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Abstract

This thesis presents measurements of the r vector (V) and axial-vector (A) hadronic: spectral
functions and phenomenological studies in the framework of quantum chromodynaiiiics (QCD).
The analysis is based on a data sample accumulated during the years 1991 1994 by the ALEPH
detector at the e+e~ collider LEP. In order to obtain the physical hadronic invariant mass spectra
(which determine the spectral functions), the spectra are unfolded from detector effects using
a new method based on an inversion of the regularized detector réponse matrix. Systematic
effects from the measurement procedure and the unfolding are studied and the corresponding
uncertainties are evaluated.

Using the hypothesis of conserved vector currents (CVC), the dominant two- and four-
pion vector spectral functions are compared to the corresponding cross sections from e^e"
annihilation. A combined fit of the pion form factor from r decays and e+e~ data is per-
formed using different parametrizations. The mass and the width of the /9±(770) and the
p°(770) are separately determined in order to extract possible isospin violating effects. The
mass and width differences are measured to be Mp±^77(^ — Mpo[77Q) = (0.0 ± 1.0) MeV/c2 and
r><770) - r> (770) = (0.1 ± 1.9) MeV/c2.

Several QCD chiral sum rules involving the difference (V.— A) of the spectral functions are
compared to their measurements. The Borel-transformed Das-Mathur-Okubo sum rule is used
to measure the pion polarizability to be C*E = (2.68 ± 0.91) x 10~4 fm3.

The T vector and axial-vector hadronic widths and certain spectral moments are exploited
to measure as and non-perturbative contributions at the r mass scale. The best, and experi-
mentally and theoretically most robust, determination of as(MT) is obtained from the inclusive
(V + A) fit that yields as(MT) = 0.348 ± 0.017 giving as(Mz) = 0.1211 ± 0.0021 after the
evolution to the mass of the Z boson. The approach of the Operator Product Expansion (OPE)
is tested experimentally by means of an evolution of the r hadronic width to masses smaller
than the r mass. Using the" difference (V — A) of the spectral functions allows one to directly
measure the dominant non-perturbative OPE dimension to be D = 6.9 ± 0.5.

As additional applications, the vector spectral functions are used to improve the preci-
sion of the experimental determination of the hadronic contribution to the anomalous mag-
netic moment of the muon a^ = (g — 2)/2 and to the running of the QED fine structure
constant «QED (M|) at the Z mass. They are found to be ajfd = (701.1 ± 9.4) x 10"10 and
Aahad(M|) = (281.7 ± 6.2) x l (r4 , where the latter leads to a~x{Ml) = 128.878 ± 0.085.

words: LEP Anomalous magnetic moment of the muon
ALEPH Fine structure constant
Tau lepton Strong interaction (QCD)
Unfolding Chiral sum rules
Spectral function Operator Product Expansion (OPE)
CVC Strong coupling constant
Pion form factor Running of n.s-
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Introduction

Since the discovery of the heavy lepton r through the observation of e-/i events originating
from r pairs [1], the study of r pair production and decays has evolved in many different
ways. The research was propelled by the prophetic paper of Y. S. Tsai [2], which antic-
ipated almost the whole range of physics of leptons that are heavy enough to decay into
hadrons. This property of the r is of particular interest, as it provides a new laboratory
to study the gauge theory of strong interactions (QCD) at an energy scale where non-
perturbative effects come into play. The subject, of this thesis is the analysis of hadronic
r decays measured during the years 1991 to 1994 by the ALEPH detector at the Large.
Electron-Positron Collider (LEP) at CERN.

The natural observables that give access to the inner structure of the hadronic r decays
are the so-called spectral functions. These essentially consist of the invariant mass spectra
of the hadronic final states, normalised to their respective branching ratios and corrected
for the T decay phase space and decay kinematics. As a consequence of the weak leptonic
decays occurring through the exchange of a maximal parity violating virtual W boson, the
r spectral functions have both vector and axial-vector contributions. Any difference in
the normalisation (branching ratios) or the shape between vector and axial-vector spectral
functions is necessarily generated by non-perturbative QCD as, e.g., long distance reso-
nance phenomena. Among those resonances the most prominent of are the well-known

• p(770) •--. vector --• and ai(1260) — axial-vector -•- mesons. For non-perturbative effects
to be studied, a clear experimental separation of the hadronic r decay channels into vector
and axial-vector states is necessary. Conceptional ambiguities and experimental problems
concerning this separation are discussed in detail in the framework of this work.

The r vector spectral functions have their counterparts in the low energy e+e~ annihi-
lation cross section into isovector hadronic final states allowing isospin invariance of the
hadronic currents (Conserved Vector Current property •-- CVC) to be tested. Extended
comparisons of the two- and four-pion final states, as well as the sum of all vector current
isovector final states, between r spectral functions and e+e~ cross sections are presented.
This includes a combined fit to the electromagnetic and weak pion form factors.

Several spectral function analyses have been already performed along these lines.
In 1987, the ARGUS Collaboration published the spectral function of the decay T~ —>
27r"7r"f7r°7/r [3]. The CLEO Collaboration compared the e+e~ results via CVC to the
corresponding invariant mass spectra of the r final states 2h~h+7r° and 3h~2h+7r° [4]. Re-
cently, the ALEPH Collaboration published a study of r decays into r] and UJ mesons [5],
in which the final states n"7r°>j and n~u) were found to be in good agreement with c+e
data.

The high precision of the new r data, in particular of the two-pion spectral function,
can be exploited to improve the determination of the hadronic contribution to the union
anomalous magnetic moment (g — 2)/( and to the running of the electromagnetic coupling
constant a at the mass of the Z boson. Both quantities are largely dominated by the un-
certainties of virtual quark-loop contributions, that are not calculable within perturbative



QCD. Reducing these uncertainties permits one to use the muonic (g — 2)^ (which can be
measured very accurately) in interesting tests of higher order electroweak interaction and
in the search for new physics. In the case of the running a, it is of crucial importance
to know precisely a(M%) as its uncertainty limits the logarithmic constraint on the mass
of the Higgs boson (obtained from an overall electroweak fit). Although not calculable
theoretically, the hadronic loop contributions can be obtained via dispersion relations
from an integral over experimental data, convoluted with the corresponding QED kernel
(unction. The resulting analysis using r and e+e~ data is.presented in this thesis.

QCD sum rules, involving the difference of vector and axial-vector spectral functions,
are calculable perturbatively in the framework of Chiral Perturbation Theory (ChPT)
where the masses of the light quarks u,d,s are neglected.' The most famous chiral sum
rules, like the Das-Mathur-Okubo [6], and the first and second Weinberg sum rules [7],
are examined using r data. Finite energy sum rule techniques are employed in order to
measure the polarisability of the pion.

Another important topic of Quantum Chromodynamics considered in this work is the
measurement of the running strong coupling constant, as, at the scale of the r mass.
Such measurements were carried out for the first, time time by ALEPH [8] and CLEO [9]
(see also [10]). Using the Operator Product Expansion (OPE) [11], a theoretical predic-
tion of the inclusive vector/axial-vector r hadronic width as a function of both as and
non-perturbative phenomenological operators has become available [12]. These operators
are part, of a power series in the mass of the r. They absorb unpredictable long-distance
effects and are determined experimentally [13]. In this thesis, the consistency of the OPE
ansatz and the stability of the as measurement are studied by comparing of the theoretical
prediction of the evolved r hadronic width obtained for masses smaller than the r mass
to the corresponding measurement.

This thesis is organised as follows: in Part I, the theoretical and phenomenological
basis of the r spectral function analysis is presented, including a brief description of the
T pair production and their decays in the framework of the Standard Model (SM) of elec-
troweak interactions, as well as general considerations of hadronic interactions. Part II
deals with the actual r spectral functions measurements, giving an overview of the mea-
surement facilities and of the selection and classification procedure of the r decays. A
comprehensive presentation is given of the unfolding method employed in this thesis. The
unfolding of detector effects is an important step of the analysis and requires particular
care. A detailed description of systematic effects affecting the measurements follows. In
Part III the applications of the measurements to the QCD phenomenology are presented:
the comparison of the vector spectral functions to e+e.~ cross sections, the measurement
f ((/ — 2)/t and o;(M|), as well as the QCD sum rule tests and the measurement of as(MT).of
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Chapter 1

Production of T Pairs at LEP and r
Decays

The present analysis is based on data from Z boson decays into r pairs. Due to the short
lifetime of the produced r's, they decay still inside the primary detector elements into
its leptonic and semileptonic final states. The following sections give a brief introduction
into the phenomenology of r pair production at LEP and their decays.

1.1 The Standard Model of e+e~-> T+T~ at q2 = Ml

The theory of electroweak interactions, in conjunction with the Quantum Chromodynani-
ics, the fundament of the Standard Model (SM), grounds on models which were developed
thirty years ago by S.L. Glashow, S. Weinberg and A. Salam [14]. It is based on the; unified
gauge symmetry SU{2) x f/(l), which is the smallest symmetry group to be invariant un-
der weak isospin and weak hypercharge transformations. The renormalisable electroweak
theory incorporates the massive gauge bosons \N±, Z which is achieved by spontaneously
breaking the local gauge symmetry. This so-called Higgs mechanism generates the masses
of the gauge bosons as well as those of leptons and quarks. It, requires the introduction
of at least one additional complex Higgs doublet. </>. The physical neutral Higgs scalar H
is the only remaining part of è after spontaneous symmetry breaking. Its mass is not
predicted by the model. Nevertheless, constraints on A^H ( ' a n be obtained from global
electroweak fits using all accessible experimental information to the S M in which the
mass of the Higgs boson intervenes logarithmically through higher order loops.

In the SM, the fields of matter are fermions organised in three hierarchic generations
of leptons and quarks with increasing masses. The r lepton as the heaviest lepton belongs
to the third generation. Left-handed fermions transform as weak isospin doublets under
SU(2). whereas right-handed fermions are singlets. The mass- and chargeless neutrinos
are always left-handed and couple to the weak gauge bosons. The quark mass eigenstat.es
(d, .s, b) are not the same as the weak eigenstates (r/', s', //). Both bases are related via. the
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unitary Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix [15]

\ f
s' = Vcd Vcs Vcb \\ s , (1.1)
b1 I \ Vld Vu j \ )

where by convention the three charge1 2/3 quarks (u, c, t) are unmixed.

The coupling of a fermion / to the weak bosons has the form

with the vector (V) and axial-vector (V) coupling constants Vf = //— 2Q^sin2(?w, a,f = / /
which read / / = 1/2 for ve,vtL1vT neutrinos and u,c,t quarks, 1% = —1/2 for e,/j,,r
neutrinos and d,s,b quarks in the neutral sector (Z). The coupling in the charged sector
(Wr±) is a maximal parity violating V - A coupling, i.e., the coupling constants read
Vf = (if = 1. The experimental value of the weak mixing angle depends on the electroweak
rcnormalisation scheme. In MS one obtains from the measurement of the leptonic and the
hadronic asymmetries the combined result sin20w = 0.23165 ±0.00024 (LEP and SLD (at
SLAG) data) [16] with a \2 = 12.8 for 6 degrees of freedom (d.o.f). For momenta small
compared to Mw (strong virtuality), the charged current coupling of a W to a fermion and
its isopartner gives rise to the effective four-fermion interaction with Gp/\/2 = g2/SM^,
with the. Fermi constant GF = 1.16639 x 10~5 GeV"2 [17], obtained from the accurate
measurement of the muon lifetime. Tin1 electroweak theory provides precise relations
between the masses of the gauge bosons and sin2#Wl given at tree level, e.g., by the
equivalent expressions

• sin 0w = 1 - -^TTT ,

sin

sin2(9w = -
4

Radiative corrections involving the running of ot(s) and electroweak loop contributions
affect these tree-level relations and renormalised couplings have to be introduced. It
is possible to a good approximation to keep the lowest order formulae in terms of the
renormalised couplings (the so-called improved Born approximation).

The total cross section Cff of the reaction e+e~-> Z —> / / at tree level is parametrised
by the Breit-Wigner resonance

Off =11 Ml \\ (s - Ml)2 + M2F2 ' y ' '

with the Z mass Mz = (91.1863 ± 0.0020) GoV/c2 and its width F z = (2.4946 ± 0.0027) GoV/r2.
taken from the combination of the fit results of all four LEP experiments [16]. At tree
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level and neglecting lepton masses, the partial width of the Z boson for the production of
lepton pairs is given by

C M3

r ^]LLiZ(2 + w2) = 83.4MeV/c2 . (1.3)r, = (a
67T\/2

It has been measured to be (assuming e-ji-r universality) F( = (83.91 ± 0.011) MeV/c2 [17]
to be compared to the tree level result (1.3) which is already a good approximation. The Z
hadronic decay width, precisely obtained from the measurement of the total leptonic width
(Thad + Oo t = Fz), receives a 4% contribution from-higher order quark loop corrections,
governed by perturbative QCD. The theoretical prediction can be used to extract a value
for os(Mz) (see Section 2.6 for more information).

The parity violating V — A type coupling of the neutral current gives rise to a forward-
backward asymmetry of the fermion anti-fermion cross section in forward (cos #poiar > 0)
and backward (cos 0poiar < 0) direction:

AÏS a(forward) — rr (backward) 3 ,
™ = ^forward) + a(backward) = 4 "' f ' ( }

where the r.h.s. holds for tree level only and Aj — 2a,fVj/(a2j + vj). The measurement of

A{/B determines sin2/?w

1.2 Properties of the r Lepton

The T lepton was discovered in 1975 by M. Perl et al. [1] using the MARK I detector at the
e+e~ collider SPEAR at SLAG. The e+e~—>T+T~ cross section behaviour and magnitude
showed consistency with the production of pointlike spin 1/2 Dirac particles. It was the
first evidence for a third generation of elementary fermions. Since then, the precision
in the measurements of its properties increased impetuously, drawing in part near the
three per mille limit of precision as, e.g., for the leptonic branching ratios and the r
lifetime. The most important properties and their measurements are briefly collected in
the following paragraphs.

1.2.1 The T Mass

The by far most precise measurement of the r mass is provided by the BES Collaboration
by means of a maximum likelihood fit of the e+e~—> T+T~ production cross section given
at threshold energies by

^ fi_ ( , B )

with ft = (1 -4M^/.s)1 /2 and Fr ~ 7ra/,#(l —exp(-7rr.v//?)) which is caused by the Coulomb
attraction between the r f and the r~ [18] (this produces a non-vanishing threshold cross
section of aT-\-T-{fi — 0) ~ 0.23 nb). The fit results in a r mass of [19]

MT = 1 7 7 6 . 9 6 + ^ + ^ MeV/r2 .



Another method, employed at higher energies for the first time by the ARGUS Col-
laboration [20], uses a kinematic reconstruction of the decay cone of three-prong hadronic
decays to constrain the r mass.

1.2.2 The r Lifetime

By virtue1 of the high resolution of their silicon vertex detectors, the LEP experiments
dominate the measurements of the r lifetime in the world average. All methods employed
use a reconstruction of the r decay vertex which, at LEP energy, is displaced by an average
of 2.2 mm from the T+T~ production vertex. Five different analyses have been performed
by the ALEPH Collaboration [21]:

the first uses the momentum-dependent impact parameter sum method (MIPS)
analyses 1-1 topology events in which the mean lifetime is extracted from the impact
parameter sum distribution. The impact parameter sum is essentially the distance
of the two daughter tracks at their points of closest approach to the beam axis.

In the impact parameter sum analysis (IPS) the daughter track directions are con-
sidered in addition to the impact parameter sum in the fit to the mean r lifetime.
The sphericity axis, calculated for each event from the charged and neutral decay
products is used as an estimate of the r production axis. As an advantage, the
uncertainty of the primary vertex position vanishes in the impact parameter sum
methods.

The impact parameter difference analysis (IPD) of 1-1 topology events uses a fit to
the difference between the impact parameters of positive and negative tracks as a
function of their acollinearity and polar angle. This method is somewhat comple-
mentary to the IPS methods used as it is independent from the impact parameter
resolution and the r flight direction.

The most classical approach is the decay length or vertex method (DL) in which
the lifetime of r 's decaying into three charged tracks is measured by means of a
constrained fit to the secondary vertex.

Finally, the three dimension impact parameter method exploits the three dimen-
sional space resolution of the vertex detector in conjunction with a complete kine-
matic reconstruction of the r flight direction. The method combines the advantages
of the IPS and IPD procedures and provides therefore the most competitive result.

All methods are still statistically limited. The combined results of 1991 to 1994 ALEPH
data yield the preliminary value1 of

rT = (291.2 ± 2.0 ± 1.2) fs .

The combination of the results presented at the Fourth International Workshop on Tau
Lepton Physics (TAU'96), Colorado 1990. gives [22]

rT = (290.2 ± 1.2) fs . (1.6)

12



1.2.3 The T Branching Ratios

A crucial point of the spectral function analysis is a good knowledge of the branching
fractions of the exclusive r decays modes. Their measurement requires the identification
of a charged track in (essentially) one-prong decays as an electron, muon or hadron. The
further classification of hadronic channels is based on the number of reconstructed charged
and neutral hadrons, as well as the determination of the pion and kaon fraction in charged
tracks. The analysis techniques used for the ALEPH measurements of the leptonic [23]
and hadronic [24] branching ratios and for the measurement of the r spectral functions
are essentially the same and will be presented in detail in Part II of this work.

The combined result of the measurements of leptonic branching ratios presented at
the TAU'96 workshop are1

B{T - ->• crûeyT) = (17.786 ±0.072)% (1.7)

B{T~ -» \CviLvT) = (17.317 ±0.078)% (1.8)

with a clear evidence of a smaller branching ratio for the heavier muon due to phase space
suppression:

B^T-^JMJ^T) = 0 _ 9 7 3 6 ± Q.0059. (1.9)
13(T~ -> erveuT)

The Standard Model predicts for the total width of the B{r~ —> £~i?ei/r) decay, including
electroweak radiative corrections [25],

with f(y) = 1 - 8y + 8?/1 - Uy2lny. This yields

- ^ H T ~* ll VpjVr\ = 0.972565 ± 0.000009 , (1.11)

in agreement with (1.9).

1.2.4 Universality Between the Lepton Families

The hypothesis ote-fi-r universality of the electroweak interaction relates masses, lifetimes
and branching ratios between the leptons. Any deviation from universality would be direct,
evidence for new physics beyond the Standard Model. The ratios of ePe and \ivn couplings
fJc'"'- f)'/1' t° thp W boson follow from comparisons of r branching ratios to e and //. and
from the ratio of pion decay branching fractions. The two comparisons probe separately
the couplings to transverse {JT.\.,,r = 1) or longitudinal (J^ = 0) W's. R.ecent results for
the respective^ ratios arc1 [22]

7'

^ = 1.0008 ± 0.0028 ,

'Throughout this thesis, charge conjugate states are implied.
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Figure 1.1: Universality relation between rT and the electronic and rnuonic branching
ratios (shaded band). The points show the corresponding measurements.

% = 1.0012 ± 0.0015 ,

9±
si:

= 1.0003 ±0.0029

= 1.0067 ± 0.0064 ,

all in agreement with universality. The assumption of universality can be used to im-
prove significantly the precision of the B(T~ —» erDcuT) branching ratio. Using the
relations (1.11) and

* (1.12)TTv r r> (1632.1 ± 1.4) fs

where1 the error comes from the uncertainty on MT with the previously quoted values
hv D{T~ —> jj,~ï>tlvT) and rT, one obtains for the electron branching ratio with universality

e ueuT) (17.789 ±0.043)%. , (1.13)

with ;\-2/d.o.f. = 0.06/2. Fig. 1.1 shows the r lifetime versus the electronic. (Be) and
muonic (Bp(ml), "ml" means massless: J3/t(ml) = J3/t/0.9725 .. .) branching ratios as well
as the weighted average of both (assuming universality). The shaded band depicts the
universality relation (1.12) whore the uncertainty stems from the error on MT.

A test, of charged lepton universality in the neutral current sector is provided by the
measurement of the angular asymmetries in Z -> £+f~ decays. The combination of LEP
and SLD data yields for the ratios of the respective vector and axial-vector couplings to
the Z boson

^ = 0.935 ± 0.085 .
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— = 0.959 ± 0.046 ,
ve

^ = 0.9993 ± 0.0017 ,
ae

— = 1.0000 ±0.0019,
ae

as in the charged current sector, in agreement with universality. The good precision of
the vT/ve ratio compared to v,Jve is provided by the measurement of the final state
polarisation which is only possible for the unstable r lepton (see following section).

1.2.5 The r Polarisation

Another effect of the parity violating neutral current (besides the forward-backward asym-
metry) is the fact that the fermions produced in Z decays have a non-zero average helicity.
The amount of this asymmetry, the polarisation P, depends on the polar angle of the lep-
ton flight direction, i.e., is forward-backward asymmetric. Both, the polarisation and its
forward-backward asymmetry are related to A{/B and serve therefore as additional sensi-
tive sources to measure the weak mixing angle sin2#w At LEP there is no experimental
access to the helicity states of the "stable" e and // pairs. However, in the r case, the
helicity information is contained in the energies and momenta of the r decay products
so that their reconstruction permits the inference of the original r spin. Newer analyses
of the r polarisation use so-called optimal observables [26] with highest possible sensitiv-
ity on the basis of a complete kinematic reconstruction of the r rest frame, taking into
account the correlation between the r hemispheres [27], and the corresponding r decay
matrix element. The combination of all LEP results for the r polarisation on the Z peak
yields [16]

PT = (-14.01 ±0.67)% .

1.2.6 CP Violation

The existence of CP violation in the neutral kaon sector, discovered by Christenson et
o,l. [28], has been an experimental fact for a long time. It is introduced into the Standard
Model by complex Yukawa couplings which generate a non-vanishing phase in the unitary
CKM mixing matrix. On the other hand, any CP violation in the leptonic sector would
as non-zero neutrino masses signify new physics. The authors of Ref. [29] suggested a
model independent ansatz to extend the SM Lagrangian by an effective CP violating
term, where the strength of this new coupling is governed by a q2 dependent complex
form factor, called the weak dipole moment à!" in the case of e+e~-^ T+T~ production at
q2 =M%. CP violation is measured at LEP using CP-odd observables which mean values
are proportional to the CP violation generating weak dipole moment. The existence
of the additional coupling influences the spin-momentum correlation of the r pair and
can therefore only be measured in the r sector when; the r spin can be reconstructed
through the measurement of its decays. Equivalent to the polarisation measurement, the
phenornenological knowledge of the CP violating T+T~ production matrix as well as the
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dynamics of the r decays considered allows the development of optimal observables, which
depend on the respective r final state [30]. The combination of recent LEP results yields
the upper limits [31]

|Re« ' ) l < 3.6x 10~18 ecm ,

| Im«") | < 1.1 x 10"J7 ft cm ,

K"| < 1.2 x 10"17 ecm ,

at, 95% confidence level (CL). Optimistic theoretical expectations of \d™\ from multi-
Higgs models, supersymmetry or massive Majorana neutrinos reach the level of a few
times H)"20 ecm, while lepto-quark models might generate a weak dipole moment of up
to 3 x 10- l9 ecm [31].

1.2.7 The Lorentz Structure of the Charged Currents

The Standard Model presupposes a pure V — A structure of the charged current propagated
by the W boson. A general coupling ansatz which involves additional V, A, V + A
and scalar (S), pseudoscalar (P) and tensor (T) couplings is proposed by Bouchiat and
Michel [32]. The linear independent basis of this representation are the so-called Michel
parameters in which the differential leptonic decay width of the r has the form

dT(T- ->£-pft/r) , 2 r , . (A rnj \ m, 1 - x •

rTCcos0e [l - x + 25 (J.T - l ) ] } • (1-Î4)

Here, 6g is the angle between the r spin and the momentum of the lepton, 0 = P(/E?,
x — E(/u and w = (M% + mf)/2MT . The SM values for the Michel parameters are:
p = S = 3/4. // = 0 and £ = 1. For example, the parameter p would be 3/8 for pure V or
A and zero in the case of a right-handed V + A coupling at, the r-i/ r-W vertex. Precise
recent experimental results from the CLEO Collaboration are (universality assumed) [33]

pKill = 0.735 ± 0.0013 ± 0.008 ,

Ve,ti = -0.015 ± 0.061 ± 0.065 ,

ie4, = 1.007 ±0.040,

t = 0.745 ± 0.026 ,

all in agreement with the SM. The values for £e-/1 and {^8)(%l, are preliminary and given
with statistical errors only.

1.2.8 The r Neutrino

The r neutrino vT is the only elementary fermion of the Standard Model which has not
been discovered yet. Efforts towards its detection are presently undertaken by the CHO-
RUS [34] and NOMAD [35] Collaborations at CERN who at tempt to tag ;/T's (by means
of a r signal) originating from //,, —» uT oscillations which occur if the neutrino masses are
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non-zero. This phenomena is equivalent to the mixing of massive quarks, described by
the CKM mixing matrix.

Although the uT has not directly been detected, it influences significantly the kine-
matic of T decays and the r branching itself. The energy-momentum conservation of
r(k) —> X(px) + v{p») reads k — px + pv or its square M2 — m\ + rnf, + 2EXEU —
2|7JA"||PI<K'OS#A> • The existence of an invisible light particle (missing energy but small
missing mass) can then readily be inferred, e.g., from the Ex spectrum. But could this
invisible particle not be an electron or muon neutrino ? In such a case one would assume
thai; the r itself is of electron or muon type, e.g., an excited state of those, which certainly
would cause transitions like r —> ej and r —> /17, respectively, without missing energy.
It would furthermore yield a breakdown of the universality relation between MT. Bc, B,,.
and TT. In fact, universality between all lepton couplings is the evidence for a. left-handed
T, vT isospin doublet.

Up to now, all observations carried out (including the Z width consistent with Nv = 3
{Nv = 2.989 ±0.012 [16])) support the existence of a light (or massless), exclusively weak
interacting, left-handed particle of a third generation, i.e., different from ue and //,,: the
T neutrino vT.

The indirect kinematic evidence for its existence is exploited by the experiments to
constrain the neutrino mass MVT. The sensitivity of such constraint fits increases with the
amount of kinematical information used. It is good for high-multiplicity hadronic final
states and worse in the leptonic decay modes due to the additional \>t which gets lost.
Several reconstruction methods have been applied by different collaborations all dealing
with the three or five-prong r final states. No evidence for a non-zero mass has been
found. The following limits are given at 95% confidence level:

CLEO, OPAL and ALEPH used a two-dimensional likelihood fit to the energy and
the invariant mass of the r~ —>• (5h)~ vr final state (ALEPH: r " —>• (51I)~(TT0) VT).

They obtained the results: CLEO MI/T < 32.C MeV/c2 [36], OPAL (1992 data)
M,^ < 74 MeV/r2 [37] and ALEPH (1991 93) MVT < 23.1 MeV/c2 [38].

OPAL used the correlation of the two r hemispheres (ideally, they are emitted
back-to-back) to infer an upper limit for M,,T requiring three-prong candidates in
both cones. They found M,,T < 35.3 MeV/r2 [39]. An improvement of this method
using an optimal exploitation of the available kinematic information is presented in
Ref. [40].

DELPHI used a fit to the invariant, mass spectrum of the T~ —>• (3TT)~ vr decay which
is dominated by the a, (1260) resonance. They obtained MVT < 29.3 MeV/V2 [41].

In a second analysis ALEPH applied the same method as for the (5h) (TT0)//,
final states on r —> (3TT)" VT decays which occur much more frequently (about
a factor of 100) but is less sensitive1 to M,,T. The upper limit is found to be
MVT < 25.7 MeV/r:2 [42].

The best limit is derived from a combined likelihood of both • ALEPH measurements
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taking into account the correlations between systematic errors [42]:

M,,T < 18.2 MeV/r:2 ,

at 95% confidence level.

1.3 Hadronic r Decays and CVC

The T is the only lepton of the three1 known generations heavy enough to decay into
hadrons. The very clean conditions at LEP energies, where the Z—>qq background is
easy to separate due to the high multiplicity of its final states, render hadronic r decays
an ideal laboratory for studying the hadronic charged currents and QCD.

In analogy to purely leptonic r decays, the invariant amplitude for the hadronic
(semileptonic) decays can be written in form of a current-current interaction

/"> ^
M(T~ -> hadrons~vr) = —\V\LJ11 , (1.15)

V2

with the corresponding non-strange or strange CKM matrix element |V|. llt describes the
V - A current

I,,, = 'V7,,(l-75)r . (1.16)

The hadronic transition current J;i is the piece of interest here. It probes the matrix
clement of the left handed charged current between the vacuum and the hadronic final
state. Restricting to a V - A structure, one can write [43]

,lp. = (hadrons|\^(0)-^.(0)|0) . (1.17)

With a non-strange current, hadronic systems of spin-parity Jp = 0~,0+, 1~, 1+ can be
produced. The differential r hadronic width can be expressed in the general ansatz [44]

dT(T~ -> hadrons 'ur) = —~\V\2L,lt/H'w rfPS . (1.18)
4MT

with the leptonic (hadronic) tensor Lfll/ (H^) and the Lorentz invariant phase space el-
ement dPS. Seen from the hadronic rest system, the tensor product simplifies to a sum
over so-called structure functions and kinematic factors [44].

For the most simple hadronic decay modes r —>h~ vT (h= TT, K), the structure func-
tions reduce to ^-functions. Including short distance electroweak radiative corrections to
the one loop level and non-logarithmic terms, and integrating over the r phase space, its
decay width is given by [25, 45]

(1.19)

with the pion decay constant,2 fn — (92.4 ± 0.26) MeV [17] measunid in the decays 7r" —>
//" v{l and ix~ —> /i~Dflj, the kaon decay constant /« = (113.0 ± 1.0) MeV [17] measured

2Tho. definition of fK and /K adopted hero differs from the our used in [17] by a factor of \[2.
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similarly in K —» //•"/>,,., //- ^,7 decays and the respective CKM matrix elements |V̂ fy =
0.9752 ± 0.0007 [17] and |V;w| = 0.221 ± 0.003 3, respectively. Using (1.13) and B(T" -»
TV~UT) = (11.23 ± 0.16)% [46], B(T~ -> K~vT) = (0.691 ±0.030)% [47], one obtains

ir~uT)
B(T

" —»

= 0.6313 ±0.0091 ,

- 0.0389 ± 0.0017 ,

(1.20)

(1.21)

compared to the ratio of (1.19) to (1.10) which gives 0.6280 (TT) and 0.0416 (K) in agree-
ment with (1.20) and (1.21).

1.3.1 Vector and Axial-Vector Spectral Functions

The quantum number corresponding to the (conserved) vector and axial-vector currents
is the so-called isotopic parity, the G-parity. It is a generalized multiplicative symmetry
of multi-pion systems under the successive operations C and R, where C conjugates the
charge and R rotates the system around the second axis in / = 1 isospace:

(G = CR) I ^ m2) = - C 73^1 +"r2)

7T3

- W T T , ~ MT2)

with 7rd: = (7T! ± in2)/\/2 and 7r° = n3. The measurement of the non-strange r vector
(axial-vector) current spectral functions requires the selection and identification of r de-
cay modes with a defined G-parity G = ± l (G = —1) and therefore hadronic channels with
an even (odd) number of neutral or charged pions (G is a multiplicative quantum num-
ber). In a neutral system, like in e+e~ annihilation, the G-parity is related to the isospin
/ of the final state via G = C( — I)1. Thus, owing to C7 = — 1, one has L^mr = 1 a n d
I(2n-\.)it = 0 for n = 1, 2, . . . . Isospin violating electromagnetic decays do not respect this
relation. A prominent candidate is the / = 0 decay UJ —» TT+TT'~ which occurs in 2.2%) of
all u> decays. Since hadronic final states of different G-parity differ also in JF quantum
numbers, there is no interference between these two states. Thus the total hadronic width
separates into r t o t — Ty + FA.

The isovector spectral function Wi,y- {(I\,A-) of a non-strange vector (axial-vector)
T decay channel V~~ vr (A~ vT) is obtained by dividing the normalised invariant mass-
squared distribution (l/N\,yA-)(dNy/A-/ds) for a given hadronic mass y/s by the appro-
priate kinematic factor:

B(T- ->• V-/A- vr)

6 I VU

x

B(T~ —> e~ vcvT)

d.Nv/A-
NV,A- ds

(1.22)

•'IJnif.arity of the CKM matrix requires V^d + V^s + V^h = 1. Estimating the u, 6-mixing to he smaller
than 0.005 (68%CL) [17] one obtains the value quoted for |VUS|.
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when; again \Vn(i\ = 0.9752 ± 0.0007 [17] denotes the CKM weak mixing matrix element
and »SKW = 1-0194 ± 0.0040 accounts for electroweak second order corrections [25] (see
next paragraph). The spectral functions are normalised by the ratio of the respective
vector/axial-vector branching fraction D(T" —» V~/A" ur) to the branching fraction of
the electron channel (1.13), the latter improved by universality assumption. Note that
this definition of the r spectral functions differs from the one used in [48] by an additional
factor 4TT'2.

With the definition of Eq. (1.22) the differential r decay rate into non-strange hadrons
reads [2]

(1.23)
which corresponds to the standard relation between hadronic width and branching ratio

GlM* B(r^ vr hadrons)
r(r-> i/T hadrons) = F I — -̂—— - ^ , (1.24)v ; 192TT3 B(T-> evevT) ' v ;

from TT = r~] .

1.3.2 Electroweak Radiative Corrections

The dominant contribution from electroweak radiative corrections to the hadronic decay
width comes from the short distance correction to the effective four-fermion coupling
T"~ —> (dfi)~ vT leading to the fractional logarithmic term (a{MT)/2in){A ln(Mz/MT) +
5/6) [45], which vanishes due to their integer charges in leptonic r decays. This short
distance correction can be absorbed into an overall multiplicative electroweak correction
,5iow introduced in Eq. (1.22). The resummation of higher-order electroweak logarithms
using the renormalisation group yields [12, 25]

(a(mb)f (a(Mw)f I a(Mz) f
OEVV = , , , v x —-, r- x , , , s = 1-U194 , (1.25)

\a{MT)J \ a(m) J \n(M) J
while remaining perturbative electroweak corrections are of order an(MT) \nn~1(M7j/MT)
which is safe to ignore. The subleading non-logarithmic short distance correction, cal-
culated to order 0{a) at quark level: 5(Y(MT)/12TC ~ 0.0010 [45] turns out to be small.
Additional long-distance corrections are expected to be final state dependent. They have
only been computed for the r~ —>7r" VT decay leading to a total radiative correction of
2.03% [49] which is dominated by the leading logarithm from the short distance con-
tribution. The experimental value of the ratio (1-20) shows good agreement with the
theoretical prediction obtained from the formulae given in Ref. ([25]). The evaluation
of (1.25) neglects radiative corrections from additional gluon exchange between the final
stale quarks.

