = Af(t),
+ rk1),

+ k2),Y(t + r) = Y(t) + |

where A and Y are the approximations of A and Y. Using (32), we can also represent the second order
implicit Runge-Kutta with a time step r as follows:

ki = A(Y(t) + \

Using the time evolution of the energy of solutions, we compare the l'esult of Newmark's method with
those of the Runge-Kutta methods. Here the energy of solutions are calculated as follows:

S(t) = \j Ku(t)2}dx ~ ± , U(t))}Ax,

where U(t), V(t) and A" are approximations of u(t), ^u{t) and A". We calculate the energy for t from
t = 0 to 100. We calculate two cases. The first case is shown in Figure 1 where T = 0.1 and the second
case with r = 0.2 is shown in Figure 2. Figure 2 has a log-scale with respect to energy. In Figure 1 and
Figure 2 we set parameters as follows:

curve name

line 1
line 2
line 3
line 4

method
Newmark
Newmark
Explicit Runge-Kutta
Implicit Runge-Kutta

r in Fig 1

0.01
0.1

0.1

0.1

r in Fig 2

0.01
0.2

0.2

0.2

13
1/6

1/12

7
1/2

1/2

0.0001
0.0001
0.0001
0.0001

Ax

1/128
1/128
1/128
1/128

Here 'line 1' corresponds to a basic curve for the comparison with a small r = 0.01. Others correspond
to curves for different methods. Figure 1 and Figure 2 show that, although the equation (31) is stiff,
Newmark's method gives a good result.
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In a slab configuration modeling the negative shear tokamak, the ion temperature gradient (ITG)
mode is analyzed numerically based on a gyrokinetic integral eigenvalue equation. Numerical results
show that characteristics of the ITG mode are greatly changed depending on the number of mode-
rational surfaces. When a single mode-rational surface exists at the gmin-surface, the finite Larmor
radius (FLR) effect produces an asymmetric mode structure with respect to the mode-rational
surface. Since the magnetic shear is weak near the gmin-surface, two separate unstable regions
appear in both sides of the mode-rational surface. Also, the ion temperature gradient is steep in
these regions. Therefore, two independent modes become unstable depending on ks regions; one is
a low-fcy mode which exists in the high-7\ side, and the other is a high-fcy mode which is in the
low-Tl side. When double mode-rational surfaces exist near the <jrmin-surface, it is found that the
ITG mode becomes unstable in the interior region between the two mode-rational surfaces. Since
the shear stabilization disappear in this region, the unstable region spreads up to a high-fcy value or
kypti < 10, where pu is the ion Larmor radius.

Keywords: ion temperature gradient mode, negative shear tokamak, gyrokinetic theory, linear global
analysis.

I. INTRODUCTION

In recent tokamak experiments with the negative-sheared magnetic configuration, the internal transport barrier
(ITB) was formed, and significant improvement of particle and energy confinement at the ITB was observed [1-3].
Here, the ITB is characterized by a steep density and temperature gradient near the gmin-surface, and often, sheared
poloidal and toroidal flows are observed. As one of the theoretical models for explaining these experimental results, a
model based on the drift wave turbulence was proposed [4]. Here, the main result is the stabilization of toroidal drift
modes and suppression of the associated anomalous transport by the negative magnetic shear. However, even in such
a situation, a slab drift mode remains to be a possible unstable mode, because the sign of magnetic shear has a little
effect on the stability of a slab drift mode. In recent years, comprehensive parameter studies for the ion temperature
gradient (ITG) mode have been performed for the purpose of evaluating the anomalous ion transport in tokamak
plasmas with the normal magnetic shear. Since the scale length ordering between the characteristic perpendicular
wavelength and equilibrium quantities has been assumed to be valid for conventional tokamak discharges with the
normal magnetic shear, Wentzel-Kramers-Brillouin (WKB) method [5] has been adopted in the linear stability analysis
of micro-instabilities. However, as is shown in recent works using the gyrokinetic global spectral code [9,10] or
the gyrokinetic particle-in-cell simulation [11], the linear eigenfunction of the ITG mode has a global radial mode
structure, especially in a weak magnetic shear region of the negative-sheared magnetic configuration. Therefore, the
WKB approximation or the ballooning representation may not be a good approximation for the ITB region, which
is characterized by a steep density and temperature gradient at the weak magnetic shear region. Although several
Vlasov or gyrokinetic global codes, which solve an integral eigenmode equation, have been developed both for a slab
geometry [6,7,9] and for a toroidal geometry [8,10], numerical results for clarifying properties of the ITG mode in the
negative-sheared magnetic configuration were very limited.

In the present work, we concentrate on the negative shear configuration with a steep density and temperature
gradient to study the ITG mode. In analyzing the ITG mode under these conditions, it is important to retain the full
finite Larmor radius (FLR) effect. Thus we have developed a gyrokinetic integral eigenvalue code [7,9,10] in a sheared
slab geometry. In the framework of the ballooning representation [12], a weak magnetic shear around the gm;n-surface
suppresses the driving force of the toroidal ITG mode due to the toroidal guiding-center drift in a region other than
6b ~ 0, where 0i denotes the ballooning angle. In addition, the toroidal mode coupling diminishes in a weak shear
region. Hence, it is probable that the ITG mode has a slab-like feature in the negative shear configuration [10], and
a slab model is useful as a model for the negative shear tokamak. Also, a slab model is advantageous in regard to an
analytical treatment of the eigenmode equation, as well as a numerical resolution in solving the gyrokinetic integral
eigenmode equation.
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The negative-sheared slab ITG (NS-ITG) mode is characterized by following features: the shear stabilization
disappear around the <jm;n-surface; the variation of the magnetic shear, q", generates a potential well in the linear
eigenmode equation; and two mode-rational surfaces appear in both sides of the gm;n-surface when kt ^ 0, where kz

is a wavenumber in the direction of the magnetic field at the qm\n-surface. In the previous works [13,14], the NS-ITG
modes have been studied by the fluid type linear eigenmode equation, which is solved with the corresponding WKB
shooting code [5]. However, as is mentioned above, this treatment requires the assumption of a relatively weak density
and temperature gradient or kj1 / Ln ~ kj1 /Lti <g; 1, where fcx is a wavenumber in the perpendicular direction to the
dominant magnetic field, and Ln and Lti are scale lengths of the density and temperature gradients respectively. In
our analysis using the gyrokinetic integral eigenvalue code, we will study properties of the NS-ITG mode under the
assumption of a steep density and temperature gradient or fcj1 /'Ln ~ Aj 1 / i ( j < 1, with including full kinetic effects
such as the higher order FLR effect and the Landau resonance.

The NS-ITG modes are classified in two cases. One is the single mode-rational surface case with kz = 0, and the
other is the double mode-rational surface case with kz ^ 0. The former corresponds to the weak shear limit [15]
of the slab ITG mode. Its property is significantly affected by a steep ion temperature gradient which produces an
asymmetric eigenmode structure with respect to the gmin-surface through the FLR effect. The latter appears only in
the negative shear configuration. In the fluid limit described by the Weber type equation, the problem of the double
mode-rational surface case reduces to a harmonic oscillator in a parabolic potential well perturbed by a fourth order
potential, in contrast to the ITG mode in the standard sheared slab model, which is characterized by a parabolic
potential hill. Thus, the NS-ITG mode with the double mode-rational surfaces is strongly destabilized around the
<7min-surface and has a global eigenmode structure bounded by the two mode-rational surfaces. The stability of this
mode is determined locally at the gmin-surface since q' ~ 0. As a result, the unstable region in the ky space widely
spreads over the high-fcj, region with kypu < 10. This is a remarkable feature of the NS-ITG mode obtained from the
gyrokinetic integral eigenvalue code which enable to analyze micro-instabilities with k±pt{ 3> 1.

The reminder of this paper is organized as follows. In Sec. II, the linearized gyrokinetic Vlasov-Maxwell system
is formulated to obtain an integral eigenvalue equation. In Sec. Ill, the integral eigenvalue equation is reduced
to the Weber type differential eigenmode equation under the fluid limit with the long perpendicular wavelength
approximation where k±pu < 1. Here the analytic solution of the NS-ITG mode is presented. In Sec. IV, numerical
results obtained from the gyrokinetic integral eigenvalue code are shown and the properties of the NS-ITG modes
are discussed. Finally, in Sec. V, we show the validity of the present analysis by comparing both the analytic and
numerical results of the NS-ITG modes.

II. GYROKINETIC INTEGRAL EIGENVALUE EQUATION

In this section, we derive an integral eigenvalue equation based on the gyrokinetic Vlasov-Maxwell system. We also
give a numerical method for solving the linear eigenvalue problem described as a transcendental equation.

In the present study of the ITG mode, we consider a sheared slab geometry, where the as-direction corresponds
to the radial direction, the z-direction is chosen in the direction of the magnetic field at x — 0, and the {/-direction
is chosen to be normal to both the x and z-direction. We assume the periodic boundary condition in the y and
z-direction, and the fixed boundary condition with conducting walls in the ^-direction. By expanding the g-profile
around the position x = 0, we write the g-profile as q(x) = q0 -j- q'ox + \q'dx2 + • • •, where go> q'Q and qfi are evaluated
at x — 0. The corresponding slab magnetic field configuration for the normal shear case with q'o ̂  0 is

B(x) = B0[z - x/L.y], (1)

where L, = (<7o-^)/(9oro)' ^ is the m a J o r radius of a toroidal plasma, r$ is the minor radius at the position x = 0,
and x — 0 is the position of the mode-rational surface. For the negative shear case with q'o — 0, we choose the model
magnetic configuration as

B(x) = B0[z-(x/Ln,fyl (2)

where Ln$ = A/(2q$R)/ (<Zo ro) I and x — 0 corresponds to the position of the gm;n-surface. Here, it is noted that an
inclusion of the first order shear term [14] in Eq. (2) just shifts the position of the <jrm;n-surface, and changes the
minimum value of q from qo. Thus, only the second order derivative term is retained in Eq. (2). In these model
configurations, the asymmetry of the configuration which is produced by <j>g" is ignored for simplicity.

In analyzing a relatively low frequency fluctuation in tokamak plasmas, we can apply the usual gyrokinetic ordering:
u>/Q ~ fc||/&j_ ~ e<̂ >/T ~ p/Ln ~ O(e), where w is the characteristic frequency of the fluctuation; the gyro-frequency
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is n = qBo/mc; m and q are the mass and the charge of particle, respectively; the Larmor radius is p — |b x v | / 0 ; the
direction of the dominant magnetic field is b = Bo/£?o; fy| and k± are wavenumbers in the parallel and perpendicular
directions to b, respectively; T is the temperature; Ln is the density characteristic scale length, and <j> is the perturbed
electrostatic potential. Under this ordering, a fast non-secular perturbation relating to the gyration of a charged
particle is removed from the Vlasov-Maxwell system. We then have the gyrokinetic Vlasov-Maxwell system [16-19]
in the gyro-averaged coordinates, Z = (t; R, ifz, M, 0), where the definitions of each independent variables follow
those given in the gyro-center coordinates. In the gyro-center coordinates, R is the position of guiding center;
vz — v • b; t>_L = |v x b|; M is defined as M = mv\/2Q\ c is the velocity of light; the gyro-phase angle is given by
6 = tan"1(v • e j /v • e2); and ei, e2 are the unit vector in the a: and y-directions. By linearizing the guiding-center
distribution function as F = FQ -f F\, we obtain the linearized gyrokinetic equations:

, • V* * - ^ B • V f t W e - g = 0, (3)

t
2) *M-kip?)] t* «p(ik • x), (4)

(5)

where the Jacobian of the gyro-averaged coordinates is D = qmBo/c, pt is the Larmor radius evaluated with the
thermal velocity, and JQ is the zeroth order modified Bessel function.

Since the system is symmetric in the y and ^-direction, we assume the Ry and i£z-dependence of a linear perturbation
F\ as a plane wave with specified fcj, and kz:

Fi(R, vz,M,t) = Fi(Rx> vz, M)exp(ikyRy + ikzRz - iut), (6)

where the time dependence is also assumed as exp(—iuit) with a frequency u>. By expanding the radial eigenfunction
into Fourier series, we write a perturbed guiding-center distribution function and an electrostatic potential in a form:

z,M,t) = ̂ 2 Flhm(vt,M) exp^ ik + ikyRy + ikzRz - tut), (7a)

i rL* -
FikMiM) = — / Fi{R., vz, M) exp{-ikxRx)dRx, (7b)

and

, t) = Y,4>k* explikxR* + ikyRy + ikzRz - tut], (8a)

r
J-

ikzRz ~ iu>t], (8b)
kx

L*

-
<f>(R;e)exp(-ikxRx)dRx, (8c)where Lx denotes the system size in the x-direction. In the Fourier series representation, the gyro-average of a

perturbed quantity is written using the zeroth order Bessel function, Jo- By substituting these expressions into Eq.
(3), we have the perturbed guiding-center distribution function as,

*>= y [• -"« - (*"+ t-i>/TH -*•»•
- W

where k\\ — k • B / 5 , Sy = VZB/BQ, TJ — dlnT/dlnno, and the diamagnetic drift frequency is u>* =
(kyT/m£l)(dln no/dRx). Using a local Maxwellian for the unperturbed guiding-center distribution function, we obtain
the perturbed density from Eq. (4):

^ ^ i [{ro - v Q
T u

(10)
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The definitions of quantities in Eq. (10) are given as follows: Z = Z(£) is the Fried-Conte plasma dispersion
function; £ = u>/(V2\k{l\vt); C = «7(v^|*|||» t); 6 = (*2 + * > ? ; b' = (k'J + typ*; ba = (b + V)/2, bg = s/bV;
To(ba,bg) = exp(—6a)7o(6ff); r i(6 a ,6 s) = exp(—ba)Ii(bg); and /„ is the n-th order modified Bessel function. Finally,
by imposing the self-consistency condition or the Poisson equation, Eq. (5), in the Fourier space, we derive the linear
integral equation for the Fourier amplitude, <f>i,m.

(12)

where £fcm,fc, (w) are elements of the complex matrix £(<*>), \\,t = T,/(4jrn,o<Z?), and * denotes the particle species.
Thus, the linear stability problem of low frequency micro-instabilities in the sheared magnetic field is formulated as the
integral eigenvalue equation. Since our interest is not only in the ITG mode, but also in the short wavelength electron
temperature gradient driven (ETG) mode [20], we have used the general dielectric tensor including the electron kinetic
effects in Eq. (12). An analysis of the ETG mode will be reported in elsewhere.

The matrix form of the integral eigenvalue equation, Eq. (11), can be reduced to the problem of finding eigenvalues,
{<«><}«'=i,JVi of the complex matrix C, which satisfy

det£(w,) = 0. (13)

In finding a root of Eq. (13), first, we plot the contour lines of Re(det £) — 0 and Im(det £) = 0 in a complex w-plane,
and obtain guesses for the eigenfrequencies, {C<}J=I...JV, in a region where the eigenfrequency with the maximum
growth rate exists. We then refine guesses using a method based on the algorithm developed by Davies [21]. Although
the original algorithm can treat multiple roots simultaneously, we apply the algorithm only for a single root case. Let
us set a closed positively oriented contour, C : |u> — c» J = r<, so that there exists a single root, u>i, in the region limited
by C. Applying the residue theorem, the eigenfrequency, W{, is written by the following integral:

(14)

where g(u/) — det<C(o>). In order to avoid the numerical calculation of g'(u>), we use integration by parts to estimate
Eq. (14). Here, since \n[g] is not single-valued along the contour, C, we rewrite the integral, Eq. (14), into the
following form:

1 /
2m Jc

G'(u) J
dw+Ci,

G{u>)

ci (15)

where G(u>) = g{u>)/{w — q ) , and ln[G] is single-valued along the contour, C. The integral, Eq. (15), is evaluated
using a numerical quadrature to obtain the eigenfrequency, Wj. Finally, the corresponding eigenfunction is solved
using the usual inverse iterative method.

As a benchmark test, we have compared numerical results of our gyrokinetic integral eigenvalue code with our former
numerical results of the gyrokinetic particle simulation [19], which solve the gyrokinetic Vlasov-Maxwell system as
an initial value problem. And, we have seen a good agreement between the linear eigenfunctions and the linear
growth rates of these numerical results in a shearless slab plasma. Also, for the standard sheared slab case, we
have confirmed that our gyrokinetic integral eigenvalue code recovers the eigenfunction and the dispersion relation
of the ITG mode [22] and the ETG mode (/3 = 0 case in Ref. [20]), which were also obtained by solving the integral
eigenmode equation.
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III. NON-LOCAL ANALYSIS USING DIFFERENTIAL EIGENMODE EQUATION

Before showing numerical results of the gyrokinetic integral eigenvalue code, we provide an analytical result of the
differential eigenmode equation [23,24] in order to show qualitative characteristics of the NS-ITG mode.

We try an analytical treatment of the gyrokinetic Vlasov-Maxwell system under the ordering for the phase velocity,
vu < |Re(w)/fc||| <C vte- Hence, the differential eigenmode equation is obtained from the quasi-neutrality condition
with the gyrokinetic ion response and the adiabatic electron response. We also apply a long perpendicular wavelength
approximation, b ~ b' -C 1, to the ion gyrokinetic response, Eq. (10). We then have the second order ordinary
differential equation,

^ | + Q ( ^ = 0, (16a)

O(x) - P \ r T + 1 + {(T + V " ? / ( 2 " ) > ^ ^ + ( W " ) # 0 + JZ)
" {

where r = Te/Tj, p, = \Jrpti, and each variables are normalized as follows: O = v/u>*; x = x/p,; ky = kyp,; and
<̂  •= e<f>/Te. Here, it is noted that in this normalization, radial variation of the temperature within an analysis domain
is assumed to be weak, T ~ T, even for a finite TJ, where T is an average temperature. This assumption is valid
for a case with a relatively weak density and temperature gradient. Using the asymptotic expansion for the plasma
dispersion function, Zi ~ — £t~ — |£t~ — |£,~5 — • • -, under the fluid limit, & > 1, we have a reduced form of the
eigenmode equation [24],

o

where K = (l
For the normal shear case with ^Q / 0 or the model magnetic field, Eq.(l), the eigenmode equation is rewritten in

a form of the well-known Weber equation:

where

= ax, a =

In Eq. (18), kz is set to zero, because kz does not affect the stability but just shift the mode-rational surface from
x = 0. Prom the bounded solution in the £ space and the corresponding quantization condition for e, we have the
eigenfunction and the dispersion relation as follows,

0,(5) = [a/ (v^2'/!)] ' / f ,«)exp(-C2 /2) , (19)

e = 21 + 1, (20)

where Z denotes a radial mode number, if, is the Z-th order Hermite polynomials, and the eigenfunction, Eq. (19), is
normalized as f <j>fdz = 1. If we assume that the eigenfrequency satisfies (Re(O)j 3> |Im(O)|, a potential of the Weber
equation, Eq. (18), is recognized as a parabolic potential hill and the eigenfunction, Eq. (19), shows an oscillating
feature in the x space. The asymptotic solution of Eq. (18) is then given as

(21)
2L.Q

where C is a constant. By comparing Eq. (21) with an eikonal form of WKB solution, exp(J kxdx), the group velocity
is evaluated as vg = dQ/dkx — [Ln/(klL,)]x. Hence, the asymptotic solution, Eq. (21), behaves as the outgoing wave
which takes a wave energy away from an unstable region around the mode-rational surface to a stable region where
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the wave energy is absorbed by the ion Landau damping. This stabilizing mechanism is so-called the shear convective
damping [25].

For the negative shear case with q'o — 0 or the model magnetic field, Eq. (2), the eigenmode equation becomes

g + (e - C2 - «c = 0, (22)

where

= ax, a =

Here, we have assumed the double mode-rational surface case with kz ^ 0. Assuming a as a perturbation parameter,
the perturbation theory [26] can be applied to Eq. (22). Solving the perturbed eigenfunction 4>\ ' and the perturbed
energy level e, yields the eigenfunction,

(pi — (pi - j - (pi , (23a)

cp(-C2/2), (23b)

(23c)

and the dispersion relation,

c,(0) = 2/ + 1,

(!) f 1(0)* .4 7(0) , .
e, = / <Pj oc(, <Pj a x ,

(24a)

(24b)

(24c)

where <j>\ '* denotes a complex conjugate of <j>\ '. Again, for the case satisfying |Re(fi)| ^> |Im(n)|, a potential in
Eq. (22) is recognized as a parabolic potential well with a fourth order perturbation, and the eigenfunction, Eq.
(23a), becomes a bounded solution in the x space. Accordingly, the linear stability problem of the NS-ITG mode with
the double mode-rational surfaces, which is described by Eq. (22), is recognized as a harmonic oscillator perturbed
by a fourth order potential. In the negative shear case, when there are two neighboring mode-rational surfaces at

£ r ± = ±\fkz/kyLnl, a potential well is formed between these mode-rational surfaces, 2r_ < x < xr+. For this
situation, the width of the eigenfunction is evaluated as A x ~ a~ l. From comparison between the width of the
eigenfunction and that of the potential well, we obtain a relation, Ai/(xr+ — £,_) = y/a < 1, i.e., the eigenfunction,
Eq. (23a), becomes localized within the potential well. Therefore, in the negative shear case, the shear convective
damping does not work, and the NS-ITG mode becomes unstable easily around the gm;n-surface.