To be safe [50], the uncertainty of SEW in (1.25) is estimated to be ASVAV = 0.0040.
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1.3.3 r Spectral Functions and CVC

Assuming unitarity and analytieity to hold, the spectral functions of hadronic r decays
are proportional to the imaginary part of the- two-point correlation (or: hadronic vacuum
polarisation) functions [12, 51]

= (-frq2+ g'Y)U%(g2) IçVnJfg2) (1.26)

of vector (U(j = V/j = Çj7''ç;) o r axial-vector (£//* = A1^ = qjj^jsqi) colour-singlet quark
currents in corresponding quantum states and for time-like momenta-squared q2 > 0. The
Lorentz decomposition is used in Eq. (1.26) to separate the correlator into its transverse

^ \(q2) and longitudinal Ylf i<{q2) parts. Thus, using the definition (1.22), one identifies11^ \,
for non-strange quark currents

i/ai(s) • (1-27)

Using Cauchy's integration formula, the analytic vacuum polarisation function U^!\q2)
obeys the dispersion relation

1 7 lmUiJHs)
- / ds ~- + subtractions . (1.28)
7T J S — ql

o
where the unknown but in general irrelevant subtraction constants can be removed by
taking the derivative of U{q2). The imaginary part Imll^^s) is proportional to the r
spectral functions or the hadronic cross section in e+e~ annihilation. The above disper-
sion relation allows one to connect experimentally measurable quantities to the correlation
functions n^;^(ç2) calculable with QCD techniques. This point will be rediscussed in more
detail in section 2.5.

The vacuum polarisation functions (1.26) for various types of quark currents ij are
crucial in the theoretical evaluation of total cross sections and decay widths. In an equiva-
lent consideration one can relate the cross section of e+e~ annihilation a(e+e~—)• V/=o,i) to
the imaginary part of the corresponding vacuum polarisation function (optical theorem),
where the photon propagator allows only vector final states here. Then, using isospin
rotation, the spectral function of a vector r decay mode X~ uT in a given isospin state for
the hadronic system is related to the e+e~ annihilation cross section of the corresponding
isovector final state Xn:

tâ^x*U) = ^vux-{s). . (1.29)

For the two-body hadronic final state X" = ir"ir° in r decays it is customary to introduce
a weak pion form factor F^=l to describe phenomenologieally the probability density of
the transition W~—>• 7r~7r°:
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where f^(s) = (1 - Ani^/s)1/'2 is the pion velocity in the hadronic centre of mass. The
weak pion form factor can be identified via CVC with the isovector electromagnetic form
factor, given by

which implies Eq.(1.29). In order to complete the formula package, one may relate the r
vector spectral function to the total hadronic cross section

_tot
R(s) = e+e-->hadrons ? ^ 33)

so that with cre+e-->/i+/j- = Aira2/3.s and Eq. (1.29) one obtains

R{s) - 3 x ux(s) . (1.33)

The above equations relate hadronic spectral functions from r decays to isovector
vacuum polarisation currents. For this purpose one has to worry whether the breakdown
of CVC due to chiral symmetry violating effects or electromagnetic vertex corrections has
non-negligible contributions within the present accuracy. A detailed discussion of this
point is given in Chapter 9, Section 9.1.

1.4 Classification of Many Pion Systems

Abraham Pais [52] introduced in 1960 a classification of A^-pions states with total isospin
/ = 0,1. The basis of isospin wave functions of the system belongs to irreducible repre-
sentations of the corresponding symmetry group which are characterized by three integer
quantum numbers (partitions of N) N\,N2,N3 obeying the relations

A", > N2 > N-j > 0 , (1.34)

iYj + N2 + N3 = N

Each state (N\, N2, N%) of a partition class {Ni, N2, A/3} is characterized by its symmetry
property under the exchange of some of the momenta. pa, • • • ,PN- Such a state is con-
structed with the help of a Young tableau. A construction prescription on how to obtain
specific classes from Young tableaux is given in R.ef. [53]. A brief review of the Pais
classification concerning explicitly r final states is presented in R.ef. [54].

The authors of R,ef [53] give a certain number of properties shared by all states of a
given class of partitions Ar,. Ar

2, N:i:

the total isospin /A?W of the A'-pion system is determined uniquely and

ii holds INn = 0 (INv — 1), if Ar, - N2 and N2 - Ar
:! are both even (odd).

States (;V|, N2, N%) are composed by N:i isoscalar subsystems of three pions. A'2 — /V:i

isovector subsystems of two pious and N] (isovector) single pious.
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N = 5
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9/35
0

0

0

Table 1.1: Decomposition of e+c annihilation and r final states in linear independent
classes using the Pais description [52]. The values given are explicitly cross sections a,nd
partial decay widths, respectively.

According to the CVC hypothesis, the amplitudes of r vector final states with an oven
number of pions are related to isovector amplitudes of e+e~ annihilation final states by
isospin rotation. Table 1.1 compiles the Pais classification for e+e~ annihilation and r
final states containing N = 2 , . . . , 6 pions. Most relations shown are taken from Ref. [54]
(see also Ref. [55]).

Upper Bounds for Unmeasured Final States

A very useful property of the rigorous isospin classification which is extensively used in
this thesis is the possibility to constrain cross sections (branching fractions) of unmeasured
c'c (r) final states from measured ones.

The approach used is always the same and will in the following be demonstrated
for the case of the fjvc-pion r final state where1 the n 4TT° I/T mode has indeed been
measured but its precision is rather weak. The world average for the branching ratio is
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B{T- -> 7r"47T° //r) = (0.12 ± 0.06)%) [17]. Using the decomposition of Tab. 1.1

(1.35)

(1.36)

(1.37)

one obtains two distinct upper limits for F^i^o from the assumption of dominant {500}
and {410} classes, respectively. Dominant Fs00 leads to the upper limits

r ^ w < -r5;r± , (1.38)
8
3,

24
35
8

35
3

35

Fr)()() H

I .r,oo H

I ^ I
1 500 ~\

2
" 5 r41° "

3
" ï ô 4l°

3

" 10 41°

2
5 ' i2° '

3
i + r l 320 + I 221

5

(1.39)
o

while a dominant F4i0 yields

IV4*" < ^F57r± , (1.40)

rw±4vr« < r37r±2ffo. (1.41)

Using the branching ratios given in Tab. 6.2 of Chapter 6, -B57r± = (0.066 ± 0.008)% and
#3**2*° = (0.43 ± 0.10)%, with Brm±/B;i7T±27ro = 0.15 ± 0.04, one can already exclude
a {410} dominance which predicts the ratio to be Brm±/B^±2n" = 4/3 . In fact, one
concludes from the decomposition (1.36) that the high B37r±27ro is created by a dominant
{221} contribution which should be largely saturated by the well known CJTT^TT0 interme-
diate state with Bwv-no = (0.38 ± 0.11)% of which 88.8% decay into 37r±27r°.

Using the "best",?'.<?., lowest upper limit, from Eqs. (1.38) and (1.40) which is r .̂±4wo <
|F57r± one obtains

Bn±^o < 0.054% ,

with 68% confidence level. As corresponding value one may take B^.4^0 = 0.027 ± 0.027,
providing a two times better accuracy than the measurement.
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Chapter 2

Hadronic r Decays and QCD

A decisive role in the construction of SM has been played by the expérimenta] studies of
inclusive processes, in particular e+e" annihilation into hadrons, and deep inelastic c-p
scattering. The discovery of scaling of deep inelastic structure functions [56] led to the
parton model [57]. Finally, the discovery of asymptotic freedom in non-abclian gauge
field models [58] together with the conception of spin 1/2, fractionally electric charged
elementary constituents of hadrons — quarks [59] with an additional quantum number
colour, interacting via 8 massless. non-abelian, i. a., self-interacting gauge bosons gluons
caused the creation of Quantum Chromodynamics (QCD) [60]. The existence of gluons
was first inferred from the observation of scaling violation in deep inelastic lepton-nueleon
scattering. In 1979, (radiative) gluons were directly observed in 3-jet final states of rHr
annihilation [61]. A historical review of QCD can be found, e.g., in R.ef. [62],

2.1 The QCD Lagrangian

QCD is a renormalisable quantum field theory based on the local SUc{3) colour symmetry
group, which implies the minimal locally gauge invariant Lagrangian density [63]

I

• '.<•• rabit on /-m r\v f~tu.\/-ib ric •".•> rabc e /-il*/-w t^id/~<e. / n 11

~ y . / {" Ga - O GJJCT^G, , - —./ , /^G f eG cG / tG / y , (2.1)

with the quark fields qj (six flavours: / = v,, d, $, c, b, t. and three colours: a = r, r/, b), the1

gluon fields G''L, the unique strong coupling constant gs and the 8 generator matrices of
,S7,Y;(3), /."•' (a = 1,. . . , 8) which obey the commutation relations [/.", th) = ifahrtr with the
real. tot,ally antisymm(>tric structure constants /"'":. The tensor G1"' = &'Gu

a - DIJG',' +
fj.JahrG'bGv

r gives the strength of the Yang-Mills fields [64]. The first lino in Eq. (2.1)
contains the kinetic terms for the respective fields; the colour interaction between quarks
and gluons is given by the second line and the third line describes the gluon-gluon inter-
action owing to the non-abelian character of the theory.
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Figure 2.1: Elementary vertices of QCD: (a) quark-gluon vertex, (h) triple gluon vertex,
and, (c) four-gluon vertex.

Figure 2.2: Gluon self-energy diagram corresponding to the correlator Eq. (2.5).

The above QCD Lagrangian leads to the three elementary vertices shown in Fig. 2.1.
The amplitudes for the qqG and GGG vertices —•• Figs. 2.1 (a) and (b) are linear in the
coupling gs, whereas the four-gluon vertex 2.1(c) is proportional to g^. The sum over the
possible colour combinations for final state partons yields the following colour factors:

Tr tatb = T,,Sah

ia0ifi~( — W''"r.v7

T> = -
2

Cr ~
2Nc

4

3

(2.2)

(2.3)

(2.4)

where the last identity on the r.h.s. accounts for SUc(Nc), Nc = 3. The colour factors
are the eigenvalues of the Casimir operators. They are proportional to the probabilities
of the transitions: G -> qq (TV), q --> qG {CF) and G -> GG (CA).

2.2 Renormalisation

QCD higher order graphs give rise to divergences which must be regularised. There are
two kind of divergences: one, the so-called ultraviolet, divergence is due to large integration
momenta as can easily be seen in the two-point correlation function [63] of the gluon self
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energy loop shown in Fig. 2.2:

é k Tr [7"fry"(*-;$]• (2.5)

which diverges as Jd^k/k2 = oo . The other one, the infrared divergence, is associated
with the small integration momenta in the massless limit. It has been conventional to
define the loop integrals through dimensional régularisation [65], where the four dimen-
sional space-time is replaced by D — 4 + 2e. The integration (2.5) can then be performed
and the solution is proportional to [63]

r 1 T

(2.6)

where 7E = 0.57722 is the Euler constant. The ultraviolet divergence of the loop appears
through the pole 1/e for D —» 4. Since q2 has a dimension, an arbitrary energy scale //2

is introduced on the r.h.s. of Eq. (2.6) in order to guarantee a dimensionless argument of
the logarithm, while of course the expression stays independent of/i. The correlator (2.5)
finally reads

l l ( q ) = — ± F \ — h TE — In47r -I- ln(—q a ) \-O(e)\ (2.7)
3 V 4TT J Le 3 J

where the limit e —» 0 defines the counterterms of the régularisation. After fixing U(q2)
at given reference energy q2 — A2 (for example through a measurement), one obtains the
regularised expression

ïl(q2) - E1(A2) - A-TF ( g - J In [Çj , (2.8)

which governs the evolution of Il(ç2). One may now split the self-energy contribution
into a meaningless divergent piece Y[((/j,

2) which does not depend on q2, and a finite term:
IT(ç2) = nÈ(//2) + E[/î(ç2///2) [63], where the choice of Uf(/j,

2) (the renormalisation scheme)
is ambiguous and depends on the specific problem. All formulae given in this work refer
to the modified minimal subtraction scheme (MS) [66], defined, e.g., for the diagram of
Fig. 2.2 by

(2.9)

37 • • {2-10)

The "modification" concerns the constant term 7K — In 4TT, which in the minimal subtrac-
tion scheme (MS) is kept in the finite term Un(q2/ft2).
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2.2.1 The Renormalisation Group Equations

hi a more general way, following the QED pattern, one can say that the subtraction of
divergences is equivalent to the renormalisation of the parameters coupling (a;., = g2jAi\),
quark mass (m,), etc, and fields in the original bare (superscript B) Lagrangian such as
of = fi.2(Zn^(y.s, m]? = Zmrnq, etc. The parameter (j? entered through the renormalisa-
tion and hence the unrenormalised quantities are independent of /U2. This leads to the
differential Renormalisation Group Equations (RGE)

da.

drnfj

= P(as)as = -
ITT

A
4TT 2

fh
647T:i 1287T4

mq
dfi

(2.11)

(2.12)

The solution of Eq. (2.11) including the three-loop level as an expansion of inverse powers
of In(/i2) reads in MS [17]

«,(/_/) =
4-7T

(2.13)

where1

PI = 51 - jnf ,

A = 2 8 5 7 - ^
325

-71, (2.14)

obtained from the calculation of the corresponding Feynman diagrams. The renormalisa-
tion scheme dependent dimensional parameter A^^ enters through the integration of the
differential equation (2.11). It is fixed by the starting conditions of the problem, e.g.,
a measurement of as(fi) at given scale //. Eq. (2.13) illustrates the asymptotic freedom
property of the non-abelian QCD: fi —> oo implies as —» 0. On the other hand, the value
of as(fi) diverges for fi -4 A^g- giving rise to non-perturbative quark confinement effects.
The evolution of as on the basis of the RGE including fourth order /?3 will be discussed
in the following paragraph.

As solution of Eq. (2.12) one obtains the running quark masses m,;(/i), expressed in
terms of the scale invariant parameter m? as follows [12]:

(2.15)
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with the 7,; coefficients

70 = 2
101

71 = - 6 -

72 = l[3747-(l92.3291 + ^ ) » , - ^ ] . (2,6)

2.2.2 The Evolution of aB(fi)

One major aim of the QCD analysis with r data is the precise measurement of as at the
scale M'l, However, in order to test the compatibility of the result one crucially relies
on the evolution as(MT)—w*.,(Mz) governed by the RGE (2.11). A difficulty arises
from the quark thresholds: as MS schemes employ mass-independent renormalisations,
the MS-renormalised QCD coupling as does not depend on a particular vertex function.
This simplifies the calculation of QCD corrections beyond the one-loop level. On the
other hand, decoupling of heavy quarks [67] is not manifest in each order of perturbation
theory [68]. A heavy quark decoupling is realized in so-called momentum-space dependent,
renormalisation schemes (MO). The R.GE in a MO scheme involves the scaling-function
/?MO = ft(a'si

m'i,a') which depends on the coupling o;'ç(/i), the quark masses rn'^/i) and a
gauge parameter a'(/j,) where the primes denotes the scheme dependence of the parameters.
Quark loop calculations in this scheme appear rather complicated, however, the mass
dependence of the /^-function provides a suppression of heavy-quark effects at scales much
smaller than the masses of these quarks, i.e., it decouples heavy quarks from light-particle
Green's function to each order in perturbation theory.

To obtain decoupling in MS schemes, one builds in the decoupling region, /J -C ?n,^'(//,).
where m^(/ / ) is the mass of the heavy-quark with flavour / , an effective field theory
that, behaves as if only light quarks up to flavour / — 1 were present. Matching conditions
connect the parameters of the low energy effective Lagrangian to the full theory. The
coupling constant of the effective theory can then be expressed as a power series of the
coupling constant of the full theory with coefficients that depend on x = In(mW(//)//;,).
Doing so one obtains for the matching of as and the light quark masses between the
"light" flavour / — 1 and the heavy-quark flavour / [69]x :

, (2-17)

mS'-V) = «i"w 1 + îHx 2 + f': + i ) p T ^ ) • (2-18)

There is no straightforward argument for the choice of the matching scale //. Keeping in
mind the consideration of quark loops makes the setting (i = 2m,t quite meaningful (see

'Then; is a (numerically insignificant.) misprint, in the original paper by Bernreuther and Wc-t.zel [69].
The coefficient, "7/72 r of (nv )2 in the matching condition between different, active flavours at, the quark
thresholds must, be "11/72" [70. 71].
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Figure 2.3: Evolution of typical ns(MT) = 0.350 ±0.015 to higher and lower energy scales
//.. The solid line depicts the numerical, solution including fourth order fi-function with,
error bars (dotted lines). The dashed-dotted line (almost identical with the dashed line)
shows the numerical solution to third order only, and, the dashed line is the result from
the analytical approximation.

the end of this paragraph for the discussion of the theoretical uncertainties related to this
ambiguity).

There exists two different approaches to solve the RGE (2.11). The first deals with
an analytical approximation of the exact solution to three loop order which leads to
Expression (2.13), whereas the second employs a numerical computation of the differential
equation using the CERNLIB routine DRKSTP based on Runge-Kutta integration [72]
which performs the evolution in infinitesimal steps. Pig. 2.3 depicts the two solutions as
a function of//, where both are fixed at //. = MT to (vs(MT) =0.35. Additionally showed
(solid line) is the numerical solution using the four-loop /'̂ -function

49753

50065 6472 ,

1078361 6508
162
1093

27

+ F29
(2 .19)
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with C,3 = 1.2020569..., recently calculated in Ref. [73]. The dotted lines show the errors
assuming a typical experimental uncertainty for as(MT) of 0.015. All curves are in very
good agreement. The difference between the third and fourth order numerical evolution
from MT to Mz assuming a:s(Mr) = 0.35 is a.,(Mz)3 .order- as(Mz)4.oTder = 0.00034 which
is negligible compared to typical experimental and theoretical uncertainties in the as(Mz)
determination of 0.0020-0.0060.

The major evolution uncertainty left steins from the scale ambiguity of the matching
of the quark flavours. The variation of the quark thresholds mc = 1.3.. .2.6 and m/, —
4.3 . . . 9.6 yields the systematic evolution error of

&evo[as{Mz) = 0.0010 . ' (2.20)

2.3 Perturbative and Non-Perturbative QCD

Due to the non-abelian character of QCD, the strong coupling constant as diverges at
very low energy: starting from the asymptotic side, i.e., at short distances and moving
to larger distances where confinement effects become important, asymptotic freedom
starts to break down and resonances emerge as a reflection of the fact that quarks and
gluons are permanently confined within hadrons. The breakdown of asymptotic freedom,
i.e., perturbative QCD, is signalled by the emergence of power corrections due to non-

' perturbative effects in the QCD vacuum. These are introduced via non-vanishing vacuum
expectation values originating from quark and gluon condensation

{mMi) , (-GG) . (2.21)
7T

A very prominent example of non-vanishing quark condensates is given by the physi-
cal states p (vector) and n/a\ (axial-vector). The vacuum polarization induced by the
corresponding vector and axial-vector currents is degenerated order by order in pertur-
bation theory (neglecting u, d quark masses which is a good approximation). From the
dimensional point of view, non-vanishing vacuum expectation values should lead to power
corrections compared to the logarithmic behaviour of perturbative contribution [74].

2.3-1 Operator Product Expansion (OPE)

It was the approach of the authors of Ref. [11] to use the OPE in ambivalent energy regions
where non-perturbative effects come into play but still perturbative QCD dominates. As
shown by the same authors, there exist critical dimensions, i.e., energies at which non-
perturbative effects cause OPE to break down. In r decays, one expects the energy scale
of the break down on its best at about 800 MeV where the p(770) resonance becomes
important.

The OPE of a two-point corelation function Fl'^(.s) takes the form [12]

} , (2-22)
^ S'

31

t.limO=D



- • - - + - - • - - « • - - + . . .

H • -

— - x((aJn)GG)

— - x(qir,qjqjr2qj) + etc.

- ~ x

Kigure 2.1: Diagrammatic présentation, of the vacuum polarisation for light quarks. The
first line, depicts the perturbative, series (up to first order in as shown), the second, (third,)
line awes th.e D — 4 (D = 6) no?i,-pertv,rbative contribution, separated in short-distance
(loops) and long-distance (vacuum expectation operators) pieces.

whore the. inner sum is over the operators of dimension D. The parameter // is arbitrary.
It. separates the long-distance non-perturbative effects, absorbed into the vacuum expec-
tation elements (O(n)), from the short-distance effects which are included in the Wilson
coefficient [75] C^'^s, /i). Since the operator (O(fi)) contains vacuum expectation values,
only those with spin zero (scalar) need to be considered: the operator of dimension D = 0
is the unit operator (perturbative series). Treating running quark masses as operators
classes them as dimension D = 2 operators of the form mi(/j,)7n.j(/j,). The first dynamical
operators the quark and the gluon condensates (2.21) appear at dimension D = 4. They
not depend on the separation scale //,. The dominant contribution to the dimension D = 6
operators carries non-trivial four-quark dynamical effects of the form ciT17?-r/j.F f̂//, where
I is the general current vertex determined by the respective quark current q,Yqr Addi-
tional contributions to D = G from a mixed quark-giuon condensate as well as a triple
gluon condensate are assumed to be small [12]. The strength of the dimension D — 8
lenu is poorly known as it involves a large number of operators. Some of its effects have
been studied in Ref. [76].

i'ig. 2. I depicts the diagrams for a two-point vacuum polarisation function for light
quarks [74]. The momentum transfer -~ql is large and all propagators in the diagrams
which represent the Wilson coefficients carry large momenta while the momenta of the
quark and the gluon contributions which disappear into the vacuum go to zero.
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2.3.2 The Borel Transformation of Correlators

In order to pick out the lowest resonance (ground state) in a particular channel one can
define moments of derivatives of the correlator n^((/2) [11]:

71.1 d{Q2)n

with Q2 = — q2. The disi)ersion relation (1.28) is used to obtain the second identity.
Inserting a narrow width resonance approximation parametrised through a 5 (s — M'f{)
function as corresponding spectral function into Imïï(J'(.s) and taking the ratios of adja-
cent moments yields for large derivatives n

^ (M2+O2)~l (2 24)

which gives the mass of the lowest resonance.

The use of the moments (2.23) is only valid for heavy quark systems where vacuum
condensates are negligible. Applied to light quark systems, higher non-perturbative di-
mensions come into play. The moments can still be used at large momentum scales Q2

where all corrections are small. The critical momentum scale of minimum Q2 increases
with the number of derivatives used, i.e., with the projection strength on the lowest res-
onance. In the limit Q2 —» oo, n —> oo and Q2jn = M2 fixed, the evaluation of the
moments is reliable. This corresponds to introducing the Borel transform (also called:
Laplace transform [77]) of the correlator îl^(Q2) with the Borel parameter M2 [11]:

Q2/?i = M2 , (2.25)

which improves OPE as it appears that an operator of dimension D is suppressed by a
factor l/(D/2 — 1)! [74]. Using again the dispersion relation (1.28), one obtains for the
Borel transformed correlator

I , (2.26)

where subtractions cancel in the derivatives.

The Borel transform of correlators is a powerful tool to improve the convergence (sat-
uration) of the integral (2.2G). This is of particular importance as experiments cover
only limited energy regions. The feasibility of QCD checks on the basis of finite energy
dispersion relations using spectral functions or e+e.~~ cross sections from the experiment
depends therefore crucially on the saturation of the dispersion integral. A second impor-
tant point, specifically related to r data, is the higher quality of r spectral functions at
lower mass-squared owing to the phase space suppression factor which limits statistics at
high masses. The Borel transformation improves significantly the precision of the mea-
surement of so-called chiral sum rules (see following section) which involve V — A spectral
functions from r decays.

33



2.4 Chiral Symmetry and QCD Sum Rules

In the limit of n.j massless quarks [in, — 0, i = u, d,...), the QCD Lagrangian (2.1)
possesses a global SUL(ÎI/) X SU;t(v.f) chiral symmetry between the left- and right-handed
quarks in flavour space. The associated Noether currents (from Noether's theorem: every
symmetry-transformation of a field theory implies a conserved current) are the vector
(V) and axial-vector (A1') quark currents [78]. The vector and axial-vector charges

Qv/A = [d3xV°/AQ(x) . (2.27;

are the generators of the symmetry group. For a state \(f>) which is symmetric under
SU(3),, x SU(3)n one then'must have [79]2

<0|/i;:(.*)4(y)|0) = (<IAv;:Xx)v*{yM M = , i , . . . , 8 ) , (2.28)

which requires that for every contribution on the r.h.s. of Eq. (2.28) (Jp = 0+ or 1~)
then1 exists a mass degenerate partner on the l.h.s. (Jp = 0" or 1+). However, chiral
symmetry which should be a good symmetry for the light u, d, s quarks is not observed
in the low energy hadronic spectra of e+e~ annihilation or r spectral functions. In order
to be consistent with this experimental fact, the chiral flavour group SU(3)L X SU(3)a
is assumed to be spontaneously broken by non-vanishing light quark masses down to
SU(3)i+it where the vacuum expectation values are symmetrical:

(mûu) = (mild) = (rnss) ^ 0. (2.29)

Goldstone's theorem states [80]: if a generator Ta of the symmetry group produces non-
zero vacuum expectation values, the physically state T"|0) (which must exist) is a massless
scalar, if T" is a vector charge; it is a massless pseudoscalar, if Ta is an axial-vector charge.

The spontaneously symmetry breaking of the axial charge generates an octet of mass-
less pseudoscalar mesons which is identified with the 8 lightest hadronic states: TT+, TT°,
7T"'. •;;, K + , K", K° and K°. In this case, the axial-vector current is non-conserved and its
divergence reads:

dtlA'tj = {m + m^qS-yrMj - (2-30)

associated with the decay constant //> of a pseudoscalar meson P with four momentum
7,,, defined as:

{()\d)tAi>\P) - y/ïfaml o r : ( 0 | ^ | P > = V2fPq". (2.31)

The non-vanishing physical masses of the pseudoscalars reflect the fact, that QCD is not
really a ehiral theory. True zero «, d, s (juark masses would generate massless pseudoscalar
mesons. Explicit mass formulae for the pseudoscalars can be deduced from Chiral Per-
turbation Theory (ChPT) which is. in principle, a perturbative expansion in powers of

'The cotis(>rv(!(l right- (R = \' + A) and lcifi.-liandod (L = \' - A) rum-tits undor Sf/(3)/. x Sl"(3)n
transfonn liko (8, I ) and (I , 8). rcspccl ivclv. If \<i>) is invariant then (<;)\RL\o) = 0 -±> {c6|T2 - A2\d>) = 0
which is Eq. (2.28).
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quark masses (for an introduction see, e.g., Ref. [81]). Such formulae carry direct propor-
tionalities to the quark masses (not including electromagnetic mass symmetry breaking):

2 , /o / (mu + ™,rf
\ms — \mu — r;

mf<± — r/?.,, -I- ///,,, ,

n £ ~ m. + » . + 4m. + O ( ( 7 + "* ) ' ) • (2.32)

There is no indication of spontaneously symmetry breaking of the vector charge (the
vector charge operators "annihilate" the vacuum): no light scalars have been found exper-
imentally, vector mesons can well be classified in degenerate multiplets which are SU(3)y
representations. The longitudinal part of the vector correlator in Eq. (1.26) then vanishes:

2.4.1 Spectral Sum Rules

Reducing chiral symmetry to the non-strange sector, i.e., SU(2)L x SU{2)R, one has the
two-point correlator [78]

= ( - / V + Q'Y) n%,ntf) + q'Y n%jR(q
2), (2.33)

where L'1 and Rfl are the left and right-handed quark currents

Ul = w.7"(l - J5)d , R" = û-f(l + 75)rf . (2.34)

With Eqs. (2.33), (2.34) and the correlators for vector and axial-vector currents (1.26)
one identifies

n££/,«fo) = nz,v(q) - nZ,M . (2.35)
The correlator îl'^d IR(q) vanishes in the chiral or in the asymptotic q2 —y oo limits (which
again implies the degeneracy of Eq. (2.28)). Using the dispersion relation (1.28) one
obtains the two famous Weinberg sum rules (WSR.) [7, 78] for u, d quark correlators from
the comparison of the ql'q" and the q2 terms in Eq. (2.33):

1. WSR : IdnIm [n%\s) - n™A(s) + n£>v(s) - ng^s)] = O ; (2.36)
b
00

2. WSR. : f d.s.shn \ïl{^v(s) - ^ ^ ( . s ) ! = 0 - (2.37)

'Thv. first WSR can l)e siinplifi(^l using the pion decay constant fv defined in Ecj. (2.31
which fixes the integral J('^' r/.s Iml'ljy^(.s) = f2, and the fact the longitudinal vector corre-
lator vanishes. When switching quark masses on, only the first WSR. remains valid while
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the second WSR breaks down duo to contributions from the difference of non-conserved
vector and axial-vector currents of order m^/s, leading to a quadratic divergence of the
integral [77]. However, convergence can be recovered by considering a Borel transformed
version of the second WSR. whore the result is expressed as a function of the Borel param-
eter M2 and the u, d running quark masses at scale M2 and quark condensates in powers
of l/A/°, I/A/2. . . . [77. 11, 82].

Assuming narrow-width approximation for the resonances and a saturation of the cor-
responding vector, axial-vector spectral functions by the n, p(770) and a,\ (1260), Weinberg
deduced from his sum rules the mass formula [7]

MaJMp ~ 1.41 , (2.38)

which is not so bad compared to MnJMp = 1.60 ± 0.05 [17] and keeping in mind the
coarseness of the approximations used.

Das, Mathur and Okubo (DMO) [6] showed that the derivative of the vector minus
axial-vector correlator UUd,v- A(Q2) taken at q2 = 0 is connected with the radiative ir~ —>•
('" i>c7 decay axial-vector form factor FA via

dq2 ïï,(,) - n ^ (s)] = gïf - FA . (2.39)

This relation will be used in Section 10.1.1 in order to perform a finite energy determi-
nation of F,\ and the polarisability of the pion.

The electromagnetic mass difference has been calculated using current algebra tech-
niques in chiral symmetry by Das et al. [83]. They obtained the sum rule

^ — r ^ / dss l- — : *- (2.
2ir)4 q2 J q2 + s — teI}2 ./ (27r)4 Ç2 J g2 + .s - te

and, making use of the KSFR, relation [84] and lowest resonance saturation, related from

in astonishing agreement with the experimental value of 4.59 MeV/c2 [17].

Useful relations between the OPE terms and the spectral functions are obtained from
protective sum rules [85]: conservation of currents in the chiral limit implies (Q2 = ~q2)
Q2 \N-ii<iv(-Q2) — n|7

1J/1( — Q2)\ = 0 in niomcntum sj)aco. For large space-like momenta
Ql one can expand the dispersion relation of the V — A correlator. By virtue of the first
and the second WSR one obtains

~ 0 . (2.42)
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On the other hand, non-perturbative effects violate the current conservation giving rise
to non-perturbative OPE contributions

_ (2.43)
D-2A,... ^

Comparing the coefficients of the corresponding powers between Eqs. (2.42) and (2.43)
yields the sum rules

CM(O6(fi)) = I j ds s2 Im (n£>vfo) - n^Js
0

1 ?
o

2.5 QCD and r Decays

Tests of Quantum Chromodynamics and the precise measurement of the strong coupling
constant as at the r mass scale carried out for the first time by the ALEPH [8, 10] and
("LEO [9] Collaborations have boon the subject of vivid discussions about theoretical and
experimental implications, accompanied by a considerable number of interesting publica-
tions (see, e.g., [13, 86, 51, 87, 88, 89]). Following the line traced by the pioneering work
of Braaten, Narison and Pich [12], the theoretical framework of the QCD analysis used
to measure as and to gei, information about the behaviour of non-perturbative power
corrections at MT is presented in this section.

It is the inclusive character of hadronic r decays which opens them for a wide range
of interesting studies. Inclusive observables, primarily the total hadronic r decay rate

F(r~ ->hadronsi/T(7))
(ZAb)

are accurately predictable as functions of as(Mr) using perturbative QCD and the OPE
in order to take into account non-perturbative corrections. In fact, one can even say that
/?,T is a doubly inclusive observable as it is integrated over all hadronic final states at a.
given invariant mass and integrated over all masses between m, and Mr. In addition,
due to its vector and axial-vector decay modes with equal coupling constants, RT is even
more inclusive than e+v~ inclusive 7 = 0,1 final states. It will be learned from this
analysis that MT lies in a compromise region where aH{MT) is large enough that ,/?T is
sensitive to its value, yet still small enough that the perturbative expansions in powers of
o:.s.(MT) converges safely and, in particular, non-perturbative power terms are either small
or. when in cases where it is not negligible, the OPE is well behaved.

Experimentally, the most precise value of RT is obtained by measuring the leptonie
branching ratios, additionally constrained via universality (see Section 1.2.4), using the
ingredient that electronic {Br)< muonic and hadronic branching ratios saturate r decays.
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That gives

RT = 4 " " 1 - 0.97257 , (2.46)

and ARr = ABe/B%. With (1.13) one obtains

/?.T = 3.649 ±0.014 . (2.47)

If strong and clectroweak radiative corrections are neglected, the theoretical parton
level prediction for SUc{Nc), Nc = 3 reads

) ^ 3 , (2.48)

from which the contribution to the experimental value of Rr (2.47) from strong pertur-
bative corrections in Eq. (2.47) is estimated to be about 21%, assuming other sources
to be small. One realizes the important increase of sensitivity to a.s compared to the Z
hadronic width where due essentially to the three times smaller as(Mz) the perturbative
QCD correction reaches only about 4% (see Eq. (2.90) in Section 2.6).

The inclusive observable RT can theoretically be separated into contributions from
specific quark currents, namely vector (V) and axial vector (A) v,d- and rts-quark cur-
rents. It will not be attempted in the framework of this analysis to separate strange (S)
final states into vector arid axial-vector components. Some effort in this direction has
nevertheless already been undertaken in Ref. [90]. It is therefore appropriate to decom-
pose:

RT = RTy + RrA + RT,s • (2.49)

As seen in Section 2.3, parton level and perturbative prediction do not, distinguish vector
and axial-vector currents. Thus the corresponding naive predictions become R.Ty/A =
(Aff.-/2)|V;id|

2 and i?.T,5 = iVc|V;.,|2, which add up to Eq. (2.48).

A crucial issue of the QCD analysis at the r mass scale concerns the reliability of the
theoretical description, i.e., the OPE ansatz, and the stability against unknown contri-
butions. A reasonable test can be achieved by continuously varying MT to lower values
,/sô < MT for both theoretical prediction and measurement. The kinematical factor
which describes the r phase space suppression at masses near to MT is correspondingly
modified in order that ,/sô represents the new mass of the r. All formulae of the following
theoretical sections are consequently expressed as functions of .s().

2.5.1 Theoretical Prediction of

According to Eq. (1.27) the imaginary part of the vector and axial-vector two-point corre-
lators (1.26). where the subscripts •*(;;') denote, light quark flavours v(d. «), are proportional
to the T hadronic spectral functions with corresponding quantum numbers. The hadronic
r decay rate can be written as an integral of these spectral functions over the invariant
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mass-squared s of the final state hadrons [12]'*:

RT(s0) = 127T5FW /' — f 1 - - ) \(l + 2-) Imn (1)(s + ie)
J s0 V «o/ LV so/

(2.50)
with the electroweak radiative correction factor 5EW (see Section 1.3.2) and the correlator
combinations according to the decomposition (2.49)

Unfortunately, the above integral involves large non-perturbative (resonance) effects at
very low energies that certainly will invalidate the OPE approach used here. None the less,
the analyticity property of the correlator FI^^ allows the evaluation of the integral (2.50).
The dispersion relation (1.28) elucidates that indeed IT**7) is analytic in the complex .s
plane everywhere except on the positive real axis where singularities exist. According to
Cauchy's integral formula, an integral over .s along the closed contour of the product of
II('^ with a non-singular function g(s) vanishes. On the other hand, the imaginary part
of the correlator is proportional to the discontinuity across the positive real axis. So the
following relation holds

1 s°

7T

s° 1

fdsg(.,)lmU(s) = -— <f dsg(s)Yl(s), (2.52)
J ZTTt J

RT(so) = CmtSKW I - (l - ~)2 |Yl + 2 - ) U^(s) + U^(s)\ . (2.53)
J .s0 V s 0 / L V .s0 / J

where the contour integral runs counter-clockwise around the circle from s = s0 — ie to
•s = ,s0 + it as indicated in Fig. 2.5. The integral (2.50) then reads

- ( ) |
.s0 V s 0 / L V .s0

|S|=S()

The energy scale s0 of the contour in Eq. (2.53) for s0 — 'M^ is large enough to
expect small contributions from non-perturbative effects. One can therefore use the OPE
introduced in Section 2.3.1 to disentangle perturbative and non-perturbative contributions
to RT(s0). Note that the factor (1 — S/SQ)2 suppresses the contribution from the region
near the positive real axis where Il(.s) has a branch cut and OPE validity is restricted [91].
In order to avoid large logarithms of the form ln(—s/fi2), where // is the separation scale
for short- and long-distance contributions expressed in the Wilson coefficients C(.s',/i)'7'
and the operators (0(//.)), one chooses appropriately //2 = s0.

The theoretical prediction of the vector arid axial-vector as well as the strange1 hadronic

•'The parainetrisation of the .so dependence used here differs from the one introduced in R.ef. [13].
While in that work the actual r mass remains unchanged and only the integration range is varied for
^/s^ < Mr, here the mass of the r is indeed redefined to be ^/s^. Leaving the r mass unchanged keeps the

1/M^ power in the OPE while, in the definition adopted in this work, it, becomes l/.s0 and therefore
more important when evolving .spo to lower values.
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t Im(s)

Re(s)

Figure 2.5: Integration contour followed when performing the integrations of Eqs. (2.52)
and (2.53).

widths can now be written as:

— mass)
'/A + L-J l'ud,V/A

O=4,6,...

D=4,6,...

with the residual non-logarithmic electroweak correction 5{ÎW = 0.0010 [45] introduced in
Section 1.3.2 and the only D = 2 contribution <5L(V/M from quark masses which is tiny
for u, d, quarks (< 0.2%). The term 5^ is the purely perturbative contribution, while the
iïn) are the OPE terms in powers of .so" / 2 . Insertion of the OPE (2.22) in Eq. (2.53)
leads to

= E

(2.56)

Setting /i2 = .so expresses the above contour integral as purely a function of the running
o:.,. Taking now the chiral limit, and neglecting higluu- order powers in ev"--2 and the
logarithmic .s dependence of the Wilson coefficients (through the running as(s)). only
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dimensions D = 2, 6, 8 non-perturbative operators contribute to RT{SQ):

AIT
flimO=D

JJ/2

which is non-zero for D = 2, 6, 8. The D = 2 quark mass term vanishes in the chiral
limit. Nevertheless, anomalous D — 2 contributions, not foreseen in the SVZ approach,
are not excluded here. The conservation of vector and axial-vector currents in the chiral
limit implies sll\j v{s) = sll^ A(s) = 0 in momentum space. Thus only the n^0+1^ term in
Eq. (2.57) remains.

2.5.2 Perturbative Prediction

The description of the perturbative prediction follows essentially Ref. [86]. It will be
shown that perturbative QCD which appears as a power series in (as(s0)/n)n up to
three loops (n = 3) provides by far the numerically dominant contribution to RT(s0).
The perturbative contribution is given in the chiral limit. Quark mass effects have been
calculated in Ref. [92] and are found to be well below 1%. Thus the contributions from
vector and axial-vector currents coincide to any given order of perturbation theory and
the results are flavour independent.

For the evaluation of the perturbative series, it is convenient to introduce the Adler
function [93] (Q2 = -q2)

(D(n
2) - n*dn{Q2) - n2 hD{Q ] = ~Q ~W~ - Q J d

where the second identity follows from the dispersion relation (1.28). Here, the derivative
avoids annoying extra subtractions (renormalisation) on the r.h.s. of Eq. (2.58) which are
unrelated to QCD dynamics. The function D{Q2) calculated in perturbative QCD within
the MS renormalisation scheme depends on the non-physical parameter /j, occurring as
\n(/i2/Q2). Furthermore it appears as a function of a.,. On the other hand, since D(Q2) is
connected to a physical quantity — the spectral function Imll(s) —, it cannot depend on
the subjective choice of f.i. This can be achieved if a.s becomes a function of /i providing
independence of D(Q2) of the choice of fj,. Nevertheless, in a truncated series (as it is
the case here), the \i dependence remains. D(Q2) is then a function of D(/JL2/Q2, as) and
obeys the RGE. Choosing \i2 = Q2, its solution is expressed in the form

(2.59)
n=o V '" /

with renormalisation scheme dependent coefficients /?,„..

To introduce the Adler function in Eq. (2.53) one uses the identity

j dsg(s)U(s) = - j ^ (G(s) - G(sQ)) s ^ - , (2.60)
|s|=-«o
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with the kernel g(s) = (1 - s/so)
2(l + 2.s/.so)/so and G(s) = /o

s ds' g(s') . With (2.60) the
perturbative contribution from Expression (2.53) and (2.54) becomes [86]

ds
s

1 - 2 — + 2
so S(i

D(s) . (2.61)

The perturbative expansion of the Adler function can be inferred from the three loop
calculation of the e+e~ inclusive cross section ratio Re+e-(s) = a(e+e"~^ hadrons(7))/
a(f+er —» /i+jj,~ (7)) performed in Ref. [94] (two-loop) and Ref. [95] (three-loop). One
then obtains [86]

(2.62)

with the Kn(O functions

= Ko ,

4- \ (2.63)

and the first elements of the /^-function defined in Eq. (2.11). The factor £ in Eq (2.62)
represents the renormalisation scale ambiguity and is therefore arbitrary to some extent.
The coefficients Kn are known up to three-loop order a^. For n > 2 they depend on the
renormalisation scheme used:

Ko =. 1 ,

K\ = 1 ,
A'2(MS) =

1
48'

(2.64)

with

F3(MS) = 1.9857 - 0.1153n, ,
F4(MS) = -6.6368 - 1.2001 nf - 0.0052 n) , (2.65)

being the coefficients of the perturbative series of RK+P- . The expansion (2.62) inserted
in the r.h.s of Eq. (2.61) yields for the known orders in o..s

(2.66)

where1 the functions

• ds

s
.S = . S ( |

-S / S
1 - 2 — + 21 —

«0 V .S0 TT
(2.67;
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are integrals in the complex «-plane with an integration contour according to Fig. 2.5.
The strong coupling constant in the vicinity of .so can be expanded in powers of «,,(-so),
with coefficients that are polynomials in ln(.s'/,s'o) [12]

as(s) as(s0) 1 .s- fas(sy
— - /?o i n

n TX 4 ' se, V 7T /

. . . (2.68)
64r ' ,s{, 64

Inserting the series in Eq (2.66) leads to the expression

(2.69)

where the gn are functions of Km<n and of elementary integrals with logarithms of power
m < n in the integrand. Setting £ = 1, Eq. (2.69) reads

r(0) &.<>{'%) , n r Q O Q . o , - „ , . . , /««(^o)^ , lR o7 1 , I Q oor\ / ^ i i ^ ) ) \
Op = h (1.6398 + 3.5625) +(6.371 + 19.995)

. 7T \ TT J \ TV )

+ (K, + 78.00) f (IÀ^Ï] ? (2.70)

with a truncation of the power series at order n (̂.So) since the coefficient K4 is unknown.
The first numbers in the parentheses give the Kn(\), while the second ones are the (/„.(]).
The truncation is performed despite the fact that parts of the higher coefficients f)n><\{£,)
are known to all orders and could be resummed. These known parts are the higher
(up to infinite) order terms of the Taylor expansion (2.68) which are functions of /?,,<;{

only. A rough estimation of the associated error can be performed using the bold guess
A/C4(l) « K3{K3/K2) ^ 25 which contributes to 6^(KA) « 1.6% for a.s(Mr) = 0.35 (see
Section 10.2.2 for further discussions). The contributions to 5^ from the terms of order
n — 1 , . . . , 4 according to Eq (2.70) are given in the first line of Table 2.1.

Another more promising approach to the solution of the contour integral (2.61) is the
direct numerical evaluation of the 4̂̂ "̂  integrals (2.67) using the approximative analytical
three-loop R.GE sohition (2.13) or a numerical sohition of the RGE (Runge-Kutta [72])
as input, for the running «.,(— £2-s'). The complex integrals have then the form

2/T .
-TX

The numerically evaluated perturbative predi(rtion (2.67) at different orders n for the
settings (YX{MT) = 0.35, ^ = 1. and K4 = 25 an1 shown in Table 2.1. The results are
given for the various types of techniques used to evolve o:s(.s()e

llp): the truncated Tay-
lor expansion (2.68), the R.GE analytical sohition and the Runge-Kutta type solution of
the RGE which is actually expected to be next to the exact solution. The R.unge-Kutta
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Integration

Expansion S^ (Taylor)
Num. (Taylor)

Num. (RGE-analyt.)
Num. (RGE-nnm., ft2)
Num. (RGE-num.,/33)

0.1114
0.1639
0.1523
0.1531
0.1527

0.0645
0.0342
0.0313
0.0316
0.0313

0.0365
0.0138
0.0130
0.0133
0.0130

<5<°>(n = 4)

0.0159
0.0045
0.0047
0.0048
0.0047

#°>(tot)

0.2283
0.2165
0.2013
0.2028
0.2017

Table 2.1: Perturbative contribution to RT(MT) at orders n with as(MT) = 0.35. The
value of KJ\ is set to 25. The first line (jives the results of the as expansion according to
Eg. (2.70), while the second and third lines give the results of the numerical evaluation of
the integrals (2.67) using the Taylor expansion (2.68) and directly the RGE solution (2.13),
respectively. The last two lines are obtained from numerical (R.unge-Kutta.) integration and
for the three- and, four-loop ft-functions, respectively.

results arc additionally given at four-loop level. The difference between three- and four-
loops is far beyond the experimental and theoretical accuracy of R,T. Compared to the
expansion (2.70), faster convergence is observed for the numerical solutions yielding a
significantly smaller error associated with the unknown K/[ of 0.5%. The difference of
about 7% between the numerical solutions using the Taylor expansion (2.68) of the R.GE
(second line in Table 2.1) and the complete RGE solutions (3. 5. line) for the as evolution
invalidates the Taylor series as not providing a stable approximation along the integration
contour. The same conclusion should then strike the expansion (2.69) based on the same
series.

An important difference between the two evaluations of the integral (2.67), fixed order
expansion and numerical solution, grounds in the fact that the gn coefficients in Expres-
sion (2.69) stem from a truncated series of fourth-order n\ (2.68) which is not resummed.
This resummation is automatically contained in the numerical evaluation using the com-
plete known RGE solution. In addition, the Taylor expansion inserted in the A^ integral
provides imaginary logarithms, In ( —.s/.s'o) = i(<p — TT). giving rise to large contributions
in some parts of the integration contour [86]. This generates uncomfortably large gn

coefficients at higher orders in as which reinforces the importance of resummation.

2.5.3 Renormalons

There has been some excitement on the theoretical side [96, 97, 89] concerning the per-
turbative expansion of the Adler function D(s) which behaves divergent when considering
n gluon propagator chain carrying multiple fermion insertions in a vacuum polarisation
loop as depicted in Fig. 2.6. The resummation of this chain with a large number of v
bubbles deals with the assumption of a dominating contribution from the (ftoo.s(~s)y
term. Higher order terms of the ^-function are then neglected. This assumption is sup-
ported empirically by the observation that the /3o-tenn dominates second order radiative»
corrections for many observables in the MS scheme1 [96]. This procedure provides a naive



Figure. 2.6: Multi-ferrnion loop insertion (renormalons) into a fermion anti-ferrnion vac-
uum polarisation diagram.

non-abelianisation of the theory since lowest order radiative corrections apparently do not
include giuon self-coupling. The Adler function obeys then the perturbative expansion

DM = Y, 7-n<
+1 , (2.72)

71=0

where the coefficients rn are polynomials in the number of active flavours nj. Unfor-
tunately, at, sufficiently large orders of n vacuum polarisation bubbles, the coefficients
diverge as

rn ~ Chn\n*<(0o/k)n (2.73)

A convenient way to handle this divergence is to consider the Borel transform of the Adler
function

B[D](u) = £ -y , (2.74)

which is believed to have a finite radius of convergence in the «-plane [98]. The nth fixed
order perturbation coefficient is then generated by the nth derivative

7V, =
dnD[D]{u)

dvn
u=Q

(2.75)

The explicit factor n\ in B[D](u) makes the Borel transformed series much better behaved.
Summing up all orders leads to the integral representation

oc

D(as)~D(Q) = Jdv,(-n/n'B[D](u) . (2.76)
b

What is needed to perform the integration (2.76) is that B[D](u) has no singularities in
the integration range. However, the large n expansion leads to singularities on the real
axis which can be distinguished in infrared singularities (IR renormalons) for small
virtuality and ultraviolet singularities (UV renormalons) for high virtuality of the
exchanged giuon. At large n, the Borel transform behaves essentially as a geometric
series [97]

\n

B[D\{u) ~ Ck £ n- \ -^ ~ C*r(7* + 1) I 1 - ^ I , (2.7'
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UV renormalons

-4/p0 -3/p0 -2/p0 -l/p0

IR renormalons

P0 3/(3n 4 /p0

Figure 2.7: Ultraviolet (UV) and, infrared (IB.) renormalons in the u-plane.

which is singular for u — k/fjQ. They are associated with the IR renormalons k =
+2, + 3 , . . . (the k = +1 singularity is assumed to be absent in perturbation theory [99])
on the positive real axis and the UV renormalons k = —1, -2 , . . . on the negative side
(see Fig. 2.7).

The IR. poles give rise to ambiguities when one uses the generators (2.75) to reconstruct
D(<Y:J) from its Borel transform. Using in first order for space-like s < 0

1 , (2.78)
1 + rv.s.(//

2)M)]n(-.s//-<2)

(Hie obtains for the associated ambiguity for k — 2, 3 , . . . [97]

oo

AD(ax) = I dueru/a'B[D]{u)

^ . (2.79)

These IR, renommions ~ (A2/.s)*: are reabsorbed into the non-perturbative terms of the
OPE. The absence of a k = T IR renornialon is thereby related to the impossibility to
build a gauge invariant operator of dimension D = 2.

Due to asymptotic freedom, the UV renormalons arise on the negative real axis (on
the contrary to QED whore they occur on the positive side) so that they are outside the
integration range of (2.76) and in so far harmless which means Borel-suinmable [98]. For
large ?;., the factorial growth of the perturbation series is dominated by the contribution of
the loading UV renormalon k = —1 with alternating coefficients rn ~ rf'nl (—/?o)n- The
individual contributions rno"'"tl to the expansion (2.72) for reasonably small as decrease
first then pass through a. minimum and will finally diverge. This point of minimal sensi-
tivity is the optimal n to truncate -the intrinsically divergent, expansion. A guess at which
order ,V minimal sensitivity is achieved can be obtained from the argument that the series
is convergent,!c, reliable, at order n + 1 if asrn+]/rn < 1. Considering leading IR and
(."V renommions one finds from the asymptotic behaviour (2.73) rv + \/rn ~ {!%/STY)II (IR)
and i',,;\/rn ~ —{(%/ATT)^. (UV). Hie break down of convergence is then first caused by
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the UV renormalon at order TV zt 4n/0oas ~ 4. However, a series truncated at finite
order TV brings an intrinsic limitation of accuracy along with it. The associated error is
reasonably estimated with the magnitude of the order TV term of the perturbative series.
That gives using Eqs. (2.73) and (2.78) for the first UV renormalon k = — 1

\rN\a?
~ N1N\NNe.-N N (Stirling formula)

(2.80)

Thus, the truncation of the perturbative series is accompanied by an uncertainty which
scales like l/.s, i.e., with apparent dimension D = 2. The authors of Ref. [99] (first ref.)
showed that the truncation uncertainty at N scales actually with Aa\^2A2s/fx4 when the
renormalisation scheme dependence of A is taken into account. The interpretation of the
above uncertainties and its impact on the theoretical error of the as(Mr) determination
will be discussed in Section 10.2.2.

2.5.4 Non-Perturbative Contributions

Following SVZ [11], the first, contribution to RT(SQ) beyond the D = 0 perturbative expan-
sion is the non-dynamical quark mass correction of dimension D = 2, i.e., corrections in
powers of l/.So- They have been calculated up to next-to-leading order as [100]. Inserting
the formulae in Eq. (2.53) and evaluating the contour integral leads to [12]

_8

where m,;(.s()) are the running quark masses evaluated at the scale .s0 using the RGE 7-
function (2.15).

The dimension D — 4 operators have dynamical contributions from the gluon con-
densate {(as/ix)GG) and quark condensates {w^qiqj) which are the matrix elements of
the gluon field strength-squared and the scalar quark densities, respectively. Remaining
D = 4 operators are running quark masses to the fourth power. Inserting the Wilson
coefficients of these operators [100, 101] in the integral (2.53) one obtains [12]

- ] 8rr
4 y , {"IkWlk)
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As already seen in Expression (2.57), the gluon condensate vanishes in first order as(sa).
However, there appear second order terms in the Wilson coefficients due to the s depen-
dence of a„ which after integration becomes a2

s.

The contributions from dimension D = 6 operators are rather complex. As already
mentioned, the most important operators arise from four-quark dynamical effects of the
form ÇiFiÇjÇJiT'^. Other operators, such as the triple gluon condensate whose Wilson
coefficient vanishes to order as, or' (.host1 which are suppressed by powers of quark masses,
are neglected in the evaluation of the contour integrals performed in Ref. [12]. The large
number of independent operators of the four-quark type occurring in the D = 6 term
can be reduced by means of the vacuum saturation assumption [11] to leading order «.,.
The operators are then expressed as products of scale dependent two-quark condensates
<^À!')(Qi(h{l')}((îjQjd-1')}• To take into account possible deviations from the vacuum satura-
tion assumption, one can introduce an effective scale independent operator pas(qq)2 that
replaces the above product. The effective D — 6 term obtained in this way reads [12]

providing a large1 cancellation between the axial and vector contributions.

The basis of the dimension D = 8 contribution has a structure of non-trivial quark-
quark, quark-gluon and four-gluon condensates which explicit form is given in Ref. [102].
For the theoretical prediction of RT(SQ) used here, the complete long and short distance
part is absorbed into the scale invariant phenomenologieal D = 8 operator (08) which
will be fitted simultaneously with o:.s.

Higher order contributions from D > 10 operators are expected to be small as, equiv-
alent to the giuon condensate, constant, terms and terms in leading order a?., vanish after
integrating over the contour.

2.5.5 Spectral Moments

It was the idea of the authors of Ref. [1.3] to benefit from the information provided by
I he explicit shape of the spectral functions in order to obtain additional constraints on
a.,(.s0) and more importantly on the non-perlurbativc condensates to detach the
ns measurement from additional theoretical assumptions. They defined the following
spectral moments at MT:

(2.84)
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whore the factor (1 — s/M'*)k weights the low energy spectrum and squeezes the integrand
at the crossing of the positive real axis where the validity of the OPE is questioned [91]
and experimental accuracy is statistically limited. Its counterpart (s/M'*)1 projects on
higher energies. Note that /?,"" = RT. The now spectral information is used to fit simul-
taneously o:.,(MT) and the phenomonological operators {(as/n)GG) 0=4, p«.s(<7Ç}£>-f, a i K '
(O)I)~K, a procedure which requires at least 4 better 5 input variables considering
the intrinsic strong correlations between the moments which are reinforced by experimen-
tal correlations.

In complete analogy to the r hadronic width one can separate the respective contri-
butions from perturbative and non-perturba.tive QCD as

r(2-mas.s,/;l)
)ud,V/A

/J=4,6,...

dud,V/A (2.85)

The prediction of the perturbative contribution takes the form

3

with the contour integrals

(2.86)
n-}

(2.81

which are numerically resolved for the running as(—£2s) obtained from the R.GE (2.11)
using the numerical solution (Runge-Kutta).

In the chiral limit and neglecting the small logarithmic dependence of the Wilson
coefficients on .9 the dimension D non-perturbative contributions in Expression (2.85)
reads [13]

(2.88)

-- 2)
1
1
0
0
0

(D = ••!)

0
1

- 1
0
0

(D — 6)
- 3
- 3
- 1
1
0

(D =-. 8)
- 2
-5
3
1

... 1

(k,l)
(0,0)

(1,0)
(1,1)
(1,2)

(1,3)

\

y

v "̂

/ ,^ M»

where the matrix is defined by the choice of the coefficients for the moments k — 1, / —
0, 1. 2, 3 and the corresponding dimension D. One notes that with increasing weight, / con-
tributions from low dimension operators are cut. For example, the only non-perturbative
contribution to the moment R]:\-,A stems from the dimension D — 8 operator. Hence,
in a fit using spectral moments. D = 8 will strongly be constrained from Ri

T'\-/-\- ' ^ m s

observation is in some sense n "paradox", as higher moments project higher masses on
the contrary to 7?T(.s'o) H'id the spirit of the OPE. where the higher dimension terms blow
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up at. small .s0.

For practical purpose it is more convenient to define moments that are normalised to
the respective value of RT,V/A

 m order to uncorrelate normalisation and shape of the r
spectral functions:

r>kl

^ (2.89)

For the use of integrals over experimental data one then directly integrates the normalised
invariant mass-squared spectrum. The corresponding theoretical prediction can easily be
modified. There now exist two sets of experimentally almost uncorrelated observables

hadronic widths and spectral moments which provide independent constraints on
«!.,(.So)and important tests of consistency. It. is therefore necessary to obtain from the
measurement a precise normalisation (7?.T) as well as an excellent knowledge of the shape
of the spectral functions {D*1) .

2.6 Measurements of OLS

The measurement of the genuinely only free parameter of QCD, the coupling constant as

at various energy scales represents the key issue for a wide range of questions in mod-
ern particle physics, e.g.. consistency tests of QCD at different energy scales, important
quantity for constraints on new physics (electroweak global parameter fit, partial Z decay
width into b quarks /?&) and tests of grand unified theories (GUT). The first quantitative
measurement of as on the basis of event shape variables has become possible through the
observation of gluon radiation from quarks in three-jet events [61]. The discovery of the
energy dependence of three-jet event production rates [103] gave a first evidence of the
running of ns [104].

Table 2.2 and Fig 2.10 compile published results of ax measurements which are briefly
described in the following paragraphs. One can see that the diversity of the approaches
which all lead to compatible results is rather impressive;. Already included is the result
from r decays presented in Section 10.2 of this work.

a.s from Deep Inelastic Scattering

Deep inelastic lepton-nucleon scattering (DIS) permits the measurement of as over a broad
range of lepton-parton squared space-like momentum transfers Q2. Both experiments at
the* e-p collider HERA at. DESY, HI and ZEUS, determined as{Q2) from jet rates for
3.3 GeV < x/Q2 < 63 GeV. The theoretical prediction in perturbative QCD is known to
next-to-leading order (NLO), i.e., including two-loop QCD corrections. The coefficients
of aA in the e-p jet-rate prediction depend, in contrast to r+e~ annihilation, themselves
on Q1. Thus running of rv.s. is therefore an explicit input into the theoretical prediction.

The proton structure function F^x.Q2) for small parton momentum fraction .r and
\fQ2 < 10 GeV can be computed to NLO perturbative QCD including a summation over
leading and subleading logarithms. A double-logarithmic scaling of F^ix.Q2) in x and
Q2 provided an direct evidence of running of as(Q

2).
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The authors of Ref. [105, 106] used the1 Bjorken sum rule (BSR) and the Gross-
Llewellyn-Smith sum rule (GLSSR) with data on polarised e — p and //. — p scattering
for a. first measurement of as with this technique. The respective theoretical predictions
are known to NNLO perturbative QCD, which reduces clearly the theoretical systematic
error.

as from Scaling Violations

The study of scaling violation in structure functions in DIS played a.fundamental role in
establishing QCD as the theory of strong interactions. Scaling violations are observed in
the structure function of the nucléon in DIS processes and in the parton fragmentation
function in e+e~—> hadrons annihilations. For the nucléon structure function one observes
with increasing momentum Q2 a process of "softening", described by perturbative QCD.
Softening means here that at higher momentum transfers more partons are resolved from
virtual vacuum fluctuations in the nucléon [107]. Softening in fragmentation functions
describes the enhancement of the particle multiplicity in the jets. Theoretical predictions
exist to NLO where perturbative and non-perturbative contributions are considered in
the framework of the OPE.

Measurements of as using scaling violations of structure functions were performed in
DIS with neutrino or lepton beams on nuclei targets. Tab. 2.2 cites the averaged value1

evaluated in Ref. [107].

QCD predicts similar scaling violations in the fragmentation functions of quarks and
gluons. In an e+e~ collider this translates into the fact that the distributions of the
scaled-energy x = 2E/-s/s of the final state particles depend on the cm. energy <Js. The
measurement the x distributions at different s/s compared to the QCD prediction allows
the determination of a.s.

ocs from e+e~ Annihilation

The topology of hadronic events in e+e" annihilation is modified by effects from gluon
radiation giving rise to events which differ from the collirnated two-jet topology coming
from the fragmentation of pure c+e~—t qq events. Since the amount of gluon radiation is
directly proportional to the strong coupling constant, studying the topology of hadronic
final states provides a measurement, of as. Such topological variables, called event shape
variables, have been used by experiments at. energies from 30 GeV to up to 133 GeV
(LEP-2). In order to justify the perturbative approach to connect the event shape vari-
ables with QCD, one has to make1 sure that, they are insensitive to QCD singularities from
soft gluon radiation (infrared divergence) and collinear hadronization (ultraviolet diver-
gence). All global event shape variables used by the experiments are known to NLO nf.
where the theoretical predictions are based on numerical integration of the contributing
matrix elements.

The definition of multi-jets is arbitrary to some extent so that the absolute number of
reconstructed multi-jets depends on the metric ("jet. algorithm") used. Commonly used
algorithms as measures for the distance between two jets ij are the Durham-metric [108]
yij = 2xmin(£,2, E])(l -cos %)/2 and the .lade-metric [109] y,3 = 2{EU E7)(l~cos %)/2 .



with the opening angle between the two jets 0^ and the total invariant mass of the final
state1 .s1.

Theoretical predictions of event shape variables depend strongly on the underlying phe-
nomenology to describe the non-perturbative transition from initial quarks to final state
hadrons (hadronization). The systematic uncertainties associated with the hadronization
modelling limit the precision of rv., determinations.

as from the Z Hadronic Width

The theoretical prediction of the Z hadronic width Fhn(|, measured at LEP and SLD from
the sum of the leptonic widths Z-> tv('""", is known to NNLO perturbative QCD [110]:

1 + 1.060 "av ' + 0.90
7T V 7T / V 7T

(2.90)
The total QCD correction above amounts unfortunately only to about 4% for as{M7j) —
0.12. This limits considerably the sensitivity of the «,, determination. On the other
hand, the measurement is safe from the asymptotieness point of view: non-perturbative
effects are negligible. The theoretical systematic error in the fit of the Z lineshape gets
a non-negligible contribution from the unknown mass of the Higgs boson [111]. The
rvs.(A

7/'/) value given in Tab. 2.2 is obtained from the combined experimental result for
the1 hadronic width from all four LEP experiments better expressed as the ratio [111]
Rp{s) = Fz->had/rz->e+c- = (Fz-rz^+r--)/Fz->e+e- = 2().778±0.029, using the top quark
mass M,,op = 180 GeV/c2 and a Higgs mass of M^ggs ~ 300 GeV/c2. The measurement
is still statistically limited.

ocs from a Combined Electroweak Fit

Not only the hadronic width but also the Z production cross section receive contributions
from QCD loops. One can combine this information by means of a global S M electroweak
fit. using all available data from LEP, SLC, pp collisions (CDF, D0 at TEVATRON), 66
production (CLEO at CESR.) and DIS. The input variables are then obtained from

electroweak data:

M7l, Fz, < d , R(, A(
m,

AT,

(Qv

.4,,R

Mw

A,.

H)

, 1

(SLC)

where /lf,B is the forward-backward asymmetry measured in leptonic Z decays,
/1T . Ar are the polarisation asyminetries, (Qim) is-the quark-antiquark charge asym-
metry (sensitive to sin20w). Mw is measured at pp colliders and 1 — M^/M'^ is
measured in deep-inelastic neutrino-nucleon scattering.
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Figure 2.8: Correlation between as(Mz) and the Higgs mass Mnjggs simultaneously ob-
tained from the global electroweak fit. The contours denote the respective confidence
regimes.

heavy flavour data (Z —> bb, Z —> cc):

Rh, Rc, AbyBt ArpH , (LEP) ,.

Rb, Ab, Ac , (SLC) .

A careful analysis of the theoretical and experimental correlations between these input
variables has to be performed.

The above information allows the simultaneous determination of top and Higgs mass,
as{Mz) and the weak mixing angle yielding [112]

as{Mz) = 0.1202 ± 0.0033 ,

M,t,op

M
= 172 ± 5.8 GeV/c2 ,

— 1 4 J -82 ;

si»20w = 0.2316 ± 0.0004 .

using o r l ( M | ) = 128.90 ± 0.090. Fig. 2,8 plots the results for Q.,(MZ) and MHigBS with
their 1 o and 2 a contours.

a s from Hadron Collision

Similarly as in DIS, hadron colliders simultaneously probe QCD in a wide range of
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Figure 2.9: Values ofas{Er) determined from, CDF data [113] using one-jets of transverse
energies 30 GeV < Er < 500 GeV. The plot is taken from Ref. [114].

momentum transfers Q2. Theoretical prediction of inclusive processes are commonly
known in NLO QCD. Direct photon production in hard parton-parton scattering is
a Cornpton-like process scaling with rv • (v,s. In the inclusive cross .section difference
n-(-pf) -> 7 + A') — o-(pp —> 7 + A"j. sea quark and gluon structure functions of the proton
cancel (no explicit, dependence on the sign of the electromagnetic charge) so that only the
well known valence quark distribution contributes as theoretical input for the a:, deter-
mination.

Using the ns dependence of the inclusive transversal energy {ET) distribution of one-
jets, values of a<.(E%-) for energies EV = 30 GeV to 500 GeV could be measured [114]
using CDF data recorded in 1988-89 [113]. Neglecting non-perturbative contributions,
the inclusive differential cross section do /d,Er is then directly related to the perturbative
prediction governed by the running coupling a.s{Ey) at the characteristic .scale E-y. The
huge accessible energy range in which the dynamics of parton-parton scattering is probed
can be illustrated by expressing E-y in terms of the impact parameter /;, i.e.. the "distance
scale" given by /; = hc/Er. The above energy range corresponds then to extremely small
distances from /; = 0.07 fm to 0.0004 fin compared to the proton dimension of about
0.8 Cm. hi order to obtain a value Cor n'.s(A/z) the results of different energies have1 been
averaged over the statistical errors while keeping the systematic uncertainties as being of
common origin. Consequently, the final error reflects the systematic uncertainty while
slaiistical errors are negligible. The ns measurements versus E-y are shown in Fig. 2.9.

Another, however less sensitive, approach is the measurement of the inclusive pp —> hb
cross section [1 15]. In hadron collisions heavy quarks are produced by quark-antiquark



annihilation or gluon-gluon fusion processes which to leading order are quadratic in «.,.
Experimentally 6-quarks are tagged using decay characteristics (e.g., lifetime).

aH from the T System

The bb quarkonium resonances of the T family arc used in a new analysis [116] in order
to extract values for the bottom quark mass Mi, and as(Mi,). It is a reconsideration of a
previous work where the extremely precise value of cvs(Mz) = 0.109 ±0.001 was claimed
using a perturbative expansion in first order as [117]. The result turned out to be in
sharp disagreement with the current world average as(Mz) = 0.118 ± 0.003 [107]. This
gave rise to some speculations relating the "difference" found between as evaluations
from low and high energy data to the possible appearance of new physics [118]. The
new analysis readjusts this picture: the authors of Ref. [116] employed moments of order
M = 1 , . . . , 20 obtained according to Eq. (2.23) from the nth derivative of the heavy quark
vacuum polarisation correlator Tïhi{q2) whose imaginary part is proportional to the rate
/?.(,(.s) = <r(e+e~—> bb) / a (e+e~~ —¥ /i+/i~). High n moments give a weight on low resonance
states, while the moment n —» oo projects on the T ground state (see Section 2.3.2).
To avoid systematic errors due to unmeasured higher resonances, only the n = 8 , . . . , 20
moments were used. The correlator and its derivatives can be predicted by NLO aj
perturbative QCD (where some unknown aj. terms were estimated using the technique
of Padé approxirnants'1. Although correlated, the simultaneous fit of all moments used
provides a precise measurement of the bottom quark mass Mb = 4.60 ± 0.02 GeV/r2

and n;.,(Mz) = 0.119 ±0.008, in now perfect agreement with the world average. The error
includes a careful analysis of the systematic uncertainties from theoretical origin.

as from Lattice QCD

Additionally shown in Table 2.2 is the average over recent as results from lattice QCD
calculations [119], using measurements of level splittings between 5 and P heavy quarko-
nia states in the T system. Lattice calculations are based on a discretization of a finite
space-time volume where the latter is generally chosen of order 2 fm in each dimension to
be large1 enough that hadrons fit comfortably into it. The discretized volume allows then
the calculation of multi-dimensional, quantum field theory path integrals using Monte1

Carlo methods. The lattice spacing a is chosen according to the machine and time re-
sources available. Currently they are chosen between 0.05-0.2 fm [119] corresponding to
an energy scale of 1 4 GeV. which is at 4 GeV large1 enough to escape from low energy
QCD dynamics. In principle, the QCD action can be calculated using quark propagators
with gluon background. Howo:ver, such calculations are extremely demanding so that, in
practice, gluon background is often set to its average! value ("quenching'') which means
that internal quark loops are1 neglected. This is compensated by a renormalisation of the
lattice coupling constant which is input.