IV. NUMERICAL RESULTS

Using the gyrokinetic integral eigenvalue code, we have analyzed the ITG modes both in the normal shear case
and in the negative shear case. Use of the gyrokinetic integral eigenvalue code enable us to analyze a global mode
with kxpti < 1 as well as a short perpendicular wavelength mode with k^pu > 1, where the full FLR effect becomes
significant.

Parameters used in the present analysis are chosen based on plasma parameters in Tokamak Fusion Test Reactor
1 9 3 % f(TFTR): R = 2.6m, r0 = 0.3m; ne = hi ~ 2 x 1019rrr3; Ln = 0.38m; % ~ 3.9keV; f{ = 12.8keV; Bo - 4.6T; and

pti — 2.52mm, where T denotes a quantity averaged over the region of the gmjn-surface. Here, we have considered a
relatively steep temperature gradient case corresponding to the ITB region of the negative shear discharges. Also, we
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have adopted the steep ion temperature gradient Lti ~ 0.076m corresponding to iji = 5 in this section. For the negative
shear case, we have chosen a model configuration with 50 = 2, Q'Q = 0m"1, and q1^ = 142m~2, which corresponds to
Lnt = 0.883m. In the former works [13-15,24], plasma parameters were described with non-dimensional parameters
with the normalization as in the previous section. In this section, in order to explicitly show relations among the scale
lengths of equilibrium quantities such as the density, temperature and magnetic shear, the ion Larmor radius, and
the scale length of the eigenmode structure, we have described the plasma parameters with dimensional quantities.
Also, in the present analysis, the non-adiabatic electron response is included for completeness.

In the numerical calculation, in order to exclude spurious solutions, we have used 128 modes for the kx spectrum
corresponding to the system size, Lx — 60.3/5t», the grid size of Aa; ~ 0A71pu, and the wavenumber of kxpu < 7.
Also, we have adopted a sine series expansion to satisfy the conducting wall boundary condition in the ^-direction.
Thus, even and odd modes appear alternately with the increase of kx.

First, we will show the result of the conventional slab ITG mode, where the shear parameter, Lt, is chosen as
L, = Ln, (Ln/L, ~ 0.43). The eigenfunction and the kx spectrum of I = 0 mode are shown in Figs. 1 (a)
and 1 (b). In Fig. 1 (a), the mode-rational surface, xr, the ion resonance point, a;,-, and the electron resonance
point, xe, are also shown with arrows, where xr, Xi, and xe are denned as fc||(a;r) = 0, Re(u>)/k\\(xi) = vti, and
Re(u>)/fc||(a:e) = vte, respectively. Since the eigenfunction has a finite amplitude on the ion resonance point, the
conventional slab ITG mode shows the kinetic feature [24]. In Fig. 1 (b), we see that odd modes are close to zero
and the eigenmode structure has even symmetry. Since the mode width is relatively narrow, Ax/pn ~ 4.7, the effect
due to the radial variation of equilibrium quantities is relatively weak. Here, the mode width, Aa:, is defined as
Ax = (kx/2x) = (5^fc &3 |0fcJ/2T X)fc I^fc.l)"1 f7L Also, since the kx spectrum has large amplitude components
for kxpu < 2, the long wavelength approximation, kxpti < li is not a good approximation in analyzing this mode.

In the negative shear configuration, there are two types of NS-ITG modes. One is for the single mode-rational
surface case with kz = 0, and the other is for the double mode-rational surface case with kz ^ 0, which is discussed
analytically in the previous section. While the double mode-rational surface case is specific to the negative shear
configuration, the single mode-rational surface case is recognized as the weak shear limit [15] of the slab ITG mode
in the normal shear configuration, because the perturbed density response, Eq. (10), does not depend on the sign of
the shear in the sheared slab geometry.

In the single mode-rational surface case, there are several unstable branches both in a low-fcj, region and in a high-A;̂
region. In Figs. 2 and 3, the eigenfunction and the kx spectrum of two characteristic branches are shown for the
low-fcy case with kypn ~ 0.348, and the high-fey case with kypti ~ 0.9, respectively. Since the magnetic shear is weak
around the mode-rational surface, which is equivalent to the gm;n-surface in this case, an unstable region satisfying
vti < [Re(di)/fc||[ <C vte, is divided into two separate regions which are located in both sides of the <jmin-surface.
Between these regions, the ion Larmor radius varies due to the variation of the ion temperature, and the FLR effect,
which is most effective at k^pti ~ 1> produces the asymmetry of the mode structure. As is shown in Figs. 2 (b) and
3 (b), these modes do not have spatial parity. Therefore, the eigenfunction of the lovr-ky (high-fcj,) mode peaks in the
high (low) temperature side. In Figs. 2 (b) and 3 (b), we also see that these modes have a relatively oscillating mode
structure whose kx spectrum peaks at kxpti ~ 1.3, and the radial correlation length is evaluated as Ax/pti ~ 5.

In the double mode-rational surface case, kz determines a depth of the potential well and a distance between the
two mode-rational surfaces. In this section, we have chosen kz as kz ~ 3 x 2n/(qoR) ~ 0.00849pu, so that the double
mode-rational surface NS-ITG mode gives the approximately maximum growth rate at rji = 5. In Figs. 4 and 5, the
eigenfunctions and the kx spectrums of the double mode-rational surface NS-ITG modes are shown for / = 0 and
1 = 1 , respectively. In the figures, it is noted that, while the electron resonance points appear in both sides of two
mode-rational surfaces, the ion resonance points exist but do not appear in the interior region between these surfaces,
because of the weak magnetic shear. And, a wide unstable region satisfying vu < |Re(w)/fc||| <C Vte exists around the
<Jmin-surface. This fact implies the validity of the fluid approximation used in the analytic treatment of the differential
eigenmode equation, Eqs. (16). As is predicted in the analytic solution, Eqs. (24), the double mode-rational surface
NS-ITG mode has the mode structure which is localized around the gmin-surface. In Figs. 4 (b) and 5 (b), we see
that the kx spectrum of the I = 0 (I = 1) mode shows approximately even (odd) symmetry. However, also for the
double mode-rational surface case, weak asymmetric components are observed because of a relatively broad mode
structure, e.g., Ax/pn ~ 15 for the / = 0 mode. Here, it is noted that for the NS-ITG modes which are analyzed in
this section, the ratio of the radial correlation length Ax to the scale length of an ion temperature gradient Lu reaches
at Ax/Lu ~ 0.5 and, therefore, the WKB procedure may not be appropriate for the analysis of these modes. Since
the kx spectrum of these modes peaks in a long wavelength region, kxpn < 1, the long wavelength approximation,
kxpti < 1] which is used in the analytic calculation, may be valid for the double mode-rational surface NS-ITG mode
with kypu < 1.



Figure 6 (a) shows the fcy-dependence of a real frequency of the above three types of ITG modes. For kypti < 1, the
absolute value of real frequency increases linearly with ky and the dispersive feature behaves as Re(ai) ~ w* except for
the high-fcy branch of the single mode-rational surface NS-ITG mode, which becomes unstable in a low temperature
region. For kypti > 1, the absolute value of real frequency of the double mode-rational surface NS-ITG modes reduces
again. This feature is also seen in the ^-dependence obtained from the local dispersion relation for the shearless slab
ITG mode, Fig. 7 (a).

In Fig. 6 (b), the ^-dependence of the growth rate of these modes is shown. As was seen in the previous works [6,22],
an unstable region of the conventionsl slab ITG mode exists for ky pa < 1. For the single mode-rational surface NS-
ITG modes, there are two unstable regions corresponding to the lov/-ky mode with kvpn < 0.5, and the high-Ay mode
with kypti > 0.5. Compared with these three branches, the double mode-rational surface NS-ITG modes are strongly
unstable and their unstable region includes the high-fcj, region with kypu > 1. In order to explain this unique feature
of the NS-ITG modes, we have analyzed the Aj^-dependence, Fig. 7 (a), and the fen-dependence, Fig. 7 (b), of the
local dispersion relation for the shearless slab ITG mode at the gmi,,-surface. As shown in Fig. 7 (b), the ITG mode
is basically the ion sound wave which is modified by the density and temperature gradient, and its stability is very
sensitive to fcy. Whereas, in Fig. 7 (a), we see that with a constant fey, the ^-dependence of the growth rate is weak
for kypu > 1- It is noted that the non-adiabatic ion response contributes to the stability of ITG mode in the high-fcj,
limit, while the contribution vanishes exponentially in the high-fcx or kx limit. This is because the non-adiabatic part
of the ion response, Eq. (10), is proportional to kypuTo(b) or kyptiTi(b), and in the high-fcj, limit, these functions are
approximated [27] as VbT0(b) ~ 0.399 + 0.01336"1, and VbTi(b) ~ 0.399 - 0.03996"1, respectively. Therefore, what
is significant in stabilizing the ITG mode is not the variation of ky but the variation of Asy, which generates the ion
Landau damping in a high-fcj| region. In the sheared slab geometry, ky and k^ are closely related by the magnetic
shear. If the magnetic shear exist in an unstable region, k^ increases along with the increase of ky, and the mode is
then stabilized by the ion Landau damping for kypti > 1. This is the kinetic stabilizing mechanism of the slab ITG
mode and the single mode-rational surface NS-ITG mode. However, if the mode arises in a low magnetic shear region
around the gm;n-surface, which corresponds to the double mode-rational surface NS-ITG mode, fey is independent of
ky and the ^-dependence of the stability is almost determined by the local stability for the shearless slab ITG mode
which is shown in Fig. 7 (a). Thus, an unstable region with kypu > 1 is allowed for the double mode-rational surface
NS-ITG mode.

Figures 8 (a) and 8 (b) show the ^-dependence of the real frequency and the growth rate, where ky and kz are
chosen so that the critical temperature gradient parameter, Tfte, approximately becomes the minimum value. For
the conventional slab ITG mode, r)ic ~ 3 is obtained, and this value is consistent with the analytical estimation of
7]{c, which is obtained from the analysis of the differential eigenmode equation, Eq. (16), in the kinetic limit [24].
Compared with the slab ITG mode, the NS-ITG modes give considerably lower critical values around T Ĉ = 1 ~ 1.5.
As for the real frequency, the slab ITG mode and the double mode-rational surface NS-ITG mode have a finite real
frequency at their marginally stable state, while real frequencies of the single mode-rational surface NS-ITG modes
become close to zero at rji ~ rjic.

V. SUMMARY

In the present paper, we have analyzed the NS-ITG modes using the gyrokinetic integral eigenvalue code. In the
negative shear configuration, several types of ITG modes exist because of the peculiar properties of the magnetic
configuration: the magnetic shear is very weak around the gm;n-surface; and the configuration is determined by qfi,
which forms a potential well in the eigenmode equation. Also, the double mode-rational surfaces appear when kz ^ 0.

In the single mode-rational surface case with kz = 0, two separate unstable regions, which widely spread in both
sides of the mode-rational surface, appear because of a very weak magnetic shear. In these unstable regions, the
ion temperature and the ion Larmor radius vary considerably, and the FLR effect provides the asymmetric mode
structure. Thus, the \ow-ky (high-fcy) mode becomes unstable in the high (low) temperature side of the mode-rational
surface.

We have shown both the analytic and numerical results for the double mode-rational surface case with kz ^ 0. In
an analytical treatment, the linear stability problem described by the differential eigenmode equation is recognized
as a harmonic oscillator perturbed by a fourth order potential. Using the perturbation theory, we have obtained
a bounded solution which is localized around the gmi,,-surface. This solution is also obtained from the gyrokinetic
integral eigenvalue code. These analyses have shown an existence of a broad unstable region in the interior region
between the two mode-rational surfaces, and this feature is also explained by either kinetic and fluid pictures. In the
kinetic picture, the appearance of the unstable mode in the interior region between the two mode-rational surfaces



is explained by an absence of the ion resonance points in this region. In the fluid picture, the driving mechanism is
explained by a trapping of wave energy in the potential well generated by variation of the magnetic shear, q'^. Thus, the
eigenfunction is bounded by the two mode-rational surfaces and has a relatively broad mode structure. Here, it should
be noted that for the analysis of this kind of global modes, the WKB approximation or the ballooning representation
seems inappropriate, because the scale length ordering, Ax/Ln ~ Ax/Lt ~ O(e)t does not hold for the steep density
and temperature profiles. Another particular feature of this mode is that the unstable region spreads over the high-fcv

region, kypu < 10. Unlike the conventional slab ITG modes and the single mode-rational surface NS-ITG modes, in
the double mode-rational surface case, the magnetic shear vanishes in the unstable region, where the eigenfunction
peaks, and fcy becomes independent of ky. Hence, the fcy-dependence of the growth rate is essentially determined
by the local stability at the gm;n-surface. This numerical result may explain the short wavelength fluctuation with
kepti ~ 5, based on the NS-ITG mode, which is observed in the TFTR enhanced reversed shear (ERS) experiment [28].
In order to identify this short wavelength fluctuation, a linear stability calculation of the ETG mode remains to be
done for comparison with the data.

From evaluation of the radial correlation length and the growth rate for these three types of NS-ITG modes,
the double mode-rational surface NS-ITG mode may occupy a significant contribution to the anomalous transport,
provided that rji is sufficiently larger than its critical value, tji,.. Also, for the plasma parameters used in Sec. IV,
these NS-ITG modes give considerably lower critical temperature gradient parameter, rjic = 1 ~ 1.5, compared with
the conventional slab ITG mode which gives T/JC ~ 3.

In the present analysis, we have considered only the slab ITG modes, which is driven by the resonant interaction
between transit particles and electrostatic waves. Thus, the present results may not be appropriate for a quantitative
comparison with tokamak experiments, if the driving force due to the toroidal effects such as toroidal guiding center
drift, trapped particles, and the toroidal mode coupling, are essential. However, we believe that the toroidal effects
tend to become weak for the negative shear configuration and the slab-type drift waves are relevant to understand
experimental results. Future work will be directed to the development of the gyrokinetic integral eigenvalue code for
a realistic toroidal configuration.
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FIG. 1. (a) shows the eigenfunction of the I = 0 branch of the slab ITG mode for kvpu ~ 0.4 and r)i = TJ€ = 5. Also, positions
of the mode-rational surface, xr, the ion resonance point, xi, and the electron resonance point, xc are indicated by arrows, (b)
shows the corresponding kx spectrum of the eigenfunction. Here, odd modes have almost zero amplitudes.
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FIG. 2. (a) shows the eigenfunction of the single mode-rational surface NS-ITG mode for the low-fey branch with kypu — 0.348
and r]i = r\e = 5. (b) shows the corresponding kx spectrum of the eigenfunction.
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FIG. 3. (a) shows the eigenfunction of the single mode-rational surface NS-ITG mode for the high-fcj, branch with kypti — 0.9
and rji = rjc = 5. (b) shows the corresponding kx spectrum of the eigenfunction.
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FIG. 4. (a) shows the eigenfunction of the 1 = 0 branch of the double mode-rational surface NS-ITG mode for kvpu ~ 1.5,
kxpti ~ 0.00849, and r?,- = rjt = 5. (b) shows the corresponding kx spectrum of the eigenfunction. Here, the eigenfunction has
even parity and even modes are dominant in the fcx spectrum.
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FIG. 5. (a) shows the eigenfunction of the 1=1 branch of the double mode-rational surface NS-ITG mode for kypn ~ 1.5,
kzpti — 0.00849, and TJ; = t)c = 5. (b) shows the corresponding kx spectrum of the eigenfunction. Here, the eigenfunction has
odd parity and odd modes are dominant in the kz spectrum.

- 1 0 2 -



0.3

0.25

0.2

0.15

0.1

0.05

0

Normal Shear (/=0
Single NS-ITG (low-*.

SingTe NS-ITG (high-*.
Double NS-ITG (;=0
Double NS-ITG (1=1

(b)

0.5 1.5

FIG. 6. (a) Real frequency and (b) growth rate are plotted for the I = 0 branch of sheared slab ITG mode (crosses), the
low-fcy (open triangles) and high-fey (closed triangles) branches of the single mode-rational surface NS-ITG mode, and the 2 = 0
(open circles) and 1 = 1 (closed circles) branches of the double mode-rational surface NS-ITG mode. Here, parameters are same
as numerical results in Figs. 1-5, except for kypti.
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FIG. 7. (a) fev-dependence and (b) fc*-dependence of the local dispersion relation of the shearless slab ITG mode are plotted
under conditions with (a) kzpu ~ 0.00849 and (b) kypu ~ 0.4, and r)i = t)e.
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FIG. 8. (a) Real frequency and (b) growth rate versus rji is plotted for the slab ITG mode and the NS-ITG modes. The
parameters are chosen as follows: the slab ITG mode with kypti = 0.399 (crosses); the low-fcy branch with kypti = 0.424 (open
triangles) and the high-fey branch with kypu = 0.849 (closed triangles) of the single mode-rational surface NS-ITG mode; and
the double mode-rational surface NS-ITG mode with kypti = 0.849 and kzpu = 0.000424 (open circles).
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Abstract
The eigenvalue problem of the linearized magnetohydrodynamic(MHD) equation is formulated by

using higher order spline functions as the base functions of Ritz-Galerkin approximation. When the
displacement vector normal to the magnetic surface (in the magnetic surface) is interpolated by B-spline
functions of degree pi (degree p?) which is continuously ci-th (co-th) differentiable on neighboring finite
elements, the sufficient conditions for the good approximation is given by pi > pi +1, c\ < c-i +1, [c\ >
1,P2 > C2 > 0). The influence of the numerical integration upon the convergence of calculated eigenvalues
is discussed.

1 Introduction

MHD stability is an essential issue for the magnetic confinement of fusion plasmas. Spectrum analyzing
codes of the linearized MHD equation with higher accuracy is required to analyze the localized modes
with small growth rate.

The finite element method based on the variational energy principles has been applied to the analysis
of MHD spectrum, and a lot of codes have been constructed [1, 2, 3, 4, 5]. Most of these codes are of
second order accuracy, i.e., the numerical errors in the eigenvalues scale as N~~2, N being the number
of elements in one dimension. Although fourth order accuracy is achieved in NOVA code [6] which does
not depend on variational energy principles, by utilizing the third order spline functions, the nonlinear
eigenvalue problem is involved. In the present paper, higher order spline functions are used as the base
functions of the finite element method which applied to the Lagrangian of the linearized MHD equation.

In the present method, the 2-D (or 3-D) stability problem is reduced to 1-D problem with many
variables by using the Fourier expansions with respect to poloidal (and toroidal) angles. Then the finite
element method is applied to the minor radius direction. When the displacement vector normal to the
magnetic surface is represented by X and the displacement vector in the magnetic surface is represented
by Y, there appear the differential of X with respect to the minor radius direction, but not the differential
of Y". The component vectors X and Y belong to the different function spaces. The operator which
is defined by the energy integral is not compact; the spectrum pollution can occur. In order to avoid
the spectrum pollution most of variational codes employ piecewise linear functions and step functions
in hybrid. In this paper, the properties of "good approximation" is defined as the properties which the
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approximated spectrum should possess, and the sufficient condition for the base functions that "good
approximation" is derived is given with mathematical proof.

Most of theories of the finite element method depend on an assumption that the integral is carried out
exactly. However, most of the spectrum analyzing codes utilize the numerical integration for calculating
energy integral. Effect of numerical integration on convergence property of eigenvalues is one of the key
problems, but only few discussions have so far been made. If the energy function is integrated exactly,
the lowest eigenvalue is necessarily approximated from above. In ERATO code [1, 2], however, the lowest
eigenvalue is approximated from below in most calculations against the ordinary theory. This problem
is also discussed in this article.

The bilinear form which defines the linearized MHD operator is introduced in section 2. In section 3,
the properties required for the approximated spectrum are defined. The theorem which determines the
function spaces of the Ritz-Galerkin approximation is presented in section 4. The outline of the proof
of the theorem is given in section 5 (the detail is shown in Appendix II). In section 6, the numerical
errors in the eigenvalues are estimated. In section 7, the influence of the numerical integration upon the
convergence of calculated eigenvalues is discussed. The numerical examples in the case of the clyndrical
plasma are shown in section 8. Section 9 is devoted to the conclusions.

2 Linearized MHD Operator

We consider tours plasma configurations such that there exists a magnetic axis and around the
magnetic axis there exist the magnetic surfaces which do not intersect each other.

Let £ be the plasma displacement. When we assume the time dependence £(r,£) = £(r)exp(—iut),
the ideal linearized MHD equations are written as

(1)

with
= {V(£-Vp0 + 7PoV-$) + V x Q(£) x Bo + Jo x Q(£)} (2)

where A = w2, Q(£) = V x (£ x Bo) and po,Jo,Bo and p0 are the mass density, the current density,
the magnetic field and the pressure in the equilibrium. In general po may be a function of r. In follow,
we assume that po is a positive constant (po = 1) for simplicity. Since we assume that the plasma is
bounded by a conducting shell, the boundary condition at the plasma surface is expressed by

€-n = 0, (3)

where n denotes the vector normal to the plasma surface. The eigenvalue problem (1) can be formulated
in the weak form as

W[S,ri\ = *K[t,ri\, for any T/, (4)

where

J (5)
(6)

with volume element dr. From the symmetricity of W[f,77] we can see that A is real number.
We introduce the coordinate system (V>, 8, C) where ip is a magnetic surface label, while 8 and C, are

angular coordinates on a toroidal surface. If we deal with 2-D equilibria, we can take ip as the poloidal
magnetic flux within a magnetic surface and C, as the toroidal angle <j> which appears in the geometric
cylindrical coordinate (R, <f>, Z), while 6 is determined by the condition that the lines of force are straight
in the 8 — ( plane.
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We decompose the displacement vector £ as

. , t R

Furthermore we expand £,/,, £s and £& into Fourier series with respect to 0 and

6 =

We also define the vectors X and Y as

(9)

X denotes the plasma displacement vectors normal to the magnetic surface and Y in the magnetic
surface. When we truncate the Fourier series at -m 0 < m < mo and —n0 < n < 0, the vectors X and
Y have Mx = 2mono + n0 +mo + 1 and My = 2(2mono + no + mo + 1) components , respectively.

Let V = (H^{0,a;di>))Mx x (Z/^ajctyO)*^, where Hl denotes the Sobolev space of the order oil.
We introduce Z G V, and we use the notation Z = (X, V) for an element of Z. For any trial function
W = (U, V) e V, eq.(4) reduces to the following bilinear form

a[Z, W] = Ab[Z, W], (10)

where

a[Z, W] = U'H UH VH

and
/•l

b[Z,W]=

(11)

(12)

Here the prime indicates the derivative with respect to ip and the superscript H refers the Hermitian
conjugate. D, An, A22, -Bi and B2 are Hermitian matrices. We assume that coefficients in eqs.(ll) and
(12) are sufficiently smooth. The bilinear form a[Z, W] is continuous and coercive; b[Z, W] is continuous
and positive definite. The boundary conditions are given by

X(0)=0 , X ( l ) = 0 . (13)

We note that the bilinear form a[Z, W] is related to the Fourier Expanded operator of the linearized
MHD F a s

a[Z,W] = b[FZ,W}. (14)

3 Definition of the Good Approximation

The spectra of the linearized MHD operator F in eq. (2) are to be approximated by means of a finite
element method. We here define properties that the approximated spectrum should possess.

Let cr(F) C R be the spectrum of the operator F, and cr{Fh) C JR the spectrum of the operator Fh,
where Fh is the operator approximating F. It should be noted that the ideal linearized MHD operator
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F is non-compact. Therefore, the approximated spectrum cr(Fh) can be polluted, i.e. there exists the

series of eigenvalues of Fh which, converges to a value which belongs to the spectrum of F. We say

that a{Fh) is "a good approximation" of cr(F) when the approximated spectrum o-(Fh) satisfies the

following properties to the spectrum a(F);

i)For all ^ € cr(A), there exist the series of eigenvalues of Ah which converges to \x.

ii) There do not exist the series of eigenvalues of Fh which, converges to an eigenvalue which

belongs to the spectrum of F(Non-pollution property).

iii) The numerical errors in the eigenvalue scale as N~2i-P2+1\ where N is the number of elements

and P2 refers the degree of base function for the unknown function Y. If the coefficients belong to

Ha(a < 2(p2 + 1) + 1) but not to Ha+1, the numerical errors scale as N~(-a+1'>.

4 Approximation of Function Spaces

When we apply the finite element method to eq.(10) the mathematical problem is that unknown

functions X and Y belongs to different function spaces, i.e., there does not exists Y' in eq.(10). We

here discuss the approximation of function spaces.

The integral region [0,1] is divided into N intervals. There are iV-l-1 points ip0 — 0 < ipx < • • • < V'w = 1

in [0,1]. The i—th interval is written as (i/>i-i,ipi). For a given integer p we introduce the following finite

dimensional function space Kp;

K£ — {/ | / is a polynomial of degree < p on (tl>i-i,ipi) i — 1,2,...,N}.

Furthermore the following two kinds of finite dimensional function spaces S^1^1 and Tf^2'C2 are defined;

For given integers pi,p2,Ci(l < C\ < pi) and c2(0 < c2 < p2)

SP
h
l'Cl = {/I/ € K?nH°\f{0) = /(I) = 0}, (15)

H0*}. (16)

Here c2 = 0 denotes that base functions are discontinuous on borders of intervals. The dimensions nx (

of the function space S^1'01 ) and ny { of the function spaces J*2*02) are given by

nx = (Pi + l)N-d(N-l)-2 = (pi - ci + 1)N + a - 2, (17)

nY = (P2 + 1)W - c2(N - 1) = (pa - c2 + 1)N + c2. (18)

We should note that the term - 2 in eq. (17) is concerned with the boundary condition.

We apply Ritz-Galerkin method and define the finite element subspace Vh of the function space V as

Vh = (Sp
h
uC1)Mx x (Tf'C 2)M^ i.e. X and Y in eqs. (11) and (12) are expanded with Si 6 Sp

h
uci and

Ti E T^C2 in the forms

_ _ 'KM)- (19)
i i

We can state the following theorem.

[THEOREM]

Vh described above is applied for the finite element subspace of the Ritz-Galerkin approximation of the

linearized MHD operator. It is assumed that D is positive definite at almost everywhere in [0,1], that

det(D) is not zero at almost everywhere in [0,1], and that there exists C% such that C"-C2 = 1.
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The sufficient conditions to obtain the good approximation property are

Pi > P2 + 1, ci < 02 + 1, (ci > 1.P2 > c2 > 0) (20)

Base functions which have been used in most of linearized MHD stability codes correspond to the

parameters p\ = l,p2 = 0, Ci = 1 and c2 = 0. In [9], it has been pointed out that the combination

of the Hermite functions of the third order and of the second order prevents spectrum pollution, i.e.

pj = 3,p2 = 2,C! = 3 and c2 = 2. It has been proved by J.Rappaz in [8] that the sufficient condition for

the non-pollution property is pi = p,p2 = p— l,ci = 1,C2 = 0,p > 1. We note that all these conditions

satisfy the conditions (20).

5 Proof of the Theorem for the Good Approximation Property

In this section we shall prove the theorem described in the previous section.

In section 2 we introduced the eigenvalue problem of MHD equation in the bilinear form eq.(10):

a[Z,W] = Xb[Z,W]. We here consider a[Z,W] = Xb[Z,W) instead of a[Z,W] = Xb[Z, W] where

a = a + Xsb and A = A + As with a positive constant Xs. If the constant Xs is large enough, we can define

the linear bounded non-compact operator F\3 where F\s = F + Xs. On the other hand, a is the

positive and continuous bilinear form on V = (i?g(0,a;d?/>))Mx x (L2(0, a ;d^))M y , so that according to

the Lax-milgram theorem, there exists an unique operator T : V —> V such that

a[TZ, W] = b[Z, W], for any Z, W e V. (21)

Indeed the operator T accords with the resolvent F\s . In the following, we consider the spectral

approximation of T.

The linear bounded operator T is the non-compact operator. Therefore, the approximation of T

has the difficulty associated with spectral pollution [10]. Descloux-Nassif-Rappaz [7] have verified the

mathematical conditions which ensure the efficiency of approximations of the spectrum for a non-compact

operator including the linearized MHD operator.

[THEOREM(Descloux-Nassif-Rappaz)]

Let U be a Banach space with norm j | ||. Let A be linear bounded operators in U. Then sufficient

conditions for the good approximation properties are the following two conditions,

P2 : VM € U, lim S(u, Uh) = 0,
h—»0

P3:lim sup S(Au,Uh)=0. (22)
/ > 0 _ . .

u g t / h

11*11 = 1

We apply this theorem to the operator T. Let V = (H^{0,a;dip))Mx x (L2(0,o;d^))My and Vh =
(5Pi,ci)Mx x (rP2,c2)My w h e r e SPUCX a n d Tp?,c2 a r e t h e f u n c t i o n s p a c e s int roduced in the previous

section. Then we shall verify that the conditions P2 and P3 are satisfied.

The property PI is the basic property of the finite elements. We entrust the proof of P2 to text-

books [11]. It remains to verify the P3 property.

As an example Descloux-Nassif-Rappaz have referred to the two-dimensional linearized MHD eigen-

value problem with three components in [7]. We trace the way of the their proof of P3 property in our

case.
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We consider the region 0 = {tp\ip € [0,1]; \/v € CMx, (v, D(tp)v) > 0, \D\ ^ 0}. In fi, a[Z, W] which

is introduced in section 5 is coercive, so that according to the Lax-milgram theorem, there exists an

unique operator T : V -> V such that

a[TZ, W] = b[Z, W], for any Z,W eV. (23)

We supposed Vh = (Sp
h
uCl)Mx x (Tf •C2)Ml ' c (H^)Mx x (HC*)MY,Z E Vh,Z = (X,Y) - TZ, i.e.

a[Z, W] = 6[Z, W] for any W € V. (24)

Setting f/ = 0 in eq.(24), we obtain

Y = A22~
x-{B7-Y - C2-X' - An-X), (25)

where A22 = A22 + XSB2. Substituting this relation for Y into eq.(24) and setting V = 0, we obtain

for any U € {H

( 2 6 )

c[X,U}= [
JQ

•A22~
1-A2l - Ag -A22~

l C2 + Ci - C f - A * -

-U'-C?• A22~
x-B2-Y -U• A%x-A2~

x? 2 2 - B 2 - Y -U• A%x-A22

with

G-<l>'x+<l>yA?1-C?-G-<t>'xd1> (27)

where C ^ is the matrix satisfying C^-C^ = 1 and G = D — C2 -A22 -C2. Here G is positive definite

because D and B2 are positive definite and the constant As included in A22 is selected large enough.

Hence c[</>A-,0K] is a continuous and coercive bilinear form on (HQ1)MX . We here introduce a function

w € (HQ 1 ) M X a n d a function 0 6 (S^+i^+i^My. Under the condition (20), </> G

(S*UCI)MY and <f> <= (T?2'C2)MY. Substituting X = w-G~x-C2-A22
 1-B2-<f> and Y =

into eq.(26), we get

" JtJI "-J\ . ~\~ Cv * 1 JT.OI *-**22 "*^^21 — i"**11 •" -Ag * J i ) T" ^-^i — I•^•oi "•**22 *^-^2 /

— ( J*1OI * C-' o * Or ) f " (t£? ~~* Cjr * C^ •> * ̂ » 2 2 * ** g * V^)

i rr' ffiH A~ ~^ A A& A~ ~~^ r~* i r* r*H
+C/ " \ O 2 *-A22 '-^21 ~~ -^21 *-™22 ' C / 2 T t / i - O ^ (28)

2i "*-'2 "*jrJ * I" ' — *•* *^2 "i*22 ' ^ 2 '*P/

— U -Cx-(G- - C 2 -^22 '&2} '<P

for any U € (HQ1)MX . Then the right member depends on (f>, but not on <j)'. We note that the mapping

V -> {H^)Mx,Z -> w is compact, so that there exists p £ (S*ucl)Mx with ||p - WU^C^M^ < Cfc||Z||,

where ê  denotes a genetic sequence converging to zero. Since S^1>C1 satisfies the Nitsche-Schatz property

(see appendix I), there exists q € (S^'Cl)Mx with \\G~l-C2-A22~
l-B2-<j}-q\\(HQ1)MX < ch\\4>\\{Hc1)MY ;

setting r = p + q, we have ||X - r\\(Hcl)MX < Ch||Z||. In order to approximate Y, we approximates X

in eq.(25) by r. Since T£2'C2 satisfies the Nitsche-Schatz property, there exists s 6 ( J ^ 2 ' 0 2 ) ^ such that

| |y - s||(ifc2)My < e/,||Z||. Setting g = (r,s) 6 14, we have ||Z - g|| < e/,||Z||, which proves the P I

property. Finally, we extend the region Cl to [0,1] by analytic continuation.
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6 Convergence Property

We here estimate the errors included in the energy integral a[Z, W], It is assumed that the

coefficients are sufficiently smooth, i.e., the coefficients belong to H2(-P2+1^+1. If the solution Z = (X,Y)

is sufficiently smooth, i.e., X £ HPl+1,Y G HP2, Galerkin approximations of the solution Xh G S£llCl

and Yh € T£2'C2 satisfy the following relations

y, (29)

\\Y-Yh\\o<CN-"+1\\Y\\Pa. (30)

Here C is a constant and || ||; denotes the Sobolev's norm of the order of I. The errors included in

the energy integral a[Z, W] is determined by the order of base functions of Y because of the condition

Pi > P2 + 1- When we select Z = (X,Y) itself as the trial function W = (U,V), the errors in the

eigenvalues scale as

\H-H*\ <CA^ 2 ( P 2 + 1 ) , (31)

where /x and /i* denote the eigenvalue and the approximated one, respectively.

If the coefficients are not sufficiently smooth, however, the estimation (31) tends to

IM-M'I <CN-(a+lK (32)

provided that the coefficients belong to Ha(a < 2(pa + 1) + 1) but not to Ha+1.

7 Influence of the Numerical Integration

The integration in eq.(10) is numerically carried out by using the Gaussian quadrature formula over
each element. We shall select Z itself as the trial function W. If the polynomials of degree p are employed
as the base functions of X in eq.(10) and the condition (20) is satisfied, the highest degree which appears
in the integrand in eq.(10) is 2p. It is not required that every polynomial which appears be integrated
exactly. According to the theory of the finite element method, the condition for the converge of the
calculated lowest eigenvalue is that the quadrature formula should be correct at least through degree
2(p— 1) in the present problem. If we use the q(> p)-point quadrature formula, every polynomial must be
integrated exactly. Then it is found by the minimax principle that the lowest eigenvalue is approximated
from above. But if we employ the just p-point quadrature formula, the term of the highest order is not
estimated correctly. Although the convergence of the calculated lowest eigenvalue is ensured, the lowest
eigenvalue is no longer approximated from above. Whether the eigenvalue is approximated from above
or from below will depend on the situation.

It is reported that the lowest eigenvalue is approximated from below in most calculations of ERATO
code and TERPSICHORE code [14]. This will be caused by the fact that the quadrature formula which
can not integrate exactly the polynomials is applied in ERATO code and TERPSICHORE code.

8 Numerical Example

In order to show the applicability of the present scheme, we applied it to the eigenvalue problem of the

cylindrical uniform plasma bounded by a conducting shell. We consider the only one Fourier component
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with the dependence of exp[i(nz + md)]. Equations (11) and (12) reduce to the following quadratic form

a[Z,Z} =
F2 , 2Bl 2BeB'g
75- + -73 pr~(B2+jp)G

B2

2nBe
r

2

--ypF t X' \
X

dr

(33)

(34)

where F = ^ + n B 2 , G = ^
We shall examine that the coefficients in (33) satisfy the conditions for coefficients in present theorem

(see section 4).
D = B2 + 7p > 0 allmost everwhere in [0,1]

We determine the equilibrium by giving two profile functions, i.e., the pressure p(r) and the safety
factor q(r). Here we consider the case that profile functions are taken as

p ( r )=p (0 ) ( l - r 2 ) ,

9(1)
9(0)

- 1

(35)

(36)

where the parameters are p(0) = 0.1, q(0) = 1/6 and </(l) = 2/13. Hereafter we deal with only the case
that m = 2 and n = 1. This equilibrium is chosen so that the following three spectra — the Alfven
continuum, the slow continuum, the Sturmian discrete spectrum of fast waves which clusters at the
infinity — do not overlap. The schematic picture of these spectra is shown in Fig.l [12].

eigen value

00

Slow Alfven Fast

Continuum

Sturmian Discrete Spectrum

Clusterpoint

Figure 1: Schematic picture of the spectrum.

First the non-pollution property of the present method is examined. The number of the point of the

Gaussian quadrature formula is fixed for q—p + 1. When we fix the parameter pi — 2, we can take the

four kinds of combinations of base functions under the condition (20);

[a] pi = 2,p2 = 0,cx = l ,c 2 = 0,

[b] pi - 2,p2 = l ,ci = l ,c 2 = 0,

[c] pi = 2,p2 = l,ci = l ,c2 = 1,

[d] pi =2 ,p2 = l,Ci =2,C2 = 1.
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Figures 2 and 3 show the numerically calculated spectrum for the cases [b] and [d\ versus the number of
intervals. From figures 2 and 3, we can see two eigenvalues of fast waves, as well as the spectra associated
with the continua of the Alfve'n waves and the slow waves. Figures shows that the spectral pollution
does not occur. Similar results are obtained for the cases [a] and [c].

Next, we investigate the convergence property. The results of the numerical convergence are shown in
Fig.6 for the minimum Sturmian discrete eigenvalue. The logarithm of numerical errors versus log10 N~x

is presented. In Fig.6 [a], the parameters are chosen as p\ = p,p2 = p - l,Ci = 1 and c2 = 0 for a
integer p(= 1,2,3). The line with the symbols o represents the case (pi = l,p2 = 0, cx — l,c2 = 0),
while the line with the symbols O and o represent the case (pi = 2,p2 = l,ci = l,c2 = 0) and
(Pi = 3,p2 = 2,ci = 1,C2 = 0), respectively. The inclinations of these convergence curves are about
2(p2 + 1). In Fig.4 [b] the parameters are selected as p\ = p,p2 = p — l,ci = 2 and c2 = 1. The
line with the symbols o represents the case (pi = 2,p2 = l,ci = 2,c2 = 1) and the line with the
symbols • represents the case (pi = 3,p2 = 2, ci = 2,c2 = 1). The inclinations of these convergence
curves are also about 2(p2 + 1). In both cases the numerical errors are in agreement with analytical one
:|A-A*| = O(W-2<»+1)).

Thirdly, we discuss the influence of the numerical integration. In the equilibrium considered above,
the lowest eigenvalue belongs to the continuum, so that it is difficult to discuss about the convergence
of the lowest eigenvalue. Hence we consider the other equilibrium characterized by the following profile
functions

rfr) - P(O,(1 - r»)>. q(r) . ,(0) +

where ys = (q'(l)-q(l)+q(0))/(q'(0)+q'(l)-2{q(l)-q{()))) and the parameters arep(0) = 0.0015,^(0) =
1.45,q(l) = 1.65,q'(0) = 0.2 and q'(l) = 0.2. When we select the Fourier modes as m = 3 and n = -2,
the interchange mode becomes unstable. Figure 5 shows the numerically calculated eigenvalue versus
iV~4. The parameters associated with base functions are chosen as pi = 2,p2 — l,c\ — 2 and c2 = 1.
The symbol o represents the numerically calculated eigenvalues in the case of using two point quadrature
formula, while the symbol • in the case of using three point formula. We note that in this case the
eigenvalue is approximated from below under the influence of the quadrature formula which can not
integrate exactly the polynomials.
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,100

I I I I
18

Figure 2: The numerically calculated spectrum in case of the cylinder model by using the present method
as a function of the number of intervals N. The parameters are p\ = 2, p2 — 1, C\ = 1, c-i — 0 and q — 3.

[d]
100

'(D

18

Figure 3: The numerically calculated spectrum in case of the cylinder model by using the present method
as a function of the number of intervals N. The parameters are pi = 2,p2 = 1, ci = 2, c2 = 1 and q = 3.
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- 2 . 2 - 2 - 1 . 8 - 1 . 6 - 1 . 4 - 1 . 2 - 1 - 0

[ b ]
O :P=2

Y = MO • M1*X

MO

Ml

R

-0.025278

4.0256

0.99999

L
Y =

MO

Ml

R

:p=3

MO *• M1*X

-0.57969

5.6527

0.99993

-2 - 1 . 8 - 1 . 6 - 1 . 4 - 1 . 2

log(h)
-0.8

Figure 4: Numerical convergence for the minimum discrete eigenvalue in the cylinder model. In [a],

Pi = P,P2 = P - l ,ci = l ,c2 = 0,q = p + 1, { o : p •=. 1 }, { D : p = 2 }, { O : p = 3 }. In [b],

Pi =P,P2 = p - l , c i = 2 , c 2 = l , g = p + l , { o : p = 2 } , { Q : p = 3 } .