'1The Padé approximatif, "[M,N]." of a function / is given by the ratio of two polynomials of order
M and TV which to order M + N has the same Taylor series as / . This ratio opens a systematic way
to guess how a perturbative series resums, by explicitly rewriting the latter as a ratio of polynomials.
Compared to the / . the ratio "[M.N]" = PM /PN introduces poles on the real axis iu the .s-plane similar
to the rononnalons when performing a Borel transformed resmmnation of the perturbative series (see
Section 2.5.3).
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Figure 2.10: Compilation of a.,, measurements evolved to M-i- The corresponding values
are found in Table 2.2. The shaded band depicts the combined value of (as(Mz)) =
0.1201 ±0.0012.

Calculations of « s exist with rij = 0 and n.j — 2 dynamic fermions which give only
marginally different results and thus allow a safe extrapolation to the physical nj = 3
fla.vours. The determination follows a three step procedure: (?!), the definition and mea-
surement of a coupling «iaU, ('<?'), determination of the spacing a which fixes the en-
ergy scale at which «iaU has its measured value and finally, (in), compute as(MS) from
O|ilU . Major sources of uncertainties are the resolution loss from discretization and
the conversion of the bare lattice coupling constant to fv.s.(MS) of a continuum scheme.
Two new results are available1 both using 1.9 IP and 1.9 2.9 quarkoniinn level split-
tings in the T system to fix (.lie lattice spacing. Two values of different collaborations
which obtained (\,(M7j) = 0.1 18 ± 0.003 (NRQCD [KM]) and o,(;l/z) = 0.1 JG ± 0.003 (FVr-
milab/SCRI [131]) which arc dominated by theoretical uncertainties whose largest con-
tribution stems from the matching n:]aU o.s.(MS) . lab . 2.2 quotes the average of both
values keeping the systematic errors unchanged.
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Process Q
[GeV]

nK(Q)
A«S(MZ)

exp. theo.
Theory Ref. Fit

DIS [u\ BSR]
DIS [//; GLSSR]

r decays
r decays

DIS [//, (.; se. viol.]
DIS \v; F2]
DIS [HERA; .lets]
DIS [HERA; F2]

qq states
J/t/> + T
T

[aha.d]
+e~e+e [ev. shapes]

e+e" [ev. shapes]
e'y e~ [se. viol.]

pp -> bb + X
pppp -> 7 + X
(r(pp —> jets)

c+cr^ Z:
[F(Z -> had.)]
[ev. shapes]
[ev. shapes]
[EW fit]

r+c'~ lev . shapes]

1.58
1.73

1.777
1.777

5.4
7.1

10 60
2 10

5.0
10.0
4.1

34.0
35.0
58.0

22 91.2

20.0
24.2

30-500

91.2
91.2
91.2
91.2

133.0

0
r .+ 0 0 6 2

_o.O81

0.32 ± 0.05

0.361 ±0.046
0.349 ± 0.024

0.200 ±0.016
0.180 ±0.014

0.203 ±0.007
o in7+ 0 0 1 5

"•Ivi _o.oii
fl 911 +0045

0 14 f i + 0 0 3 1
U.11D _o 026
0.14 ±0.02

0.132 ±0.008
0.126 ±0.009

0 14ri + 0 0 1 8

n n 7 +0.017
".IO/ -0.014

0.124 ±0.005
0.119 ±0.006
0.122 ±0.006

0.1202 ±0.0033

0.112 ±0.009

0.122 +0.005
-0.009

0.115 ±0.006

0.122 ±0.005
0.121 ±0.003

0.116 ±0.005
0.113 ±0.005
0.120 ±0.009
0.120 ±0.010

0.117±0.003
n 1 1 o +0.007
U.I là _o.oo5

0.119 ±0.008

U.l/4 _0.0ln

0.119 ±0.014
0.123 ±0.007
0.126 ±0.009

0.113 ±0.011
+0.012
^-0.0080.112

0.121 ±0.009

0.124 ±0.005
0.119 ±0.006
0.122 ±0.006

0.1202 ±0.0033

0.118 ±0.009

0.005 0.003

0.002 0.002

0.003
0.005
0.005

0.000
0.001
0.002

+0.021
-0.010

0.003
0.007

+0.007
-0.006
0.006
0.001

0.004
0.007
0.009

0.003
+0.007
-0.005
0.008

0.007
0.006

+0.008
-0.009
+0.010
-0.005
0.009

0.004 0.002
0.001 0.006
0.001 0.006

0.003 0.009

NNLO
NNLO

NNLO
NNLO

NLO
NLO
NLO
NLO

Lattice
NLO
NLO

NLO
NLO

resum.
resum.

NLO
NLO
NLO

NNLO
NLO

resum.
NNLO

resum.

[105]
[106]

[8]
[9]

[120]
[121]
[122]
[104]

[119]
[123]
[116]

[124]
[125]
[126]
[127]

[115]
[128]
[114]

[111]
[129]
[129]
[112]

[130]

yes
ves

yes

yes
yes
yes
yes

ves

yes
yes

yes
yes
yes

yes
yes

Average 91.2 0.1190 ±0.0020 0.0001 0.0020

Table 2.2: Summary of rv, measurements at various energy scales Q evolved to M7i.
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2.6.1 Combined Value for as(Mz)

The mean value of the measurements presented in Table 2.2 is calculated via \2 niini-
mi/ations over iVrneas measurements rv (.''', i = 1 , . . . , Ar

tm!as as («plained below. The mea-
surements entering into the average are denoted in the, last column of Tab. 2.2. They
are chosen in order to minimize the correlated experimental input, i.e., only the best (or
most recent) measurement for a given data set and method is used.

Defining

X2 = *E(^} - <«.»C^(a^ - <«,)) , (2.91)

with the mean value {«,) to be determined and the («variance matrix Cl3 defined as

{ (/ \ * 4 (y^'*' I -\~ ( / \ (\' ''' ' 1 fioY ? := 7

p Asysa^ ;Asysrt, ' for z ̂  .?

where the correlation coefficient between the theoretical (and in some cases experimental)
errors of the measurements is estimated from the expectation x2/d-O.f. = 1 (this is not
true if the correlations are too large since then the "real" degree of freedom ia smaller
than the naive one). The vanishing first derivative and the second derivative of Eq. (2.91)
lead to

ln\ - V C~vo/{1] I V C~l (2 93Ï

A(«,> = T CJ . (2.94)

yielding tin1 well known weighted mean formula if correlations are absent.

First, in order to estimate the correlations consistently, several subgroups are at-
tributed to the measurements. These subgroups are (the averages of the measurements of
each subgroup and the estimated correlations, obtained using Eqs. (2.93) and (2.94), are
given in parentheses): the DIS measurements (as(Mz) = 0.1154 ± 0.0038, p = 60%), the
measurements using event shape variables (as(M7j) — 0.1228 ± 0.0058, p = 80%) and the
measurements from pp collisions (as(Mz) = 0.1173 ± 0.0083, p = 80%). The results are
averaged with the remaining measurements which are individually more characteristic: as

horn T decays taken from Refs. [8. 9]5 as from Lattice calculations, as from T quarkonia
states and nK from the combined electroweak fit.

Averaging the results of the subgroups with the above measurements and assuming
them to be still 30%) correlated yields the combined rv.s. value a.t A/z

</v,(Mz)) = 0.1190 ± 0.0020 . (2.95)

"''The results given in these; references were obtained using niassless loptonic branching ratios (universal-
ity improved) which changed quite a lot since- then: B( = 0.1809±0.0064 [8] and B, = 0.1817±0.0019 [9]
compaicd to Bf = 0.1779 ±0.004 from Eq. (1.13). The published values for nx(MT) art> th(;refore renor-
malised to the present Bf value using the relation (10.23): An,. ~ 0.44ART-
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with a x2/d.o.f. = 3.3/6. The value of <CKS(M/)) and its error is depicted as shaded band
in Fig. 2.10.
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Part II

Experiment and Data Analysis
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Chapter 3

The Experimental Conditions

This analysis is based on data accumulated during 1991-1994 with the ALEPH detector,
installed, as the experiments DELPHI, L3 and OPAL, at one of the four collision points
of the Large Electron-Positron Collider (LEP) at CERN. The LEP is a storage ring of
26.66 km in circumference and some 100 meters underground which is is situated on the
French-Swiss border near Geneva, Switzerland. The scientific aim of the first phase of
LEP (LEP I) was the performance of high precision tests of the electroweak Standard
Model with the preference on high statistics obtained on the Z peak at 91.2 GeV center-
of-rnass (cm.) energy ("Z-factory"). In addition, energy scans were carried out in the
years 1991, 1993 and parts of 1995 in order to measure the Z lineshape. The second
phase (LEP II) started in 1996 with an cm. energy of about 133 GeV and terminated
its first year with 172 GeV. It, is dedicated to a. precise measurement of the cross section
of e+e~ —> W+W~ events and the W* mass as well as to searches for new particles and
phenomena (Higgs, supersymnietry, etc.). The integrated luminosity seen by the exper-
iments between 1993 and 1996 as a function of the time is shown in Fig. 3.2. The total
integrated luminosity used in this analysis (1991 94) amounts to 134.1 pb^J produced
with an average luminosity of the order 1031 cm~2s~i.

The CERN accelerator complex is shown in Fig. 3.1. To accelerate the electron and
positron beams to Z peak energies of each 45.6 GeV, electrons are preaccelerated af-
ter being produced to 200 MeV in the LIN AC Injector of LEP (LIL). Positrons are
then produced from converting electrons passing a tungsten target. In a second part
of LIL electrons and positrons are accelerated to 600 MeV, before being injected into the
Electron-Positron Accumulator (EPA), where they are collected separately in bunches
and cooled by synchrotron radiation. These bunches are sent to the Proton Synchrotron
(PS) and after being accelerated to 3.5 GeV they pass to the Super Proton Synchrotron
(SPS), where they are accelerated to 20 GeV, before being injected into LEP and reaching
their nominal energy of 45.6 GeV.

The energy loss AEHVUC of an electron per LEP turn (radius pw:p — 4.2 km) due to
synchrotron radiation is given by

F'1
AESVIK. - (8.85 x 10"5 m GeV ;i) - ^ - ~ 90 MeV .

v ' RICI>
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Rudolf LEY. PS Division, CERN, 02.09.96

Figure 3.1: CERN accelerator complex.
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Figure 3.2: LEP integrated luminosity between 1993 and 1996.

with the energy Ee of the electron. This energy loss has to be recovered every turnaround
in the LEP storage ring by continuous acceleration in RF cavities.

3.1 The ALEPH Detector

ALEPH is a. particle detector consisting of several subdetectors designed for an optimal
reconstruction and identification of particles produced in high energy e+e~ collisions. The
features relevant for this analysis are briefly described here, while a detailed description of
its components and performance can be found in R.efs. [132, 133, 134]. Typical events arc
complex, having many particles distributed in jets over the entire sphere, while typical
event rates (of interesting events) at the Z peak are lower than 1 Hz. Thus, as much
information as possible should be collected over a wide ranged solid angle. The large
geometrical acceptance has been achieved by a cylindrical arrangement around the beam
pipe, with the interaction point in the centre (see Figs. 3.3 and 3.4). The following
elements represent the main components of ALEPH:

A magnetic field of 1.5 Tesla parallel to the beam axis (z-axis) is created by a
superconducting coil, 6.4 tn long and 5.3 in in diameter. The magnet, has an axial
symmetry in order to avoid azimuthal field components. The coil consists of a main
solenoid and two compensating coils at both ends of the main solenoid to provide
the field uniformity. The helium cooled niobium-titanium superconductor conducts
a, 5000 A current. In order to perform a precise track momentum calibration, radial
field components (I3r/Bz < 0.4%) as well as azimuthal field components (13$/B? <
0.04%) and field inhomogeneity (ABJBZ < 0.2%,) are minimized.
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Figure 3.3: Photo of the open ALEPH detector. Shown are from the centre to outside:
tlwTPC readout end-plate with .sectors, the 12 EC Ah modules, the superconducting coil
of the magnet and, the 24 HCAL modules with. each. 2'}> layers.
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Figure 3.4: The ALEPH detector: (I) VDET, (2) ITC, (3) TPC, (A) ECAL, (5) su-
perconducting coil, (6) H CAL, (7) muon chambers and (8)luminosity calorimeters LCAL
and SICAL.

The iron return yoke is instrumented by limited-streamer tubes so that it serves as
an active hadron calorimeter (HCAL).

Outside the last iron slab of the calorimeter are two double layers (inner and outer
muon chambers) of limited-streamer chambers (wire counters) separated by 50 cm.
They serve to record the position and angle of muons that have penetrated the iron.
The two sets of coordinates of one double-layer are combined to yield a space point.
A track is defined to have a hit in the muon chambers if at least one of the two
double-layers yields a space point whose distance from the extrapolated track is less
than four times the estimated standard deviation from multiple scattering.

Inside the coil is found the electromagnetic calorimeter (ECAL) designed for
the highest possible angular resolution (granularity) for the photon reconstruction
and electron identification. It consists of alternating layers of lead and proportional
tubes read out in protective towers, each subdivided into three segments in depth.

The central detector for charged particles is a time-projection chamber (TPC).
4.4 m long and 3.6 m in diameter, providing up to 21 three-dimensional space-
points of each track helix and up to 340 ionization measurements (dE/dx) for a
track, which is useful, in particular, for particle identification in r decays.
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The TTC surrounds the inner tracking chamber (ITC), which is a conventional
axial-wire drift chamber with inner and outer diameters of 13 cm and 29 cm, re-
spectively, and a length of 2 m. The; ITC has 960 cells distributed over 8 concentric
layers parallel to the beam axis. Each cell consists of one sense wire at a positive
potential between 1.8 kV and 2,5 kV surrounded by six field wires at earth poten-
tial. It thus provides 8 track coordinates with an accuracy of 150 //.m in r — (f>, which
is the plane transverse to the beam axis, and a trigger signal for charged particles
that come from the interaction point. A measurement of the ^-coordinate of 7 cm
accuracy is provided by the time difference for the; pulse to reach the two end-points
of the wire.

Closest to the beam pipe there is a double-sided silicon microstrip vertex detector
(VDET) measuring for each track two pairs of coordinates 6.3 cm and 10.7 cm away
from the beam axis, with an accuracy of typically 12 /jm in <fi and 12 to 22 /mi in
z. Points are reconstructed through the average position of the extrapolated ITC
and TPC tracks, weighted by the deposited charge in the VDET. The track helix
is then refitted taking into account, the new coordinates. The improvement of the
momentum and impact parameter resolution by virtue of the additional VDET
information is shown in Tab. 3.2. For the high energy use at LEP II the VDET has
been replaced by a larger model to improve the1 geometrical acceptance and also the
radiation sensitivity was reduced to cope with the higher radiation level at LEP II.

The LEP luminosity is measured by means of a sampling luminosity calorimeter
(LCAL), consisting of lead sheets and wire chambers grouped in 3 stacks. It pro-
vides an energy (angular) resolution of about 15%/JE/GQV (2.5mrad/-w'E1/GeV).
In addition, a cylindrical silicon tungsten luminosity calorimeter (SICAL) was in-
stalled in 1992 on each side of the interaction region enclosing the beam pipe. These
devices permit the determination of the absolute luminosity to a systematic precision
of 0.12% (experimental) and 0.16%, (theoretical) (1994 results) [135].

The (-(Mitral part of the beam pipe is a cylinder with an outer radius of 5.4 cm made
of beryllium in order to reduce the radiation length1 (0.00312À"0 at normal incidence).
Then outgoing in the beam direction, after some connecting parts, the material becomes
aluminium with 0.29ÀV

The geometrical characteristics and the thickness of the ALEPH subdetectors are given
in Tab 3.1:

3.1.1 The Trigger

Understanding the efficiency of the trigger is crucial in many analyses at LEP which
demand precise measurements of the cross sections. The ALEPH trigger is a three-level

1 In dealing with electrons and photons at high energies, it is convenient to measure the thickness of
the mal criai in units of the radiation length A'o. This is the average distance over which a high-energy
electron loses on average» all hut, \/c. of its energy by bremsstrahlung, and is the appropriate scale length
for describing high energy electromagnetic cascades.
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Length of cylinder (cm)
Inner radius (cm)
Outer radius (cm)
Xo for \cos6\ = 0
Acceptance (\cos9\)

VDET
21
6.3
10.8

0.041
0.85

ITC
200
12.8
28.8

0.014
0.97

TPC
470
31
180

0.071
0.95

ECAL
477
185
225
21.5
0.97

Magnet
700
248
292
1.6

HCAL
700
300
468

0.92 .

Table 3.1: Geometrical dimension and acceptance of the subdetectors.

system which is sensitive to single particles or single jets. At first and second level the
trigger consists of specially built hardware to look for signals in coarse segments of the
subdetectors.

The Level-one trigger decides within 5 fis (compared to about ll/is between two
beam crossings). It requires a minimal ECAL energy of 6 GeV in the barrel, 3 GeV in one
end-cap or 1.5 GeV in both end-caps. To trigger for electrons, an ITC track is roughly
extrapolated to an ECAL module with a deposited energy larger than 200 MeV. Muon
tracks are triggered by the extrapolation of an ITC track to the HCAL. Furthermore, an
event is triggered when two tracks are back-to-back in the ITC or if energy is deposited
in the two luminosity calorimeters.

The Level-two trigger has a deadtime of 50 fis (the time needed for the electron
drift in the TPC). It refines the Level-one trigger in searching for tracks pointing to the
interaction zone. If the Level-one decision cannot be confirmed, the readout is stopped
and cleared.

The Level-three trigger is applied only after readout. All detector components arc;
used and software analysis can be performed in order to separate genuine e+er interactions
from background. The maximum allowed rate out of the Level-three trigger is 1 Hz.

The trigger efficiency for hadronic and leptonic Z decays is better than 99.99%, with
an uncertainty of less than 0.01%. Bhabha events are triggered with an efficiency of
(99.7 ±0.2)%).

3.1.2 The Time-Projection Chamber

The TPC is the heart piece of the ALEPH tracking system. It consists of a cylindri-
cal drift volume with a central electrode and planar wire chambers at the two ends as
schematically depicted in Fig. 3.5. The axis of the TPC is parallel to the magnetic field.
The electric field extends from each end-plate towards the central membrane that divides
the chamber into two halves. The electrons produced by ionization of the argon (91%)
and methane (9%) gas mixture (at atmospheric pressure) by traversing charged particles
drift towards one end-plate, where they are collected. Their arrival position and time are
measured by a system of proportional wire chambers (sectors) which are capacitively cou-
pled to cathode readout pads. There are 6 inner and 12 outer sectors on each end-plate.
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Figure 3.5: A schematic view on the TPC devices (left figure) and on the pad distribution
on an end-plate (right figure).

The sectors have concentrical rows of pads in order to provide a 3-dimensional coordinate
measurement. The angular acceptance is limited to |cosf?| < 0.96. It is important to
assure a good relative alignment of both end-plates since misalignment would give rise to
wrongly physically interpreted effects, e.g., a violation of CP symmetry in r decays due
to a non-vanishing average value (é~ - è+) of positive1 and negative tracks [136]. The
alignment is tested with Z —> /v,+//~ events (see Section 3.1.3).

The quality' of the track reconstruction depends critically on the precise knowledge
of systematic distortions of the tracks during the drift of the ionization showers towards
the end-plates. Distortions due to inhomogeneities of the magnetic and electric fields are
determined from a magnetic field map and from laser-induced tracks. The z-coordinate is
obtained from the drift time -the electrons need to arrive; at the end-plate and the known
drift velocity2, The r — (^-coordinates are obtained from the interpolation of the signals
induced on cathode pads which are located precisely on the sectors. The TPC measures
21 tridimensional space points on each track traversing the inner and the outer field cage1

yielding a best r — <fi spatial resolution of 180 /7,m and about 1 mm in z.

The procedure for the charged track reconstruction consists of several stages. During
the first, stage, the coordinate's of hits and their errors (obtained from preliminary track
parameters) are determined for each tracking device1 VDET, ITC and TPC. Then, these
coordinates are fitted to a, helix, using a filtering procedure which takes into account mul-
tiple scattering between the measurements, starting from the TPC, where the maximum
space information is provided, to the1 ITC and then to the VDET. The TPC track recon-
struction inefficiency due to track overlap and cracks has been measured from hadronic Z

2The drift, velocity is measured using a laser calibration system and a, comparison of the track polar
angle reconstructed in the. TPC to the one observed in the verlex detector.



Transverse Momentum Impact parameter
Tracking device used Apr/p'r ( GeV/c)"1 r — <f> (/iui) z (//m)
TPC
TPC -
TPC ^

h ITC
h ITC Hr VDET

1.2
0.8
0.6

X

X

X

10
10
10

- 3

- 3

- 3

310
107
23

808
808
28

Table 3.2: Track momentum and impact parameter resolution using the TPC only, using
the TPC and the inner tracking chamber and using all available tracking information.

decays to be 1.4%, which is well reproduced by the ÀLEPH detector simulation. Tab. 3.2
shows the momentum and impact parameter resolution of the ALEPH tracking system.
The measurement resolution is studied with low radiating Z —> /./.+ //~ events, where the
nominal muon momentum is the beam energy. Low energy information on the impact
parameter resolution is obtained from hadronic Z decays.

The TPC is supplied with sense wires across the sectors on each end-plate which serve
to measure the specific energy loss by ionization (dE/dx) of a particle travelling through
the TPC. The ionization of each charged particle is sampled with a sense-wire spacing of
A mm. giving a total of 340 possible measurements for one track. The dE/dx measurement
is an important tool for the identification of charged particles originating from r decays.
The value of dE/dx versus the particle momentum and the separation power using dE/dx
in units of la between electrons, pions, kaons and protons are shown in Fig. 3.6.

An important point in the hadronic r spectral function analysis is a good knowledge
of the reconstruction efficiency of multi-prong r decays which are in general highly col-
limated (hie to the large M'jjAM^ and thus the strong boost of the produced r's. The
pattern recognition in the r"-> 2ir~Tï+ vr events has been studied in Ref. [137], where
it was found that in about 10% of r three-prong decays, only two good tracks are re-
constructed. These details are well reproduced by the detector simulation as shown in
Section 7.2.

3.1.3 Alignment of the Tracking Devices

The* alignment of the ALEPH tracking devices uses kinematically well measured tracks
with maximal compatibility between the reconstructed hits and the helix of a trajectory
in the axial magnetic field. The procedure is, first, to align the three detectors in a global
manner, then the TPC1 sectors are aligned with respect to each other and the VDET
silicon waters are aligned among them. In an iterative procedure global and subdeteetor
alignments are repeated until an overall convergence is found. The tracks used for the
alignment originate from: cosmic rays, /i pairs and hadronic Z decays.
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Figure 3.6: Performance ofdEjdx in the ALEPH TPC. The left hand plot is the measured
ionization loss as a function of momentum, shoxuing the dE/dx for different particles. The
right hand plot depicts the dE/dx separation for pairs of particle types in units of 1er.

3.1.4 The Electromagnetic Calorimeter

The ALEPH electromagnetic calorimeter is a lead/wire-chamber sampling device with a
nominal thickness of 22ÀV It is arranged as a barrel surrounding the TPC inside the
magnetic coil, closed at both ends with end-caps as shown in Fig. 3.7. The two types of
subdetector elements -•- barrel and end-caps — are divided into modules, each covering
30° in azimuthal angle, the endcap modules having a 15° rotation with respect to the
barrel modules. The inactive zones ("cracks") between the ECAL modules represent 2%
of the total solid angle in the barrel and 6% in the endcaps. Fig. 3.8 shows the number
of reconstructed photons in the barrel versus 4>. The minima indicate the position of the
ECAL cracks.

An electromagnetic shower develops, for an incident of a particle, in the lead sheets
(see Fig. 3.7); the processes that govern the shower development are the energy loss of
electrons emitting bremsstrahlung and photon conversion into an e+e~ pair. The shower
deposits in the active volume only a fraction of its energy by ionizing the gas, which is a
mixture of 80% xenon and 20% carbon dioxyde, in the proportional wire chambers. The
ioni/ation is then amplified in avalanches around the wires and the energy is measured
via capacitive coupling to cathode pads with dimensions of 30 x 30 mm2. Signals obtained
with cathode pads are also used to measure the position of the electromagnetic shower,
while signals from the wire planes provide1 a complementary measurement of deposited
energy, a low-noise trigger timing and the energy calibration. More details concerning the
ECAL energy calibration is found in Section 7.1.2.

The cathode pads are connected internally to form "towers" pointing to the interaction
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Figure 3.8: Number of reconstructed photons with E1 > 5 GeV in the barrel as a function
of the azimuthal angle (j) for data, (points with error bars) and Monte Carlo simulation.
Hie minima, indicate the position of the 12 ECAL cracks.

zone. Each tower is read out in three stacks in depth ("storeys") of 10, 23 and 12 layers,
corresponding to 4, 9 and 9 radiation lengths, respectively. There are 74 000 such towers,
each covering a solid angle of 0.92° x 0.92°. This high granularity is crucial for the
identification of electrons, photons and 7r°'s which are highly collimated in r decays. The
energy and angular resolution of the ECAL, measured with electrons from Bhabha events,
two photon events and from r decays, read

&0
sintf

- 1%

= 0.32©

18%

m rad .

The efficient photon finder and good angular resolution of the ECAL due to the fine
granularity compensate the middling energy resolution. For example, the energy resolu-
tion of low energy photons originating from a n° decay can be improved by a factor of
two by means of a constrained fit to the known n° mass. Many details about the photon
and 7rl) reconstruction are found in the following Chapter. 4.

3.1.5 The Hadron Calorimeter

The large iron structure that constitutes the main support of ALEPH and collects the
return flux of the magnetic field also acts as the absorber for hadrons produced in the



final states. The iron is split into self-supporting slabs spaced by air gaps in which layers
of plastic streamer tubes are inserted. The main structure is subdivided into a central
barrel and two end-caps.

The hadron calorimeter serves two purposes: it is used, together with the ECAL, to
measure hadronic energy deposits, and it is part of the muon identification system since
strong interacting hadrons are filtered from minimal-ionizing muons that are afterwards
detected by the streamer tubes of the muon chambers. It consists of 23 layers of streamer
tubes separated by the iron slabs. The total iron thickness is 120 cm.at 9 = 90° with an
interaction length'5 of 7.16Aj,,t at 0 = 90°. The calorimeter is constructed from 36 modules.
24 in the; barrel and 6 in each end-cap, and is read out capacitatively in 4788 protective
towers each covering a solid angle of typically 3.7° x 3.7°, which is 16 times larger than the
ECAL towers. When hachons interact with matter, they produce either TT°'S which create1

electromagnetic showers, charged hadrons (mainly ir^'s) interacting with surrounding
nuclei but also neutrons which are undetected and give rise to an energy leakage.

A digital (yes or no) signal is recorded for each of the 1 cm wide tubes, providing a
two-dimensional projection of the energy deposition. This is used for the identification of
muons, and, together with the towers, in the energy-flow algorithm for the reconstruction
of the total energy and multiplicity of an event (Section 4.1). In addition, trigger signals
are derived from the wires of the tubes.

The energy calibration is done using Z —» fi+fi~ events, to fix the' overall energy
scale, and hadronic Z decays to intercalibrate the calorimeter modules. The calibration
must correct for dead zones (cracks) and the angular dependence of the signal. The tower
information is clusterized similarly to the ECAL yielding a mean of 9 clusters per hadronic
event. The HCAL energy resolution measured with pions is

AE 85%

E jE/GcV '

3.2 Analysis Tools

A huge package of analysis tools is provided by the ALEPH Collaboration to translate the
raw detector response into proper analysis variables and to simulate the physical processes
and the measurement procedure.

3.2.1 Event Reconstruction

The event reconstruction builds friendly objects and variables out of the raw data acqui-
sition, e.g., tracks, impact parameters, secondary vertices and calorimeter clusters. The

3()ne interaction length Aj,,i., defined as

Ain, = 3 5 g e m ' 2 , 4 " ' / n .

where A is the atomic weight, of the penetrated medium, is the mean distance between two nuclear
interactions. In a given medium, one has A|nt > A'o.



reconstruction is performed by the program JULIA:

'[Yacks are reconstructed by fitting trajectories of charged particles to the measure-
ment, points provided by TPC. ITC and VDET. The TPC wires are analysed in
order to extract the dE/dx information. The combined fit, of the measurements in
the tracking devices provides also the track's impact parameters do and ZQ, defined
as the minimal distance; in the r - (j) plane between the primary vertex and the
track helix (point of closest approach (p.c.a.)) and the z coordinate of the p.c.a.,
respectively.

Secondary vertices are formed for particles with opposite charges.

Energetic storeys of the ECAL are combined to clusters and corrected for calibration
and geometrical effects. In addition, effects from the minimum energy threshold and
leakage (lost energy) are taken into account. The electromagnetic calorimeter suffers
from a non-linear response signal due to saturation of the charge collection in an
avalanche. The effect increases with the cluster energy and can be parameterized
by the approximative formula

with the saturation constant a = (8.0 ± 0.6) x 10"° [138] measured using the ratio
of energy over momentum for electrons in data to the Monte Carlo simulation.

In a similar way to electromagnetic- clusters, HCAL clusters are formed by combining
energetic tubes. In addition, near ECAL and HCAL clusters are associated and both
are associated to near extrapolated tracks.

I'or an easy access to the detector information. JULIA converts the raw detector
response into "physical variables'' like energies, momenta or geometrical distances
and provides error matrices for the fitted tracks. These variables are retrievable
via the routine ALPHA. The visualization of the detector response and reconstructed
(data and Monte Carlo) events is performed by the program package DALI.

3.2.2 Monte Carlo Simulation

Important for the analysis, in order to extract physical phenomena, distributions and con-
slants from the measurement, is the possibility to compare measured data to a simulation
which contains both physical input of known processes and the detector response. Using
such a simulation it is even possible to directly extract physical distributions from mea-
sured ones by means of unfolding (Chapter 5). It is clear that the quality of the analysis
then crucially depends on the exactness of the simulation. The stages of the simulation of
r ' < ™> Z —» T^'T" processes are the physical event, generation using the program KORALZ
followed by the simulation of the measurement procedure realized by GALEPH which is
based on GEANT [139].
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The Event Generation — KORALZ
The physical event generator KORALZ [140, 141, 142] provides the simulation of all stages
of the r pair production at, cm. energies around the Z peak and of the successive r
decays based on phenomenological models obeying the known dynamics. Included in the
T pair production are initial and final state radiation as well as the 7 — Z interference and
electroweak theory which produces, e.g., a r polarization of about, 15% due to the parity
violation in weak interactions.

The generation of r decays uses the program library TAUOLA. It takes into account,
radiative corrections (bremsstrahlung) of the final state leptons, pions and kaons. In ad-
dition it contains known decay dynamics, e.g., the 7r~7r° decay via a p~(770) intermediate
resonance, 27r"7r4, 7r~27r° final states via the o,j~(1260) or the 2<T~7r+7r0 decay product
coming partly from a UJTT"" intermediate state. TAUOLA simulates explicitly the following
T decays (not all dynamical details are given): r"—> vT + . ..

e~vt, //,~i?fl n~ p~ - 4 7r~7T°

Of -> 27T-7T+ rtf -» 71-271-° K K*

27T~7r + 7r° ( i nd . W7r™) 7r-37r0 37T-27T+ w T ^ T T 0 - > 27r"~7r+27r°

37r"27r+7r0 27r-7r+37r° K~K° KKTT

K"7T7r K°7r~7r° i]n~n° WTT~ —> 7r~"7r°7

The Detector Simulation — GALEPH

The simulation of the detector response, i.e., the measurement procedure, is performed by
the program GALEPH which is based on the library GEANT. After being fed with the specific
geometry of ALEPH, it simulates the creation of new particles and showers during the
penetration of matter of an incident charged or neutral particle. For practical reasons
(calculation time), the shower simulation in the ECAL is performed using an energy and
angular dependent parameterization.

The detector simulation provides in principle all event variables used for an analysis,
generates secondary interactions as well as fake photons, etc., and keeps the true, i.e.,
physical information retrievable so that the distortion due to the finite detector resolution
and acceptance can be explicitly drawn after.
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Chapter 4

Analysis of r Pair Events

The topology of r pairs produced at the Z mass scale is characterised by back-to-back,
narrow jets with an average multiplicity much lower than for hadronic Z decays. Thus,
candidates are selected by retaining low multiplicity events coming mainly from lepton
pair decays of the Z. A detailed description of the r pair preselection can be found in
Ref. [143]. Additional cuts are applied in order to suppress Bhabha (e+e~) and dirnuou
(fi+f.r) background as well as background coining from two-photon processes and cosmic
ray events [23]. Details about the cuts to remove hadronic Z decays from the r pair sample
are given in Ref. [24]. The analysis presented here is based on a sample of data recorded
by the ALEPH detector at LEP during the years 1991 to 1994. In total 124 358 r pairs
are selected with an overall detection efficiency of (78.8 ±0.1)%. This corresponds to an
integrated luminosity of 158 pb"1. The following section gives a survey of the selection
cuts and algorithms used.

4.1 Selection of r Pairs
The selection of r pairs is based on the routine TSLT version 02. An event is subdivided
into two hemispheres given by the plane perpendicular to the thrust axis which defines
the direction of maximum longitudinal momentum in both jets. The reconstruction of
neutral and charged objects in a jet, needed in to calculate the thrust axis, is provided
by the energy-flow algorithm (EFLW). The EFLW permits to calculate the visible energy
recorded in the track devices and calorimeters by correcting for redundant information.
Tracks for example deposit charged and neutral -energy, while neutral objects are only
reconstructed in the calorimeters. ECAL objects, declared as independent neutral objects,
are therefore energetic clusters without associated track. To be finally assigned as neutral
object, their energy is required to be larger than 1 GeV (EGAL) and 1.5 GeV (HCAL) in
order to reduce the dependence on shower fluctuations which are difficult to simulate and
give rise to systematic uncertainties. The number of reconstructed charged and neutral
objects represents an important constraint to eliminate Z —> qq events owing to the high
multiplicity of their final states. Fig. 4.1 (taken from Ref. [144]) shows the average charged
multiplicity as a function of the cm. energy. Low energy experiments, e.g.. a r/charm
factory, are limited in precision due to irreducible qq background from charm decays.
The distribution of the total reconstructed final state invariant mass versus the particle
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Figure 4.1: Average charged multiplicity of e+e -+qq events. The average multiplicity of
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multiplicity is shown in Fig. 4.2.