A x1O

-1.8

-1.85

-1.9

-1.95

-2

-2.05 6 8

N"4x10'9
10 12

Figure 5: The numerically calculated eigenvalue of the interchange mode as a function of the number of
intervals iV~4. The symbols o(D) represent the case of using two(three) point quadrature formula. The
parameters associated with base functions are pi = 2,p2 = l,ci = 2 and c-i — 1.
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9 Conclusion

In this paper we have discussed a scheme to calculate the spectrum of the linearized MHD equations
with higher accuracy. In the present method, 2-D (or 3-D) stability problem is reduced to 1-D multi-
variable problem by using the Fourier expansions with respect to poloidal and toroidal angles. Then
the finite element method is applied to the minor radius direction. The two kinds of spline functions
are employed as the base functions of Ritz-Galerkin approximation; the sufficient conditions (20) for the
spline functions to obtain the good approximation property is presented. In most actual calculations
the integral can not be carried out exactly because the equiliblium is given numerically. The present
method makes use of the Gaussian quadrature formula to evaluate the integral over each elements. The
influence of the numerical integration upon the convergence of calculated eigenvalues is discussed.

As an example the present method is applied to the eigenvalue problem of the cylindrical plasma. The
good approximation has been obtained, i.e., the spectral pollution is not observed and the numerical
errors in the discrete eigenvalues are in agreement with analytical one :|A — A*| = O(N~2i-P2+1^). The
eigenvalue of the interchange mode is approximated from below when we use the quadrature formula
which can not integrate exactly the base functions. This is a typical example that the calculated lowest
eigenvalues is approximated from below under the influence of the numerical integration.

Acknowledgments
The authors wish to thank Professor T.Kako, the University of Electro-Communications, for his vari-

able discussions. One of the authors (A.I.) thanks Dr. K.Ichiguchi for his useful discussions.

References

[1] R.Gruber, F.Troyon, D.Berger, Comput. Phys. commun. 21 , 323(1981)

[2] R.Gruber, S. Semenzato, F.Troyon, T. Tsunematsu, Comput. Phys. commun. 24, 363(1981)

[3] R.C.Grimm, R.L.Dewar and J.Manickam, J.Comput.Phys. 49, 94(1983)

[4] D.V.Anderson, W.A.Cooper, R.Gruber, S.Merazzi and U.Schwenn, Int. J. Supercomput. Appl. 4,

3(1990)

[5] C.Schwab, Phys.Fluids B5 , 9(1993)

[6] C.Z.Cheng, M.S.Chance, J. Comput. Phys. 71,124(1987)

[7] J.Descloux, N.Nassif, J.Rappaz, RAIRO Anal. Numer. 12,97(1978)

[8] J.Rappaz, Numer. Math. 28,15(1977)

[9] T.Tsunematsu,Handbook of Numerical Calculation (New Version) ed. by Ohno and Isoda, (Ohm

Express, Tokyo, 1990) §4.10.3 p.434 [in Japanese]

[10] K.Appert, D.Berger, R.Gruber, and F.Troyon, J. Appl. Math, and Phys. (ZAMP) 25, 229(1974)

[11] G.Strang and J.Fix, An Analysis of the Finite Element Method, (Prentice-Hall, New Jersey, 1973)

§3.2

[12] J. P. Goedbloed, Phys. of Fluids 18, 1258(1975)

[13] K.Appert, D.Berger, R.Gruber, and J.Rappaz, J. Comput. Phys. 18,284(1975)

[14] D.V.Anderson, W.A.Cooper, S.Merazzi, U.Schwenn, R.Gruber, Supercomputer 8,32(1991)

- 1 1 5 -



JP0055068

Stability analysis of a hollow electron
column in a sheared magnetic field

Shigeo Kondoh

Department of Quantum Engineering and Systems Science,
University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113, Japan

Abstract

Stability of the diocotron modes of a hollow cylindrical electron cloud in a sheared

magnetic field is analytically investigated. For the first step of the stability analysis, we

analyze electrostatic behavior of an electron column. It is found that, under the elec-

trostatic limitation, the azimuthal magnetic field makes the electron column unstable.

K e y AVords: non-neutral plasma, diocotron instability, magnetic shear

1 Introduction

Proto-RT (Prototype Ring Trap) is a new-type toroidal device for non-neutral plasma confine-

ment[lj. In this device, the magnetic field is produced by the internal ring, six toroidal coils,

and two vertical field coils. The ultimate purpose of this experimental device is to investigate the

possibility of high-/? plasma confinement due to the hydrodynamic pressure of the E x B flow [2].

One of the most common instabilities of non-neutral plasmas is the diocotron instability [3]. It

is known that [4] two surface waves on the both sides of a non-neutral plasma sheet interact with

each other through the electrostatic field and the consequent E x B drift of charged particles,

and this interaction causes the two surface waves to grow, which results in instability. In the

cylindrical geometry, it is also known that hollow density profiles tend to be unstable[3,5-7].

Proto-RT provides hollow electron plasmas surrounding the internal ring, therefore the diocotron

modes can be potentially unstable.

Fortunately, Proto-RT has a sheared magnetic field, because the poloidal magnetic field de-

creases as the distance from the internal ring increases but the toroidal magnetic field is almost

uniform around the plasma region. Such a magnetic shear has been shown[8] to have a stabilizing

effect on the diocotron instability for the special case that electrons form a relativistic beam and

the azimuthal magnetic field is much weaker than the axial magnetic field. However, effects of the

magnetic shear are still unknown for general cases including the case of Proto-RT, where electrons

are non-relativistic.

The purpose of this research is to analytically investigate the effect of the magnetic shear on

the diocotron instability especially for the case of Proto-RT. For the first step of the analysis,
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we electrostatically examine how the hollow electron column behaves if we apply the poloidal

magnetic field as well as the toroidal magnetic field.

The analysis reported in this paper is an extention of two previous articles on the diocotron

instability[3, 5], which consider hollow electron plasmas in the uniform axial magnetic field. We

add the poloidal magnetic field to the two previous analyses.

2 Assumed configuration

e

Electron column

Figure 1 : The assumed hollow electron plasma,

thai (poloidal) magnetic field given by

2TIT

We assume a hollow cylindrical elec-

tron plasma as shown in Fig.l. We con-

sider the limit of the infinite aspect ratio

(R/a —>• oo), thus any toroidal effects

are neglected. The toroidal magnetic

field B. is assumed to be uniform and

straight in the z-direction, and there is

a linear line current at the center of ax-

isymmetry, which provides the azimu-

(1)

n°(V) density profile

/ conducting wall

where Iz is the linear line current at the axis of symmetry and r is the distance from it.

The electron column is assumed to be

infinitely long in the ^-direction. The

density profile is assumed to be rect-

angular in the r-direction as shown in

Fig. 2. The radii of the inner and outer

plasma surfaces are defined as Ro and

i?p, respectively, and it is assumed that

a conducting wall is placed at r = Rc.

The electron density on the flat top is

assumed to be ne, and no background

ions and neutral particles are assumed.

1

0 Ro RP Rc
Figure 2 : The assumed rectangular density profile.

3 Fluid equations and equilibria

The fluid equations for non-neutral electron plasmas are

d , _ , e . „ dA _,.
—v + (v • V)« = ~ - ( - V 0 - — + i; x JB), (2)
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dne

~dt
+ V • (nev) = 0,

ene

dA

~dt1

(3)

(4)

(5)

where v is the fluid velocity, ne is the density of particles, cj) is the electrostatic potential, — e and

m are the charge and the mass of an electron, respectively. The pressure term V- P /(mn) has

been neglected in Eq.(2), because we assume a cold plasma.

Under the assumed steady state described in Sec. 2, the r-component of Eq.(2) is identical to

2

= —e(Er + VQBZ — vzBg), (6)
r

and Eq.(4) can be written as

0 (0 < r < RQ)

r dr \ dr

0 (Rp<r <RC)

in the cylindrical polar coodinates. Integrating Eq.(7) gives

0 (0 < r <

d<{>

"dr

(7)

(8)

en.
2eor

-Rl) (RP<r<Rc)

Substituting Eq.(8) and v • B = 0, which can be expected since the E x B flow is perpendicular

to B, into Eq.(6), we obtain a quadratic equation for the angular velocity we = vg/r as follows:

+ l ~ ~) - jttee) - 0 (R, < r < R,), (9)

where LOpe = Je2ne/e0m is the electron plasma frequency, and Qf0(r) = eBe(r)/m and ttez = eBz/m

are the ^-component and the ^-component of the cyclotron frequency, respectively. The solutions

to Eq.(9) are

1 -

where a is a constant defined by

a = = r

(10)

(11)
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Under the condition ujpe <C Clez, the low-frequency mode uie in Eq.(lO) can be approximated by

r2 - R2

(r)
r2 +

(12)

where uiD = a>pe/2r2ei is called the diocotron frequency. Equation (12) gives the equilibrium

rotation frequency profile. Note that in the limit a —> 0, Eq.(l2) is identical to Eq.(2.10.l7) in

Ref.[3].

4 Stability analysis

4.1 Equation for perturbed electrostatic potential

Now we consider stability of the equilibrium state derived in Sec. 3. All perturbed values *$f(r, t)

are decomposed into equilibrium values \&°(r) and variations S^f(r,t) from them:

Then the fluid equations Eq.(2)-(4) are linearized as

—6n e + V • [n°e6ve + 6ne(v°eeee + v°ezez)] = 0,

—6ve + [(v°eee0 + v°ezez)

(13)

(14)

-(8ve-V)[vo
eeee + vo

ezez]

%-6A - 5ve x (B°eee + B°zez) - (v°eeee + v°ezez) x

V • ( V8(j>(x, t) + —6A ) = — 6nee,
V dt I eQ

(15)

(16)

where we neglect d(6A)/dt and 6.B in order to analyze electrostatically. Furthermore, we Fourier-

decompose all the perturbation terms 8ty as

oo oo

W + kzz - u>t)]. (17)
l=—oo fcz=—oo

Then some partial derivative operators and all the perturbed quantities can be replaced as follows:

d d l, d •/ (18)

Equation (15) can be expressed as

\ dr
0

'«^

SvL

\ Kz J

m dr

e U6(f>1

m r

—ikz6(f>1

m
(19)
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Making use of Eqs. (16) and (19), we eliminate 8vl and 8nl
e in favor of 8(f)1. Then we obtain the

equation for the perturbed electrostatic potential:

r dr
1 -

Jpe

dr r2

to-pe 1 - •8(f>1

-ez i-
u>pe (dv°Jdr + Qee)

— lu>e — LU — lue — kzv®
1 -

,2 -
•'pe

I ,

r UJ — — kzv® I dr — luje — kzv°)2v2 \rdr

(20)
(a; — ILUQ — kzv

Q
z)v

2 \ d r

where yj(r) is the determinant of the matrix in the left-hand side of Eq.(l9), which is given by

lcoe - kzv°z)°z)
2 -2coe)

r dr dr

Here we make further assumptions for simplicity as follows:

kz = 0,

= w^ (r) ,

a r

Under the assumptions above, Eq.(20) is reduced to

r / / T " \ fiT* I \ l i ) — lit] \" \ I | \ } tw*£i

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
Substituting x = r/R0, Eq.(l2), and the assumed rectangular density profile (Fig.2) into Eq.(29)

gives

dz2 - K2 £ +
(ax2 + I)1 x

: < 1 or xp < a: < xc),

4 | ( a : ^ ^ ) = 0 (l<x<xp),

(30)

(31)
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where K2 = ^ z A ^ p e * a - U>/LUU - I , j3 = (I2 - l / 4 ) / / c 2 , 7 = 2al/R0, xp = Rp/R0, and

xc = Rc/Ro are dimensionless parameters. These are the reduced equations for the perturbed

electrostatic potential.

4.2 Dispersion relation

I ! II ! Ill I

While Eq.(30) can be analytically solved as

S<f{ = Brl + % (32)

0 r\o Kp J\c
( x = 0 1 Xp Xc
Figure 3 : The assumed density profile

and regions I, II, and III.

Conducting where B and C are arbitrary constants, solutions to

Wall Eq.(3l) are unknown. However, we can make use of the

Wentzel-Kramers-Brillouin (WKB) method on Eq.(31),

if KJ 3> 1. Then an approximate solution to Eq.(3l) is

given by

I
, (33)

"\x) =

2 „

[ (ax2 + Z)2

/
X j

P(x)2dx.

(35)

We have to connect Eqs. (32) and (33) at x — 1 and x = xp under certain boundary conditions.

Boundary conditions for Eq.(32) are

6<f>\0) < 00,

6<f>l(xc) = 0,

(36)

(37)

and that 6cf>1 is continuous at x = 1 and x — xp, i.e. Eqs.(32) and (33) have the same values at

x = 1 and x = xp. Under these boundary conditions, Eqs.(32) and (33) become

6<f>l = 6(f)l
u = (x

2P(x))~*[B'exp(iKT) + C'

X
2V

X -

(0 < x < 1)

(1 < x < xp)

(xp< x < xc)

(38)

where I, II, and III are the names of the regions as shown in Fig.3. Furthermore, there are jump

conditions of d6cj)1 jdx at x = 1 and x = xp. Multiplying Eq.(29) by r, integrating from Ro — e to

i?o + e, and taking the limit e —> 0 give

-7TJ. (39)
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where b = a/R0. Note that

duo'pe =LJVe(6(r-R0)-6(r-Rp)). (40)

In the same way, multiplying Eq.(29) by r, integrating from Rp — e to Rp + s, and taking the limit

e —• 0 give
2/^AAU^) _ ( 4

Substituting Eq.(38) into Eqs.(39) and (41), we obtain

A 12 B'
a

(42)

where

a;;

4

A 2 2 =

(43)

(44)

- iKxpP(xp) 2 I , (45)

x p )H. (46)
tp a;c z ryxp) {LJ — iwe^a;pjj^Xp + o j

In order for Eq.(42) to have non-trivial solutions for B' and C, the following is required:

= 0, (47)

which is identical to

where

Q(x) = -P(x)

21
2 4Q(1) i l

= 0 , (48)

(49)

(50)

(51)

Equation (48) is the dispersion relation.

- 1 2 2 -



4.3 Stability

Now we can analyze stability of the hollow electron column assumed in Sec. 2. Although we

derived the dispersion relation Eq.(48) in the previous subsection, we make use of the equation

for the perturbed electrostatic potential Eq.(31) directly and do not use the dispersion relation

Eq.(48), because we cannot discuss about the limit Be —> 0 using Eq.(48). It is a violation of the

condition KJ ^ 1 to take the limit Be oc 7 —• 0 in Eq.(48).

Using the boundary conditions described in Sec. 4.2, i.e. Eqs.(36), (37), (39), and (41), we

numerically calculate the eigenvalues u> for the characteristic equation given by Eq.(31). The

numerical scheme we adopt is a combination of the Newton method and the fourth-order Runge-

Kutta method. The Newton method is used to determine UJ, and the Runge-Kutta method is used

to solve the differential equation (31).

Figure 4 shows an example of the obtained eigenvalues normalized by wD plotted as a function

of a/Ro oc B6. Here ne = 1012m~3, Bz = 300G, « = 294.4, I = 2, xp = 1.3, and xc = 1.5. In the

toroidal geometry, the quantity a/R0 can be expressed as

a

Ro
(52)

where 1 is the rotational transform, and A is the aspect ratio of the toroidal plasma. The real

part of to is the frequency of the diocotron mode, which is on the order UJD, and the imaginary

L —JL 9 - ^ n —•" J- »«3 y - ^ c """" •*-•*'

100

10° 10" 10" 1(T 10"
a/Ro(= L/2-KA)

Figure 4 : The eigenvalues as functions of Be.

123 —



, JC C =10.0

Re(£

2 4 6 8 10
X1010

a/RQ{— L/2-KA)

Figure 5 : The eigenvalues as functions of Bg

part corresponds to the growth rate. As we can see from Fig.4, the imaginary part of u>, i.e. the

growth rate, increases as the rotational transform of the magnetic field increases. In this case,

therefore, the poloidal magnetic field Be makes the diocotron mode unstable in the electrostatic

territory.

Another example of the eigenvalues is shown in Fig. 5. The parameters are K, = 294.4, I =

2, xp = 7.0, and xc — 10.0. The first figure in Fig. 5 expresses the real part of u>, which

is the frequency, and the second one expresses the imaginary part, which is the growth rate.

The transverse axis is C/2TTA again. In this case, the diocotron mode is stable in the limit of

t = 0. However, a very small rotational transform makes the diocotron mode unstable, since the

imaginary part becomes non-zero. Therefore, also in this case, the poloidal magnetic field makes

the diocotron mode unstable.

From these two examples (Figs. 4 and 5), we can conclude that the diocotron mode tends to

become unstable because of the poloidal magnetic field in the electrostatic territory. We do not

know the physical reason why the diocotron mode becomes unstable if the poloidal magnetic field

is applied. Note that we have ignored some important effects such as the electromagnetic effects,

the existence of the inner conductor[5], the wave propagation in the z-direction kz, etc. We have

to consider these effects to know more practical behavior of the hollow electron column.
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5 Summary

We have analyzed stability charactaristics of a hollow electron plasma placed in a sheared mag-

netic field. The magnetic field is a combination of the axial uniform magnetic field (i.e. the

toroidal magnetic field) and the azimuthal magnetic field (i.e. the poloidal magnetic field) pro-

duced by a linear line current at the center of axisymmetry. We have determined the equilibrium

state, linearized the fluid equations, derived the dispersion relation, and calculated the complex

eigenfrequencies electrostatically. We have obtained the results that, in the electrostatic territory,

the hollow electron column tends to become unstable due to the poloidal magnetic field.

The author would like to thank Professor Zensho Yoshida, Professor Yuichi Ogawa, and Dr.

Haruhiko Himura for their useful discussions and suggestions.
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Abstract

There are two cases that Mercier criterion for localized interchange modes in stellarators
is useless in ideal MHD plasma. One case is non-resonant pressure-driven instabilities with
low mode numbers which become unstable even if the mode resonant surface does not exist
inside the plasma column. The other case is interchange instabilities when the pressure
gradient vanishes at the mode resonant surface due to small magnetic islands and so on.
If the pressure becomes flat in a narrow region around the mode resonant surface, low
mode number instabilities are suppressed and the beta limit at the particular resonant
surface increases. Also radial mode structure at nearly marginal beta changes significantly.
Properties of the resonant and non-resonant modes are clarified with a cylindrical plasma
model for a low shear stellarator with a magnetic hill.

Key Words: ideal MHD, straight helical configuration, Mercier criterion, non-resonant
instability

1 Introduction
While Mercier criterion is used for investigating interchange instabilities in tokamaks [1] and
stellarators [2], there exist some cases for which the criterion does not predict the correct beta
limit within the ideal MHD model. For deriving the Mercier criterion it is assumed that the
unstable mode is radially localized near the mode resonant surface. However, this situation
does not occur when the pressure gradient becomes locally flat at the mode resonant surface.
Details of pressure profile effects on the interchange modes will be shown in this paper with
use of a cylindrical plasma model for a low shear stellarator with a magnetic hill.

In order to destabilize the interchange mode, the resonant surface is not always neces-
sary. It is reasonable that in a low shear region, non-resonant modes approximately satis-
fying the resonant condition can be destabilized. First non-resonant resistive modes were
demonstrated for a Heliotron-E plasma with a highly peaked pressure profile [3]. Recently
ideal non-resonant modes were shown unstable in the central region of Heliotron-E, which
seems consistent with the m = 2/n = 1 mode triggering the sawtooth [4]. Non-resonant
modes usually have global mode structures, which requires numerical analysis to clarify the
property. We have studied the details of ideal non-resonant instabilities in the cylindrical
configuration.

In section 2, we derive an eigenvalue equation for studying linear interchange modes in
stellarators, which is derived from the reduced MHD equations [5]. In section 3, we first
solve the eigenvalue equation analytically in the low shear limit, and discuss about the non-
resonant mode. Next we solve the same eigenvalue equation numerically for a finite shear
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case. In section 4 we show examples to clarify various properties for the resonant and non-
resonant modes with standard pressure profiles. In section 5, we concentrate on the effect
of the pressure flattening on the mode structures and the beta limits. Finally in section 6,
we summarize the obtained results and give a physical interpretation for the behavior of
non-resonant modes.

2 Eigenmode equations
For analyzing pressure-driven instabilities in stellarators, we use the ideal reduced MHD
equations [5]. We will neglect the toroidal effect in the reduced MHD equations. In this
case the equilibrium quantities do not depend on the poloidal angle 9. This assumption
corresponds to the situation that the average flux surfaces have circular cross section in the
large aspect ratio limit. Then the rotational transform is written as

i{r) - rBo dr ' ( 1 )

where the equilibrium poloidal flux function is given by ipo(r). Since the correction due to the
diamagnetic current becomes higher order, the rotational transform in this approximation
includes only the vacuum helical field contribution.