Both reconstructed hemispheres are required to have at least one good charged track,
where a good track fulfills the following quality criteria:

at least 4 coordinates (measurement points) in the TPC,

\do\ < 2 cm,

1201 < 10 cm,

a polar angle |eos#| < 0.95 .

In addition, the polar angle |cos#*| of the r pair, calculated from the polar angles of the
positive^ and negative hemispheres

costf* = si

must obey the condition
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Figure 4.2: Invariant mass versus the number of particles for all events with at least two
tracks, from part of the 1992 data. The two low multiplicity peaks have been truncated.

|cos0*| < 0.9 ,

in order to guarantee that the event is reconstructed inside the geometrical acceptance of
the detector.

The sources of background after the above preselec-tion are e and /i pairs, Z —» qq and
r.+ e.~ —¥ 77 events as well as triggered showers from cosmic radiation. Several cuts applied
to suppress a background signal from one specific mode aid nevertheless in some cases
also for the rejection of other modes with similar signals.

Rejection of Z —>• qq Events

Hadronic Z decays are characterised by a high charged and neutral multiplicity of their
final states (on the average1 20.91 ± 0.22 [127] tracks per event) and a larger opening angle
of the tracks compared to T+T~ events due to the. smaller average boost energy carried
by each track.

The most efficient cut concerns the number of reconstructed charged and neutral
objects. To pass the selection, an event is required to have
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2 < Nu.M:ks < 8 ,

where r"4 T" events with more than 8 tracks occur only in less than 0.01% of the cases.
In order to maintain a high efficient r pair selection, the following cuts are exclusively
applied if an event, is flagged as being non-r-like, i.e., both hemispheres have at, least two
good tracks or the invariant mass of the one-track hemisphere exceeds 0.8 GeV/c2:

The product of neutral and charged EFLW objects of both hemispheres must not
be larger than 40.

The charged tracks of both events are required to form narrow jet cones. The sum
of the maximum angle 0'op between two tracks of a. hemisphere i is required to be
0!n> + 0lv < 14.3°.

Rejection of e+e~—> yy Events

Two-photon events stern from the collision of photons radiated by the initial electron-
positron pair which itself escapes detection due to the small scattering angles \cos9- -.
The reconstructed 77 event consists therefore of a large acollinearity angle r\ between the
thrust, axes of both hemispheres, caused by the, in general, unequal photon energies and
the associated boost, along the beam axis, and of an amount of missing visible energy. In
addition, the transversal momenta ])•/• of both hemispheres are balanced. The rejection
cuts are:

Maximum acollinearity of?/ < 40°.

The total visible energy in each hemisphere must, exceed 35% of the beam energy.

The transversal momenta are required to be unbalanced (due to the recoil of the
two invisible r neutrinos): \\)\- — p?r\ > 3 GeV/r .

Z Decays into r and // Pairs

As this analysis is concerned with hadronic r decays only, the rion-r background from
electronic or mucmic Z decays is of minor importance as it is to a large amount recon-
structed in the corresponding r decay channels. Z decays into an e or // pair have no
energy loss from decays into neutrinos. There EFLW energy shows therefore a sharp peak
at 45 GeV as can already be seen for the track momenta in Fig. 4.3.

Z —> (yhe.~ events are produced via the interfering .s'-channel annihilation and /-channel
scattering. .^-channel events have an angular distribution which is essentially given by
~ (1 4• cos20) whereas a /-channel electron is sharply peaked in forward, i.e., initial
electron direction. Photons originating from radiative /-channel events vanish therefore
frequently in the beam pipe. To consider this, the total energy of an hemisphere is calcu-
lated by adding the reconstructed energy Krvc to the energy of eventually radiated photons
JCrM\, calculated via the deviation of both thrust axes from collinearity. For r pairs, this
total energy is then required to be
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Figure 4.3: Track momenta distributions of selected e, ft and r pairs (track with highest
momentum in case of multi-prong r final states). The electron peak is asymmetric due
to the more frequent energy loss by bremsstrahlung. In addition, one observes a worse
TPC resolution for electrons compared to muons which is due to the t-channel electrons
scattered at small angles where less TPC coordinates are measured.

The above cut is reinforced to Eiol < 1.4xZ?h(!am if the distance between extrapolated track
and EGAL crack is smaller than 6 cm, i.e., the EGAL energy measurement is incomplete.

Z —> fi-+n~ events have a much lower radiation probability in the final state (see Fig 4.3.
They are rejected by requiring

+ t̂rack,2 < 1-6 X

The following cuts are only applied if the event has a dimuon character (muon-like),
namely, either if the most energetic track in each hemisphere is identified as muon, or if
in one hemisphere the most energetic track is identified as muon and the track momentum
on the recoil side exceeds 0.9 x E\WBm . In order to reject these events, one requires

•&tract.rack,l 1-8 X h\)l];un •

Additional cuts to reduce persisting background from e. and //, cuts have been applied
in order to optimize the selection purity of crucial importance for a measurement of the
T leptonic branching fractions. This is comprehensively presented in Ref. [145].



Process

Z->//. + /'~
7 7 —> c+c.~~
77 -> /z.1//.
four fennion

Z --> 97
Cosinics

Total

Background (%)
0.15 ±0.03
0.07 ±0.02
0.07 ±0.02
0.08 ±0.02
0.14 ±0.02
0.31 ±0.09
0.02 ±0.01
0.84 ±0.10

Table 4.1: Non-r background contamination of the selected T pair sample on the Z peak.
The. values are essentially obtained, from data, studies.

Rejection of Cosinics

Events originating from cosmic showers in the atmosphere (to a large amount muons) are
efficiently rejected by the requirement to pass near to the interaction point:

|ri()| < 1 cm ,

Sol < 5 cm .

Selection Results

The precise knowledge of the selection efficiency has been of extreme importance for
the recent ALEPH branching ratio measurements [23. 24]: in order to obtain the absolute
blanching ratio of a given exclusive r decay mode, the number of selected events is divided
by the efficiency of the respective channel. Associated errors scale therefore linearily. To
reduce possible biases from the Monte Carlo simulation, the efficiency has been tested
as far as possible using ta,<j(jed r-like hemispheres both in data and simulated events
and calculating the efficiency of the recoil side. A tagged hemisphere is distinguished
thanks to a particularly characteristic r signal. It is clear that such a method depends
strongly on the correlations between both hemispheres. In order to study the effect of
these correlations, the recoil hemispheres of the tagged r-like sample are randomly paired
to reform a "complete" r event. In this way correlations between the two hemispheres are
suppressed. This break-mix procedure is applied simultaneously to data and Monte Carlo
events and the distributions of the cut variables are compared afterwords. The efficiency
of cut. variables where the correlation between the r hemispheres is not explicitly used
can now directly be measured using the break-mixed data sample. Strongly correlated
variables arc checked by comparison to the simulation and corrections of the Monte Carlo
efficiencies can be deduced.

The final overall r pair selection efficiency is found to be

fT+r_ = (78.83 ± 0.13)% .

with a non-7" background of (0.84 ± 0.10)%, while the non-r background in the purely
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hadronic r decay modes is measured to be (0.6 ±0.2)%. Table 4.1 shows the background
contamination from the respective uon-r sources [27]. Fig. 4.4 depicts the efficiency of
the r pair selection as a function of the generated invariant mass-squared taken from the
Monte Carlo simulation.

4.2 Charged Particle Identification

To identify charged particles corning from r decays, a maximum likelihood method is
employed, combining different, and essentially uncorrelated information measured for each
individual track. This procedure is originally described in Ref. [146] and additionally
improved in Ref. [23]. The implementation as a FORTRAN program, called TAUPIDX.
was performed by Z. Zhang, H..L Park and M. Davier at Orsay.

The global identification facility used is based on a maximum likelihood method which
combines the probability densities //(.'',;) of a set of discriminating variables x,; and a
particle type j = e, /i, hadrori to a normalised global estimator Pj

F, =

The normalised reference distributions //(:/:,:) are obtained from the Monte Carlo simula-
tion. The questioned r hemisphere (i.e., track) is then assigned to the particle type with
the largest global estimator Pt .

Nevertheless: Cuts

In general one can state that selections based on a likelihood procedure (fuzzy-logic) art;
clearly superior in cases where the discriminating variables have large overlaps between
the channels to be selected. Cuts are here very inefficient. However, quality cuts should
I»1 applied first in order to purify the sample from ill-reconstructed decays:

Charged particles are not accepted (reconstructed) when their momenta are below
150 MeV/r.

A minimum momentum of 2 GeY/r is required for inuon and hadron candidates since
lower energy muons cannot reliably be identified in the HCAL. The corresponding
efficiency loss amounts to 5.7%. No minimum momentum is imposed on electrons
which, below 2 GeY/V', are well distinguished from muons/hadrons by using the
(IE!d.r information.

Culs are applied for electrons and hadrons in the vicinity of ECAL cracks. This
causes an efficiency loss of 4.7%.

Discriminating Variables

A number of eight discriminating variables .?:,., i = . 1 , . . . . 8 is used in the likelihood:

86



The ionization loss dE/dx provided by the TPC where at least 40 samplings are
required. dE/dx discriminates electrons from muons/hadrons, while in the case of
muons and hadrons the information is almost degenerated.

Two ECAL shower profile variables for the transverse shape and energy deposition,
and the longitudinal shape. Both profiles of a cluster use the four storeys in each
stack that are closest to the extrapolated track. The ECAL variables are used to
separate electrons from hadrons.

Three HCAL variables: the average shower width measured on the HCAL tubes
in the fired planes, the number of fired planes among the last ten, the HCAL pad
energy associated to the track (only used if more than 8 HCAL planes have fired).
All HCAL and muon chamber variables serve to separating muons from hadrons.

The average shower width is obtained defining a road of 60 cm around the
extrapolated track. In each fired HCAL plane one now determines the-maximum
separation between the responding tubes. The average separation of all fired planes
détermines the shower width. Contrary to ECAL cracks, dead zones in the HCAL
(empty spaces between the modules in the central detector and the edges) are taken
into account by the use of three individual reference distributions depending on the
geometric position of the response in the detector.

Two variables provided by the muon chambers: the number of hits within a, road
of ±4a around the extrapolated track, where a is the standard deviation expected
from multiple scattering. Finally, the average distance in units of a of the hits from
the extrapolated track position is used.

The correlation between the variables are expected to be very small. Correlations exist
between the average HCAL shower width and the HCAL energy measured on the pads.
Nevertheless the use of the HCAL energy improves slightly the muon--hadron separation
as observed in the simulation.

Identification Procedure

The global likelihood method is applied on one-prong hemispheres. Three prong hemi-
spheres with a possible converted electron-positron pair from photon radiation or IT0

decays go in for a preidentification in order to reconstruct electrons. Only dE/dx and the
ECAL shower profile variables are used.

The reference distributions are obtained from simulated events. Checks are performed
using tagging routines both for data, and Monte Carlo simulation and comparing the vari-
able distributions. Fig 4.5 depicts the probability distributions Pj of identified electrons,
muons and hadrons for data and Monte Carlo simulation. Reasonable agreement is ob-
served. Additionally depicted is the expected r background taken from the simulation.

Identification Efficiencies and Results

The performance of this identification is studied in detail using samples from electron
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Figure 4.5: Distributions of the electron, ration and imdron estimators in data (points)
and Monte. Carlo simulation (histograms). Wrong identified tracks are indicated by the
h.atc.hcd, areas.

pairs, union pairs and two-photon decays into lepton pairs [23]. Z -4 c+c" (events pro-
vide a high energy electron sample (> 8 GeV) and. complementarily, 77 —> e+e.~ events
provide low energy electrons. Similarly, a wide-ranged union sample is obtained from
the corresponding processes Z--» //*"// and 77 —> //'/./"• In practice, lepton samples are
obtained by tagging in every event the opposite particle with severe identification and
momentum cuts. hi all cases a small contamination from r pairs has to be subtracted out
(using the Monte Carlo simulation) in order to get the correct misidentifieation rates of
leptons into hadrons.

In addition, two complementary data samples from r decays are used in order to test,
the hadron misidentification probability distribution. The first sample is obtained using
dl'j/d.v. discrimination for an electron vetoing against hadrons while muons are rejected
using IICAL and union chamber estimators. The second sample is tagged by requiring
the presence of at least one reconstructed n{) which vetos hadrons originating doniinantly
from T~ —> n"7i° uT and r ~>TT" 2TT° ;/7decays. Both samples indicate1 a higher probability
for the misidentification of hadrons as electrons in data (0.79 ±-0.06)% with respect to the
expectation from Monte1 Carlo simulation (0.59 ± 0.02)% [24]. Corrections according to
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Table 4.2: Particle identification, efficiencies and rni.Hidentijica.tion probabilities (in per-
cent) as measured from data in one-prong r decays. The efficiencies given include tlu:
prends of the likelihood, identification.

these1 values are applied. Table1 1.2 shows the efficiency (including promts) and misidon-
tifieation matrix for one-prong r decays.

The electron identification is independently tested using three-prong r hemispheres
with two tracks being identified as 7 —» e+e~ conversion.

The momentum dependence of the electron and muon efficiency is very weak while
the hadron efficiency increases by 1% (over the full momentum range) with increasing
momentum due to the parallel increase of haclron-to-electron and decrease of hadron-to-
11111011 misidentification. The angular dependence of the efficiencies is small. A 1% loss is
observed in the overlap region between barrel and end-caps. A similar efficiency loss is
seen in the azimuthal distribution-of muons due to dead HCAL zones.

4.3 Photons and Neutral Pion Reconstruction

This is a decisive point of the analysis: about 44% of the r decays and 67% of the hadronic
T decays are accompanied by at least one neutral pion (TT0). These are reconstructed in
the electromagnetic calorimeter through their decays n° —> 77 (branching fraction 98.8%)
which challenges the energy and angular resolution of the ECAL as well as the separation
power between adjacent clusters from high collimated r decays. By virtue of the high
ECAL granularity it has been shown [24] that even r decays with 4TTO'S can in principle
be resolved. In the case of two reconstructed photons originating from a. TT0, the known 7r°
mass helps to improve the middling energy resolution of the ALEPH ECAL via the, at not
too high energies, well measured photon directions. In order to maintain a good efficiency
of the 7r" reconstruction, the minimum photon energy is set to 300 MeV. This low choice
is vulnerable to low energy fake photons produced by fluctuations from hadronic and
electromagnetic showers.

The following sections give a detailed description of the .ALEPH photon finder and
the 7T° reconstruction algorithms used.

4.3.1 Converted Photons

A special case of photons are those whie:h have- converted inside; the tracking volume' into
an c-r'e:" pair and are therefore reconstructed as TPC tracks and not in the calorimeter.
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Photon conversion diagrams need the presence of an external field as provided by matter
so that, it becomes possible to visualize the elements of the ALEPH tracking devices by
the measurement of the conversion radius (distance vertex point-of-conversion) as seen
in Fig. 4.6.

Conversion candidates are required to have an invariant mass smaller than 30 MeV/c2

and the minimal distance between the two helices in the x-y plane must be at least 0.5 cm.
Remaining charged tracks which are identified as electrons in a multi-prong environment,
originating from a hadronic r decay are thought to be single track conversions assuming
that due to too low momentum (P < 150 MeV/r:) or secondary scattering effects the
other track got lost. Fig. 4.6 shows that, the conversion rate when passing material such
as ITC and TPC walls is fairly well modelled in the simulation. Additionally plotted is
the invariant mass distribution of converted photons for data and Monte Carlo simulation.
The respective fractions of converted photons among a. sample of "genuine" photons is
measured to be [24] (9.8 ±0.2)% in data, and (9.4 ±0.1)% in the simulation with a small
excess in data with respect to the simulation. The fraction of single track conversions is
found to be well reproduced by the simulation.

4.3.2 Photon Reconstruction

To understand the photon reconstruction algorithm one should recall the basic construc-
tion elements of the ALEPH ECAL: it consists of 45 layers of a total thickness of 22
radiation lengths. The energy and position of a shower is read out using cathode pads
with dimensions 3 x 3 cm2, arranged to form towers pointing to the interaction zone; each
tower is read out in three segments in depth, so-called storeys, corresponding to 4, 9, and
9 radiation lengths, respectively. The characteristic longitudinal segmentation and the
fine granularity (which compares to the average width of an electromagnetic shower) of
the calorimeter play an important role in the photon and neutral pion reconstruction, and
in the identification of fake photons.

GAMPEX Algor i thm

The practical work of photon reconstruction is performed using the program package
GAMPEX [147, 148] that first detects energy maxima, in the lowest storeys' since electro-
magnetic showering starts almost immediately (~ one radiation length) after the photon's
entrance into matter. Adjacent energetic storeys (those1 which share a face) are then as-
sociated to the maximum energetic storey in order to form a cluster. The same clustering
is afterwards applied to the storeys of the second and third level of depth and the clusters,
found are associated to the primary one. This procedure is applied to all isolated ECAL
energy maxima. An important source1 of background are hadronic interactions with the
calorimetric matter producing as well photons and 7r"\s. In order to distinguish them from
genuine r final state photons one uses the characteristic form of the shower in combination
with a cut requiring a minimal distance between the baryeentre of the energy deposition
(photon) and the extrapolated track of 2 cm. In addition, reconstructed photons are
required to exceed a. minimal energy of 300 MeV. After the clustering, the number of
fake photons in data reaches about 26% in the photon sample; e)f hadronic; r decay modes.
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Figure 4.6: The upper plot depicts the radial distance of a photon conversion vertex (ma-
terialization point) to the beam spot for data (points with error bars) and Monte Carlo
simulation. Accumulations occur when photons penetrate m,atter: the. beam, pipe at 5.4 cm,
the silicon strip vertex detector (VDET) at 6 11 cm, the outer walls of the ITC 13 cm
and 29 cm, and the inner TPC wall at 31 cm. The lower plot shows the invariant mass
distribution for observed and simulated converted photons. The e+e~ enhancement at the
primary vertex is due to so-called "Dalitz decays" ir° —» e+e~j occurring with a branching
raiio of 1.2% [17].

The fractions of fake photons originating from hadronic interactions and electromagnetic
showers are approximately 60% and 40%, respectively.

The photon energy is calculated taking the deposited energy in the four central towers
in order to reduce the sensitivity of the energy measurement to hadronic background and
clusterization effects. Several corrections are applied concerning energy loss in the case of
transversally or longitudinally outbreaking showers or amplification saturation effects. A
new EGAL energy calibration with respect to the Monte Carlo simulation is performed in
the framework of this analysis. If is described in Section 7.1.2. In cases where the mea-
sured energy is not compatible with the one photon expectation, the energy is calculated
on the basis of all associated energetic towers. Finally, the polar and azimuthal angles.
i.e.. the photon direction are measured from the barvcentre of the cluster in assuming the
photons to be produced in the primary vertex (e+e~ interaction point).
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PEGASUS Algorithm

Photons that, are reconstructed by the above clusterization algorithm have to be subjected
to a certain number of tests in order to be able to classify them according to their origin:
genuine photons (also called photons) from n° decays, photons from bremsstrahlung or
radiation and fake photons issuing from hadronic or electromagnetic shower fluctuations.

The routine PEGASUS [24] uses a maximum likelihood method which combines the in-
formation from different, variables in order to discriminating between the above mentioned
photon origin: consider a discriminating variable yi with its probability density pfenu"ie(t/,;)
(/;'ak''('/A)) to be a genuine (fake) photon. The (genuine) photon estimator is then given

11

The following discriminating ECAL variables are used:

fractions of energy in the first and the second ECAL stack (E]^2' s t a c k) ;

fraction of energy outside the four central ECAL towers,

transverse? size of the photon shower,

angular distance of the photon's barvcentre to a nearest second photon shower (fi77),

distance from the photon's baryeentre to an extrapolated track. A sign is computed
depending on the position of the photon shower with respect to the curvature of the
track in the r-à projection, and

the photon energy (i?t,ot,ai)-

Reference distributions of the above variables are produced from the Monte Carlo' simu-
lation where the origin of the photons can be inquired (which is not always clear). The
distributions additionally distinguish the number of tracks measured in the given hemi-
sphere. They have been confronted with data in order to check their reliability. For
this purpose, a tagged sample enriched with photons and fake photons, respectively, is
established for data as well as for the simulation on the basis of the estimator P1 and the
fact whether or not they belong to a reconstructed 7r(l (see next section). Fig. 4.7 shows
some of the variables used for the respective genuine (called "good") and fake photon
sample for data, and Monte Carlo simulation. They agree fairly well. Disagreements lead
to systematic errors which are discussed in Chapter 7. In general one can say that, not
surprisingly, genuine photons (from physics origin) are much better modelled than fake
photons whose origins are diverse and difficult to simulate. An iterative procedure is
performed to derive from the data the corrections to be applied to the simulated refer-
ence distributions [24]. One thus obtains individual references for the use on data and
Monte Carlo simulation. Additional studies concerning corrections of the hadronic invari-
ant mass spectra, due to biases from fake photons are presented in the following section,
l'util this point, the energy of the photons is not used as discrimination variable in the
likelihood to avoid biases on the invariant, mass reconstruction. The energy is included
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into the procedure after the pairing of photons to 7r°\s lias been performed in order to
obtain stronger constraints on residual photons (remaining photons without a partner).
Note, that up to this moment no cut has been applied, i.e., all GAMPEX photons are still
preseni equipped with their individual genuine photon estimators.

4.3.3 Reconstruction of TT°'S

The TT" reconstruction procedures is primarily designed with the aim of achieving the
highest possible reconstruction efficiency. Three types of 7r°'s are distinguished:

resolved 7r" 's are paired from two photons,

unresolved 7r° 'S are reconstructed from a high-energetic cluster where two photons
are merged together, and

residual pilotons are remaining photons supposed to originate from a 7r() while the
second photon has been lost.

The procedure leads to an overall 7r() reconstruction efficiency of about 84%.

Resolved 7r°'s

In order to produce IT0 candidates, all photons reconstructed inside a 45° cone around the
thrust, axis are paired to 7r()'s. Then for each photon pair one calculates a 7r° estimator
Di, defined as

Dij =• PTi x 7\o,,7 x I \ , (4.2)

where the Plt are the genuine photon estimators from Eq. (4.1) and P^^ represents the
probability obtained from a compatibility test between the measured two-photon mass
and the expected one in units of one standard deviation of the apparent mass using
Gaussian probability density. It turns out that the apparent mass depends sensitively
on the two-photon energy (i.e., n° energy), as observed in Fig. 4.8. This effect issues
from overlapping high energetic photon showers for which the reconstruction algorithm
lends to overestimate the two-photon opening angle and thus the 7r° mass. As also seen
in Fig. 4.8, the functional form of this behavior depends on the geometrical region of the
AFEPH detector. It is obviously not well reproduced by the simulation. At low and high
energies, the .simulated average1 TT" mass lies systematically above the data. This effect
ensues from an overestimation of the two photon opening angle caused by clusterization
effects, which are not sufficiently well modelled in the simulation. Another contribution
originates from calibration shifts which arc mainly located at low energies. In order to
conic up to the above deviations, the apparent n° mass is individually obtained for data
and Monte Carlo simulation from an energy-dependent reference distribution (according
l.o Fig. 1.8) which distinguishes barrel and end-caps as well as the years 1991 93 and 1994
of data taking, respectively. In the case where one of the paired photons has converted to
v ' ( . corresponding parametrisafions for the n(] mass and its resolution are derived from
data to obtain the Pnojj probability.

Fig. 4.9 depicts the estimator D,; for hadronic r decays (corrected for an excess of
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fake photons in data see Section 4.3.4). A pair ij of pilotons is accepted as n° candidate
if

Di:j > 0.0009 ,

which corresponds for given average values (P7i, P7>) of genuine photons to a P^o^ thresh-
old probability for an invariant mass three standard deviations away from the expected
value [24].

In a r hemisphere with more than two photons the following criterion defines the
hierarchy of 7r° pairing within all candidate pairs ij: Among all possible combinations the
out1 is chosen which maximizes the product Hi^j D,7 . The comparison of the invariant
mass distribution for resolved 7r("s, after correcting the mass shift established in Fig. 4.8
and an excess of fake photons in data, is depicted in Fig. 4.10. Reasonable agreement
between the shapes is observed.

Once the resolved TT°'S are reconstructed, a kinematic fit is performed in order to
constrain the measured n° mass to the nominal mass mwo = 0.13498 GeV/r:2 [17]. The
expected energy and angular resolutions are used to adjust both values according to the
relation m^o = (2£.7] E12(l — cos07]7.,))

2 . The constraint imposes primarily on the photon
energies E~!i at low TT0 energies, where due to the. wide two-photon opening angle cos#7l72

the photon directions are well measured. At higher 7r° energies the critical resolution
comes from the opening angle whose reconstruction becomes more difficult owing to the
overlapping photon showers. Fig. 4.11 shows the .gain on energy resolution according to
the Monte Carlo simulation which, as expected, is situated at lower n° energies.

Unresolved TT°'S
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Once the TT° energj' increases the two photon showers tend to overlap and to be recon-
structed as one energetic .cluster. However, assuming the presence of two photons with
identical shower shapes in the cluster, one can calculate energy weighted moments from
the measured two-dimensional energy distribution in the plane transverse to the shower
direction. After a rotation of the ALEPH coordinate system in the two-dimensional sys-
tem (X, Y) where the barycentres of the two photon showers lie on the same axis [X\, 0)
and (X2,0), the moments obey the relations

0'n) = 0
E

(4.3)

with the total measured cluster energy E = Ex + E2 • By definition (X1) = 0 holds
in the new system. Eq. (4.3) is calculated up to the second moment n = 2 in order
to get sufficient information (four equations: (X]), (Y}), (X2), (Y2)) to solve the system
(four unknowns: Xi,X2, E\. E2). The consideration of an error on the common axis for
the second moments, which then reads (A"2} = {E}X

2 + E2Xl)/E + a2 and (Yn) = a\
requires as additional information the third moment (A''3} defined according to Eq (4.3).
Having reduced the five equations, the coordinates of the two barycentres are reexpressed
by ALEPH coordinates and the invariant mass of the two-photon system is calculated.

All two-photon systems with an invariant mass larger than 0.1 GeV/e2 are thought
and accepted to be unresolved 7r°'s. Fig. 4.12 depicts the reconstructed mass for data and
Monte Carlo simulation. Fake photons in high energy unresolved 7r°'s stem from shower
split-offs, i.e., electromagnetic shower fluctuations. This TT° reconstruction procedure does
intrinsically not distinguish between high energetic radiative photons and overlapping two-
photon configurations originating from TTO\S. However, high energetic photon radiation is
extremely rare in hadronic r decays.

Residual Photons

Photons inside a 30° degree com1 around the thrust axis which are neither paired to
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resolved 7r°'s nor found to have sufficient unresolved invariant mass may issue from

7r(1 decays where the partner photon got lost in an ECAL crack, or did not pass
the minimal energy or track distance requirements, or was overlapped by another
photon shower,

final state (or initial state) radiation and bremsstrahlung,

from u) —> 7r°7 and ?/ —> 2j r final states,

shower fluctuations (i.e., fake photons).

The most, important sources of residual photons are 7r°'s and low energy shower fluctuations.
The fraction of fake photons in the total sample of residual photons in hadronic r hemi-
spheres is (50 ± 1.4)% in data compared to (41 ±0.1)% in the Monte Carlo simulation.

In order to remove this large quantity of fake photons the discrimination power of the
genuine photon estimator P7 obtained from the likelihood (4.1) is reinforced by including
the photon energy E1 (plotted in Fig. 4.7) as additional variable. It is a strong constraint
disfavouring low energy photons. Residual photon with an estimator P7_res < 0.5 are
declared to be fake and are rejected. Fig. 4.13 shows the estimator P7_res for the reaction.
T •••-> h " ' / ; , - .

To distinguish among the different physical sources feeding the sample of remaining
residual photons (thought to be genuine), new estimators Pi,rems, r̂ad and P*no^.yi are
calculated [24]. As additional discriminating variable., the angle between photon and
nearest track is introduced in the likelihood (4.1). The reference distributions for the new
estimators are obtained from Monte Carlo simulation tested with tagged data samples.
'The overall agreement, is found to be satisfactory [24].

98



0.8

y-res

Figure 4.13: Single Photon estimator P7_res /or <iûi«, Monte Carlo simulation and fake
pilotons, taken from simulated events. Genuine photons declared fake, i.e., P7_res < 0.5
issue mainly from T~ —> 7r~7r° j / T background. The simulation is corrected for fake photons.

Fig. 4.14 show the respective fraction of resolved, unresolved and single (residual)
photon 7r°'s as a function of the 7r° energy. The fractions are not, corrected for the excess
of fake photons in data (see following section). The data excess of resolved 7r°'s at high
energy is caused by electromagnetic split-offs from shower fluctuations faking an addi-
tional low energy photon nearby the main cluster which is then reconstructed as resolved,
i.e., two-photon TT(). Accordingly one recognizes the lack of unresolved 7r°'s in data at
corresponding energies.

Crucial points concerning the simulation of 7r°'s in the detector are the origin and
amount of low energy fake photons as well as high energy shower split-offs, energy and
angular resolution of the reconstructed photons and the energy calibration. These de-
tails, apart from fake photons which are treated in the following section, are part of the
systematic studies which are discussed in Chapter 7.

4.3.4 Fake Photons

The data suffer from an excess of fake photons compared to the simulation. The amount
of this excess is derived by fitting the simulated distributions of the TT0 probabilities D7-y
for resolved 7r°"s and the single photon probabilities P7-..,-es for residual photons originating
from fake and genuine photons lo the corresponding data distributions. The excess of fake
photons, e.g., in the residual 7r° sample of the h "7r"//r final state is thereby determined in
fitting the probability distributions of residual photons in the h vT channel as the main
background source due to fake photons (see Figs. 4.9 and 4.13).

In the case of resolved TT°'S the fit is very sensitive to the shape of the distribution
at low probabilities, i.e., to TT" reconstruction problems and non-Gaussian tails. The
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obtained fit results are therefore independently tested by fitting simulated distributions
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Figure 4.14: Fraction of resolved, unresolved and single (residual) photon n° 's as a func-
tion of the 7T° energy (Not corrected for fake photons). The points are data and the open
squares represent the simulation. Additionally shown is the fraction of converted photons
in the resolved. n{) sample.

of the asymmetry in the photon energies .T;asym = (i?7) — E1,2)/(Ell + El2) at ir° energies
lower than ~15 GeV to data (see upper right plot of Fig 7.2). In addition, the variable
l'-n res x A,.-res which is the product of the residual probabilities (i.e., using the photon
energies) of both photons forming the resolved 7r° is fitted. The disagreements in the
excess of fake photons between these .fits is considered as systematic uncertainty (HOC
Chapter 7). Fig. 4.15 depicts -the fitted fractions of fake photons in the total hadronic
sample of resolved 7T°'s (upper plot) and single photon 7T°'s (lower plot) as a function of the
7r° energy for 1991 93 and 1994 data respectively. Unresolved' 7r"'s occur predominantly at
high energy. They have a negligible contamination of fake photons. The enhancement of
the fraction of fake photons in this energy region in the resolved n{} sample (see Fig. 4.14)
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Figure 4.15: Fraction of fake photons in resolved TT° 'S (upper plots) and single photon n° 's
(lower plots) in the whole sample of hadronic r decay channels as a function of the TT°
energy.

stems from split-off effects of two photons, merged together, where energy fluctuations
produced a low energy deposition misidentified as a photon near by the unresolved cluster.

The measured invariant mass-squared distributions have to be corrected due to their
excess of fake photons. As already mentioned, excesses of residual fake photons increase,
e.g., the pion background in the 7r"7r° decay channel as well as the TT 2TT° contamination
in the 7r~37r° channel etc. This background enhances the corresponding invariant mass
distributions at the low energy side as observed in Fig. 4.16. Generally one can say that
an excess of fake photons in the sample of resolved 7r°'s does not induce an alteration
to the event topology. An excess means that more TTO'S have been reconstructed by two
photons instead of being a single photon 7r° formed by a single photon. As an example,
the correction distributions for the vector r decay channels are shown in Fig. 4.16. The
invariant mass-squared correction distributions showed are taken from the simulation
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Figure 4.16: Correction of the invariant mass-squared distribution for some r decay chan-
nels due to fake photon excesses in resolved ir° (hatched areas) and single photon TT° (empty
areas) samples. The normalisation of the curves is proportional to the respective excesses
of fake photons in the data. The bands depict the statistical and systematic uncertainties
of the corrections.

corrected by data.

Fake photons may originate from hadronic and electromagnetic interaction in the
ECAL. The decay r~ —>• h~ vT provides an almost pure sample of fake photons (up to
a small fraction of breinsstrahlung photons) issued from hadronic interactions, whereas
in T" —>c.' ï\-.vT decays fake photons originate from electromagnetic shower fluctuations.
Fig. -1.17 shows the distribution of the distance photon track and the photon energy in
enriched samples of fake and genuine photons occurring in r~->h"//T and r " —> e~v(, uT

decays, respectively. The distributions of the energy and the distance track photon for
fake photons disagree between data and Monte Carlo simulation. Measured fake photons
tend to higher photon track distances and to lower photon energies than simulated ones
(see left hand plots of Fig 4.17). These effects partly cancel out in the invariant mass
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Figure 4.17: Distributions of the distance photon to track and the photon energy for en-
riched samples of fake (left hand plots) and genuine ("good") photons (right hand plots) in
T~'—) h~ vT (purities fake: 91% and good: 97%,) and T~ —> e~vc i/T (purities fake: 57%) and
good: 98%,). In these decays good, photons originate from, radiation. The points show th,c
data and the histograms the corresponding smi.ula.ted events. The second column of the left
hand, plots show the peak parts of the first column plots with linear scale. Fake pilotons in
r~ —» h~ vr decays originate from hadronic interaction in the electromagnetic calorimeter,
whereas fake photons in r'" —>• e~" i\,vT are due to electromagnetic shower fluctuations.
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correction distributions of the excesses of fake photons in samples with single photon TT°'S.

The distributions of samples with hadrons and electrons in the final states enriched with
genuine photons (right hand plots of Figure 4.17) show a fairly good agreement between
data and the simulation.
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Chapter 5

The Unfolding Method

The spectral functions defined in Eq. (1.22) use the invariant mass-squared distributions
dN/ds as direct experimental input. Unfortunately, the measured "raw" mass distribu-
tions are distorted by various detector effects, such as the finite energy, momentum and
angular resolution as well as kinematical and geometrical acceptance. The unfolding from
these detector effects requires good knowledge of all sources biasing the measurement. In
particular, one has to make sure that calibration and resolution of the detector are well
described by the detector simulation. Unfolding means the deconvolution of measurement
artifacts modelled by the Monte Carlo simulation. The resulting distribution then ide-
ally contains pure physics information. Again ideally, the result of the unfolding process
does not depend on the physical dynamics put in the Monte Carlo. The generally known
practical problems of unfolding come from the numerical singularity of the problem: the
matrix which describes the detector response, i.e., the convolution of a physical distri-
bution with non-diagonal detector effects (measurement distortion) has not full "rank"
which means in this case that it is numerically singular, i.e., unstable against small vari-
ations in the initial system. The inversion of the detector response matrix (unfolding) is
hence restricted. The problem appears even worse: because of inevitable statistical errors
in the measured distribution, the exact solution (even if it exists) is in most cases wildly
oscillating and therefore useless (see Ref. [149]).

The method introduced in the following regularizes the problem of insignificance in
reducing the detector response matrix to its informative part which then can be inverted
using standard techniques. It is based upon an idea of V. Kartvelishvili; practical prob-
lems and implementation have been solved in collaboration. The description given here
follows in main parts the original work published in Ref. [150]. An unfolding procedure
based on considerations which are similar to those presented here has been described more1

than a decade ago in [149], and is still widely used in experimental analyses. While there
are no significant differences between the foundations of the two procedures, the authors
believe that the formulation presented here allows one to obtain more reliable and precise
results, being at the same time much simpler and easier to implement.

The approach is based on the extensive use of the Singular Value Decomposition (SVD)
of the detector response matrix, and results in a linear unfolding algorithm which is ap-
plicable to a wide range of problems. Also derived is a number of recommendations about
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the proper normalisation of the response matrix and choice of the variables. Complete
error propagation is implemented, and a reliable procedure for determining the optimal
value of the régularisation parameter is proposed.

The problem of unfolding has been studied in various forms, giving rise to a number
of independent methods described in the literature. For instance, a method based on
I.3a.yes' theorem was proposed in [8, 151]. The authors manage to avoid partly the inver-
sion difficulties by using a non-linear iterative procedure, leading asymptotically to the
unfolded distribution.

5.1 Notation

The following notation conventions are used throughout this chapter:

All one-dimensional histograms/vectors are denoted by small letters (e.g. b,z etc.).

All two-dimensional histograms/matrices are denoted by capital letters (e.g. A,X
etc .) . •

The covariance matrix associated with a one-dimensional variable is denoted by the
same letter in capital (i.e. the matrix Wi3 denotes the covariance matrix of the
vector Wj).

No implicit summation is assumed over repeated indices; i.e. no repeated index is
summed unless the summation is explicitly shown.

Upper index T stands for the transposed matrix, A[k = ,4fc,;, so that the euclidean
norm of a vector z equals \/z'J z.

Upper index —1 denotes the inverse matrix, A~l A = AA~] = /, where / stands for
the unit matrix, / ^ = oik-

All scalar variables are denoted by small greek letters (e.g. f,£ etc.).

5.2 The Problem

Let, the distribution of a mm.swwi observable be stored in a, vector 6 of dimension n&, where
the zth coordinate of the vector contains the number of entries in the corresponding bin of
the histogram. The measurement is affected by the finite experimental resolution and/or
the limited acceptance of the detector, so that each event from the true distribution may
find itself in a range of (not necessarily) adjacent bins, or nowhere at all. Using Monte
Carlo simulation, the distribution :;;"" of dimension n:i: is generated, according to some
idea of the underlying physical process, and the detector simulation is performed. At
this stage, every entry in a measured bin (i.e., every event) can be directly traced to its
origin. This gives a well defined system of linear relations between the simulated true and
measured distributions:

i:;;iTli = ftini . (5.1)
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The rib x nx matrix A is a probability matrix, which actually performs the simulated
folding procedure. Now, with A and xm] given, for any vector b obtained by a real
measurement using the detector described by its response matrix A, one can attempt to
find a corresponding unfolded true distribution x. Trying to solve the linear system of
equations

Âx = b (5.2)

against x directly, using the exact inversion of the matrix, usually leads to completely
unacceptable rapidly oscillating solutions.

To be more general one can express the discrete distributions x, b and the response
matrix A in terms of the underlying continuous probability density functions: let ylnK'
be the continuous true variable under consideration, whose variation range {yl™* -f y^"''}
is divided into nx bins with boundaries yfue,j = 1, • • •, nx — 1 . Each component of the
vector x is then calculated as an integral over the true distribution function X(ytvue) in
the appropriate range:

Xj = I"'""dy*™ X(y1™) , j = 1 , . . . , nx . (5.3)

Analogously, let {y0 4- ynh) be the variation range of the measured variable y, with bin
boundaries yi,i '— 1,... ,rib — 1. Then the components of the vector b are appropriate
integrals over the continuous distribution function B{y) :

ht = /""' dyB{y) , i = l,...,nb. (5.4)
•>y,-i

Let A(y, ytr"°) be the detector response function, which maps the true distribution to the
observed one, according to the convolution integral:

B(y) = / dy A{y, y ) X{yirue) . (5.5)

After this, the response matrix A can be defined as the ratio of two integrals:

SSZ dyiruc Â(y, yUue) X(ytrue)
- ^ • (5.6)

Each element Âij is equal to the probability for an event generated in the true bin j to
be found in measured bin i.

5.3 Singular Value Decomposition

5.3.1 Definitions

A singular value decomposition (SVD) of a real m x n matrix ,4 is its factorization of the
form

A = USYr ., . (5.7)

107



where U is an rn x m orthogonal matrix, V is an n x n orthogonal matrix, while S is an
m x n diagonal matrix with non-negative diagonal elements:

. UUT = UrU = I, VVT = VrV = I, (5.8)

Sij = 0 for % Ï j , Su = .Si > 0 . (5.9)

The quantities s, are called singular values of the matrix A, and columns of U and V
are called the left and right singular vectors. The singular values contain very valuable
information about the properties of the matrix. If, for example, A is itself orthogonal,
all its singular values are equal to 1. On the contrary, a degenerate matrix will have at
least one zero among its singular values. In fact, the rank of a matrix is the number of
its non-zero singular values. If the matrix and/or the r.h.s. of a linear system is known
with some level of uncertainty, and some singular values of the matrix are significantly
smaller than others, the system may be difficult to solve even if formally the matrix has
full rank. In many aspects such matrices behave like degenerate ones, and SVD suggests
a method of treating such problems, which is common for small and exactly zero singular
values. It will be assumed that the singular values Si form a decreasing sequence, i.e.,
•si > •<>'2 > • •• > sn. This is easily achieved by swapping pairs of singular values, swapping
simultaneously corresponding columns of U and V. It will further be assumed also that
77i > n, which means that the number of bins in the measured histogram b should not be
smaller than the number of bins in the unfolded histogram x. If necessary, one can just
add rows of zeroes to the initial matrix.

Comprehensive descriptions of SVD with many technical details and examples can
be found in the literature (see, e.g., [152, 153]). In practice, SVD is performed by the
FORTRAN routine SVD which is present in the CER.N program library CERNLIB. Some
earlier implementations can be found in refs. [152, 153] as well.

Once the matrix is decomposed into the form (5.7), its properties can be readily
analyzed and it becomes easy to manipulate, as illustrated in following subsections. This
kind of analysis is useful for ill-defined linear systems with almost (or even exactly)
degenerate matrices, as it not only locates the difficulty, but can also suggest ways of
overcoming it.

5.3.2 A Simple Example

Let. the response matrix A have the form

+ e I " ' ) , (5.10)

with 0 < ( < 1 determining the "quality", of the detector: e = 1 means an ideal detector
with the response matrix equal to unity, while small K l corresponds to a poor detector,
almost unable to distinguish the two bins. Note however, that the overall efficiency is
100%, so that no event escapes detection (sum of elements in each column equals 1).
The measurement process now is simulated by multiplying the matrix A over the true
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distribution x, resulting in the measured histogram b:

Âx = b . • (5.11)

With vector b measured and the response matrix (5.10) given, one can try to unfold the
true distribution. Singular value decomposition of 2 x 2 matrices is simple, involving a
single rotation from left and another from right. As the matrix (5.10) is symmetric, the
orthogonal matrices U and V should coincide. One obtains:

A = USVT , (5.12)

with

The two singular values of the matrix (5.10) are .sj = 1, S2 = e.

Suppose now that the apparatus described by the matrix (5.10) has been used to
measure numbers of events in a two-bin histogram

» = ( £ ) . (5,4,

Let B be the corresponding covariance matrix, which is diagonal with entries by, b2 in the
case of purely statistical errors. In order to solve the system, one uses U, S and V from
(5.13) to rotate both the unknown vector x and the r.h.s. of the system b,

VT 4 ( *' +X> V d lfb 4 1 I' +l2 V (515)

in order to form a diagonal system of equations

Sz = d, z = S~ld, (5.16)

where

" { 0 I
The unknown vector .x can now be easily obtained by rotating z back:

, = V* = VS-ld = VS" V & = i-ift = ^ ( _ \ ) + ^ ( | ) • (5-18)

Expression (5.18) gives the exact solution of the system (5.11) for whatever small but
finite e.

Formally, SVD of the matrix A means a decomposition of the r.h.s. b into a series
of orthogonal and normalized functions of the discrete variable i — 1,...,??.;,. The basis
is given by the columns of the matrix U, and the components of the vector d, form the
coefficients of this decomposition. Similarly, the vector of unknowns x is also decomposed
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into a series of ortho-normalized functions of the discrete variable j = 1 , . . . ,nx, given
by the columns of the matrix V, while the coefficients stored in the vector z are new
unknowns. After performing these transformations, the initial system of equations (5.11)
is reduced to the diagonal system (5.16) which can be readily solved: the matrix S in
Eq. (5.13) is diagonal and can be inverted by just inverting the singular values.

The inverse matrix A~l exists for any

i ( i ; ) + i ( \ -M. (5.i9)
2\l 1 J 2e \ -1 1 J v ;

Note that the expressions (5.18) and (5.19) are exact, so that SVD and the subsequent
analysis can be considered as just another method of solving well determined full rank
linear systems, maybe a bit too complicated but quite capable. If all components of the
rotated r.h.s. d are statistically significant and if neither of the singular values Si of the
matrix A is too small, the system (5.11) can be solved without any problem using any other
method like Gaussian elimination. But if e is small the problem becomes ill-determined,
and when in addition the r.h.s. is affected by measurement errors, the exact solution
usually does not make any sense. In this case it is not the exact solution one is interested
in, and conventional methods of solving linear systems do not work. Usually they cannot
even detect the problem. To illustrate this, one may assume that the measured event
numbers b\ and b2 satisfy the following relation:

6t - b2 < A(6i - b2)

=* (61 - h)2 < h + b2. ,(5.20>

This means that the difference bi — b2 is not statistically significant, so that the first
term in the exact solution (5.18) is in fact a random number. But if e is small enough (in
this case - smaller than l/\/bi + b2), this first term in both X] and x2 dominates over the
well-behaved and statistically significant second term, leading to almost arbitrary results.
This phenomenon can be understood by recalling the detector response matrix (5.10) of
the example: for very small f the apparatus is almost "blind", and one can hardly expect
to determine X\ and x2 separately, unless the errors in /; are sufficiently small.

5.4 Rescaling Equations and Normalizing Unknowns

Going back to the full-scale problem defined in Section 5.2 one can look at the initial
linear system (5.2) from another viewpoint. It represents the solution of the following
least square problem:

E(E- -V '7 -^ ) 2 = min- (5-21)

and is adequate if the equations are exact, or if the errors in bj are identical. This-is not
generally the case, as measurement errors in the vector b vary from bin to bin, and hence,
different equations have different significance. In fact, one should consider a weighted
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least squares problem, where; the following expression is being minimized:

= min, (5.22)

where A6,: is the error in hi. The general case of (5.22) reads

{Àx - b)TB~l(Âx - b) = min , (5.23)

where B is the covariance matrix of the measured vector b.

5.4.1 Normalisation of the Unknowns

The exact solution of a well-determined linear system remains unchanged, if either the
equations, or the unknowns, or both are rescaled. However, in the cases under consider-
ation (where nx < n& and some singular values are small) the minimization of Eq. (5.23)
leads to. an overdetermined system which should be solved in the least-squares sense. In
this case any rescaling of equations and/or unknowns changes the singular values of the
system and hence the solution as well. One can suggest various ways of rescaling, and
some of them may lead to a serious improvement in the system behavior. The task is then
to optimize the system by rescaling it so that significant information is not suppressed
while the non-significant one is at, least not, enhanced.

One can, for instance, divide an unknown x,k everywhere in the system by a number A,
multiplying simultaneously all corresponding coefficients Aik,i = 1 , . . . , n& by A. Choos-
ing various A's for different A:'s, one can obtain substantially different matrices. Thus one
may argue that one particular choice of rescaling coefficients is the most suitable for our
purposes, provided the probability matrix A is obtained using a Monte Carlo simulation
procedure (see Section 5.2).

Consider a new unknown vector Wj = Xj/x'J", which measures the deviation of x from
the initial Monte Carlo input vector xim. If one now multiplies each column of the prob-
ability matrix Aij by the corresponding number of events generated in this bin x'"1, the
system becomes

JTAijWj = bi , (5.24)

where Atl is no longer the probability, but rather the actual number of events, which were
generated in bin j and ended up in bin i1. Now, x = x'"1 corresponds to all components
of the vector w being equal to 1, so that b"u = Z^-i A;.r At the end of the unfolding
procedure, in order to obtain the correctly normalized unfolded solution Xj, one has to
multiply the unfolded vector w by ,xiim:

•T., = Wjxf\ ,i = 1 nx . (5.25)

1 If defined through continuous probability distributions, this new matrix is equal to the numerator of
Eq. (5.6).
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Of course, if the number of generated events is the same for each bin, .7:"" = const, then
the probability matrix A and the nuinber-of-events matrix A coincide up to an overall
constant factor which is irrelevant for the analysis.

The systems (5.2) and (5.24) are equivalent for any shape of./;"11, if the exact solution
is required, but there are two reasons why, for the class of problems considered here, the
system (5.24) is much better suited.

If the initial Monte Carlo distribution x'm is physically motivated and is reasonably
dose to the one being unfolded, the unknown vector w should be smooth and should have
small bin-to-bin variation, thus requiring less terms in the decomposition into orthogonal
functions. This in turn means that more accurate unfolding should be possible, as fewer
unknowns are required in order to obtain the unfolded solution.

The second reason is more1 technical and is connected to the singular value analysis.
Whatever high statistics is generated in order to obtain the matrix A, some of its columns
and/or rows may contain very few events, and some elements Atj may have just a single
entry. In the probability matrix, these elements will contain the probability one, unjus-
tifiably giving a high weight to that particular equation and unknown, and the fact that
this element, has a LOO % error is completely ignored. At the same time, highly populated
columns with statistically well-determined elements usually contain values significantly
smaller than 1. due to finite resolution and limited acceptance. This makes the probabil-
ity matrix A a bad choice. On the contrary, the elements of the nuniber-of-evcnt matrix
A are large if the generated statistics is large, and vice versa, thus giving a larger weight
to better determined equations and unknowns.

5.4.2 Rescaling Equations

'['he very form of Eq. (5.22) suggests the way of rcsealing the equations: after dividing
each equation by the corresponding error Ab{ one obtains a, balanced system, where all
the equations have equal weights. If 11 is not diagonal, the equation rescaling becomes
slightly mon1 complicated but still straightforward. Being a covariance matrix, B should
be symmetric, and positive-definite. Its SVD yields:

B = QRQ'\ Ru = rf / 0, R,:l = 0 for i / j , ZT1 = QR~xQr . (5.26)

Substituting B'] into Eq. (5.23) one sees that after the rotation and rescaling of both the
r.li.s. b and the matrix .4.

2_^Qj 2_^Q (5.2

the expression being minimized looks very simple again.

(Àw h)'\Aw -b) = min . (5.28)

and the minimization leads to the svstem

Ariw:l = k . (5.29)
.1
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The covariance matrix of the rescaled r.h.s., B, is now explicitly made equal to the unit
matrix / , and all the equations have equal importance.

5.5 Régularisation and Unfolding

The transition from Eq. (5.21) to (5.28) changes the appearance of the system from (5.2)
to (5.29). The singular values of the matrix are also changed, but the main problem
with small singular values still remains. The exact solution of Eq. (5.29) will again most
certainly lead to a rapidly oscillating distribution, which may have a smaller amplitude
but is still useless. This spurious oscillatory component should be suppressed, using some
a priori knowledge about the solution. Technically this can be achieved by adding a
régularisation or stabilization term to the expression to be minimized (see Refs. [153, 149,
154] and references therein):

(Â w - b)T
= min . (5.30)

Here C is a matrix which defines the a priori condition on the solution, while the value
of the régularisation parameter £ determines the relative weight of this condition. For
example, the choice dk = &ik would minimize the euclidean norm of the vector w, and
if £ is set to be infinitely large, this would result in a vector Wj = 0 for any A and b.
While the optimal value of £ is very much problem-dependent and its determination is
an important part of our procedure, the explicit form of the matrix C should be chosen
from general considerations. The common belief is that the solution histogram w should
be smooth, with small bin-to-bin variation.

One appropriately defines the "curvature" of the discrete distribution
of the squares of its second derivatives [149]:

as the sum

(5.31)

Then the choice
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(5.32)

will suppress solutions w having large curvatures. Minimization of Eq. (5.30) leads to a
new linear system, which has nx additional equations:

w —

This system is over-determined and one can apply SVD to the

(5.33)

x nx matrix in the
l.h.s. in order to solve it. This is possible, but would require calling SVD for each value
of £. Fortunately, a more efficient method (called sometimes damped least squares [153])
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can be suggested, which allows to express the solution of Eq. (5.33) for any £ through the
solution of the initial non-regularized problem corresponding to £ = 0. The first step is
to make the régularisation term proportional to the unit matrix / :

ÂC ~l

Cw = b
0

(5.34)

For £ = 0 the system (5.34) is equivalent, to (5.29) if the inverse C l exists and can be
safely calculated. The "second derivative" matrix (5.32), however, is apparently degener-
ate1 (every column and every row sums up to zero) so some measures should be taken to
make the exact inversion possible. The most simple thing to do is to add a small diagonal
component, Cik => C^ + K • ôik, with K large enough to make the inversion possible, but
small enough not to change significantly the condition of minimum curvature. In most
cases, K = lO"1' or 10~4 is a good choice. C now is a symmetric non-singular matrix.

C =

/ - 1 + K 1 0 0
1 -2 + K 1 0
0 1 -2 + K. 1

\

(5.35)

which can be inverted using standard techniques2.

In order to solve the system (5.34) with £ = 0. first, one needs SVD to decompose
the product of matrices AC~}:

AC~l = USV' (5.36)

Here, once again, U and V are orthogonal and S is diagonal, with non-increasing positive
diagonal (dements .s?:. Rotating both b and Cw one obtains the diagonal system:

d=Urb, z = VrCw.

The system now looks (and actually is) very simple:

Si • Zi = d i , i = 1 , . . . , n x .

(5.37)

(5.38)

Note that because the covariance matrix of the r.h.s. /; was made equal to the unit matrix,
the orthogonality of U guarantees that the new rotated r.h.s. d also has a unit covariance
matrix, i.e., the equations (5.38) are completely independent and have identical unit errors
in their r.h.s.

Solving (5.38) yields the exact solution of the non-regularized system:

(k
w

(o) (5.39)

2Onv has, however, to be careful, as the matrix is very close to a singular one, and some of the standard
routines may not work for small K (even in double numerical precision). For example R.FIN, R.SINV and
RSFINV fail for K — lO"'1, while RINV is successful. It is convenient to use SVD once again for this
purpose: decompose C — UcScVc', and then calculate C"1 — V'cS^U'^.
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and the true distribution x can -bo obtained by multiplying each w,, by the (corresponding
jam vVith £ = 0 there is no régularisation, so this solution is as useless as it used to be.
But the solution of the system (5.33) with non-zero £ can now be found easily using the
procedure explained in detail in R.ef. [153] (Chapter 25, Sect.4). In short, introducing a
non-zero £ is effectively equivalent to changing dj. by a regularized distribution:

so that the solution of the rotated system becomes

(0 _ a'i Si ,„«) _? • ~^Z. WW = C~lVzW . (5.4.1)

One can now see how a non-zero £ regularizes the singularities due to small Sj's, effectively
working as a low-pass filter in the language of Fourier-transform. By definition, sz is small
when the index i is large, which in general corresponds to quickly oscillating singular
vectors (i.e., columns of U and V) defining the new basis in the rotated space. Continuing
the analogy with Fourier analysis, one can mention that the cutoff provided by the above
régularisation procedure happens to be quite smooth, thus avoiding specific quasi-periodic
fluctuations of the solution known as the Gibbs phenomenon.

The covariance matrices Z and W of the solutions (5.41) now read:

W(a = C~lV Z^VrCr-1 . • (5.42)

In older to obtain the true unfolded distribution x and its covariance matrix X one
multiplies w and W by the initial Monte Carlo distribution x"u:

xP = x;'S/4°, (5.43)
4P = xrwgj™. (5.44)

It is important to note that, while Eqs. (5.43) and (5.44) are regularized and as such
depend on the value of £, the inverse of the covariance matrix X"] (which should be used
for any \2 calculation involving the unfolded distribution (5.43)), is regular and readily
calculable:

^ ? * = ,>i,r.ini 2-v '4r,-A;A. • (o.-ii))

In fact, .Y^^ defined by Eq. (5.4 I) is the effective, ]>sev,doinuerse of the matrix (5.45). This
means that while the equation

X^X~lX^ = A'(f) (f),4fi)

is valid as if X1-^ were the true inverse of A' '. for a different ordering one has (see [152.
153]):

|| .V 'A '^A ' •' - X ' | |<£ . (5,17)



5.6 Error Analysis and Choice of

Important, and interesting information about the whole problem can be disclosed by plot-
ting I-/,, or, better, log|d,;| versus i. The i-th component of the vector d is the coefficient in
the decomposition of the measured (and rescalcd) histogram /; in front of a basis function
defined by the i-th column of the rotation matrix U. For reasonably smooth measured
distributions, only the first few (say. k) terms of the decomposition an; expected to be
significant, while the contribution of quickly oscillating basis vectors corresponding to
large values of % > k should be compatible with zero, well within the statistical errors in
dj (which are equal to 1 for all /). So, on the plot one should see two separate patterns
(see Section 5.8 for a few illustrations): for small i, dt should be statistically significant.
\dj\ ̂ > L, falling gradually (usually exponentially) towards a gaussian-distributed random
value for large /' with the standard deviation equal to 1 and the mean close to zero (the
absolute values of non-significant components \di\,i > k should have the average close to

0.8). The critical value i — k. after which ei,;'s are non-significant, determines the/2/TT

effective rank of the obtained system of equations. Usually it is clearly seen on the plot
of log|c/?;| versus ï, as the value of?' where the beluxvior of ri7; changes from exponentially
falling to a constant.

The standard statistical tests can be used to check whether the last nx — k compo-
nents of d, are compatible" with the expected normal distribution with zero mean and
unit, variance1. If this is not the case, then the errors in the measured data (or maybe
the response matrix itself) seem not to be estimated correctly. If, for example,the actual
measurement, errors in b are under(over)estimated, then the variance of d» for i > k will be
smaller (larger) than 1. Moreover, if some additional correlations exist in the measured
data which are not accounted for in the covariance matrix B. then log|c/i| may steadily
decrease for all ?', though probably for i > k the slope will be different. All this shows that
the analysis of the plot, oflog|f/,| versus i is of great interest by itself, being able to reveal
the actual level of understanding the measurement errors in the experiment described by
the simulated matrix A.

If the number of statistically significant equations is determined to be equal to k, the
régularisation parameter £ is appropriately put equal to the square of the A:th singular
value sk = Skk <>f the matrix AC" '. determined in Eq. (5.36):

e - 4 . (5.48)

With £ given by (5.48), the unfolded vector .c, its covariance matrix Ar and the inverse1 of
ihe latter A' ' are completely defined by the corresponding Eqs. (5. 13), (5.11) and (5.45).
(brining (ht1 solution of the unfolding problem.

Yel another (and maybe more convincing) way of determining £ is to generate a. test
distribution which is close1 to the expected true one, but still significantly different from
the1 initial Monte Carle) distribution :r"". Then one1 should simulate the measurement
process by applying the response- matrix to it,, and adel corresponding random statistical
e'rrors te) ihe1 thus obtained "measuree!" distribution. The described unfolding procedure-
should be applied to the latter, and the1 best choice for $ is the OIK? giving the smallest
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X2 between the test and the unfolded distributions (see our second example in Sect. 5.8).
This approach is followed in the r spectral functions analysis analysis.

5.7 The Algorithm

In this section the concise description of the complete unfolding algorithm is presented.
The algorithm is linear (i.e., contains no loops) and can be divided into three distinct
parts: initialization, rescaling/rotation and actual unfolding. Each step includes refer-
ences to relevant subsections and equations.

Initialization:

1. Define the number of bins nj, and bin boundaries of the measured histogram b.

2. Define the number of bins nx and bin boundaries, common for the initial Monte
Carlo x"" and the unfolded distribution x.

.3. Build the "second derivative" matrix C, according to Eq. (5.35).

4. Calculate the inverse C"1 (see Section 5.5).

5. Generate the initial Monte Carlo histogram xm\ and simulate the detector
response in terms of the two-dimensional n^ x nx histogram A. The elements
of A should contain actual numbers of events rather than probabilities.

6. Read and fill the measured distribution b and its covariance matrix B.

Rescaling and rotation:

1. Perform SVD of the covariance matrix B, according to Eq. (5.26).
2. Rotate and rescale both the r.h.s. /; and the matrix A, in order to make

the covariance matrix of the r.h.s. equal to the unit matrix, according to
Eqs. (5.27).

3. Calculate the inverse of the covariance matrix, X~l, of the unfolded vector .?;,
according to Eq. (5.45).

4. Multiply matrices Â and C"1 and perform SVD of the product, according to
Eq. (5.36).

5. Calculate the rotated r.h.s. d, according to Eq. (5.37).

Unfolding:

1. Plot log|d;| vs i and determine the effective rank k of the system (see Sec-
tion 5.6).

2. Put £ = s\.

3. Alternatively, put £ = s\ and determine the the appropriate k by means of a
simulated test distribution where the true distribution is known.

4. Calculate z^:nM\ Z{i), W^\ according to Eqs. (5.41-5.42).
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5. Calculate the unfolded distribution x^ and its covariance matrix X^\ accord-
ing to Eqs. (5.43-5.44). .

The vector :rS^ and matrices X^ and X" 1 form the complete solution of the unfolding
problem defined by the matrix A, simulated initial distribution x"", the measured vector
b and its covariance matrix B.

5.8 Examples

The use of the unfolding procedure1 described above is now illustrated with two examples.

The first one is rather academic, and it, is included because it was already used in
Rets. [149] and [154]. The response function Â(y,yin"') is given by

Â{y,ytme) = [l - 0.5(1 - ?/nie2)] {4exp[-50(?/ - ytrae + 0.05ytrue2)2]} . (5.49)

Then the probability response matrix was built according to Eq. (5.6) for 40 equidistant
bins in the interval (0,2) for both ?/''"" and y. The matrix is presented in Fig. 5.1a. The
true continuous distribution is taken to be

t,™<> 4 0.4 . 0.2
^ÎJ ' ~ 4 + (ytrue - 0.4)'2 + 0.04 + (yirue - 0.8)2 + 0.04 + (ytrue - 1.5)2 ' ^°' '

After the convolution (5.5), the distribution B(y) is discretized according to Eq. (5.4).
Simulating a counting experiment, a random normally distributed error is then added
to each entry, assuming the overall initial statistics of 5000 events. The resulting "mea-
sured" distribution b is plotted in Fig. 5.1b by a dotted line. The distortions caused by the
measurement process can be seen by comparing the latter to the true distribution (5.50),
shown by the solid curve in Fig. 5.1b.

The unfolding algorithm described above is then applied to the distribution b. Fig. 5.1c
shows the plot of the rescaled and rotated r.h.s. vector d. The solid line corresponds to
the actual measured histogram, and the horizontal dashed line shows the one standard
deviation statistical error in di, which is equal to one for each i. One can see that after
i — 10 the components di are clearly non-significant. The flatness of this distribution for
i > 10 and its apparent compatibility with the expected gaussian distribution with zero
mean and unit variance, is in fact a test of the gaussian random number generator used
to generate the errors in the measured histogram b. Restricting oneself to less than 10
equations, one loses significant information. Namely, the choice k = 1 leaves effectively
only one equation, and the obtained ''unfolded" distribution xS^ will be nothing else but
a constant. On the contrary, by taking more than 10 equations one includes rapidly os-
cillating components with non-significant (and large) coefficients d^j st. In this particular
example taking k = 40 would result in a distribution x wildly oscillating with the ampli-
tude of about 5000 (see Fig. 5.2 for £ = 4 and £ = tfn).

The shape of the distribution d. suggests that the effective rank k should be put equal
to 10. The dashed line on Fig. 5.1c shows the regularized distribution d^ calculated using
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Figure 5.1: a The probability matrix A corresponding to the response function (5.49). b) .
The true distribution (5.50) (solid curve) compared to the measured histogram b and the
unfolded distribution x^ for £ = sf0. c). The absolute values of di (solid line) compared
to the regularized r.h.s. (dashed line) and the one unaffected by the statistical fluctuations
(dotted line). The horizontal line shows statistical errors in di, while the arrow indicates
the boundary between the significant and non-significant, equations, d) . The deviation of
the unfolded distribution from the true exact one (see text for details).
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Figure 5.2: Example of Fig. 5.1 with Ç = s\ (left hand plot) and £ = sf5 (right hand
plot). Too large, cutoffs £ lead to a loss of structure (too smoothed) whereas too small
£ '.s do not cut artificial oscillations. Since not only the measured distribution b but also
its errors are unfolded, insignificant information blows also the errors up. Contrarily,
the suppression of significant information (left hand plot) reduces the sensibility to small
statistical fluctuations and thus the statistical errors.

(5.40), with £ = SJQ. It is interesting to compare this distribution with the similar one
calculated for the exact true distribution (5.50) by the same procedure of rescaling and
rotation, but without adding the random error (the dotted histogram in Fig. 5.1c). One
can see that the regularized distribution is quite close to the true exact one.

The obtained distribution $& is then used to calculate the unfolded histogram x^\
plotted in Fig. 5.1b (data points). It should be compared to the true distribution (5.50),
shown by the smooth solid curve. Note that the error bars in x^ account only for the
diagonal elements of the covariance matrix X, and thus underestimate the actual errors.
The correlations between adjacent bins xf are quite significant, so one should use the
exact inverse of the covariance matrix X~l for any kind of x2 calculation involving the
unfolded vector, and the regularized covariance matrix X^ for the further error propa-
gation.

Fig. 5.Id presents the difference between the exact distribution and the unfolded one,
together with the bands showing one and two standard deviation statistical fluctuations
in the true exact distribution. At this scale, one still observes some oscillations of the un-
folded solution, but they are well balanced, distributed almost uniformly, and are confined
inside the two standard deviation band of the true solution, thus indicating that the gen-
uine error is about twice as large as the true statistical one would be, if the measurements
were exact. The average x2 o v e r the 40 bins is equal to 0.9, meaning that the unfolded
distribution is quite satisfactory.
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In the second example a simulated spectrum of the invariant mass of two pious is
unfolded, corresponding to the /?(770)-meson mass region. An artificial two-dimensional
histogram reflecting a possible detector behavior is generated as the detector response
matrix A, and is shown in Fig. 5.3a. This time it is a rmmber-of-event matrix resulting
from Monte Carlo simulation, as opposed to the probability matrix obtained by the in-
tegration of some analytical response function used in the previous example. The matrix
is far from being diagonal, and the initial simulated distribution x"11, shown by a dotted
line in Fig. 5.3b, varies by about four orders of magnitude.

The "measured" distribution b was obtained in a way similar to the first example: a
distribution ,-rtos1' was generated (solid line in Fig. 5.3b), which has a behavior distinctly
different from xm>. The measurement process was then simulated by the matrix multipli-
cation:

j J

and finally a random gaussian error was added to each entry bi, simulating statistical
fluctuations.

Resealing and rotation results in a distribution (k plotted in Fig. 5.3c. One sees that
the effective rank of the system k is close to 9, so the parameter £ should be set to the
square of the 9th singular value of the matrix AC~X. The components di with i > 9 are
dearly compatible with zero and have standard deviation close to one, thus confirming
that the errors in the measured data are estimated correctly.

As in the first example, the choice k = 1 would leave us effectively with only one
equation, and the obtained "unfolded" distribution xS1^ will be nothing else but the ini-
tial Monte Carlo distribution .r11", shown by the dotted line in Fig. 5.3b. As for the
solution of the non-regularized system with £ — 0, it would include all non-significant
components and would oscillate rapidly within the range ±(2 ~ 3) • 10'1. This solution
depends on the machine accuracy and obviously does not make sense.

The regularized distribution d[ is shown by a dashed line in Fig. 5.3c. It is to be
compared with the exact distribution dtest corresponding to the vector (5.51) after the
same procedure of rescaling and rotation, but without the random error added. One can
see that the regularized vector is much closer to the true exact one for large i > 9. The
resulting unfolded histogram .r- is shown by the data points in Fig. 5.3b. The difference
of the unfolded and the exact test distributions is presented in Fig.. 5.3d, together with one
and two standard deviation bands describing the statistical errors in the test vector. Mere,
too, the error bars show just the diagonal elements of the error matrix, which in fact con-
tains quite strong bin-to-bin correlations. The agreement is very good indeed, especially
if oiio considers the four orders of magnitude1 variation range of the test distribution.

5.9 Conclusion

The data unfolding method developed above can be used in a wide range of applications.
bu1 is especially well-suited for high energy physics, where the response matrix is usually

121



(a)

I I r T 1 1 1 1 T T 1 T 1 1

: (d) ™ ^ > region of x"*' j

-200

Figure 5.3: a) . The simulated number-of-events response matrix A. b) . The true test
distribution xtesi (solid line) compared to the unfolded one (data points). The dashed
histogram corresponds to the initial distribution x'm according to which the response matrix
was generated, c). The absolute values of di (solid line) compared to the regularized
r.h.s. (dashed line) and the one unaffected, by the statistical fluctuations (dotted line).
The horizontal line shows statistical errors in di, while the arrow indicates the boundary
between the significant and non-significant equations, d) . The deviation of the unfolded
distribution from the true exact one (see text for details).
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estimated by a Monte Carlo simulation of the measurement process, using some physically
motivated initial distribution of the quantity under consideration.

The use of a very versatile and flexible tool the Singular Value Decomposition of a
matrix allowed to derive a concise loop-free algorithm for data unfolding.