After the appropriate normalization, the linearized reduced MHD equations in the cylin-
drical approximation can be written as

f[{n - rru) u] - y - ^ - « . (2)

where Da and the averaged helical curvature il are expressed as

D. = -^P'ti, (3)

fi = e2iWr2t + 2 I ridr J. (4)
\ J /

Here e = a/Ro denotes the inverse aspect ratio, po = 2nopo{r = 0)/B% the central plasma
beta value, N the toroidal period number of the helical field, respectively. Also all perturbed
quantities are assumed to be proportional to exp[yt — i(m6 + nC)]> where m(n) denotes the
poloidal(toroidal) mode number. Here and after, the prime denotes the derivative with
respect to the normalized minor radius r. The perpendicular Laplacian operator in eq. (2)
is shown as

(, . . , , , . (5)
r dr\ dr J ~9

Thus the O.D.E. (2) for the stream function u with the mode number (m, n) is written as

d2w Tl 2mi'(n — nu) ~\dudr2 [r 72 + (n — rru)2\ dr

* 1 Ifmo' ,,\. . Dsm
2]\

+ 2 i i ^ h m l ](n-mi) r - \}u-0. (6)
2 72 + (n — mi)2 \_\ r J r J J

Here the boundary condition at the plasma surface r = 1 is u — 0 under the fixed boundary
condition. At ?• = 0 we impose the boundary condition u = 0 from the regularity of the
solution. With these boundary conditions we can set up an eigenvalue problem for the
eigenvalue or growth rate j 2 and the corresponding eigenfunction u.

3 Analytic solution of Eigenmode Equation
In this section we assume i! = 0 for obtaining an analytic solution, then eq. (6) is written as

d2?t , 1 du , m2 I" Ds

dr2 r dr r2 72 + (n — mi)
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For the parabolic pressure profile, p — po(l — r2), the analytic solution is readily obtained
with the transformation r = {D3m

2 /[-f2 + (n — nu)2]}1'2r, where Ds = 4/3<>Ni. From the
solution u oc Jm(r) for the (m, n) mode and the boundary condition u — 0 at r — 1, the
growth rate is written as

2 Dam . 2 /o%
7 =zH^k)-^n-mt)' (8)

where Z(m, k) is the fcth zero point of the mth order Bessel function of the first kind Jm (f).
It is noted that, since there is no resonant surface for mode (m, n) in the plasma column,

the unstable mode has a global structure without localizing in the radial direction unlike
the resonant mode. Further we notice that, when there is no magnetic shear, the radial
mode structure, Jm(Z(m,k)r), is not affected by the beta value. The more unstable mode
has the less node number, and the eigenvalue is discrete with respect to k for the specified
(m,n), which is also shown in the case of t! / 0 in the Appendix. Since the LHS of eq. (8)
is proportional to y2 and the RHS is linear with respect to the plasma beta, the relation
(8) becomes parabolic in the (/?, 7) space. Thus a small variation in /?o from the marginal
equilibrium may cause an abrupt increase of growth rate.

The beta limit for stability is obtained by substituting 72 = 0 into eq. (8), which yields

** = 4iW ( 9 )

In order to examine the beta limit of the higher harmonic modes with the same helicity, we
use the transformation of the variables (m,n) >-> l(m,n), which yields

, Z2(lm,k)(n-mi)
p0c = liw •

Since Z(lm, k) > Z(m, k) for I > 2, the beta limit of the higher harmonic mode, fl'Oc is higher
than the 1 = 1 case, /?oc- This is different from the resonant modes with the same helicity,
which give the same beta limit from the Suydam criterion [6].

4 Resonant and non-resonant eigenmode for stan-
dard pressure profiles
We have solved eq. (6) numerically by the shooting method using the fourth order Runge-
Kutta formula. At first we picked up the same eigenvalue problem as shown in section 3
in order to validate the numerical code. The obtained growth rates for the (m, n) = (2,1)
mode coincide well with the analytic solution, eq. (8), and the radial mode structures are
described by the Bessel function J2(f) seems to be unchanged by the variation of flo- Since
it is shown that the more unstable mode has the less node number with the specified (m, n)
(see Appendix), we have concentrated on the most unstable mode without node.

Next we have investigated the effect of the magnetic shear on the non-resonant modes
assuming the standard parabolic pressure profile. For the assumed rotational transform
profile, i = 0.51 + or2, a is changed from 0.05 to 2.0. The rotational transform profile
in the case of a = 1.69 is approximately coincides with that in Heliotron-E. When the
beta value is fixed, the growth rate of the non-resonant (2,1) mode is decreased as the
magnetic shear intensity a increased. Thus the beta limit is increased almost linearly with
the increase of a as shown in Fig. 1. The mode structure is shifted to inner region when
a is increased (see Fig. 1). This result can be interpreted in the following way. When a is
increased, the stabilizing effect is enhanced in the outer region, and the radial mode structure
is shifted to the inner weak shear region at the same po- Also when /3o is decreased, since
the destabilizing effect due to the plasma pressure gradient becomes weak, the non-resonant
mode can be excited only in the inner region. However, since there is no resonant surface, the
radial mode structure is not highly localized and still has a global structure. The behavior
of the growth rate near the marginal beta value for the non-resonant mode is different from
that for the resonant mode as shown in Fig. 2. The growth rate of the non-resonant mode
decreases suddenly to zero at (3o ^ /3oc, where /3Oc is the beta limit for the non-resonant
(2,1) mode.
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Figure 1: (a) Dependence of the beta limit on the magnetic shear parameter a for the non-
resonant (2,1) mode, (b) Radial mode structures in case of a = 0.05, 0.5, and 2.0 for the
parabolic pressure profile with /3Q = 0.03.

Here we study transition from the resonant mode to the non-resonant one. For current-
less plasmas in Heliotron-E, MHD equilibria show that the central rotational transform is
increased with the increase of beta value. When the vacuum rotational transform at the
plasma center is lower than 0.5, the resonant surface for the (2,1) mode exists inside the
plasma column. The resonant mode may not be excited due to the low beta value at the
initial state. Experimental results show that the (2,1) mode becomes unstable for /3o j^ . 0.7%
in the neutral beam heating plasma, which leads to the occurrence of sawtooth. However,
when the ECRH is applied to the central region and the pressure profile becomes more
peaked, the (2,1) mode is stabilized. These data could be understood with disappearance
of the /, = 0.5 surface according to the increase of the central beta value. Linear stability of
the ideal (2,1) mode in the toroidal geometry shows that the resonant mode appears first,
then it changes to the non-resonant mode with the increase of /So. Finally the non-resonant
mode becomes stable, when t(0) is deviated far from 0.5 [4].

In the cylindrical model we simulate the above situation by changing the central value
of the rotational transform artificially. Numerical results for both the resonant and non-
resonant modes are shown in Fig. 2. Our aim is not to explain the experiment exactly,
but to study the behavior of the non-resonant instabilities. Therefore we mainly consider a
weak shear configuration where the resonant mode is hard to be excited. For clarifying the
property of the non-resonant mode, we first consider a weak shear configuration with the
resonant surface for the (2,1) mode in the plasma column. Then we exclude the resonant
surface of t = 0.5 by increasing t(0). Figure 2 shows the numerical results for the parabolic
pressure profile. White squares correspond to the growth rate for the equilibria with ro-
tational transform profile, t — 0.499 + 0.2r2, which has the resonant surface for the (2,1)
mode at the normalized radius r ~ 0.07. Black squares correspond to the growth rate for
the equilibria with t — 0.501 + 0.2r2, which has no resonant surface for the (2,1) mode. The
beta limit in the resonant case seems to be 1.15 x 10"~5 or less, while in non-resonant case
it seems to be 2.51 x 10~4. The difference between these beta limits comes from the role of
resonant surface. In the small growth rate regime, when /?o becomes small, the radial mode
structure of the resonant mode becomes more localized. Thus the highly localized mode
with an extremely small growth rate is possible as shown in Fig. 2(b). Thus, in the p-'y
space the line showing the growth rate for the resonant case extends to the low beta side.
On the contrary, since the non-resonant mode cannot be localized at a particular surface,
the growth rate abruptly decreases to zero with the decrease of /?o- The dependence of the
growth rate on po is nearly parabolic as mentioned for the shearless case in the previous
section.
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Figure 2: (a) Dependence of the growth rate of (2,1) mode on the central beta value /?o in
case of parabolic pressure profile. Squares denote numerical results. The white ones correspond
to the resonant case and the black ones to the non-resonant case, (b) Radial mode structures
corresponding to the resonant (/30 = 1.25 xlO~5), and to the non-resonant case (j30 = 2.51 xlO~4).

We may apply the Suydam criterion for resonant modes, which can be derived from the
indicial equation of eq. (6) at the singular point, or the resonant surface. It is written as

D. 1
4' (11)

for stability, where DB and i' are evaluated at the resonant surface, r ~ rB, for the corre-
sponding mode. In the case of Fig. 2, the resonant surface of the (m, ri) = (2,1) mode is
rs ~ 0.07. Thus the beta limit obtained from the criterion (11) is /3o — 1.05 x 10^8. Gener-
ally the beta limit for the resonant mode is difficult to be calculated numerically. One reason
is the extension of the small growth rate to the low beta side as mentioned above, and the
other is the localization of the mode structure in the low beta regime. In Fig. 2, however, the
difference between the analytic evaluation and the numerical calculation is less than 10%,
and the growth rate of the mode at numerically calculated beta limit is 5.43 x 10~n, which
is normalized by poloidal Alfven time.

5 Resonant modes for locally flattened pressure
profiles
Here we will consider equilibria with the resonant surface of t = 0.5 in the plasma column,
but without the pressure gradient on the resonant surface. In the experimental situation of
Heliotron-E there may exist small magnetic islands due to resistive instabilities at the low
order resonant surfaces [7], which may be nonlinearly saturated at low fluctuation levels [4].
In such a case the equilibrium may not be violated by the resistive mode, however, the
local plasma profile will change and the pressure gradient becomes small near the resonant
surface [4]. For this situation the Suydam criterion (11) predicts complete stability at the
i = 0.5 surface. Here we will show that low m modes can be unstable due to the finite
negative pressure gradient in the region different from the resonant surface. For simplicity
the pressure profile is assumed as

p = 1 - r
2 \{r - rs) cxp | - -

W
(12)

where rs is the position of the mode resonant surface, and A is determined to make the
pressure gradient vanish at the resonant surface. The width of the flat region is controlled
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Figure 3: (a) Pressure profiles given by eq. (12) for A = 1, and W = 0.0, W = 0.01, W - 0.1. (b)
Suydam beta limit for the pressure profiles given by eq. (12) for A = 1, and W = 0.0, W = 0.01,
W =0.1.
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Figure 4: (a) Dependence of the growth rate of (2,1) mode on the central beta value /?o for
W = 0, 0.01 and 0.1. (b) Radial mode structures for W = 0 (/30 = 5.62 x 10"4), and W = 0.01
(/?o = 1.05 x 10~3). The radial mode structures for W = 0.1 are shown in Fig. 5.

with the parameter W. Several pressure profiles given by eq. (12) are shown in Fig. 3(a). To
investigate the effect of the pressure flattening we have calculated the Suydam beta limit for
these pressure profiles (see Fig. 3(b)). In these cases the Suydam criterion shows stabilization
in the flattened region, while the beta limit decreases in the neighborhood of the (2,1) mode
resonant surface. We assume i = 0.45 + 0.2r2 and consider the (m, n) = (2,1) mode again.
The resonant surface exists at rs = 0.5 where the pressure gradient vanishes. For three cases
with W = 0, 0.01, and 0.1 shown in Fig. 3, growth rates are shown as a function of /?o in
Fig. 4. Although the highly localized mode structure is observed in the case of W = 0, it is
not localized even in the case of W = 0.01, and the beta limit is increased with a factor of
2. Furthermore, in Fig. 4 the growth rate decreases to zero abruptly near the beta limit for
W = 0.01, while the growth rate in the higher beta regime is not affected by the flattening of
the pressure profile. The radial mode structure and the growth rate in the case of W = 0.1
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Figure 5: (a) Dependence of the growth rate of (2,1) mode on the central beta value /30 for
W = 0.1. (b) Radial mode structure of the first growing mode (j30 = 2.72 x 10~3) and that of the
second growing mode (/?0 = 2.76 x 10^3). It is noted that the growth rates of the first growing
mode are the same as those in Fig. 4(a).

are shown separately in Fig. 5. Also shown in Fig. 4(b) it can be seen that the radial mode
structure is quite different from the case with no step. The mode structure is restricted in
one side of the mode resonant surface, and sharply changes their value at the mode resonant
surface in case of W ^ 0. It is considered that, since the average magnetic shear is weak in
the inner side of the resonant surface, the first growing mode is restricted to the region [0, rs]
in case of W — 0.01, whereas in case of W — 0.1, it is restricted to the outer region [ra, 1]
since the average pressure gradient seems larger in the outer side. In the W — 0.01 case
since the beta limit, (3Oc = 1.0 x 10~3, is lower than that of W = 0.1 case, f3Qc = 2.7 x 10"3,
the destabilizing effect of the pressure gradient becomes weak in the outer region and the
mode is considered to be excited in the inner region [0, rB]. In both cases the second growing
mode appears in the opposite region to the first growing mode.

To investigate why the steep mode structure appears at the resonant surface, we expand
the coefficients in eq. (6) in the neighborhood of the mode resonant surface r = rs- Since
the rotational transform is expanded as i(r) « i(rs) + i'(rs)(r — r8) + ..., the resonant
denominator is expressed as

n — mi « — mi (ra)(r — rs) + . . . . (13)

Since the pressure becomes flat at the mode resonant surface, p'(rs) becomes zero, but p'(r)
is still negative in both sides of the mode resonant surface. Therefore p" is also zero at
r = rs, thus p' is expanded in the neighborhood of the mode resonant surface as

P (14)

where p'"(rs) < 0. Substituting the leading terms of eqs. (13) and (14) into eq. (6) yields

2mY2(r - rs) 1 d«
dr2 • m2in(r - r s)

2

rru'{r — rs)
2 ^ 2 ,121r _ r _ 1 2

m2, ,2 ( r2,,2(r _
(15)
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Figure 6: (a) Pressure profiles with the locally flat region around the mode resonant surface. The
solid line corresponds to eq. (16) (S = 0) and the broken line to eq. (17) (8 — 0.2). (b) Radial
mode structure of (m,n) = (2,1) mode for the pressure profile corresponding to eq. (16) (S = 0)
and to eq. (17) (5 = 0.2).

As seen here, the effect of the pressure near the resonant surface is in the higher order
with respect to (r — rB). Thus the pressure is negligible and does not affect the steep mode
structure.

In order to confirm this situation, we have calculated the radial mode structure of nearly
marginal mode for the following pressure profiles numerically. One is

P =

i(l-4r2)2+0.5 (r < 0.5),

(16)

and the other is

P = 0.5

i[l-4(r-0.5)2]2 (r>0.5),

(r < 0.4),

(0.4 < r < 0.6),

^2' (r>0.6).

(17)

The latter pressure profile contains a completely flat region whose width is S = 0.2 at [0.4,0.6]
in order to eliminate the effect of the pressure gradient. Equations (16) and (17) are shown
in Fig. 6(a).

By assuming the same rotational transform profile as in Figs. 4 and 5, the obtained mode
structures are shown in Fig. 6(b). It is interesting that the mode structure with the sharp
decrease at r = rs is observed even though the pressure is completely flat in a region with a
finite width around the mode resonant surface. This assures our conjecture that the steeply
changing profile of the mode structure at r = rs such as seen in Figs. 5(b) and 6(b) is caused
only by the profile of the magnetic shear, not by the pressure profile any more. We note
that the non-resonant feature is seen in the radial mode structure for the second growing
mode in Fig. 5(b) and the first growing mode for the pressure profile (17) in Fig. 6(b), since
the peak is shifted from the resonant surface. This implies that the mode is driven by the
negative pressure gradient roughly at the peak position of the mode structure.
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6 Concluding remarks
We have clarified the properties of the non-resonant pressure driven instabilities and the
relation to the resonant instabilities in the cylindrical plasma model. The behavior of the
non-resonant mode depends strongly on the profile of both the pressure and rotational
transform.

At first we have solved the eigenmode equation analytically with respect to the stream
function for an equilibrium with a constant rotational transform and a parabolic pressure
profile. It is noted that the non-resonant mode has a global structure, and the dependency
of 7 on (3 is parabolic (see eq. (8)). In this case it can be shown that the mode with less node
number has the larger growth rate, and the higher harmonic mode with the same helicity
has the higher beta limit.

With the numerical calculations, it is shown that the growth rate of the non-resonant
type mode abruptly decreases to zero near the beta limit, while the resonant mode has a
fairly wide small growth rate regime expressed as 7 oc exp[—const./y/po — /9§] [6], where /?§
denotes the central beta value given by the Suydam criterion. A physical interpretation is
as follows. Although the resonant mode becomes localized at the resonant surface with the
decrease of the beta value, the non-resonant type mode does not have such a surface in the
plasma column. Therefore the free energy due to pressure gradient necessary to excite the
non-resonant modes is always finite, although the parallel wave number along the magnetic
field line is also finite. Thus the growth rate decreases to zero abruptly near the beta limit.
In the resonant case, since the higher harmonic modes have larger poloidal and toroidal wave
numbers than the fundamental one, they can be more localized in the radial direction. Thus
the growth rates at the same beta value are larger than the fundamental mode. However,
all modes can be highly localized at the resonant surface as the central beta value decreases,
the beta limit does not depends on the mode numbers and agrees with the Suydam limit.
On the contrary, in the non-resonant type case, since the parallel wave number of higher
harmonic mode becomes larger than the fundamental mode in the region different from the
resonant surface, the higher harmonics need more energy for excitation in low beta region.
Thus the beta limit of the non-resonant type mode with higher harmonics is larger than the
fundamental mode.

In case of the locally flattened pressure profiles around the resonant surface, the resonant
mode shows the non-resonant feature. The beta limit in this case is doubled even with a
small flat region. The nearly marginal mode structure is quite different from the case with
W = 0, i.e. it is restricted to the one side of the resonant surface. Such non-resonant
properties also appear in case of the nonzero but small pressure gradient at the resonant
surface.

A Radial mode structure of the most unstable
MHD mode
In this section we show that the more unstable mode has the less node number with the spec-
ified (m, n). We follow the proof shown by Goedbloed and Sakanaka [8, 9]. By introducing
a variable £ = u/r, the eigenmode equation (6) is written in the Sturmian form as

where

G(7
2; r) = r{{m2 - 1)[7

2 + (n - mi,)2] + (3rm'r + mi"r2){n - mi) - Dsm
2}.

Let two solutions corresponding to two neighboring growth rates, 72 = 72 and 7? + 6~/2 as
£1 and f 1 + S£, respectively, which only satisfy the boundary condition at r = 0. When we
substitute the first solution £1 corresponding to the parameter j 2 in eq. (A-l), we obtain

r ) 6 = 0 . (A-2)
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Substituting the second solution into eq. (A-l) and subtracting eq. (A-2) leads to

dG
dr I 9 7

2
v2

£1 • (A-3)

Assume now that £i(ri) = 0 at 0 < r\ < 1, which is possible for an unstable case.
We make the product of 5£ with eq. (A-2), £i with eq. (A-3) and integrate from 0 to n .
Subtracting both sides leads to

after some partial integrations, where we have used the fact that 6£(0) = 0, AT(72;0) = 0.
Here K, G and their derivatives with respect to 72 are all evaluated at 72 = 7?. Since
dK/dj2 = r3 and dG/d-y2 = r(m2 — 1), the integrand is positive for m > 1 at all radial
points. Provided that S-y2 > 0, or £1 + S£ is more unstable than £1, the RHS of eq. (A-4)
becomes negative. Since K is positive in (0,1), the radial position of £1 + S£ = 0 moves to
outer due to the increase of the parameter 72. Since K and G are monotonic functions of 72

for m > 1, we can conclude that the radial positions of all zeros move to the outer direction
with the increase of the parameter 72. If we further impose another boundary condition at
r = 1, it is confirmed that the eigenvalue is discrete and the more unstable mode has the
less node number. In other words, the most unstable mode has no node.
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Abstract

Resistive interchange modes become unstable due to the magnetic shear reversal in tokamaks. In the present
paper, the parameter dependences, such as q (safety factor) profile and the magnetic surface shape are clarified
for improving the stability, using the local stability criterion. It is shown that a significant reduction of the
beta limit is obtained for the JT-60U reversed shear configuration with internal transport barrier, since the
local pressure gradient increases.

Keywords : resistive interchange instability, reversed shear tokamak, beta limit, stabilizing method

1 Introduction

Reversed shear configurations[1, 2, 3] are the recent topic in tokamak experiments. In such discharges, improved
confinement is obtained with internal transport barrier. Furthermore large amount of bootstrap current is
driven by the steep pressure gradient around the transport barrier, which is considered to be favorable for
achieving a steady state operation of a tokamak. Thus it is important to investigate the properties of reversed
shear configurations. We investigate the stability properties of reversed shear tokamak theoretically.

In terms of the ideal MHD modes, such as ballooning modes and kink modes, the stability study has been
done by several authors[4]. It is shown that the beta limit due to ballooning modes can be increased by
broadening the pressure profile. Also it is shown that kink modes are stabilized by placing a conducting wall
at suitable position from the plasma column.

Our interest here is the resistive MHD modes, especially resistive interchange modes; the methods to stabilize
the ideal modes are well investigated, and when the ideal modes are suppressed, the resistive modes become
important, especially in long time discharges.

We found that resistive interchange modes become unstable in reversed shear configurations. The local
stability of the equilibria calculated by the VMEC (Variational Moment Equilibrium Code) [5] is examined with
the stability criterion derived by Glasser, Greene, and Johnson[6]. In Sec. 2, we show the procedures to calculate
the MHD equilibria and to examine the local stability. In Sec. 3, it is shown that the resistive interchange
modes become unstable in reversed shear configurations, and we investigate the parameter dependences, such as
safety factor profile and flux surface shape, on the resistive interchange modes and discuss methods to improve
the stability. Also we estimate the beta limit due to the resistive interchange modes. It is found that a low
safety factor with a weak negative magnetic shear in a D-shaped tokamak seems to be favorable to stabilize
the modes. As for a realistic example, we use the JT-60U reversed shear discharge with internal transport
barrier, and the beta limit is estimated in Sec. 4. The beta limit is significantly lower than the that obtained
in experiment. Concluding remarks are given in Sec. 5.

2 MHD equilibrium and local stability criterion

MHD equilibria for studying the local resistive stability are calculated by the VMEC (Variational Moment
Equilibrium Code)[5]. An equilibrium can be calculated by specifying the plasma pressure and safety factor
profiles. Also needed is the boundary condition. Although the VMEC can solve the free boundary problem,
we use the fixed boundary condition in the present paper, because it is easier to study the resistive interchange
modes in tokamaks with different cross-sections systematically.
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The plasma pressure profile is assumed as,

p(s) = po(l - s)2 (1)

for the most calculations, where s ~ $T/$T edge is the normalized toroidal magnetic flux and po is the plasma
pressure at the magnetic axis where s = 0. Note that the pressure profile used in Sec. 4 is different and is
shown below. A typical pressure profile is plotted in Fig. 1.

For the fixed boundary condition, the outermost flux surface shape is given as follows,

Rb - Rb0 + Rbl cos 6 + Rb2 cos 20, (2)

Zb = Zbl sine, (3)

where R and Z are usual coordinates in the cylindrical coordinate system, and 6 is the poloidal angle used
in the VMEC. The definitions of the aspect ratio A, the ellipticity K, and the triangularity S are similar to
those given in Ref. [7], In principle, more Fourier components must be retained for expressing the complicated
plasma boundary shape, however, we retain only a few Fourier components for simplicity. We consider that
the above components are sufficient to investigate the basic dependences of the instability on the outermost
flux surface shape. Note that the ellipticity is determined by the ratio of Rbi and Zh\, and the triangularity
corresponds to Rb2-

The final assumption required for the MHD equilibrium calculation is the safety factor profile. This is
shown in Figs. 2, 6, or 11.

Next we mention about the local MHD stability criteria used in the present study. They are derived by
GGJ(Glasser, Greene and Johnson)[6], and given as

DT = E + F + H - i < 0, (4)

DR = E + F + H2 < 0, (5)

where the subscripts ' / ' and 'i?' represent 'ideal' mode and 'resistive' mode, respectively. E, F, and H are
defined as,

A \(By\VV\2) (B*))' W

Here prime denotes the derivative with respect to the plasma volume V, B is the magnetic field strength, tp
and x a r e the toroidal and poloidal fluxes respectively, J and J are the toroidal and poloidal current fluxes
respectively, A = ip'x" ~ XV 1S the magnetic shear parameter, a = j • B/i?2 is the parallel current, and the
angular brackets denote the flux surface average. The factor 1/4 in Dj represents the shear stabilization effect.
The difference between Di and DR is seen by rewriting Eq. (5) as

DR = H)1

The stability criterion DR < 0 means that the resistive mode is always more unstable than the ideal modes.
In the present study, we use the stability criteria normalized by — («')2, i.e.,

DM{ideal) = DM{E) + DM{F) + DM(H) + DM(shear) > 0, (10)
2

DM{resistive) = DM{E) + DM{F) - (2^Sl\ > 0 , (11)
\ * /
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where DM{E), DM{F), DM(H), and DM(shear) are given by,

-{t')2E, (12)

DM(F) = - (t'f F, (13)

DM(H) = - («')' H, (14)

-l-{t'f. (15)

It should be noted that these criteria can be examined by the equilibrium quantities only. Although the beta
limit estimated by these criteria, i.e., DM {ideal) > 0 for ideal interchange modes or D]^f(resistive) > 0 for
resistive interchange modes, is considered to be optimistic, because the assumption of the localized plasma
displacement is used in the derivation. It is pointed out that radially broadened modes, such as ballooning
modes, become unstable even when the localized stability criteria are satisfied.

3 Resistive interchange instability in reversed shear tokamak

In this section, we show the numerical results. The resistive interchange mode becomes unstable in the shear
reversal region in reversed shear tokamaks. It should be noted that all the MHD equilibria investigated in the
present paper are stable with respect to the ideal interchange modes, i.e., Djaiideal) > 0.

First we show the safety factor, q, profiles assumed in the MHD equilibrium calculations in Fig. 2. In this
sequence of q profiles, qmin — 3.8 is fixed and qo is varied as shown in Fig. 2. The outermost flux surface shape
is also fixed to be circular and the aspect ratio is A = 3. The pressure profile is given in Eq. (1) and fao = 3%,
where firo = 2^OPO/-BTO> ^TO is the vacuum magnetic field at the plasma center R = RQ. The radial profiles
of DM\re si stive) is plotted in Fig. 3.

It can be seen that the resistive interchange modes become more unstable as qo is increased. This is explained
as follows. When go is increased, the Pfirsch-Schliiter current increases by which the geodesic curvature becomes
large. In a conventional sense, the interchange stability is determined by the competition among the pressure
gradient, the magnetic well, and normal curvature. Usually Pfirsch-Schliiter component, or DM(H)> have a
small contribution. In fact it is the case for the normal shear or monotonically increasing q profile equilibrium.
However, the Pfirsch-Schliiter component has a significantly large contribution to the stability for the reversed
shear equilibrium. This can be seen from Fig. 4.

Also we show the normalized beta, (3ff[%mT/MA], limit of the resistive interchange modes is plotted versus
qo in Fig. 5, where /3JV = {{5)aBTo / IT , (fi) is the volume averaged beta, a is the horizontal minor radius on the
mid plane, and IT is the toroidal plasma current.

Beta limit in Fig. 5 is estimated by DM (resistive) = 0. It should be noted that the lower go gives the higher
0jf. Note that the go = 3.1 case in Fig. 5 corresponds to a normal shear equilibrium. In this case, the violation
of the stability condition occurs around (r)/(r)ecige ~ 0.3, not near the magnetic axis. Since our interest here
is in the reversed shear tokamak, we will not consider positive shear equilibria in the later part of this paper.

It is important to know how to stabilize these modes. In the following we propose two stabilizing methods.
The one corresponds to the safety factor profile control, and the other to the outermost flux surface shape
control.

First we show the safety factor dependence of the resistive interchange mode. Since go dependence is already
investigated for the fixed qmin in Fig. 5, here we investigate the qmin dependence. The g profiles assumed for
the equilibrium calculations are shown in Fig. 6.

In this sequence, the ratios qo/qmin — 2.0 and qedge/qmin — 1-8 are fixed and gm,-n is varied. This corresponds
to the situation that the current density profile is fixed and the total current is varied. The aspect ratio is
A = 3, circular cross-section, and [$TO — 3% are also fixed. The corresponding DM^esistive) profiles are shown
in Fig. 7. It can be seen that the resistive interchange modes become more stable when qmin is decreased.

Thus in terms of the g profile, lower go and qmin are favorable to the resistive interchange mode. However,
it should be noted that the ideal modes are stable if the qmin o r <7o a r e larger than a critical value, typically
about unity in a low shear system from the Mercier criterion for circular tokamaks [7],

l - g2) > 0, (16)
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where r is a minor radius, (3 = 2/ZOP/-BQ, and the prime denotes the derivative with respect to r. It seems to
be possible to obtain an optimized q profile. This will be discussed in a separate paper.

Next we consider the outermost flux surface shaping. Since we retain only a few Fourier components to
express the outermost flux surface shape, the possible shape is somewhat limited. However, we can treat three
types of the deformation, i.e., ellipticity n, triangularity S, and aspect ratio A. First we mention about the
effect of the ellipticity. In Fig. 8, the normalized beta limit is plotted versus K for the equilibria with A — 3,
5 = 0, and the q profile with qo = 5.35 in Fig. 2. It should be noted that the excessively high /c leads to the
vertical instability. Thus we consider the equilibria with K<2. Also, excessively small K is unfavorable from the
view point of the plasma volume, i.e., the plasma volume becomes smaller for such a small «. By increasing K,
the Pfirsch-Schliiter current decreases although the magnetic well stabilization is not affected so much. Thus
the resistive interchange modes become more stable and the higher beta limit can be obtained as K is increased.

For the effect of the triangularity, it is expected that the magnetic well stabilization is enhanced and that
the higher beta limit can be obtained. This is shown in Fig. 9. The considered equilibria has A — 3, /c = 1.6,
and the q profile with qo = 5.35 in Fig. 2. The value of K = 1.6 is chosen because it is close to an optimum
value. The beta limit is higher for the larger S configuration. It is noted that the range of S is limited by the
number of Fourier components in Eqs. (2) and (3). In our equilibrium calculations, maximum obtainable S is
about 0.4.

Finally we consider the effect of the aspect ratio. Similar to the triangular deformation, the magnetic well
becomes deeper as the aspect ratio is decreased. The beta limit is plotted in Fig. 10 for the equilibria with
circular cross-section and the q profile with qo = 5.35 in Fig. 2. For this sequence, the plasma minor radius
a and the vacuum toroidal field at the plasma center BTO are fixed and the major radius RQ is varied. The
normalized beta limit has a maximum around A ~ 2, although marginal /3ro becomes larger as A is decreased.
This is due to the normalization by the plasma current in /3jy. It is noted that the plasma current becomes
larger for the lower aspect ratio configuration. Thus the higher central plasma pressure can be obtained for
lower aspect ratio when the toroidal field strength at the plasma center and the plasma minor radius are fixed.

In summary, though the parameter ranges are somewhat limited, the configuration with higher K, higher S,
and A ~ 2 is considered to be favorable for the stability of the resistive interchange modes. In addition, from
the view point to obtain higher plasma pressure, low aspect configuration is attractive.

4 Beta limit estimation of JT-60U equilibrium with internal trans-
port barrier

In this section, we study the stability of the MHD equilibrium using the JT-60U improved confinement
discharge[l] profile with internal transport barrier (ITB). The pressure and q profiles are shown in Fig. 11.
The parameters such as the major radius and the magnetic field are chosen to be consistent with JT-60U. The
numerical result show that the normalized beta limit is /3/v ~ 0.387[%mT/MA], which is much lower than the
value obtained in the experiment, /3jy ~ 2.4. The decrease of /3JV is attributed to the steep pressure profile
near the qmin surface. Thus it is considered that there are some stabilizing effects for the resistive interchange
mode, such as finite Larmor radius effect. Also the growth rate of these modes should be compared to the
experimental time scale. These are our future subject.

5 Conclusions

In this paper we investigate the parameter dependences of the beta limit for the resistive interchange modes.
As mentioned in Sec. 3, the large amount of Pfirsch-Schliiter current produces large geodesic curvature, which
leads to instability. Thus the beta limit can be increased by reducing the Pfirsch-Schliiter current, or reducing
qo and qmin with an increase of K. The magnetic well also has a stabilizing effect, thus larger S and smaller A
are favorable. Our studies show that for the equilibrium with A = 3, K = 1.6, S = 0.4, qo = 5.35, qmin — 3.8,
and qedge = 6.0, the normalized beta limit )3N ~ 2.3 is possible.

Also shown is the beta limit for the JT-60U reversed shear discharge with ITB. In this case the beta limit
drastically decreases because of the presence of the steep pressure gradient. The obtained result of the beta
limit is f3N ~ 0.387 [%mT/MA] or f3T0 ~ 0.8 [%].
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Fig. 1: Typical example of the pressure profile is plotted. The horizontal axis label {r)/(r)edge is the normalized
average minor radius.
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Fig. 2: Safety factor profiles assumed in the MHD equilibrium calculations are shown.
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Fig. 6: q profiles for studying qmin dependence of resistive interchange mode are plotted. The ratios
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Fig. 7: DiaiTesistive) profiles calculated from the equilibria with q profiles shown in Fig. 6, A = 3, circular
cross-section, and (3TO — 3% are assumed.
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Abstract
A Toroidally Symmetric Plasma Simulation (TSPS) code has been developed for investigating the position and

shape control on tokamak plasmas. The analyses of three-dimensional eddy currents on the conducting components

around the plasma and the two-dimensional magneto-hydrodynamic (MHD) equilibrium are taken into account in this

code. The code can analyze the plasma position and shape control during the minor disruption in which the

deformation of plasma is not negligible. Using the ITER (International Thermonuclear Experimental Reactor)

parameters, some examples of calculations are shown in this paper.

Keywords: tokamak, plasma, position, shape, feedback control, eddy current, equilibrium, numerical simulation

1. Introduction
A plasma with non-circular cross section has several advantages for achieving high performance plasmas in

tokamak devices. However, the plasma with non-circular cross section basically becomes unstable for vertical plasma

motion. In general, this instability is stabilized using the passive effects by the conducting components (the

conducting shell effect) in the case of the instability with short growth time and the active feedback control by the

magnetic field coils in the case of the instability with long growth time. In the case of present machines, the vertical

stability is not critical since the conducting components and the coils for the feedback control can be located near the

plasma.

On the other hand, in the case of the ITER (International Thermonuclear Experimental Reactor), some in-vessel

components without passive effects are located between the plasma and the conducting components for protecting the

conducting components from the neutron damage. As a result, the conducting components and the coils for the

feedback control must keep away from the plasma and there is a possibility that the electric power of feedback control

exceeds the permitted limit. Therefore, the vertical stability is one of the critical issues and it is necessary for the

engineering design to analyze the characteristics sufficiently.

In general, the modeling for analyzing the vertical stability consists of three parts: a) the conducting

components, b) the core plasma and c) the poloidal coils for the active feedback control. One of the essential parts for

the analysis is the modeling of the conducting components. The characteristics of the passive effects significantly

depend on the shape of the conducting components since the path of the eddy current in the conducting components

changes by the holes and the ports on the conducting components. That is, it is important to consider the three-
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dimensional structure of the conducting components. Furthermore, in the case of the minor disruption, it is also

important to treat the change of the plasma shape. Therefore, it is necessary for the modeling of plasma to treat the

deformation of plasma shape. At least, it is important for the plasma to consider the two-dimensional model.

In previous studies, there are some codes for the analysis of the vertical stability in the tokamak machine. For

example, some simulation codes are described by the linear model[l-3]. Although these codes include the three-

dimensional model for the conducting components, only the motion of plasma current center is considered and the

plasma shape is not essentially deformable by assuming the rigid model. Other simulation codes are described by the

non-linear model[4,5]. In these codes, although all parts of numerical model are assumed the axisymmetric model, the

three-dimensional conducting components are not taken into account.

The numerical model used in this study is similar to the linear model. This model adopts the three-dimensional

model for the conducting components. Regarding the model of plasma, the motion of the plasma is essentially based

on the rigid model. However, the non-linearity of plasma is considered by calculating the MHD equilibrium at each

20-30 time-steps typically and then by renewing the plasma parameters used in this code. Therefore, this model

corresponds to the intermediate model between the linear model and the non-linear model. Furthermore, for extending

from the rigid model to the non-rigid (deformable) model, the relation between the plasma surface position (gaps) and

the plasma parameters is taken into consideration. In addition, this model is suitable for the design that we must

calculate many cases since the reduction of the calculation time is expected comparing the non-linear model.

The development of the numerical simulation code for the analysis of vertical stability on the ITER is

described in this paper as follows: The numerical model and method are described in Section 2. Section 3 presents

some examples of numerical results. Summaries are given in the last section.

2. Numerical model

The simulation code consists of three modules: (1) a free-boundary MHD equilibrium calculation [6], (2) a

three-dimensional finite element analysis [7] and (3) calculation for the time evolution of the motion of plasma, the

eddy currents in the conducting components and the currents of the active feedback coils. The MHD equilibrium code

solves the Grad-Shafranov equation by the Green function method and estimates the deformation of the plasma shape.

The three-dimensional finite element analysis code solves the interaction between the plasma and the conducting

components by using the thin shell approximation and estimates the passive effects by the conducting components.

The calculation for the time evolution of the motion of plasma, the plasma current, the eddy currents and the

currents of the active feedback coils is described as below. Regarding the motion of plasma, it is assumed the rigid

model, which the shape of the plasma does not change. Furthermore, the toroidal symmetry is assumed, and the

equations of the motion in the vertical (Z) and the horizontal (R) directions are given as follows:

Mp — f = -2n\RdRdZJPBR,
dt J (1)

dt2 2
l n f e j + ft. + 1 ( / | - 3)1 + 2n\RdRdZJpBz, (2)
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where Mp, t, Jp, JXQ, Ip,a.p, fip and li are the mass of plasma, the time, the plasma current density, the vacuum

dielectric constant, the plasma current, the plasma minor radius, the poloidal beta, and the internal inductance of the

plasma, respectively. BR and Bz are the magnetic fields with respect to the horizontal and the vertical directions,

respectively. Jp, BR and Bz are obtained from the two-dimensional MHD equilibrium analysis. The integration is

carried out over the whole area of the plasma. Here, by assuming the adiabatic compression and the conservation of

the toroidal flux in the plasma and by expanding the Eqs.(6) with respect to the small displacements of the plasma

position, SZp and 8Rp, the following equations are obtained.

- 2nBvok8RP

Ao

Y + IPY + spp+ 5i
Z? dRp IP

 P^ dRP IP 2 {Hp 2 'J
•"Zi

where MPj, Mn, /(., Ik, BRd and Bzd are the mutual inductance between the plasma and the /-th feedback control

coil, the mutual inductance between the plasma and the £-th eddy current mode, the current of the /-th feedback control

coil, the current of the £-th eddy current mode, the radial and the vertical disturbance fields, respectively. Bv0, n, k

and A o are defined as follows:

Bvo=±-jdRdZBzJp,
*p

IpByO

(5)

(6)

~^Jp - (7)

(8)

Furthermore, for extending from the rigid model to the non-rigid (deformable) model, several gaps between the

plasma surface and the wall are defined as Figure 1 and the relation between the gaps and the parameters (the plasma,
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the coils...) is previously estimated by calculating some MHD equilibrium states.

(9)

where

y =

82
83
8A

85

x =

SZP

SRP

SIP/IP

(10)

and C is obtained from some results of the MEDD equilibrium analysis with respect to the small changes of the

poloidal beta and the internal inductance, numerically. That is, C = Ay/Ax, and six gaps in Eq. (10) are defined as

shown in Fig. 1.

The time evolution of the plasma current, the eddy currents of the conducting components and the currents of

the active feedback coils is described by the circuit equations as follows:

(11)

Ui dt dt
Pl ij dt dt

(12)

^ +d_, v y MJIL +

t dtK ' *" dt
+

dt dt
dt

(13)

where Lp, rjp, Lt, M{., T\{, Ij and Tk are the plasma self-inductance, the plasma one-turn resistance, the self-

inductance of the i-th coil, the mutual inductance between the i-th coil and the y-th coil, the resistance of the j-th coil,

the y-th coil current and the time constant of the k-th eddy current mode, respectively. Tk, MPk and Mik are obtained

from the three-dimensional finite element analysis. Vi is the voltage of the control coil and is applied by the PD

decoupled controller in this paper.

By assuming the toroidal flux conservation, Eq.(l 1) is expanded as follows:

/ P = 0 . (14)

Furthermore, in Eqs.(12) and (13), the following approximation is applied:
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dMPi _ dMPld8ZP dMPi d8RP

dt dZp dt dRp dt
(15)

By neglecting the mass of the plasma, Eqs.(3), (4), (12), (13) and (14) are summarized as follows:

Ax + Rx = b. (16)

where A, R and b are

A =

2nBvon, ~27rBvok,

-2nBvok, a^,

0,

P dZp

dZP '

OT?,,

o,

Lplp,

IPMPi,

IPMn,

dz,
1 , •••, / dMpk

0

dZp

?P ' ' P dRP

0

(17)

R =

0
0

0

b =

0

6

(18)

where an is

• - n \ -
4RP 6

(19)
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The calculation sequence is carried out as in Figure 2. After giving the results of the initial equilibrium analysis

and the eddy current analysis, Eq.(16) combined with Eq.(9) can be solved by the Fehlberg formula and the Adams-

Moulton method with the 8-th order, numerically. If the displacement of the plasma current center or the number of

iteration exceeds a certain value, then the MHD equilibrium calculation is carried out and the coefficients required for

Eq.(16) are renewed, and the Eq.(16) is solved again.