Obviously, curvature minimization as régularisation criterion introduces some system-
atic bias into the unfolded distribution. Thus, if the probability response matrix is used,
the1 method will lead to acceptable results only if the true solution is indeed smooth.
However, when one uses the uumber-of-events response; matrix, the condition of mini-
mum curvature means that the deviation of the expected distribution from the initial
Monte Carlo one should be smooth enough. This allows one to use the procedure in
cases when the measured distribution has some structure and/or a wide variation range,
provided the initial Monte Carlo has a similar behaviour. If this is the case, then even
for the small effective rank of the system, when the unfolded distribution happens to be
quite close to the initial Monte1 Carlo, the former (in conjunction with the error matrix
and its inverse) is still expected to give a useful solution of the problem.

For the measurement of exclusive spectral functions, individual unfolding procedures
with specific detector response matrices Ax and cut parameters ^x

 ar(> applied for each
r decay channel X considered.

[23
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Chapter 6

Spectral Functions for Exclusive r
Decay Modes

The spectral function analysis distinguishes between vector and axial-vector modes. The
dominant vector contributions are supplied by the decay channels r~ —>7r~7r° vr (domi-
nated by p~ —» 7r~7T°) and r~ —¥ 27r~7r+7r° vr. The axial-vector spectral function is mainly
obtained from the r~—\ (37r)~ vr (dominated by af —> (37r)~) decay.

6.1 Vector Spectral Functions

The following vector r decay modes are exclusively reconstructed: ix~-navT, Tr~3ir° vT,
27r"7T+7r0 i/T, 27r~7r+37r° 7yTand 37r~27r+7r° fT- The measured mass-squared spectra corre-
sponding to these channels are shown in Fig. 6.1 and 6.2. Before unfolding them, the
T and non-r background and the strange contributions are subtracted out using the
Monte Carlo simulation' which is based on models of resonance production implemented
in K0RALZ3.8 with TAU0LA1.5 as r decay library [140, 141, 142]. Remaining hadrons are
thought to be pions only.

The spectral functions of the dominant two- and four-pion modes are shown in Fig. 6.3.
The errors shown are the diagonal elements of the covariance matrix. They include both
statistical and systematic uncertainties. The 2n~~7r+7r° vT decay mode is compared to data
of the ARGUS Collaboration [3],

The Inclusive r Vector Spectral Function

The total inclusive vector current spectral function is obtained by summing up the
exclusive spectral functions with the addition of small contributions from unmeasured
modes, as discussed below. Table 6.1 gives a survey of the exclusive decay modes con-
sidered, their classification and the corresponding branching ratios. If not otherwise1

specified, the latter were taken from ALEPH publications [24, 5] complemented by CLEO
measurements [155, 156, 157, 158] and new results about branching fractions of r decay

'No strange contribution is assumed in the 2h h+37r0/./,- channel.
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I7igure G.I: Invariant mass-squared distribution of the r —> TT TT° UT decay. The PDG [17]
values mn± (mno) are assumed for the masses of charyed (neutral) particles.

modes involving kaons presented in Refs. [159, 47]. The individual fractions have been
refitted so that the sum of all branching ratios adds up to 100%. The branching ratios of
the subsequent meson decays are taken from [17]. The small contributions labeled "MC"

aken from the Monte Carlo simulation. The two-, four- and six-pion modes arearc
exclusively reconstructed as explained in Section 6.1. Special care is taken with isospin-
violating u> and 77 decays, and with final state Kaon production, as explained in the
following:

The decay channel r" —>un i/T is partly reconstructed in the 2ir TT+TT° VT class
(^ --> 7T4 IT"'7T°), in the h~ 2TT0 /V7 class (a; —>• 7r°7) and in the 2TT~TT+ VT class, (to —¥
ÏÏ'TÎ). Corrections to the inclusive r vector s|)ectral function are applied for the
latter two cases using invariant mass-squared distributions predicted by the Monte
Carlo simulation. The systematic error due to the uncertainties in the Monte Carlo
predictions is estimated to be 20% in every simulated mass bin. For all the following
channels where the Monte Carlo simulation is used to complete the inclusive r vector
current spectral function, the uncertainty is assumed to be 50%> in every simulated
mass bin in order to take into account the poorer knowledge of the spectrum.
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original r
vector mode

final state input data

TT^TT Vr

7T~ 37r" I/r

27r-7r + 7r0;/T

27r-7r+37r(V

37r"27r+7r°;/T

7r^57r" //,-

CJ TX" vT

Tj TX ~ 7T° kV

27r"7r+7r0 / / r

7r"'"7r()7 r̂ T

27T~ 7T+ fT

7T~V 27 y r

7f" 47T° VT

2TT~ TT+2TT° vT

27r"7r+7r°7i/T

K - K° i/T

K~ K07T° Vr (V)

K - K + 7 r - i / T [160, ICI] (V)

• K°K°7i- vT (V)

KKTTTT (V)

27r~7r+37r°

37r-27r+7r°

27r-7r+7r°
MC
MC

7r-37r°
MC
MC
MC
MC

MC
MC
MC
MC

Total Voctor

r branching
ratio (in%)

25.35 ±0.19
1.17 ±0.14
2.54 ±0.09

1 0.037 ±0.022^

1.63 ±0.08
0.155 ±0.010
0.038 ±0.005
0.068 ±0.011
0.055 ±0.009
0.039 ±0.007
0.008 ±0.001
0.194 ±0.042

0.078 ±0.036 ±0.025
0.131 ±0.023 ±0.042

0.131 ±0.023 ± 0.042*l)
0.08 ±0.08 .
31.71 ±0.31

' The branching ratio is obtained using isospin invariance as explained in the text.

Table 6.1: Tau decays contributing to the total inclusive vector current spectral function.
The first and second columns contain the physical decay modes and, the corresponding final
states. The third column shows the topology as reconstructed in the detector. Contributions
from the "MC" labeled modes, are taken from the Monte Carlo simulation. The right-hand,
column gives the corresponding final state branching ratios. The vector part (V) of the
KK.-K uT modes is estimated to be (78^28)% [90]- The last line gives the total branching
fraction of vector hadronic T decays.

The decay channel K~ K° uT consists of 50% K° and 50% Kg. The long-lived K°
does not decay within the reach of the ALEPH tracking system. Its characteristic
signature in the detector is a large energy deposition in thè HCAL, exceeding the
expected amount, from the charged kaon alone. The decay rate for r —>K" Kj'' v7

was measured by ALEPH [162, 145]. The K"K^;v r decay is included in the in-
clusive r~'—>h~ vT selection sample. The K"K^vT decay is reconstructed in the
2TT~7T+ VT and 7r"~27r()/yT samples which are dominated by axial-vector decays. Thus
both K~ K° vr contributions are taken from the simulation and added to the vector
spectral functions.

The r decay channel 7JTYTTOVT is reconstructed in the inclusive channels n 37r°/yT.
7T"47r°//T and 27T'"7T+2TT° V7. The last two contributions to the r vector spectral
functions are taken from the simulation, whereas in the 7r~37r°fT channel, the ltira-
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Figure 6.4: Total vector spectral function. The colors indicate the respective contributions
from the r vector channels.

sûrement includes the contribution from the 777r~7r° vT mode.

- By virtue of isospin constraints it was deduced in Ref. [90] that the r decay modes
K-K°7r°i/T) K-K+-K'VT and K°K°7r- uT are originating to (78121)% f r o m vector
currents. Their contributions to the r vector spectral functions are taken from the
simulation. Neglecting so-called second class currents, the branching ratios of both
KK?r~ states are equal using isospin symmetry ([54] and references therein).

- The r decay into KKTTTT is poorly known. According to their respective final states,
about 40% of the KKTTTT decays are reconstructed in vector channels while about
30% (30%) are selected in the axial-vector (strange) channels. The vector part of
the total KKTTTT branching ratio is estimated to be (0.08 ±0.08)%.

- For the six-pion final states, one can deduce most restrictive upper bounds for un-
known or unprecisely measured channels utilizing isospin invariance in conjunction
with the method developed by Pais [52] (see Section 1.4) in which the r partial width
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Figure 6.5: Correlations between the data points of the total inclusive r vector spectral
function shown in Figure 6.4. The shaded (empty) boxes are proportional to the positive
(negative) correlation in the interval [0,1] ([(), | — 1|]). The contour lines illustrate the
75% (solid line), 50% (dashed line) and 25% (dotted line) correlations, respectively, for
positive and negative correlations.

is decomposed into a set of orthogonal classes {ijk}. As values for the corresponding
branching ratios one may take half the bounds with 100% uncertainty. Using advan-
tageously only the 37r~27r+7r° vr data [24, 17, 155] and subtracting from it the contri-
bution from the isospin violating, axial-vector r]2ir~ir+ final state [163], one obtains
a total vector six-pion branching ratio of B(T~ —» (6TT)^ vr) = (0.030 ±0.030)% from
an upper (lower) limit when choosing the class {330} ({411}) to be dominant.

The complete inclusive r vector spectral function is shown in the lower right hand plot
of Fig. 6.4. The dashed line depicts the naive parton model prediction2, while the QCD

2The low energy 7 = 1 + 0 inclusive naive parton model prediction for i î ' 1 + 0 ' ( s ) is obtained from the
sum over the quark charges squared

q — v ,d,s

ith three colours Nc = 3. Only the isovector part iî(I '(s) is CVC related to the r vector spectral
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prediction lies roughly 14% higher. One observes that at s ~ M% the inclusive r vector
spectral function is larger than the QCD prediction, i.e., the asymptotic region is still not
reached. Fig. 6.5 depicts the corresponding correlation matrix.

6.2 Axial-Vector Spectral Functions

Exclusively measured axial-vector channels are the three-pion spectral functions, occur-
ring in both final states 2TY~TT+ vr and 7r"27r°i/T) and the five-pion modes 37r~27r+ vT and
27T™7r+27r° uT. The corresponding invariant mass-squared spectra before unfolding are de-
picted for data and Monte Carlo simulation in Figs. 6.6 and 6.7. The small shoulder seen
in the measured 27r~7r+ VT spectrum at low mass-squared (upper plot in Fig. 6.6) stems
from decays where only two tracks are reconstructed and the invariant mass as a result
is underestimated. Due to incomplete ECAL energy collection, the measured -K"2-K() VT

distribution is slightly shifted to lower masses. These details are well reproduced by the
detector simulation.

The r decay library TAU0LA1.5 employs for both three-pion decay modes the iden-
tical Kiihn-Santarnaria parametrisatioii (KS) [164] based on a dominant large a\ (1260)
resonance. rn]^2m) = 0.4 GeV/7:2, which decays into /9~(770)TT0 —> TT~27T° or /?0(770)TT~ T~>

2TT " 7T+ where in the Dalitz plane of one given final state the two possible two pn com-
binations interfere. Scalar contributions to the three pion decay, e.g., TT(1300) —» p?r,
suppressed by the PCAC theorem and by helicity considerations, are neglected in the
model. Recently, the DELPHI Collaboration claimed some evidence for an additional a',
resonance contribution at high invariant masses [42] yielding a slight excess at the phase
space suppressed end of the measured mass spectrum compared to the pure KS ai(1260)
model. The questioned mass region is zoomed in Fig. 6.6. No excess, neither in the three
charged pion nor in the ir~2ir° mass-squared spectra is observed in ALEPH data with
respect to the Monte Carlo simulation.

Fig. 6.8 shows the unfolded 2n~n+ vr and 7r~27r°7/T mass spectra with reasonable
agreement in form and normalization (x2 = 41.4 per 59 (correlated) degrees of freedom).
In the following both channels are assumed to have identical spectra so that it is appropri-
ate to use the weighted average of the distributions for the inclusive axial-vector spectral

functions. The quark modol yields for the isovector triplet, |1,1) = —ud , |l,0) = (uu — dd)/\/2 ,
|1, -1) = dû , and for the isoseular singlets |0,0) = (uû + d<l)/y/2 and |0,0) = s.s. Only the |l ,0) and
!(),()} states are allowed. Thus, the total cross sections read R^\s) = 3 x (2/3 + l /3)2 /2"= 3/2 and
/?«'>(<,•) = 3 x ((2/3 - l /3)2 /2 + 1/9) = 1/2, respectively. The CVC parton model prediction for the
total 1=1 vector spectral function is then v\ (,s-) = 1/2. Perturbative QCD does not distinguish between
vector and axial-vector currents so that one correspondingly has «((.s) = 1/2.
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Figure 6.6: Invariant mass-squared distributions of the decays r~ -¥2ir~n+ uT and r"

function3.

The Inclusive r Axial-Vector Spectral Function

In complete analogy to the vector spectral function the inclusive axial-vector spectral
function is obtained by summing up the exclusive axial-vector spectral functions with the
addition of small unmeasured modes taken from the Monte Carlo simulation. Table 6.2

:iNote that the weighted average is calculated between two intrinsically correlated distributions. The
averaged distribution k with bin entries fc;, i = 1 , . . . . jVi,;,, is defined to minimize the x2

where the indices denote the charges of the respective r final states, x are the mass-squared distributions
and C~' the corresponding inverted eovariance matrices. The weighted average is then the solution of
the system of linear equations .7.-( n^Yl' y\ + •'-'(-no)C(\m ~ k(C7~J j_, + C7~^m>) , and the covariance

matrix of the average becomes Cj."1 = C fl
I_+) 4- C~Jim) . See also Section 9.2 in Chapter 9.
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Figure 6.7: Invariant mass-squared distributions of the decays T -4 3TT 2ir+IST and
T ' —> 27T~/T+27r°/̂ T. The points are the ALEPH data, the histograms represent the simu-
lation and the hatched, areas are the expected r background, distributions according to the
simulation.

gives a compilation of the exclusive axial-vector branching ratios used.

The five-pion spectral functions are exclusively measured in the 27r~7r+27r° vT and
3n~2n+ vT final states. Using Pais' isospin classes [52] (see Tab. 1.1 in Section 1.4),
the branching fraction of TT"4TT() VT can be bounded entirely using the 37r~27r+7r° vT

branching fraction. It is found to be smaller than 0.055%. Half of this upper limit
is taken with an error of 100%.

Corresponding to the vector case, the small fraction of the a;7r~7r° vT decay channel
that is not accumulated in the 2?r ~7r+27r° vr final state is added from the simulation.

Also considered are the axial-vector rj (3ir)~ vr final states [163]. CLEO observed
that the dominant part of it issues from the r " —» fi(1285)7r~ intermediate state
{B{T~ -> fj7r-i/T) = 0.068 ± 0.030%), measured from the fi -> rjir+n- and ^ -4
r/7r°7r() decay modes [163], see Fig. 6.10), which means that owing to the isoscalarness
of the f{ meson the respective branching ratios relate as B(T~ —> 7)2TV~TT+ UT) =
2 x B(T' --> 7/7r~27r° u7) . The distributions are taken from ordinary six-pion phase
space simulation accompanied by large systematic errors.

The KKTT and KK/TTT final states contribute with (22+2s)% an<J (50±50)%, respec-
tively, to the inclusive axial-vector spectral function, with full autocorrelation to the
inclusive1 vector spectral function. Both spectral functions are taken from the simu-
lation accompanied by comfortable systematic errors due to the uncertainty of the
respective invariant mass distributions.
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Figure 6.9: Total inclusive r axial-vector current spectral function (without the pion pole).
The dashed line represents the naive parton model prediction.
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original r
vector mode

final state input data

71-271-° J/ r

27T~7T+ VT

7r~47T() VT

2-K~IX+2-K{)VT

37r-27T+ vT

27r-7r+27r(l;yT

7r~27r°7/yT

27T^7r+7T0^ r

n2iT~7T + VT

VK~2TT° vT

K - K°7r° vT (A)
K-K+7r-7yT [160, 161] (A)

K°K°7r- uT (A)
KK7T7T Axial-Vector

27T-7r+27r°
MC
MC
MC
MC

MC
MC
MC
MC

Total Axial-Vector

r branching
ratio (in%)
11.23 ±0.16
9.23 ±0.17
9.13 ±0.15
0.03 ±0.03
0.09 ±0.02

0.066 ±0.008
0.34 ±0.10

0.032 ±0.009
0.009 ±0.002
0.04 ±0.01
0.02 ±0.01

0.022 ±0.010 ±0.022
0.037 ±0.007 ±0.037

0.037 ±0.007 ±0.037(1)

0.08 ±0.08
30.41 ±0.32

' The branching ratio is obtained using isospin invariance as explained in the text.

Table 6.2: Tau decays contributing to the inclusive axial-vector current spectral function.
The first and, second columns contain the physical decay modes and the corresponding final
states. The third column shows the topology as reconstructed in the detector. Contributions
from the "MC" labeled m,odes, are taken from the Monte. Carlo simulation. The right-hand
column gives the corresponding final state branching ratios. The axial-vector part (A) of
the KKTT vr modes is estimated to be ( 2 2 ^ ) % [90]. The last line gives the total branching
fraction of axial-vector hadfomc r decays.

The total inclusive axial-vector spectral function is plotted in Fig. 6.9 together with
the naive parton model prediction, One observes that the asymptotic region is apparently
not reached at the r mass scale. One may expect additional oscillations to lift the spectral
function to roughly 1.14 times the naive parton model prediction, where 14% is expected
asymptotically for low energy e+e'~ annihilation cross sections to be the QCD perturbative
correction.

6.3 -j- ai) Spectral Function

In the favourable case of the vector plus axial-vector spectral function one does not have to
distinguish the current properties of the respective non-strange hadronic r decay channels.
Hence the mixture of all contributing non-strange final states is measured as inclusively
as possible. The dominating two- and thrce-pion final state's are still measured exclu-
sively, while the remaining contributing topologies are treated inclusively, i.e., without
any subtraction of r-background originating from one of the contributing decay modes.
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Figure 6.10: Invariant mass M:Ur) measured by the CLEO Collaboration [163]. The shaded
area describes e+e~ —> qq background.

This improves statistics. Another even more important advantage is, that one does not
have to worry about the current, properties of the KKvr and KK7r7r modes or about pos-
sible missing, i.e., unmeasured r decay modes as they are necessarily contained in the
inclusive» sample.

The (v\ + a i ) spectral function is depicted in Fig. 6.11. The improvement in precision
in comparison to an exclusive sum of Fig. 6.4 and Fig. 6.9 becomes obvious at higher
mass-squared. One clearly sees the oscillating behaviour of the spectral function which
seems, on the contrary to the exclusive vector/axia.l-vector spectral functions, to approxi-
mately reach the asymptotic limit at s —> M?, which is predicted from perturbative QCD
to lie about 14% higher than the naive parton model prediction.
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diction.
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Chapter 7

Studies of Systematic Uncertainties

The study of systematic errors affecting the measurement is subdivided into several classes
according to their origin, i.e., the photon and 7r° reconstruction, the charged track mea-
surement, the unfolding procedure and additional sources. All systematic uncertainties
concerning the classification are contained in the errors of the branching ratios measured
under equivalent conditions using essentially the same analysis techniques [24]. Only the
systematic effects affecting the mass-squared distributions need to be examined here. All
systematic effects are studied with respect to the Monte Carlo simulation since the latter
is used to unfold detector effects from the measured distributions. For example, concern-
ing the ECAL enrgy calibration it is not necessary to perform an absolute calibration in
order to achieve, e.g., an exact reproduction of the beam energy for non-radiating Bhabha
events. The point is that any shift from physical to measured energy must be perfectly
modelled (within systematic uncertainties) by the simulation.

7.1 Photon and TT° Reconstruction

The following effects are studied:

7.1.1 Fake Photons

The data suffer from an excess of fake photons compared to the simulation. As described
in Section 4.3.4, the measured spectrum of invariant mass of each considered hadronic r
decay channel is corrected according to its energy-dependent excess of fake photons. The
statistical errors of the probability fits together with the systematic uncertainty coining
from genuine differences in the1 probability distributions (extracted by switching off the
corrections to the respective1 likelihood variable distributions) are used to estimate the
corresponding systematic uncertainties.

7.1.2 ECAL Energy calibration

The photon energy is calibrated by comparing the ratio of the ECAL cluster energy of
electrons, reconstructed as if they were photons, to the momentum of the track in data
and simulation. The electrons are taken from:
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Figure 7.1: ECAL energy calibration using resolved ir° 's at low and electrons at interme-
diate and high, energies as a function of the polar angle. The errors bet/ween 0 and 10 GeV
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Figure 7.2: The three upper plots show the fitted distributions of photon and TT° probabilities
as well as the two-photon energy asymmetry for data, and, Monte Carlo simulation. The
lower plots depict the distributions of the calibration ratios in both low energy ranges.

• two-photon processes at intermediate energies,

• r —» e veyr decays at intermediate and high energies,

• Bhabha events at beam energy.

In total three energy- and fourteen different regions in the polar angle are distinguished.
The corresponding plots for the calibration correction of energies between 10 and 49 GeV
are shown in Figure 7.1. For low energies (0 ~ 10 GeV) it is not, appropriate to use electron
showers because of the large curvature of their trajectories. To circumvent this, neutral
pions with wide opening angles are used for the energy calibration at, low energies (0 3
and 3 10 GeV).

Special care was necessary to correct the calibration for energy changing effects, i.e.,
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Figure 7.3: TPC momentum resolution (left figure) and ECAL energy resolution (right
figure) measured at beam energy with e+c:~^>-fi+/j,~~ and e+e~—ïe+e~ events, respectively,
in data, and Monte Carlo.

differences in the distribution of the photon opening angle between data and the simula-
tion duo to the excess of fake photons in the data. Individually, for both considered energy
ranges and geometries (barrel: |oos9| <0.774 and end-caps: 0.774< |cosB| <0.95) the
fractions of fake photons in data and the simulation were determined as in the invariant
mass correction by fitting the distributions of the overall TT° probability, the product of
the corresponding single photon probabilities and the energy asymmetry. For the higher
energy range, an additional systematic error due to uncertainties in the two photon open-
ing angle was included. The corresponding plots are shown in Figure 7.2 together with the
distributions of the calibration variable, corrected for the excess of fake photons, defined

as

R MO,DATA \ _
\MC,DATA

i m TRIJK

whore the MC ratio is corrected according to
/1 -DATA A
\ l xfake /_ rDATA -.MOv

J
(1 X.

MC
fak.I)

C\ OAT tfako

and Xf
CDATA denote the fractions of fake photons in the simulation and data, respectively.

The ratios (#MCCOrr')/(/2DATA), i.e., the calibration values are shown in Fig 7.1. In this
measurement a total energy calibration for all years was used, which is found by weighting
the calibration ratios of Fig. 7.1 by the respective number of events in 1991-1993 and 1994.
As systematic; errors, always the largest ones in a given energy and polar angle bin are
taken.

7.1.3 ECAL Energy resolution

The energy resolution in data and Monte Carlo simulation is studied using Bhabha events
with low radiation at high energies (-EVXIAL/JSTPC — 1< a t beam energy). It is found to be
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Figure 7.4: Minimal distance distribution for data, and, Monte Carlo simulation. The data
are corrected for the excess of fake photons.

overestimated in the simulation by about 14% (see Fig. 7.3. At low energies, the resolution
of photon energies is directly tested, using the experimental width of the reconstructed
7T° mass. All detected deviations in the energy resolution are corrected in the simulation,
while its uncertainties are taken as systematic errors.

7.1.4 Photon Reference Distributions

The reference distributions used for the likelihood procedure to evaluate the photon prob-
abilities P1 and P7-res are obtained from the Monte Carlo simulation. These distributions
are slightly corrected after detailed comparisons between data and Monte Carlo simula-
tion. By switching off this correction, a conservative systematic error is determined [24].

7.1.5 Photon Energy Threshold

The threshold for ECAL photon detection is set to 300 MeV. The comparison of low
energy photons belonging to resolved TTO'S in data and Monte Carlo simulation shows that
the inefficiency in data is larger by (4.4 ± 3.4)% with respect to the simulation [24],
This excess is corrected in the simulation. A variation of the threshold by ±20 MeV
corresponds to a change of the photon reconstruction efficiency near threshold of 3.4%.
A variation of the photon energy threshold by ±30 MeV is used to extract a conservative
systematic error due to the quoted uncertainty in the determination of the efficiency.

7.1.6 Minimal Distance Photon-Track

A cut on the minimal distance between the baryeentre. of an electromagnetic cluster
and the closest track is applied in order to veto fake photon candidates from hadronic
interactions in the ECAL. Thus, a, cluster deposited in the ECAL is considered as <\
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Figure 7.5: Spectra of ir° energy for (a) single photon 7r° 'S and (b) reconstructed TT°'.s in
T"'-4-h~7r° f/T decays for data (points) and the Monte Carlo simulation (histogram). The
sh.aded areas illustrate the fake plwton contamination. The, unresolved component of the
7T° sample in (b) is shown by the hatched area. The lower plots show the corresponding
Monte. Carlo/data, ratios.

photon candidate if its minimal distance? to the nearest, charged track exceeds 2 cm.
The comparison of the distribution of this distance between data and simulation below
8 em shows good agreement. Similar to the minimal photon energy threshold, a possible
discrepancy can be covered by a variation of the minimal distance cut value by ±0.1 cm,
which is used to extract the corresponding systematic error [24]. Fig. 7.4 shows the
minimal distance distribution for data (corrected for fake photon excess) and Monte Carlo
simulation. The shaded area depicts the fitted part of fake photons according to the
simulation.

7.1.7 7T° Mass

The apparent 7r° mass and its resolution depend on the the TT° energy, (see Fig. 4.8).
The functional dependence is used as a reference in order to calculate the probability
for two photons to belong to a 7r°. Varying these dependences within their uncertainties
yields the corresponding systematic errors. The measured photon energies and their
opening angle are readjusted in a. resolved TT{) in order to constrain the apparent energy
dependent, masses to the nominal TT" mass.

Fig. 7.5 shows the energy spectrum of residual and reconstructed TT°'S after applying
the corrections mentioned above. The contamination of the residual sample with fake
photons is illustrated by the shaded area (upper left plot).
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Figure 7.6: Ratio of the TPC momentum, of muons originating from, e+e
processes of Monte Carlo simulation and data as a function of the polar angle.

7.2 Tracking Systematics

The following systematic effects are studied:

7.2.1 Momentum Calibration

The track momentum calibration is performed using the techniques developed in
which exploit the known masses of narrow resonances at low energies and muon pairs for
the final, polar angle dependent calibration at beam energy. The resulting ratios of the
measured mean values {EfjjEhv/Am) of the Monte Carlo simulation over data for the years
1992, 1993 and 1994 of LEP running are shown in Figure 7.6 (where for the comparison
to the 1994 data muon pairs of the 1993 Monte Carlo have been used). These ratios have
been used to correct the data, momentum calibration.

The calibration includes an angular dependent sagitta correction (done before the
above final momentum calibration), scaling with the squared particle momentum, which
gives an asymmetry for positive and negative tracks [165]. The effect is expected to be
polar (6) and azimuthal (</>) angle dependent where only the polar angle dependence is
considered here. Again, the effect is studied with Z —?• //+//,~ events with a known energy
(beam energy). With the central detector (barrel) length of 2.2 m and the end-cap height
of 1.8 m, where barrel and end-cap overlap at the polar angle |(;os(?| = 0.774, the sagitta
correction (in meters) of a bended trajectory is given by

Barrel : A /
Q.W 1.82

^ " s T n ^
1
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End—caps :
8

(7.1)

The momentum Pbeam is the nominal muon momentum and B = 1.5 Tesla is the ALEPH
magnetic field strength. Fig. 7.7 shows A / for 1992 and 1993 data separately for positive
and negative muons. One clearly sees that the shapes for the two muon charges are almost
symmetrical around a non-zero central value. The fact that the average muon momentum
is not centered at beam energy is mainly due to energy loss from bremsstrahlung which
produces an asymmetry in the rnuon momentum distribution. The lower plot in Fig. 7.7
depicts the average over both charges. The sagitta asymmetry almost cancels. The
remaining discrepancies are corrected in a year, polar and azimuthal angle dependent
sagitta calibration.
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Figure 7.8: Momentum spectrum of the charged, hadron in r —» h TT° z/r decays (a) and
distribution of the angle between equal charged tracks in three-prong r decays (b) for
data (points) and the Monte Carlo simulation (histogram). The lower plots show the
corresponding Monte Carlo/data, ratios.

The systematic errors corresponding to track calibration uncertainties are evaluated by
varying the partly correlated errors of the polar angle dependent final calibration (Fig.7.6).
These fluctuations are assumed to be sagitta errors and therefore scale with the squared
particle momentum (A/ ~ A(l/p) = Ap/p2). They amount up to an uncertainty of
0.1%. The relative uncertainty on the magnetic field scaling linearily with the momentum
is estimated to be lower than 0.03% [132].

7.2.2 Momentum Resolution

The track momentum resolution is studied with fj. pair events at beam energy. A correction
of about 20% has to be applied to the simulation (sec Fig.7.3). The uncertainty on this
correction yields a systematic error.

7.2.3 Reconstruction Efficiency

The reconstruction efficiency of highly collimated tracks as they occur in multi-prong
events can be tested by comparing the angular distribution between like-sign tracks in
the data and the simulation in r~ —s>2h~~li+/yT events. They are found to be in good
agreement (see Fig. 7.8b). The corresponding systematic uncertainty is negligible.
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Figure 7.9: Invariant mass-squared distribution of samples with enriched cases of sec-
ondary nuclear interaction. ALEPH data are depicted by the points with error bars, the
histogram is the Monte Carlo simulation and the shaded area are those events where,
according to the simulation, nuclear interaction occurred.

7.2.4 Nuclear Interactions

The effect of secondary nuclear interactions is studied by comparing the invariant rnass-
squared distributions of enriched data samples to the. Monte Carlo simulation. An enrich-
ment of about 48% of events containing nuclear interactions is found in the simulation
when requiring a minimal distance da between track(s) and interaction point of at least
1 cm [133]. The resulting hadronic invariant mass spectra are found to be in good agree-
ment between data and the" simulation. Again, the systematic effect, on the shape of the
measured distributions is negligible. The consequences of topology-changing effects, i.e.,
a feed through of events between different r decay modes, are contained in the branching
ratio uncertainty and are described in Ref. [24].

Fig. 7.8a shows the momentum spectrum of the charged hadron in r"
for data and the Monte Carlo simulation. Good agreement is found.

h % uT decays

7.3 Systematic Errors from the Unfolding Procedure

As seen in Chapter 5, unfolding needs a régularisation procedure for which (in addition to
the original least square problem of Eq. (5.23)) the minimisation of the total curvature is
found to be suitable. The parameter £ controls the relative importance of the two terms
in Eq. (5.30): if £ is chosen too small, the solution x contains meaningless fluctuations;
on the other hand, if £ is too big, significant physical information gets lost. The solution
of the unfolding problem is now transformed into the optimal choice of'£. In practice, the
best £ is found by means of the parallel unfolding of a simulated test distribution 6|ieRt.,
for which the solution x^si is known (see Fig. 7.10). The best choice of £ yields then the
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Figure 7.10: Plot (a) shows the detector response matrix used for the unfolding of the mass-
squared (s) spectrum of the decay r~—> 2ir~ir+TT° uT. The true, reconstructed ("measured")
and unfolded distributions of the corresponding Monte Carlo test spectrum are plotted in
(b). The shaded region illustrates the uncertainty after unfolding, taking into account the.
statistical errors.

smallest x1 between the unfolded test distribution and the original true one. In order to
make sure that this procedure applied to a simulated distribution leads to the optimal £ for
data use, a test distribution has to be found, which reproduces the data as well as possible.
For example, in the particular case of the T~~ —> 2n~ir+ir° vT channel (see Fig. 6.2), the
Monte Carlo simulation disagrees with the data in the peak region. As an appropriate1

test function, the unfolded data distribution is taken, found by an iterative adjustment of
£ for the data. In this process it is important to distinguish significant information in the
raw data distribution from insignificant statistical fluctuations, taking into account the
mass resolution. Local statistical fluctuations in the measured distribution are washed
out after unfolding.

The following tests are performed in order to evaluate potential systematic biases
introduced by the unfolding procedure:

The cut parameter £ is varied in the region ^2/dof < 2 around the minimum,
obtained when unfolding the corresponding test distribution under same conditions
as the data, i.e. using the same detector response matrix. The appropriate test
distribution is designed to reproduce well the data (as'explained in Chapter 5). The
test distribution must not introduce additional statistical fluctuations and should
therefore be smoothed as if it were built with infinite statistics. Nevertheless, the
corresponding x'2 i-s computed within the accuracy of given data statistics.

The total bin-to-bin differences between the unfolded test and its true distribution
is considered as an additional systematic uncertainty of the unfolding procedure in
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order to be more conservative. It is taken as a diagonal, i.e., uncorrelated, systematic
error in the unfolded data distribution (see Fig. 7.10).

7.4 Other Sources of Systematic Errors

In addition, the following sources are examined:

The limited statistics in the simulation causes a systematic error which is de-
termined by making the two-dimensional entries in the detector response matrices
fluctuate independently. Although the average ratio of Monte Carlo to data statis-
tics exceeds a factor of five, low populated bins of the response matrix can generate
significant uncertainties in the output distribution.

The uncertainties in the hadronic branching ratios introduce the dominant
systematic errors in the subtraction of the r background and kaon channels from
data and in the respective normalisation of the spectral functions. They are found
by varying the branching ratios, taking into account the correlation matrix given in
Ref. [24].

The non-r background is varied by ±50%.

All mentioned sources of systematic errors other than those originating from uncer-
tainties in the branching ratios, i.e., the absolute normalisation of the respective mass-
squared distributions are only considered when they concern the shape of the measured
distribution. Their effect on the normalisation is already included in the error of the
corresponding branching ratio.