3. Application results
To show some examples of the plasma position and shape control analyses by this simulation (TSPS) code,

the ITER design parameters in the Final Design Report (ITER-FDR) were used[8] in this paper. The main parameters

used are the plasma major radius 8.14m, the plasma minor radius 2.8m, the elongation 1.6, the triangularity 0.24, the

plasma current 2IMA,, the toroidal magnetic field at the plasma center 5.68 T, respectively.

Figure 3 shows an example of the three-dimensional finite element mesh models used in the eddy current

analysis. This mesh model includes the blanket modules, the backplate and the vacuum vessel with the double layers.

The backplate and the vacuum vessel are electrically connected in the toroidal direction. The material used for all

conducting components is the stainless steel and the value of the electric resistivity is 0.9 ui2m.

Figure 4 shows the frequency response of the stabilization index ng obtained by the three-dimensional finite

element analysis (the eddy current analysis). In Fig.4, n is the n-index, which is the strength of the vertical

instability. The criterion with respect to the vertical stability is represented by n+n$=0, and in the case of the ITER,

Start Of Burning (SOB) plasma, the growth rate is 0.98 s"1. The feedback control by the poloidal coils is applied to

the instability that has slower time constant comparing the growth rate.

Figure 5 shows the time evolution of (a) the poloidal beta pp, the internal inductance t\, the ratio of the

volume averaged thermal energy, (b) the plasma current, (c) the total active power of the poloidal coils and (d) the six

gaps between the plasma surface and the wall in the case of minor disruption of the SOB plasma (p\j=0.9 and ^=0.9)

by the PD decoupled feedback control, respectively. In this case, the poloidal coils are used for the equilibrium and the

control. The minor disruption at SOB is defined as instantaneous step-like reduction of the poloidal beta by 0.2

simultaneous with instantaneous step-like reduction of the internal inductance by 0.1. As shown in Fig.5, the

maximum total active power is about 180MW and the maximum gap is about 0.12m, and these results satisfy the

request of the ITER design sufficiently.

4. Summaries
The Toroidally Symmetric Plasma Simulation (TSPS) code has been developed for investigating the position

and shape control on tokamak plasmas. The analyses of three-dimensional eddy currents on the conducting

components around the plasma and the two-dimensional magneto-hydrodynamic (MHD) equilibrium are considered in

this code. Regarding the model of plasma, the motion of the plasma is essentially based on the rigid model. However,

the deformation of plasma shape is considered by calculating the MHD equilibrium at each 20~30 time-steps

typically, and then the plasma parameters used in this code are renewed. Furthermore, for extending from the rigid

model to the non-rigid (deformable) model, the relation between the gaps and the parameters (the plasma, the coils...)

is previously estimated by calculating some MHD equilibrium states. Therefore, this code can analyse the plasma
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position and shape control during the minor disruption in which the deformation of plasma is not negligible. In

addition, this model is suitable for the design that must calculate many cases since the reduction of the calculation

time is expected comparing the non-linear model.

TSPS code is useful for designing fusion reactors and, actually, using the ITER (International Thermonuclear

Experimental Reactor) parameters, some examples of calculations were shown in this paper.
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Figure Captions

Fig.l Six reference gaps between plasma surface and wall

Fig.2 Sequence of calculation

Fig.3 example of three-dimensional finite element mesh model

Fig.4 Frequency response of vertical stabilization index

Fig.5 Time evolution of (a) poloidal beta, internal inductance, ratio of volume averaged thermal energy, (b) plasma

current, (c) total active power of poloidal coils and (d) gaps between plasma surface and wall.

— 1 5 3 -



N 0

-2

-4 -

-6

Separatrix

First wall _

I I )

5 6 7 8 9 10 11

R(m)

Fig.l

1 5 4 -



( START ")
Input data of initial equilibrium,
eddy current and C in Eq.(9)

Compute coefficients
(A,R,b)inEq. (16)

I
Solve Eqs. (9) and (16)

ELSE

1

Solve Grad-Shafranov
equation with free
boundary

T=Time
Number of iteration
Displacement of
plasma current center

I
Number of iteration > N
Displacement of <-
plasma current center

T>Tend

( END J

Fig. 2

1 5 5 -



Blanket
modules

Vacuum vessel
with double layers

Backplate

Fig. 3

- 1 5 6 -



2.5
n (°°)=2.2

X
CD

T3

C
O

"•a

15
CO

2.0

1.5

co 1.0 i-
CO
o
CD

[ n+nc=0 (n=-0.7027)

0.5 i-

0.0

Stablity Margin 1
1 M-2.17J

Linear Growth Rate
= 0.98 (1/s)

0.001 0.01 0.1 1 10 100 1000 104

Growth Rate (1/s)

Fig. 4

- 1 5 7 -



en
oo

U
C
co

•a

rz

00

oa.

(a)
Evolution of the poloidal beta value, internal inductance li(3)

and the ratio of the volume averaged thermal energy
Disturbance : 5(ip = -0.2 &8li(3) = -0.1 in 10 msec
Plasma : SOB refernce plasma

0 . 9 5 i i • i i i i ••• - - I . i • i i i , • i i 1.00

0.90

0.85 -

0.80 -

0.75 -

0.70
10 15 20 25 30

TIME (sec)

0.75

(b)
Evolution of the plasma current

Disturbance : 8Pp= -0.2 &8li(3) = -0.1 in 10 msec
Plasma : SOB refernce plasma

22.4 106

I

22.2 106

22.0 106

21.8106

21.6 106

C0

Jj 21.4 106

CL

21.2 106 -

21.0 108 -

20.8106 L i

-

—r—r-r—r-

, . . .

- i—r- i— r—

. , , ,

1 T--T—» I

\

i i r i

^ ^ - - ^

. i , .

i i i i

- — — - .

i i i i

-

:

•

•

•

•

0 10 15 2 0

TIME (sec)

2 5 3 0

Fig. 5(a) Fig.5(b)



O l
CO

• =o
o

I
T5

(C)

200 106

Total active power of PF coils

Disturbance : 8Pp = -0.2 &ai(3) = -0.1 in 10 msec

Plasma : SOB refernce plasma
Required energy: 1.9 GJ

150 105 -

100

50 106 -

0 10° -

-50 106

...

-
/

• 1 1

r
/

• . . .

\

\

t i l .

. . . .

AA

v\r

. . . .

, . . . . . , ,

1 0 1 5 2 0

TIME (sec)

Fig. 5(C)

2 5 3 0

(d)

0

Evolution of separatrix displacements at the gaps

Disturbance : 8Pp = -0.2 &di(3) = -0.1 in 10 msec

Plasma : SOB refernce plasma
150 i—i—i—i—i—i—i—i—i—i—i—i—<—>—i—i—i—i—i—i—i—i—'—'—<—'—r

TIME (sec)

Fig.5(d)



:t

(Nonlinear Problems in Mathematical Physics

and their Mathematical Analysis)

(Takashi SUZUKI • Osaka University)

0 if 12 ft 27 0

abstract: Recent study on the nonlinear partial differential equations
has revealed a peculiar behavior of (approximate) solutions; the bubble.
This lecture describes the phenomenon for the system of chemotaxis. Re-
lations to other phenomena and to other systems of mathematical physics
such as compensated compactness and gauge theory e.g. are also presented.
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A Numerical Analysis of Time-Dependent Schodinger Equation
and Quantum Chaos
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Abstract

This paper describes a numerical analysis of the time-dependent Schrodinger equation

(TSE) governing the dynamics of an electron which ballistically moves in single electron

devices. The numerical methods considered here are the finite difference method (FDM)

with the explicit central difference scheme, and Trotter-Suzuki method (TSM). In the

TSM the exponential function of space differential operator, which is the formal solution

of the TSE, is approximately evaluated by eigenvalue analysis. The FDM is shown to

be conditionally stable when applied to the TSE. On the other hand, the TSM, which

computes the time evolution of the wave function by multiplication of unitary matrices,

is unconditionally stable. The convergence of the TSM of the lowest order is shown to be

slower than that of FDM when their spatial approximation is identical. The numerical

results show that the wave function of an electron in a stadium-shaped domain forms

complex spatial patterns, which suggest the quantum chaos.

Keywords: Time-dependent Schrodinger equation, Finite difference method, Trotter-Suzuki

method, Numerical stability, Quantum chaos

1 Introduction

Solids have two characteristic length: the inelastic scattering length lin and elastic one le.

The former is the characteristic length for which electrons are scattered by lattice vibra-

tion. If the scale of a solid is smaller than /;„, which strongly depends on temperature,

electrons can move through the solid without losing its phase information. In this situa-

tion electrons interfere with each other so that the quantum effects due to this electron

coherency can experimentally be observed. On the other hand, le, usually shorter than

lin, concerns the elastic scattering of electrons by impurities and lattice defect. Nowadays
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devices smaller than le can be produced by the micro electronics. In such micro-devices

electrons can ballistically move as if they were in vacuum. Under these situations elec-

trons behaves as individual particles rather than collective whose property is described

by the band theory. Since the engineering applications of this new state are expected to

open a door to novel semiconductor devices, considerable attention has been paid on this

research topic.

The motion of an electron in the ballistic regime is expected to well be described by

the Schrodinger equation for single electron. For this reason the devices which operate in

the ballistic regime are called single electron devices or nanoscale devices. The electric

properties such as conductivity of the single electron devices immersed in magnetic fields

have extensively been investigated, e.g., [1, 2] since they provide useful data for the study

of the quantum chaos.

The behavior of a ballistic electron in magnetic fields has been analyzed by the bound-

ary and finite element methods [3, 4] provided that the system under consideration is in

steady states. In these analyses electrons are treated as waves so that the uncertainty of

the position of the electron is infinity.

In this paper motions of a wave packet, which stands for an electron having dual

properties of wave and particle, are numerically analyzed taking effects of magnetic fields

into account. Transient behavior of the electron wave packet is computed by numerically

solving the time-dependent Schrodinger equation.

Since electron wave packets are usually modulated by waves whose wavelength is

much shorter than the wave-packet width, the distance between space grids must be

much shorter than the wave-packet width. The resultant matrix, therefore, is expected

to become too large for implicit schemes. For this reason the Schrodinger equation is

here solved by two explicit methods : the finite difference method (FDM) with the central

difference scheme, and the Trotter-Suzuki method (TSM) [5, 6] based on matrix expansion.

The performance of the two methods is compared by computing motions of a wave packet

in a rectangular and stadium-shaped domain connected with electron waveguides. Finally

chaotic behavior of an electron wave packet in the stadium is graphically displayed.

2 Formulation

Let us consider an electron in a uniform magnetic field, confined in a two-dimensional

region spanned by coordinates system (x,y). The dynamics of the electron is governed by

the time-dependent, two-dimensional Schrodinger equation
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where ij) is the wave function, A is magnetic vector potential, and m is the effective mass

of the electron. Equation (1) is written in a non-dimensional form as

-j- = i a (V + i/8i4)2V, (2)

where V, £ and A are normalized by length d, period T corresponding to the electron

energy, and B^d, BQ is applied magnetic field, and a = %T/(2md2), (3 = eBod?/%. The

constant a , which determines the electron's energy, can further be rewritten using the

relationships 1-KTIJT = fi2k2/(2m) as

a~JkdJ2' {6}

where k denotes the wavenumber of the electron.

2.1 Finite Difference Method

By employing the central difference approximation at a time step TO, we have an explicit

scheme

(4)

where 5 and A denote the time-step and grid sizes, and indices 0, 1, 2, 3, 4 represent the

grid points ({, j), (i + 1, j ) , (t - l , j ) , (ij + 1), (t, j - 1), respectively.

2.2 Trotter-Suzuki method

In this method we begin with the formal solution of (2) which can be regarded as a first

order differential equation with respect to time,

Note that the exponent in (5) is an operator. From (5) it follows that

(6)

for which we introduce approximation in the following. The operator in the exponent in

(6) is now decomposed into two components as

= Ch + Q2, (7)
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where

(8)

i = 1,2 correspond to a; and y, respectively. Introduction of the central difference approx-

imation in space for Qi yields

Qi =

2
A2 0

(9)

where a; = (A^j + Aa,J+i)/(2A), and Q2 is expressed in matrix form in a similar manner.

We can see that the matrix Qj is Hermitian so that elSa^l+^ is unitary. We further

decompose Q; into two components in the form

Qi =

Mi 0
0 M3

6 0
0 M2 (10)

where the Hermitian matrix M; is defined by

M t = f 6
[rjid

(11)

& = - l / A 2 - / ? 2 A 2
i / 4 , 77 = I /A2 and & = /Jo*. The first and second matrices in (10) will

be denoted by Qn and Q12, respectively, and matrices Q21 and Q22 are denned from Q2

likewise.

Now we have a product formula for the amplitude factor in (6), i.e.,

JSa(V+if3A)2 ^ i<J« ̂  • Qi,j

- II' (12)

where i and j run from 1 to 2. The matrix elSa®n in (12) can be evaluated by performing

eigenvalue analysis as follows:

0
0

where
elS au'

A

(13)

(14)

Ui = (b + &+i)/2, vt = (Ci ~ C<+i)/2, 7 = \5a and A = Jr? + Q + vf. Similarly eW

for {1,2}, {2,1}, {2,2}, can easily be evaluated. In conclusion the time evolution of ip is

computed from (6) and (12)- (14). Note that since e M* is unitary, the resultant amplitude

factor (12) for this method is always unitary.
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2.3 Numerical stability

Theoretical analysis of numerical stability of the finite different scheme (4) is not easy

because it contains the vector potential which is a function of position, and because the

boundary condition would affect on the stability. When both effects are neglected, we can

apply von Neumann's analysis to (4). That is, assuming the form i{;n(x,y) = <pn
eA

k*x+k»y)

in (4), we obtain

ipn+1 + 2iAlp
n-iP

n-1 = 0, (15)

where A is defined by

From (15) it follows that y?n+1 = c<pn, where c = (—Ai ± V—A2 + 1). It can be seen that

c\ — 1 if A < 1 while \c\ > 1 if A > 1. Hence (4) is concluded to be conditionally stable.

The stability condition for A can then be evaluated to have

8 a ^ < 1. (17)

(In contrast the diffusion equation in which ia in (4) is replaced by a is proved to be

unconditionally instable for the scheme (4).) As mentioned above, this result is valid

provided that the effects of magnetic field and boundary conditions are negligible. In the

next section the stability of (4) will numerically be evaluated.

On the other hand, the Torotter-Suzuki method, in which the amplitude factor (12) is

unitary, guarantees unconditional stability being independent from the effects of magnetic

field and boundary conditions.

3 Numerical Results

3.1 Numerical model

Figure 1 depicts the numerical model under consideration. A wave packet goes into a

domain 0, after passing through an electron waveguide. The uniform magnetic field is

assumed to be applied only on Cl. On the walls of the domain and waveguide the boundary

condition -0 = 0 is imposed. In the analysis the wavenumber k of the electron, which

determines the electron's energy, is always taken to be 10/d. The wave packet in the

waveguide is assumed to be expressed by

The Fourier transform of (18) gives

^'*)Vy*' (19)
v 2TT J-
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B

A

wave packet

Figure 1: A wave packet moving into domain Q,

from which we can see that the Fourier spectrum has also the Gaussian form with a peak

at k in wavenumber space. It can be shown that the wavenumber k must be well larger

than TTId for propagation [1]. Moreover the grid space A is required to be well smaller

than the wavelength 2TT/A; for numerical analysis. These requirement leads to extremely

dense finite difference grids so that implicit schemes are thought to be ineffective for the

numerical solutions.

3.2 Rectangular domain

The motion of a wave packet which is ejected from a waveguide and moves in the

rectangular domain shown in Fig. 1 is analyzed by FDM and TSM. This model has

been analyzed by the boundary element method [7]. In this analysis, the steady electron

probability density is computed by solving the time-independent Schrodinger equation on

the basis of the wave picture of electrons. According to this result, the electron behaves

like a classical particle moving in magnetic field, that is, its motion resembles the Larmor

gyration.

Figure 2 illustrates the time evolution of the probability density tjjip* computed by

FDM. It can be seen that the locus of the wave packet, which has the duality of particle

and wave, is strongly bent by the magnetic field to form the semi-circles, which suggest

the Larmor gyration as seen in the steady state computation mentioned above. Moreover,

when the wave packet bounds on the domain wall, there appear interference fringes due to

the wave character of the electron. The further computation of the time evolution of this

wave packet shows that it gradually diffuses in space. The numerical stability of FDM for

this model is shown in Fig. 3. One observes that the increase in either 5 or f3 makes the

computations instable. Moreover, under this computational condition the marginal value
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Figure 2: Time evolution of probability density computed by FDM, (3 = 2.0, A = 1/19,8
1/300
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3.0
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instable

stable

J 1/8
25 50 75 100

Figure 3: Numerical stability diagram for FDM (A = 1/9)

for 1/S is evaluated from (17), that is

1/S = A2 /8a

= (kdA)2/Wir

~ 40.7, (20)

for (3 = 0, which agrees with the result shown in Fig. 3. On the other hand the uncondi-

tional stability of TSM was confirmed by numerical experiments.

Table I displays convergence of the numerical solutions, measured by the normalized

error defined by

e(^,-0o) = —~ • (21)

The error e is evaluated for (3 = 2.0, A = 1/19 at t = 29/3. In table I, s(FDM - FDM)

means £(IJJ,IPQ), where ij) and ipo are computed by FDM, and tpQ is computed for the

minimum S, i.e., 1/1200. We use the same rule for e(TSM - TSM) and e(TSM - FDM) .

That is, the first two errors measure the convergence of each numerical scheme, and the

last error measures the distance between the solutions computed by the two methods.

We can see from Table I that the convergence of FDM is significantly better than that

Table I: Convergence for rectangular domain model

1/6
300
600
900
1200

£(FDM -
6.2 x
1.2 x
1.0 x

-

-FDM)

io-4

io-4

io-5

e(TSM-
9
4
9

.1 X

.3 x

.2x
-

-TSM)
IO- 1

lO"1

10~2

e(TSM -
9.7
8.1
6.2
4.8

X

X

X

X

- F D M )
10"1

10"1

I O - 1

IO- 1
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of TSM. Lax's theorem guarantees that if FDM solution converges then the converged

solution is the exact solution. Thus e(TSM — FDM) would be regarded as a measure of

the errors in TSM.

The computing time for FDM was more than two times shorter than that of TSM.

This can be understood by comparing (4) with (6) and (12). That is, the latter requires

four steps of computations at each time step while the former requires just one step.

3.3 Stadium-shaped domain

The motion of a wave packet in a stadium-shaped domain is analyzed. The time evolution

of the probability density of an electron, computed by FDM, is shown in Fig.4. The

wave packet is ejected from the left hand side of the stadium where no magnetic field

is imposed. We clearly observe the interference fringe patterns due to reflection of the

waves from the wall. The distribution gradually becomes very complicated. The further

computation shows the more complicated patterns which consist of a number of small

islands whose distribution seems to be random. These results are thought to suggest the

quantum chaos.

Figure 5 shows the time evolution of the probability density in the stadium where

magnetic, field is imposed. The locus of the wave packet is bent to collide with the wall.

The complexity of the pattern in Fig. 5 seems to be lower than that in Fig. 4. This suggests

that the magnetic field has a tendency to suppress the appearance of the quantum chaos.

Table II displays the convergence of the numerical methods for the stadium-shaped

domain when f3 = 0.6, t — 50/3. Although FDM solution converges rapidly also in this

case, TSM seems to require more fine time-step size for convergence.

4 Conclusions

In this paper ballistic electron motions under magnetic fields have been analyzed by

numerically solving the time-dependent Schrodinger equation. The two explicit numerical

methods, FDM and TSM, have been chosen for the analysis. Although FDM is shown

Table II: Convergence for stadium-shaped domain model

1/8
300
600
900

1200

e(FDM -
1.4 x
4.5 x
9.2 x

-

-FDM)
lO"4

10"5

10~6

£(TSM-
9.9 x
7.9 x
2.8 x

-

-TSM)
IO-1

IO-1

IO-1

£(TSM-
9.9 x
9.8 x
9.3 x
8.5 x

-FDM)
IO- 1

IO- 1

IO- 1

IO- 1
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Figure 4: Time evolution of electron probability density in a stadium without magnetic
field, (3 = 0.0, A = 1/19,5 = 1/300
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Figure 5: Time evolution of electron probability density in a stadium with magnetic field,
,<J= 1/300
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to be conditionally stable by theory and numerical experiment, TSM is confirmed to be

unconditionally stable, as expected from theory. FDM is superior to TSM of the lowest

order used here from view points of convergence and computing efficiency. The accuracy

of TSM could be improved by using a symmetric formula in the approximation (12) [5, 8].

This technique, however, increases computational cost.

The pattern of the distribution function of an electron in the stadium-shaped domain

suggests the quantum chaos. The magnetic field has a tendency to suppress the chaotic

motion of the electron.
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Abstract

The Lienard-Wiechert potentials can be derived from its superpotentials. Then a special kind of the
superpotentials have a clear physical meaning as the source particle coordinates. It was shown that, to
use the concept of the Lienard-Wiechert superpotentials, the charged particle trajectory can be esti-
mated from the electromagnetic fields produced by the moving particle. In that work, the main inter-
est was to show the possibility of the source particle trajectory estimation, so some ideal situations
were assumed there, for example exact field value measurement, single point source particle, etc. For
these assumptions, this paper discusses influence of measurement error and source particle bunching
in the estimation procedure. The consideration is done by a numerical method because the time
domain measurements of the electromagnetic radiation fields are still very difficult technology. It is
found that the estimation method is tough for the measurement error but seriously affected from par-
ticle bunching.

Keywords : Lienard-Wiechert potentials, superpotentials, trajectory estimation

INTRODUCTION

One of the authors introduced a concept of the Lienard-Wiechert superpotentials which was de-
rived from consideration on the particle retarded time and positions [1]. Then, the superpotentials had
a clear physical meaning as the source particle coordinates. After that it was also shown that, to use
the concept of the Lienard-Wiechert superpotentials, the charged particle trajectory can be estimated
from the electromagnetic fields produced by the moving particle [2][3]. In that work, the main interest
was to show the possibility of the source particle trajectory estimation, so some ideal situations were
assumed there, for example exact field value measurement, single point source particle, etc. To recon-
sider these assumptions, this paper discusses influence of measurement error and source particle bunch-
ing in the estimation procedure. The consideration is done by a numerical method because the time
domain measurements of the electromagnetic radiation fields are still very difficult technology.
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CONCEPT OF LIENARD-WIECHERT SUPERPOTENTIALS AND ELECTRON TRAJEC-
TORY ESTIMATION

Electromagnetic fields produced by moving charged particles are described by the Lienard-Wiechert
potentials.

e 1

O R(tr) - ^ ' ^ (1)
c

A ( U ) = e V < U

(2)

c is the velocity of the light, £ 0 is the dielectric constant, v(t) is the particle velocity and R(t) = x - y(t)
is the displacement vector from a source particle position y(t) to an observation point x . All the value
of the right hand side are evaluated at the retarded time t, which is defined by,

- y(tr)|
(3)

c
Accordingly, the retarded time tr is a function of the observation coordinates t and x.

tr = tr(t, x) (4)
and the retarded position y(tr) as well (Fig.l). This causality relation contains essential characteristics
of the Lienard-Wiechert potentials, for example, complex spatial and frequency structures of the syn-
chrotron radiation are understood by appearance of the properties of this relation. Concerning on the
causality relation, a concept of the Lienard-Wiechert superpotentials is introduced as follows [1],

0

tr (t,x) = - 0 (t,x) (5)
ec
ec

n

• y(tr (t,x)) = — A (t,x) (6)
• denotes the D' Alembert operator. The retarded time and position are "potentials of the Lienard-
Wiechert potentials". Here one find analogy with the inhomogeneous wave equation for the scalar
and vector potentials in Eqs.(5) and (6),

X
• O (t, x )

R(tr) = x - y(tr) . • •

(tr, y(tr))

Fig. 1 Moving particle and retarded time
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• tr (t,x) =

DA(t,x) =

0

ec

e O c

(t,x)

J (t,x)

(7)

(8)

This analogy shows us a possibility of a charged particle trajectory estimation method from electro-
magnetic fields. To solve Eqs.(7) and (8) means to obtain the functions tr and y(tr) from tf> (t) and A(t)
and it is just estimation of the particle trajectory from the electromagnetic fields. This kind of estima-
tion is indeed possible but achieved in a slightly different way [2][3]. Firstly, we shall explicitly
express the function y(tr) by the observation coordinates t and x as follows,

r2K

y (t,x) =yn ( t ,x)
1 1
71 n=l n

sin t—CT — t o - dy(a) (9)
0

On the other hand, the Fourier expansion of for the electric field corresponding to this motion is

r2n

• ' I | x ~ y
i —-— sin n cot—a —co-1

n=l

E(t,x) = eco2 1 CO X

c Ixl
da

0
2K

sin

0

n cot—a—co
|x - y dy(a)

do
da

(10)

These two functions are also expressed in the following forms,
oo

y (\ v\ = V T t Y ^ - l - / Q (t \}

2 ,
E(t,x) = — eco

=l

(11)

(12)

where the vector function gn(t,x) are defined as follows,

g n (U) = sin

0

dy(o)
da

da (13)

If we ignore the first term of Eq.(l 1),

4jte 2

y ± (t,x) = y Q (t,x) E (t,x)E n (14)
eco" n=ln J

where y x is the perpendicular component of y to the normal vector x / Ixl and En denote the n-th
harmonic component of the function E ,

E(t,x) =
n=l

The relation (14) are obtained by comparison of each Fourier component of Eqs.(ll) and (12) (See
Fig.2). Then, y± is regarded as a projected trajectory of true 3D trajectory to a perpendicular plane to
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x / Ixl. Accordingly, if we observe the electric field on three axes at a distance, the Fourier components
of each observation data give us the Fourier component of projections of the 3D particle trajectory to
each coordinate planes (Fig.3). Therefore, the projected trajectories to the coordinate planes are cal-
culated summarizing up all the Fourier components and 3D true trajectory can be reconstructed from
the projected trajectories. Consequently, we get the particle trajectory estimation method based on the
concept of the Lienard-Wiechert superpotentials. (To do the concrete trajectory estimation, some
more data processing are required, cf. the treatment of the first term of Eq.(ll) (see Ref.[2][3] for the
details).)

DISCUSSION ON PRACTICAL SITUATION AND NUMERICAL SIMULATION

In the above trajectory estimation procedure, some ideal situations are assumed, especially
- exact electric far field measurement
- single charged particle motion

To make the estimation scheme approach to practical one, the following modifications are required for
the measurement data

E (t,x) -> E (t,x) + e (t,x) (16)

E (t,x) (17)

where e(t,x) is random measurement error which is much smaller than E(t,x) and E'(t,x) is the electric
field produced by i-th particle. For the modification (16), Eq.(15) becomes

E(t,x) = XE
n(t,x) + Ee

n(t'x) (18)
n=l n=l

Then it can be predicted that most of components of en(t,x) are concentrated to comparably higher n
because of the random function. Accordingly, we can expect that the measurement error will not
seriously affect to the estimated trajectory. On the other hand, if the charged particles have the Gaussian
bunch distribution, the superposed electric field (17) loses the higher harmonics components compar-
ing with the wave length equal to the bunch length.

n c

E (t,x) = £El(t,x) = £ E
i=l n=l

(g . JL) JL
6n Ixl Ixl

Ixl

Fig.2 Vector function gn(t,x) and projection
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where nc is roughly defined as nc co = 1 / a ( to is fundamental frequency of the particle motion, o
is bunch length ). This means that a large amount of information may be lost from the superposed
field. The above considerations are also confirmed by numerical simulations. The figures 4(a) and (b)
are estimated and original trajectory for circular motion with the ideal situation and Figs.5(a) and (b)
are for helically circulating motion. The velocity of the particle for all the cases is taken to be 95% of
the light velocity. On the other hand, Figs.6(a) and (b) are for circular motion with 3% and 1%
Gaussian random measurement error respectively and Figs.7(a) and (b) are for the helically circulat-
ing motion. And for the case of Gaussian bunch particles, the estimation is was impossible even for
the bunch length = 0.1 % of the total trajectory path. The projected trajectories are in Figs.8. One find
inconsistency between the projected trajectories.

SUMMARY

This paper has discussed influence of measurement error and source particle bunching in an particle
trajectory estimation procedure based on the Lienard-Wiechert superpotentials. It is found that the
estimation method is tough for the measurement error but seriously affected from particle bunching.
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Fig.4(a) Estimated trajectory for circular motion with ideal situation
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Fig.5(a) Estimated trajectory for helically circulating motion with ideal situation
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Fig.6(a) Estimated trajectory for circular motion with 3% Gaussian random measurement error
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Fig.6(b) Estimated trajectory for circular motion with 1% Gaussian random measurement error
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Fig.7(a) Estimated trajectory for helically circulating motion with 3% Gaussian random measurement error
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Fig.7(b) Estimated trajectory for helically circulating motion with 1% Gaussian random measurement error
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Abstract
In the present study, we analyze the nonlinear qualitative structure of asymptotic nu-

merical solutions calculated by solving the Navier-Stokes equations directly. Some kinds
of finite difference schemes are applied to the incompressible Navier-Stokes equations. Ex-
plicit method and the well-known marker-and-cell(MAC) method are used. The model
adopted in the present study is the flow around two-dimensional circular cylinder. The
dependence of the temporal discretization parameter, At, and the dependence of 4th order
artificial viscosity terms on structure of asymptotic numerical solutions are discussed. Non-
linear dynamics approaches are utilized in order to analyze the structure in detail. For the
nonlinear dynamics approaches, time series of the drag coefficients are used. The attrac-
tors are reconstructed and classified into several types and the stability of each attractors
are compared on the basis of several computational conditions.

K e y Words: Numerical simulation, Unsteady incompressible flow, Nonlinear dynamics

1 Introduction

In this paper we want to analyze the characteristic behavior of quasi-steady state
numerical solutions of the Navier-Stokes equations by utilizing the nonlinear dynamics
approaches such as bifurcation diagram and so on. In the recent physical literature, there
are numerous references about the computed chaotic behavior. However, chaotic solutions,
even when true solutions of the original differential equation approach limit cycles or fixed
points, are often obtained as a consequence of the omission of the local discretization errors
in the transfer from the continuous differential equations to their discretized counterparts.
They are often called spurious solutions or ghost solutions.1"9^ We investigated typical
features of stable and unstable spurious asymptotes (periodic points, limit cycles, tori and
chaotic motions) which are given by the discretizing some type of fundamental nonlin-
ear differential equations, one- and two-dimensional Burgers' equations and the Lorenz
equations.8"9^ In those reports, we studied the characteristic behavior of the asymptotic
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numerical sohitions of those nonlinear differential equations. In particular, we discussed the
dependence of initial data and boundary conditions on the nonlinear instability. Though
the structure of solutions becomes simple as the dimension of discrete dynamical system
which corresponds to the number of spatial grid points increases, the spurious solutions
appear in all of those cases. Even if we adopt the more accurate scheme, e.g. high-order
Runge-Kutta scheme, the appearance of ghost solutions may be inevitable. As described
above, the structure of the numerical solution is often complicated in the cases of scalar
equations by the nonlinear instabilities even below the linear stability limit. By the way,
how about the structure of the asymptotic numerical solution in the case of the system
of fluid equations? Recent development of supercomputer has made it possible to cal-
culate the complicated unsteady flow fields. Though direct numerical simulation results
concerning the complicated unsteady flow structure, "numerical turbulence", are reported
in many references, it has not been left unknown whethere this "numerical turbulence"
corresponds to the true solutions of the original fluid equations or not. The correctness of
the computed results are evaluated from the view point of comparison with experimental
studies or physical intuition of researchers. In many cases, computed results are discussed
by using the flow visualization technique, comparing the averaged Cp(Cd(drag coefficient),
Ci(lift coefficient)) values with experimental data, calculating some statistical quantities
and so on. Though these methods are usuful to discuss the simultaneous and global struc-
ture of the computed flow fields, most of those methods are not so effective that we can
not elucidate their clear unsteady characteristics in detail. It is no doubt that most of
the fruitful results by large computations are left untouched without adequate analyses
in many cases. In this paper, we apply the nonlinear dynamics approaches which were
used in the case of simple cases to analyses of the unsteady structure of numerical results
of direct simulations of the practical fluid motions. Generally speaking, these analyses of
the nonlinear structure are equivalent to studies of instability of dynamical system. In
the present study, we adopted the flow around the circular cylinder as the simple model
and discussed the difference of the structure in some cases of the low and high 4th order
artificial viscosity terms. Furthermore, we try to analyze the dependence of the grid points
on the calculation results of practical systems.

On the other hand, researchers in the field of computational fluid dynamics select
the suitable scheme in order to get the physically reasonable results from many kinds of
numerical schemes, e.g. incompressible and compressible ones, explicit and implicit ones
and so on. The most popular schemes are some kinds of upwind schemes which stabilize the
system. In our previous reports, we also discuss the dependence of some upwind schemes on
the nonlinear structure of the asymptotic numerical solutions.9^ In the case of the upwind
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spatial discretization, no spurious numerical solution appeared in some cases. However,
we got, many types of complicated spurious solutions in some other cases even when we
used the high-order accurate upwind schemes. As for the practical computation of fluid
motion, high order accurate upwind schemes usually applied and the reasonable solutions
have been given. In some studies, the bifurcation scenario and the chaotic behaviour have
been reported. In particular, Pullium et al. studied the nonlinear dynamical structure of
the physical variable such as the velocity component in the subsonic flow around the airfoil
by using the compressible scheme.10) In that paper, they not only showed the bifurcation
sequence but also evaluated the effect of the grid refinement and some numerical schemes.
The main purposes of our paper are the comparison of influences of the schemes on the
qualitative structure and to clarify dependence of the amplitude of 4th order artificial
viscosity term on the asymptotic numerical solutions in the practical computation of fluid
motion.

The numerical schemes used in the present paper, the incompressible one, are ex-
pressed briefly in Section 2. Other conditions of computations such as the grid systems,
boundary conditions and so on are also discribed. In Section 3, the dependence of the am-
plitude of 4th order artificial viscosity term and grid points on the asymptotic numerical
solutions are discussed. Furthermore, we evaluated the dimension of the attractors which
are reconstructed from the time series of the Cd data and make the quatitative differences
of the attractors clear.

2 Basic Equation and Numerical Algorithm

2.1 The incompressible Navier-Stokes equation
The non-dimensional governing the incompressible Navier-Stokes equations and the

continuity equation are given as follows:

divV = 0 , ....(1)
dV 1
— + (V-grad)V =-gradp + — AV , ....(2)

where V = (u,v), p and Re denote velocity vector, pressure and the Reynolds number,
respectively.

2.2 Numerical algorithm
The Poisson equation for pressure can be derived on the basis of marker-and-cell(MAC)

method.u)

Ap = -div(V- grad)V + R , ....(3)
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where

RR +
at Re

In the present study, we employed the generalized transformation of coordinates, (x, y)

(£,r/), then we get the transformed Poisson equation as follows:

j 2

+ XjVr, -

JAt ' "A '
where J is the Jacobian of transformation. The Poisson equation is solved using SOR
scheme. For the time marching of the Navier-Stokes equations, simple Euler forward
scheme and second order improved Euler scheme are considered. All spatial derivatives
except for those of the nonlinear convection terms are discretized by using the central
finite difference. For those of the convection terms, we considered parameter e in order to
discuss the effects of 4th-order artificial viscosity term,

,du _ fi(-ui+2 + 8ut_i - 8ui+1 + Mi_2)
1

/il (tti+2-

Eq. (5) is based on the third-order upwind schemes12). In the present paper in which the
two-dimensional generalized coordinates are used, e^ shows the parameter for ^-direction
and en for 77-direction, respectively.

2.3 Grid systems
The O-type grid systems are used in all cases. The body surface corresponds to K = 1,

the circle of which radius is equal to 1. Outer flow region corrsponds to K = KM AX, the
circle of which radius is set to from 30 to 35. The mesh points are strongly concentrated
in the boundary-layer and the minimum spacing normal to the surface of the body is set
to be less than ^ = or ;%=(fine grid case).

2.4 Boundary conditions
The boundary conditions on the body surface are as follows: The no-slip condition

is used for the velocity components. At the far boundaries, the free-stream values are

specified.
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3 Results and Discussion

The sampling period of the time series of Cd is from T(non-dimensional time)=400
to 500. In this period, we can regard the flow fields as the quasi-steady state. As it is
well-known from a lot of historical studies, the larger the Reynolds number becomes, the
more complicated the flow field becomes. At i?e=2000, the flow field is still periodic.
We compared several characteristics of structure of quasi-steady flow field on the basis of
nonliniear dynamics approaches such as the three-dimensional profiles of attractor which
are reconstructed from the time series of d data. We got some asymptotic solutions such
as limit cycles and so on for different parameter e. Figure 1 is the comparison of the
typical characteristics of structure of attractors given from the time series of Cd- We can
classify these asymptotic solutions on the casis of the qualitative features of reconstructed
attractors by using the nonlinear dynamics approaches. Figure 2 is the dynamic regimes
which shows the basin of asymptotic numerical solutions. In the cases of quite low e value,
the profile of time series of Cd becomes non-periodic and the structure of solutions looks
like the one which is often given in the calculations for the higher Reynolds number case.
Therefore, if we used the upwind scheme, there is possibility that we may get the ghost
solutions. From this figure, the region of each attractor looks to be separated. However,
it is shown these solutions depends on the initial condition sensitively. Figure 3 shows
the dynamic regimes of attractors which are given from the calculations from the different
initial data which have been given in other calculations. In this figure, attractors from
the different initial data are shown by different symbols. It can be seen that the types of
attractors sensitively change by using the different initial data. This result shows that the
stability of these numerical solutions are almost same and they coexist even in the same e

value case. When we performed the calculation under the hard condition of convergency for
the Poisson equation for pressure, we got other different types of attractors, Therefore, we
suppose that this fact of coexistence of the asymptotic solutions sensitively depends on the
degree of convergency of the Poisson equation for pressure. On the other hand, we studied
the influences of grid points. In the fine grid cases shown in figure 4, it becomes a little
hard to see these ghost structure. This shows that these characteristics sensitively depend
on the treatment of the bounday conditions. Characteristics of the flow fields can be easily
given by the contour plots of physical variables such as the pressure, velocity components,
vorticity and so on. However, clear differences between the some periodic motions can not
be found from these approaches. What we want to emphasize is that we can not realize
the unsteady spurious structure only from the instantaneous global structure of the flow
field. Therefore, in addition to the conventional approaches, we must use the nonlinear
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dynamics approaches in order to discuss the unsteady structure of asymptotic numerical

solutions.

4 Conclusions

The supercomputer and the development of visualization technique have made it pos-
sible to simulate the complicated phenomenon such as flow motions as if they were open
before our eyes actually. However, on the other hand, the strong nonlinearlity of the com-
putational discrete dynamical system still makes it difficult to make the computed results
reliable as shown in the appearance of the spurious numerical solutions. In the present
study, we showed the spurious numerical solutions appear not only in the cases of low-
dimensional simple nonlinear differential equations such as the Burgers' equation and so
on, but also appear in the multi-dimensional and system equations such as the flow equa-
tions. In order to discuss the reliability of their numerical solutions, since only the usual
methods used in the common analyses in the field of computational fluid dynamics is not
adequate, we need more effective methods to analyze the complicated unsteady structure
of the numerical solutions in detail. We proposed some nonlinear dynamics approaches
which are used in the fields of mathematics, theoretical and experimental physics and so
on. To study the characteristics of attractors which were constructed by the computed
time series of Ca at the quasi-steady state can not only make the differences of the un-
steady structure clear but also give us the important information about the convergence
speed to the steady state. We discussed the dependence of the 4th order artificial viscos-
ity terms on the structure of the numerical asymptotic solution. It is shown that some
strange phenomenon occur when we use the small e values. If the adequate convergence
condition of the Poisson equation of the pressure was not attained in each time step, we
may get the non-diverging numerical solutions which never appear actually. As described
above, we must pay much attention to the selection of suitable schemes and the descretized
parameters in order to the physically reasonable results.
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FEM-CSM Combined Method

for 2D Exterior Laplace Problem

USHIJIMA, Teruo
Department of Computer Science

and Information Mathematics
Faculty of Electro-Communications

The University of Electro-Communications

ABSTRACT

Consider the Poisson equation -Au = / in a planar exterior domain of a bounded domain O. Assume that
/ = 0 in the outside of a disk with sufficiently large diameter. The solution u is assumed to be bounded at
infinity. Discretizing the problem, we employ the finite element method (FEM, in short) inside the disc, and the
charge simulation method (CSM, in short) outside the disc. Results of mathematical analysis for this FEM-CSM
combined method are reported in this paper. The combined method is applicable to planar exterior reduced
wave equations. Our discretization procedure for the reduced wave equation is also described

Keywords: two dimensional exteior Laplace problem, finite element method, charge simulation method, FEM-
CSM combined method, reduced wave equation, Helmholtz equation, fundamental solution method, FEM-FSM
combined method.
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