In order to illustrate the respective importance of the mentioned systematic un-
certainties, one may perform an integration over the spectral function with some given
kernel which depends on the physical problem to be studied. The integration error is then
obtained by Gaussian error propagation, taking into account the correlations; using mod-
erate, .s-dependent integration kernels, the integration error will clearly be dominated by
normalisation uncertainties, i.e., the errors on the respective r branching ratios. However,
the error of an integration with strongly «-dependent weighting kernels enhancing the low
energy part of the spectral functions will be dominated by systematics (mainly due to the
fake photon rejection and the photon efficiency correction at threshold), while the central
energy region (0.6 1.4 GeV/r22) is statistically limited. When enhancing the higher part
of the spectrum, the integration error will be equally dominated by uncertainties due to
the unfolding process, and by limited data and Monte Carlo statistics. Numerical results
for the respective contributions to the total error obtained from an integration are given
in Section 10.2.1 for the case of the spectral moments. Tab. 7.1 gives the relative contri-
butions to the diagonal errors of the total vector spectral function in four characteristic
energy bins. One should keep in. mind that correlations may considerably change the
weight of the respective contributions.
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Error source
Rel. errors (%) at s = . . . ( GeV'/c4)
0.2 0.6 2.0 2.6

Statistics error 6.1 0.63 1.8 7.3

EGAL energy calibration
ECAL energy resolution
Photon likelihood: ref. distributions
Photon likelihood: cut on estimator
Photon min. energy threshold
Cut on distance: photon- track
Fake photons
Energy dependence of reconstr. m^a

Momentum calibration
Momentum resolution

Unfolding: variation of £
Unfolding: difference test true

MC statistics
Branching ratios
Non-r background

Separation V -A
MC distributions

1.1
3.2
3.7
1.5
0.4
1.4
5.1
0.9

0.1
0.1

1.2
0.5

2.7
0.8
0.2

0.23
0.16
0.10
0.03
0.01
0.06
0.17
0.09

0.02
0.01

0.10
0.28

0.44
0.76
0.05

1.3
1.3
1.5
0.5
1.3
0.7'
1.1
0.3

0.2
0.1

2.5
2.5

2.7
3.7
1.2

2.1
2.7

3.7
1.9
1.8
1.9
3.7
1.6
1.8
1.2

0.2
0.2

4.7
7.0

3.6
3.8
4.5

1.8
2.2

Total error 10.2 1.18 7.7 15.0

Table 7.1: Relative contributions (in %) to the errors of the total vector spectral function
in four characteristic mass-squared bins. The line labeled "MC distributions" gives the
uncertainty due to use of the Monte Carlo simulation for some unmeasured T decay modes
as explained in Section 6.1.
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Introduction

As indicated in the theoretical description of Part I, r spectral functions open a wide
range of phenomenological studies of low energy behaviour of QCD and chiral symmetry.
Interesting tests on the basis of the CVC hypothesis can be performed and QCD loop
contributions are obtained via dispersion relations from low energy e+e" cross sections
improved by r data. The separation of vector and axial-vector spectral functions provide
the unique possiblility to study directly the influence of non-pertvirbative strong effects
on inclusive physical observables. This knowledge improves the understanding and quan-
tification of the diverse contributions to the total hadronic width RT and elucidates fortes
as well as foibles of the OPE theoretical prediction used at low energy scales. The main
result of these tests concerns a stable, reliable and very precise measurement of the strong
coupling constant as at the r mass scale.

The measurement procedure described in the preceeding Part II provides after com-
pleting the r pair selection, decay identification and classification, photon and 7r° recon-
struction, invariant mass measurement, unfolding and systematic checks, exclusive and
inclusive binned spectral functions with, in general, strong bin-to-bin correlations ensue-
ing from the unavoidable unfolding of the measured spectra. Thus, every spectral function
is accompanied by an individual covariance matrix of the same bin size containing all rel-
evant errors and correlations. In practice, it is then straightforward to calculate errors of
physical observables which use the spectral functions as input by means of simple error
propagation.
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Chapter 8

Comparison to e~^e~ Results

Two applications of vector spectral functions to e+e data are described in this chapter.
In the first one the measured spectral functions of the two- and four-pion final states are
compared via isospin rotation to cross sections from e+e~ annihilation experiments. The
second application deals with a fit of the ir~n0 spectral function and a combined fit of r
and e+e~ data in terms of vector resonances. The results presented here are published by
the ALEPH Collaboration in Ref. [166].

8.1 Comparison to e+e Results

In this section, the most precise spectral function measurements of the r- vector current
final states 7r~7r°, 7r~37r° and 2-n~~n+n0 are compared to the cross sections of the cor-
responding e+e~ annihilation isovector states TT+TT~, •n+Tx~i\+-n" and 7r+7r~7r°7r°. Using
Eq. (1.22) and isospin rotation [167, 168] (see Section 1.4) the following relations hold:

a'fl0
 + _ - A / w = ^-vx „-„<>,, , (8.1)

C e. ->7T IT g >T

°5l-^-^- = 2-^fv^-^, (8.2)

C e - + 7 T 7T 7T 7T ç , 7T 7T 7T J / r

In Eq. (8.1) the small isospin-violating electromagnetic contribution CJ(782) —» 7r+7r~ is
taken into account through its interference with the main isovector contribution yielding
the (.s-dependent) correction A/pw obtained from a fit of the total e+e~—>n+-n~ cross
section [164]. The mass and the width of the w(782) are taken from Ref. [17].

The e+e~-> 7r+7T measurements are taken from OLYA [169, 170], TOF [171], NA7 [172].
CMD [169], DM1 [173], DM2 [174], MEA [175] and BCF [176, 177]. The comparison to r
data according to Eq. (8.1) is shown in Fig. 8.1. The two sets of measurements are very
precise and in good agreement. Fig. 8.1b shows the square of the isovector pion form fac-
tor Fj~] in the threshold region of the two-pion production for r and e+er data. A second
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order expansion can be used as a description of F^~x at very low energies [178, 179]:

ifh P T ~ 1 + ^{rX s + c* s2 + O(.93) . (8.4)

Exploiting precise results from space-like data [180], the pion charge radius-squared
(T2)n = (0.431 ± 0.026) fm2 and the coefficient Cvr = (3.2 ± 1.0) GeV~4 from Eq. (8.4)
have recently been determined by means of a simultaneous fit [53]. An expanded view of
the p{77Q) peak region is given in Fig. 8.1c.

The e+er-+ TT+TT-TT+TT- data are taken from OLYA [181], ND [182], MEA* [183],
CMD [184], DM1 [185, 186], DM2 [187, 188, 189] and M3N [190]. The comparison to
the decay channel r~-> 7r~37r° vT using Eq. (8.2) is shown in Fig. 8.2a. It is found to be
in rather good agreement.

The fi+e--> 7r+7r-7r°7r0 data are taken from OLYA [181], ND [182], M2N [191], DM2 [187,
188, 189] and M3N [190]. The measurements originating from different e+e~ experiments
show some inconsistencies (see Fig. 8.2b). On the low mass side, the cross section is dom-
inated by ND and OLYA data from the VEPP-2M storage ring at Novosibirsk. The ND
measurement points are significantly higher than the OLYA data. At higher mass, data
are dominated by the Orsay experiments DM2 and M3N: the DM2 cross section points
are significantly lower than the M3N measurements. Tau data slightly favor the OLYA
data on the low mass side; furthermore, they are clearly higher than the DM2 results in
the central region between 2 and 2.6 GeV/c2. The small dots in Fig. 8.2b illustrate the
resonant UJTTQ -4 TT+TT'TT0^ contribution taken from ND [182] and DM2 [188].

Finally, the total e+er isovector cross section is compared to the r vector current
spectral function. The following contributions require some discussion:

The isospin descriptions for the two- and four-pion final states are easily.found
by inverting Eqs. (8.1), (8.2) and (8.3). The isoscalar u> —> 7r+7r~ contribution is
subtracted from the total TT+TT~ cross section.

The four-pion final state of the con0 mode is already contained in the ir+n~ir(>n(>

cross section. A 11.2% correction for the other u decay modes is applied.

The e+rr-> Tr+Tf-r/ data are taken from ND [182] and DM2 [192].

The cross sections for the six-pion final states 3-7r+3/T~ and 27r+27r~27r° were mea-
sured by DM1 [193], M3N [190], CMD [184] and DM2 [194]. Using Pais' classes [52]
(see Section 1.4) one can deduce an upper limit for the unknown aw-v+^o cross
section. Assuming conservatively the classes {411} and {510} to be dominant, one
obtains a7r+7r_47ro < (3/2) x a27t-2-n+2^ - (9/24) x a:w-^+.

To extract the isovector part of the K+K~ and Kg K° states, the SU(3) relation
between pion and kaon form factors is adopted to infer the relation [177]

" K + K - ( " ) = - ~ v« » , - (*) • (8.5)
•'1 pn
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Figure 8.1: The two-pion data from r decays compared to the corresponding isovector
e+e~ cross section (data points from, different e+e.~ experiments, measured at the same
mass ha,ve been averaged). Both, distributions are shown with statistical and systematic,
errors. The two rectangles indicate the regions that are expanded, in (b) and, (c). Figure
(b) sh.ows the pion form factor near threshold. The chiral expansion F^1'1'1 is defined
in. Eq. (8.4). The additional function labeled "[2,0]" (indistinguishable from, "[1,1]" in
the plotted, energy region) denotes different pararnetrisations (Fade approximants [195])
deduced from Chiral Perturbation Theory as discussed in Ref. [178, 179]. The dotted line
in Figure (c) represents the total, (u.ncorrected) isoscalar and isovector e+er cross section.
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Figure 8.2: Comparison of the isospin-rotated four-pion r date with the corresponding
e+e~" cross sections. The error bars shown contain both statistical and systematic errors.
An enhancement in the low mass part of the 7r+7r~7r°7rn channel in (b) is expected from
the resonant um contribution (small points).

where flK<n — (1 - 4M£)7r/.s)l/2. This can be directly related to the T~-> K~ K° vr

spectral function, for which, due to the uncertainty of the relation (8.5), a. total
systematic uncertainty of 25% is assumed.

The DM1 and DM2 collaborations [196, 197] made some effort to isolate a small
isovector component of the e+e~~>• K±Kg7r;F cross section. This can be scaled up
to the full KK7T contribution which can be related to the corresponding r spectral
function using isospin symmetry.

The inclusive reaction e+e+ e X was analysed by DM1 [198]. Having subtracted
from its cross section the separately measured contributions of the final states

, KgK+7r- and KgK?/ \ it. still includes the modes r , KgK?, + 7r -7r+7r

7T° and Kl!K~7r+7r°. With the assumption that the cross sec-
tions for the processes e+e~" ~->K°K0(7r7r)° and e.+c." -^K+K~(7T7r)° are equal, one can
summarize the total KKTITX contribution as twice the above corrected K°+À^ cross
section. A reasonable estimate of the systematic uncertainty, implied by the as-
sumption made, is obtained by taking the cross section for the channel K+K~7r+7r"
measured by DM1 [199] and DM2 [187]. Since the KKTTTT isovector part is unknown
it is assumed to be (50 ±50)%.

Fig. 8.3 shows both the total T vector current spectral function and the corresponding
spectral function coming from the isovector e+e~ cross section. Agreement is found at
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Figure 8.3: Total hadronic vector current spectral function from r decays (data points)
and the corresponding distribution calculated from e+e~ isovector states using isospin
symmetry. The shaded band includes statistical and systematic errors. The dashed line
corresponds to the naive isovector quark-parton prediction.

low mass-squared. Above 2 GeV/c22, the r data are somewhat higher than the e+e~
measurements (note that the r data points are highly correlated —• see Fig. 6.5). This
is essentially due to the observed disagreement between the r~ —> 27r~7r+7r° vr spectral
function and the corresponding r+e~ cross section.

8.2 r Branching Ratios from e+e~ Cross Sections

Following the spirit of the preceeding section it is interesting vice versa to compare r
vector' branching ratios to CVC predictions obtained from the integral

X-vT)
B{T

Ami
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r vector mode
7T~7T VT

7I-37T0I/T

27r-7r+7T° ;yr

(67r)~ i/T

77 7r~7T° i/T

K- K° zyr

(KKTT)" ^ r

BRT (%)

25.35 ±0.19
1.24±0.14
4.17±0.12

0.037 ±0.022
1.83±0.10

0.170 ±0.028
0.194 ±0.042
0.34 ±0.13

BRcvc (%)
24.31 ±0.65
1.10±0.10
4.36 ±0.38
0.20 ±0.09
1.76 ±0.17

0.134 ±0.031
0.182 ±0.053
0.072 ±0.036

a

1.5
0.8
0.5
1.8
0.4
0.9
0.2
2.0

Table 8.1: CVC predictions for the branching ratios of the r vector channels. The reference
vahi.es of the T branching ratios are taken from Tab. 6.1. The last column gives the
standard deviation between corresponding values in units of 1er.

where; B(r —> e uTuc) is taken from Eq. (1.13) assuming universality; the electroweak
correction factor 5EW is defined as in Section 1.3.2 and crj,+ç-_^x0(s) is the measured cross
section of the rotated e+e~~ isovector final state which corresponds to the r~ hadronic
decay channel X~ vT. The integration is performed over correlated data points affected
by statistical and systematic uncertainties. The procedure is identical with the one used
for the evaluation of the muonic (g — 2) and the running a(s) on measured data grounds.
It is described in detail in Section 9.2.

For the two- and six-pion channels, the coresponding e+e~ final states X° are deduced
by simply inverting Eqs. (8.1), (8.2) and (8.3). The isoscalar LO —> 7T+n~ contribution
is subtracted from the total Tr+-n~ cross section. The effect of the interference is small
compared to the total error of the integral (8.6): BCVC(K~K0 uT)w~p~lnt-BCvc{^~^° vT) ~
—0.09%. The total six-pion branching ratio is obtained using isospin constraints to bound
the missing /T+7r~47r0 cross section as explained in the preceeding section. The total 7 = 1
e+e~ six-pion cross section equates then via CVC the vector part of B(r" -4 (6TT)~;/T).

Eq. (8.5) is used to extract the isovector part of the final states KK. An uncertainty of
25% is assumed in this relation. The total r~ —>• KK° vT branching ratio is equal to two
times the K+K™ contribution. Finally, B{T~-* (KKTT)"" UT) is obtained from the rescaled
(factor three) isovector part of the c.+ e" -
to be governed by K*K.

K±Kg7r:F cross section, provided the dynamics

The CVC results and the corresponding r branching ratios are compiled in Tab. 8.1.
All channels but the six-pion and the KKTT final states show reasonable agreement between
the measured r branching ratios and the CVC predictions. Using three times the total,
I — (0+ 1) c+e~ —> K±Ki°7r:f: cross section and neglecting the. difference in shape between
the two isospin states, one can estimate the isovector contribution to the integral (8.6)
from the inclusive CVC branching ratio /3j-vc+ 'V" ~> (KKn)~ vT) = (0.24±0.04)% to bo
( ' 1

)
; i ) % ) . In the same way, but using the e+e." measurement as reference, one obtains

for the vector part of (KKTT)~ in r decays the estimate (17 ± 9)%.
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8.3 A Fit of the Pion Form Factor

Several parametrisations of the pion form factor Eq. (1.31) can be found in the liter-
ature. (See, e.g., Refs. [164, 200, 169, 201].) In this section, different fits using the
Kiilm-Santamaria [164] and the Gounaris-Sakurai parametrisations [200] are presented.
In addition, a combined fit to r and e+e~ data is performed, where the masses and
widths of the p±(770) and the /9°(770) are separately determined, in order to extract pos-
sible isospin violating effects.

As seen in Section 7.3, the unfolding procedure introduces additional systematic un-
certainties because of the numerical instability of the problem. Generally, one can state
that unfolding is necessary if a theoretical description of an observed distribution is not.
available, as is the case for the total vector (and axial-vector) hadronic spectral functions
in r decays. Also, unfolding is needed for comparison with e+e~ results where the mass
is experimentally known with very good accuracy. However in the specific case of the
7T~7r° spectral function, phenomenological models based on vector resonances which de-
scribe the lineshape exist. One therefore does not need to unfold, as a convolution of
the theoretical curve with the detector response matrix A is a well defined and stable
problem. The convolved theoretical distribution can subsequently be fitted to the data,
This procedure is followed here.

The results of all types of fits are given with errors, including both statistical and
systematic uncertainties. The sources of systematic uncertainties correspond in detail to
those mentioned in Chapter 7, apart from those introduced by the unfolding procedure.
The correlations between the fitted parameters in the combined fit are given as a corre-
lation matrix.

Systematic errors of the e+e~ annihilation data are caused by uncertainties coming
mainly from the determination of the efficiency of the two-pion reconstruction and the
luminosity measurement. These errors are given as normalisation uncertainties by the
experiments, i.e., they scale linearly with the measured cross sections. The usual way
of introducing such errors into a least square minimisation is to treat them as being to-
tally correlated. They therefore populate the off-diagonal elements of the corresponding
covariance matrix. However, it is known that this procedure introduces a bias into the
minimisation, leading systematically to lower values in terms of the normalisation of the
fitted parametrisation [202]. This can be demonstrated by means of the following simple
example:

Consider two measurements .x'i,.X2 with statistical errors o\,O2- Consider further a
common offset error ao\\ of systematic origin (e.g., a calibration uncertainty). The covari-
ance matrix reads then

C = ( °"i+a"(r 2 ^ 2 ) • (8-7)
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The mean value (A:) and its error AA: are obtained from the mimization of x2 =
k)C:-jl(xj - k). Using Eqs. (2.93) and (2.94), one has

(7 ]
(8.8)

The mean value (A;) keeps unchanged by the systematic offset error ao^ while the error
AA: increases. Offset errors therefore; do not introduce a bias into the x2 minimization,
i.e., the fit.

Unfortunately, the case becomes annoying when normalisation errors occur. Consider-
ing the same two-measurement example but replacing the offset error by a normalisation
uncertainty crnorm> e-g-, luminosity or efficiency errors which scale with the measured
value, yields the following covariance matrix

and the minimization leads then to

(Akf = g ^ + ( ^ + ̂  . (

ai + a% + {xl - x2)
2olorm

One observes a systematic tendency of (k) in Eq. (8.10) to lower values governed by the
strength of the normalisation uncertainty anorm and the difference between the input mea-
surements. The same bias occurs in the expression for Ak. Citing d'Agostini [202]: "The
advantage, for the fit to prefer under these conditions, normalization factors smaller than
one finds its deeper reason in the standard formalism of the error propagation, where only
first derivatives are considered." In order to quantify the importance of the above obser-
vations one can imagine two measurements x.\ =• 5 ±2 , x% = 5± 1 and crnorm = 20%. That
gives (A:) = 5.00 ± 1.80. Setting now x{ = 6 db 2, x2 = 4 ± 1 with the same anom = 20%
one would in an unbiased case expect the same mean value and error; instead, Eq. (8.10)
yields (k) = 4.26 ± 1.55 where both, mean value and error decreased.

To avoid such an effect, the best estimate of the parameters is found when using
systematic errors without correlations as for the statistical ones. The corresponding pa-
rameter errors, however, are determined by repeating the fit when taking into account
the full correlations of the systematic errors among the measurements of one experiment.
Measurements between different experiments are assumed to be uncorrelated.

8.3.1 The Kiihn-Santamaria (KS) Parametrisation

In the Kiihn-Santamaria parametrisation the pion form factor is given by contributions
from the known isovector meson resonances p(770), />(1450) and /;(1700). taking into
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account p- u> interference:

/iBWp(1450)(.S) + 7BW, (1700)(s)

1 + 0 + y

with the Breit-Wigner propagators

s -Vs

, (8.11)

(8.12)

and the energy dependent width

(8.13)

where k(s) = \ \fsP-K{S) and k(Mp) is the pion momentum in the p rest frame. As in
Refs. [164] and [169] the amplitudes 0, 7 and (5 are assumed to be real. Interference with
the isospin-violating electromagnetic uj —» -jr+n~ decay occurs only in e+e~ annihilation.
Consequently, S is fixed to zero when fitting r data. According to Ref. [201] a fit param-
eter A is added to take into account possible uncertainties in the p-wave approximation
of the .s'-dependent width.

Parameter

Mp±(770)

rp±(770)
0

^ ± ( 1 . 4 5 0 )

'7
-^p±(1700)

rp(1700)
A

Kuhn-Santamaria
774.9 ± 0.9
144.2 ± 1.5

-0.094 ± 0.007
1363 ± 15

= 310
-0.015 ± 0.008

= 1700
= 235
= 1.0
81/65

Gounaris-Sakurai
776.4 ± 0.9
150.5 ± 1.6

-0.077 ± 0.008
1400 ± 16

= 310
0.001 ± 0.009

= 1700
= 235
= 1.0
54/65

Table 8.2: Fit results of the pion form factor in r —y IT TT° UT decays using the Kuhn-
Santamaria (left-hand column) and the Gounaris-Sakurai parametrisation (right-hand col-
umn). The values o/Tp(1450), Mp±(]roo) andrp(y7m) are taken from Ref. [17].

The results of the: r data and the combined fit using the KS paramc.trisa.tion are listed
in the left-hand columns of Tables 8.2 and 8.3.

8.3.2 The Gounaris-Sakurai (GS) Parametrisation

Starting from a more elaborate treatment of the y;-wavc scattering amplitude for a broad
resonance, the following paranietrisation was obtained with the additional requirement
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of the normalisation ^ ( 0 ) = 1, as in the KS parametrisation. The simple Breit-Wigner
resonances in (8.11) are replaced (for ,s > 4m2) by [200]

where

M, 2(5) (h(s) - /,,(M2)) + ( Ml - ,) A;2(M2) — (8.15)

The .s dependence of Tp(s) and A;(.s) is the same as in Eq. (8.13). The function h(s) is
defined as

î^ l nV^2M £ , ] (g_
7T Js 2m

with d/i/rf.s|M2 = h(M%) [(8fc2(M2))-' - (2M,2)-1] + (27TM2)-1.
The normalisation B W ^ JO) = 1 fixes the parameter d — f(Q)/(TpMp). It is found

to be [200] .

. = 3 mj Mp + 2k{Mi) _JAJL_ _ mlMp

vk2{Ml) 2m 2TTA:(M2) 7rP(M2) " { }

The results of the r data and the combined fit using the GS parametrisation are listed
in the right-hand columns of the Tables 8.2 and 8.3.

Concluding from Table 8.2, the fits establish a need for the p(1450) contribution
to the weak pion form factor in the KS and GS parametrisations (/? = —0.087 ± 0.012)
with a fitted mass Mp(i45o) = (1380 ± 24) MeV/c2 when fixing the width at F^HSO) =
310 MeV/c2 [17]. No significant evidence of a /?(1700) contribution is found (7 = -0.008±
0.008). The previous values are the weighted averages between the results of both fit
types. Their errors account for statistical and systematic uncertainties coming from model
dependence. It must be stated that the fitted p(1450) parameters show large correlations
with the corresponding p(1450) width. In fact, fixing F^^so) = 600 MeV/c2 leads to
the averaged fit, results: (5 - -0.156, Mp{U50) = 1470 MeV/c2 and 7 = -0.030 with a
substantial improvement of the x2. i-f-, 56 (KS) and 51 (GS) over 65 degrees of freedom.

One could try to explain the enhancement of the pion form factor centered around
1200 McV/c2 as originating from an inelastic effect induced via unitarity by the opening
of the ujir{) channel which occurs at 920 MeV/c2 [203]. Although this effect is physically
sound and should take place, the proposed description is not very predictive and requires
a factor (MQ/(MQ - s — ÎMOFO))710 with three additional parameters Mo, Fo and n0 to be
adjusted in the fit. However, the existence of a p(1450) meson is already well established
in the 7r+7T"27r° final state [204] and since the sensitivity of the data on the pion form
factor is not sufficient to fit a larger number of parameters, the inelastic parametrisation
is not used in the present analysis.

Fig. 8.4 shows the KS/GS-type fits using one and three Breit-Wigner amplitudes.
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Data

KSFit
GSFit
GS Fit - only p(770)

Mass2 (GeV/c2)2

Figure 8.4: Fit of the r —> ix TX° UT invariant mass spectrum using the Kiihn-Santama,ria,
(KS) and, the Gounaris-Sakurai (GS) parametrisation. The solid and dashed curves are the
functions corresponding to the KS/GS-type form factor fits given in Table 8.2. They have
been convolved with the detector resolution and the r phase space. Due to statistical fluc-
tuations in the detector response m,atrix, the functions are not smooth after convolution.
The dashed-dotted line corresponds to a GS-type fit in which only the p(770) contribution
is taken into account.
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8.3.3 Combined Fit of r and e+e Data
The results of the combined r and e+e data fit with the KS and GS parametrisations
are presented in Table 8.3. In these fits, the pion form factor is described by the p
resonance with different parameters fitted for p* and p°, while the much smaller p(1450)
and /,»(1700) contributions are assumed to be isospin invariant. In this way, it is possible
to directly compare, for the first time, in a model-independent way the parameters of
the charged and the neutral p's. Due to the large number of degrees of freedom in the
combined fits, all free parameters can be simultaneously determined with good precision.
All presented fits resulted in significantly higher p(770) masses than the value of MP^Q) =
(7G8.5 ± 0.6) MeV/c2 (average of p± and p°) given by the PDG [17]. Within large

Parameter
6

Mp±(770)

0

1

Fp(l7Q0)
A

X2/dof |

Kiihn-Santamaria (KS)
(1.91 ± 0.15)xHr:i

773.4 ± 0.9
773.4 ± 0.7
147.7 ± 1.6
147.3 ± 1.3

-0.229 ± 0.020
1465 ± 22
696 ± 47

0.075 ± 0.022
1760 ± 31
215 ± 86

= 1.0
190/195

Gounaris-Sakurai (GS)
(1.97 ± 0.10) xlO~H

775.7 ± 0.9
775.7 ± 0.7
150.8 ± 1.7
150.8 ± 1.3

-0.161 ± 0.010
1448 ± 19
503 ± 38

0.076 ± 0.009
1757 ± 20
237 ± 78

= 1.0
194/195

(1.97 ± 0.15)xl0~3

783.8 ± 3.0
783.8 ± 3.0
162.0 ± 5.3
162.4 ± 5.0

-0.184 ± 0.010
1490 ± 23
591 ± 53

0.074 ± 0.010
1799 ± 34
255 ± 39

0.45 ± 0.11
193/194

Mft±(770) — Mp°(770)

rp±(770) ~ ^p°(770)

• o.o ± i.o
0.4 ± 1.8

0.0 ± 1.0
0.0 ± 2.0

0.0 ±1.2.
-0.4 ± 2.5

Table 8.3: Results of the combined fit of the ^TT0 and ix+/n resonance amplitudes ac-
cording to the Kuhn-Santamaria and the Gounaris-Sakurai model. In the second GS-type
fit, the parameter A introduced, in Eq. (8.13) is additionally fitted. This leads to higher
parameter errors with strong correlations among them,.

uncertainties (about 8 MeV/c2) essentially due to model dependence, the width rp(770)
was found to be in agreement with the PDG value of rp(770) = (150.7 ± 1.2) MeV/c2.
The additional fit parameter A in the second type of fit is found to be A = 0.45 ± 0.11,
i.e., quite different from the fixed value A = 1 in the first type of fits. As can be
expected, a different adjustment of A has a considerable impact on the fitted mass and
width of the p(770). The mass of M ,Z^0\ = 783.8 is clearly larger then the peak
value and, in fact, it is even larger the mass of the a;(783). Both r and e+e~ data are
sensitive to the /?(1450) parameters. The p(1450) width is found to be strongly model-
dependent, but from all fit types its value is significantly higher than the PDG value of
f/)(j'i50) = (310 ± 60) MeV/e2 obtained from f?+fi~—> uin data. This difference could be
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AI,EP

Mf
MP

Fp

H
Mt

1
-
.-

K
0.18

1
-

1

0
0

p

.32

.03
1

0
0
0

.02

.31

.17

Table 8.4: Average correlations found in the KS/GS-type fits (with fixed X) between masses
and widths of the charged and neutral p°(770).

linked to the neglect of inelastic effects as discussed in the previous section. The fitted
masses Mp^iA^ from all fit typos are found to be in rather good agreement with the PDG
average of Mp(U50) = (1449 ± 8) MeV/e2. The information concerning the mass, width
and relative amplitude of the p(1700) is essentially extracted from the e+e~ data and
found to be in fairly good agreement with the PDG values.

Systematic uncertainties due to the energy scale in e+e~ annihilation experiments are
difficult to estimate as, in general, the publications do not refer to this point. In most
cases, the experiments used the narrow r/>(1020) resonance peak to calibrate the beam
energy. Consequently, intrinsic uncertainties are introduced by slight modifications of
the central (f> mass value over the years, e.g., M^ = 1019.57 MeV/c2 in 1980 became
M^ = 1019.41 MeV/c2 in 1996. An additional systematic uncertainty of 0.3 MeV/e2 is
considered in the p° mass measurement.

Although the absolute values of the p(770) masses and widths depend significantly
on the KS- or GS-type of the fit and the parameter A, their respective differences, i.e.,
AMp(770) = Mp±(770) - M/,o(77o) and Arp(770) = r/,±{770) - rpo(770) are stable. Using the fit
results from Table 8.3, one obtains the average

AM,,,
Ar

,(770) - (0.0 ± 1.0 ± 0.1) MeV/c2

,(770) = (0.1 ± 1.8 ± 0.5) MeV/c2

The first errors are due to statistical and systematic uncertainties (including correlations
between the fit parameters), while the second ones account for differences from the res-
onance parametrisations. Fig. 8.5 shows the results with its 39% CL error ellipse taking
into account the correlations between the fit parameters given in Table 8.4.

A difference between Tp+ and F̂ o could occur on one hand through electromagnetic
isospin-violating decay modes such as p —> 7r7r7, which is observed at the 1% level for
the p{) [17]. On the other hand the dominant, p —>• rnr channel could also manifest some
isospin violation. An obvious contribution comes from the observed ^ —--7r0 and a poten-
tial p:t p{] mass differences which reflect into different, values for the width according
to (8.13). The p mass dependence is not completely clear: one could consider' a. variation
given by

(8.18)
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-3

AMn (MeV/c )

Figure 8.5: Width difference AF^^o) = F^i^o) — FpO(770) as a function of the difference in
the. p(770) mass AMp(770) = Mp±(770) — Mpo(770y The point is the measurement with its cor-
related one-sigma error ellipse. The dashed and solid lines show the expected dependences
from Eqs. (8.18) and (8.19), respectively. The hatched area depicts the electromagnetic p
mass difference predicted in [206].

or-, as argued in Chiral Perturbation Theory [205],

(8.19)

According to the charge of the /;, the pion momentum in the p rest system is given by
2A;(M2

O) = (M2
0 - 4m*±)1/2 for the neutral p° and 2k{M2

±) = [M2
± - 2{m2± + m2

Q) +
(n)'l± — rn%a)2/M'**]*t2 for the charged p±, respectively. The dashed and solid lines in
Fig. 8.5 give the functional dependence of the width difference AF^ on AMP in the ap-
proximations of Eqs. (8.18) and (8.19), respectively, normalised to the fitted value of Tp.
A further discussion of isospin (CVC) violating contributions to the respective F^'s is
given in Section 9.1.

It is interesting to observe that the measured AMp is significantly smaller than the
mass difference between charged and neutral pions AM^ = M7r± — Mzo = (4.5936 ±
0.0007) MeV/c2 [17], where the dominant effect is understood to be of electromagnetic
origin (AM"n ~ 4.5 MeV/r2 [79]). The AMP measurement can be compared to the
(model dependent) result of AM,, = (-0.3 ± 2.2) MeV/c2 [17] obtained in hadronic pro-
duction, however in good agreement with this determination. The Mark III Collaboration
exploited data on .//</> —> 7r~7r° decays, dominated by .//o' — > pir, to measure the mass
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difference of the charged and neutral p's [207]. Their preliminary result is found to be
in good agreement with the result presented here. Note that the value deduced from the
difference in the mean values taken from Ref. [17] (Mp±) - (Mpo) = (-1.8 ± 1.4) MeV/e2

is potentially unreliable as they both represent the weighted mean of independent mea-
surements using not necessarily the same parametrisations. A theoretical electromagnetic:
p mass difference of —0.7 MeV/c2 < AMP < 0.4 MeV/c2 in agreement with the mea-
surement has recently been evaluated in Ref. [206]. The measured difference AFP is found
to be consistent with the expected isospin violation from the TT*—TT° and p*—p° mass
differences.

8.4 Conclusions

The CVC property of the Standard Model provides the possibility to identify the r vector
decay channels with the isovector components of the e+e~~ hadronic final states by means
of isospin symmetry. The TT+TT~ and n+TT~n+n~ cross sections measured in e+e~ anni-
hilation have been found to be in good agreement with the respective 7r~7r° and 7r~37r°
spectral functions. The 7r+7r~7r°7r° cross section has been compared to the correspond-
ing linear combination of 7r~37r° and 2ir~n+ir° spectral functions from r decays. Above
2 GeV/e2, r data points are significantly higher than the respective e+e~~ measurements
(DM2). This is thought to be due to a disagreement in the non-resonant contribution as
a good agreement with DM2 for the resonant (um) part of the cross section has recently
been found by the ALEPH Collaboration [5].

Fits of the pion form factor based on the Kiihn-Santamaria [164] and the Gounaris-
Sakurai [200] parametrisations have been performed. In this framework, the existence of
an additional p(1450) contribution is firmly established in r decays. The fit using the
GS parametrisation resulted in a better description of r data yielding a \2 of 54 over 65
degrees of freedom. The parameters of the dominant p{770) contribution found in this fit
are: Mp±{770) = (776.4 ± 0.9) MeV/c2 and Tp±{770) = (150.5 ± 1.6) MeV/c2.

A combined fit to r and e+e~ data has been performed in order to measure the
difference in mass and width between the dominant charged and neutral p(770) ampli-
tudes, expected to be generated by isospin-violating effects. The observed mass difference
•^P±(77O) ~ Mpo(77O) = (0.0 ± 1.0) MeV/c2 is significantly smaller than the corresponding
value for the pions, while the width difference rp±(770) — Fpo(77O) = (0.1 ± 1.9) MeV/c2 is
consistent with isospin violation from the ̂ — n° and p^—p° mass differences.
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Chapter 9

The Hadronic Contribution to the
Muon (g - 2) and to a(M|)

The contribution from hadronic loops to the muon anomalous magnetic moment and to
the running of the QED fine structure constant a at low energy cannot be calculated with
current QCD methods. Via dispersion relations these contributions are related to absorp-
tive parts of current-current corelators which those are proportional to e+e~ annihilation
cross section measurements and r vector spectral functions (see Section 1.3.3). The low
energy hadronic contribution can therefore directly be computed from experimental data.
By virtue of the good quality of r spectral functions one can expect a considerable im-
provement in the precision of the above quantities when including r data into the current
analysis based on e+e~ cross sections only. The results presented here are published in
Ref. [208].

Introduction

The anomalous magnetic moment afl = (g — 2)/2 of the muon, defined through its devia-
tion from the bare magnetic moment obtained for the spin half muon from the solution of
the Dirac equation, is experimentally and theoretically known to very high accuracy. The
contribution of heavier objects to alL relative to the anomalous moment .of the electron
scales as (mtjme)

2 ~ 4 x lO4. These properties allow an extremely sensitive test of the
validity of QED and of additional contributions from strong and electroweak interactions.
In order to achieve a deeper understanding of SM input parameters like, e.g., the fennion
masses, theories have been proposed which include new particles such as additional gauge
bosons, supcrsymmetric partners of the known fermions or exited leptons related to specu-
lations about compositness. The muon anomaly provides a stringent test for new theories
beyond the Standard Model, since any new field (particle) which couples to the muon
must contribute to a/t. In principle the existence of new, heavier particles can be detected
through their effects via. virtual radiative processes on the behaviour of lighter observed
particles, i.e., on the muon (g - 2).
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The present value from the combined / r and \i measurements [209],

a/t = (11659 230 + 85) x H)"10 , (9.1)

should to be improved to a precision of at least 4 x 1()~10 by a forthcoming Brookhaven
experiment [210]1 (BNL-E821). It is convenient to separate the prediction from the Stan-

ard Model (SM) a™ into its different contributionsd

a™ = a?BIJ + afd + a^k , (9.4)

where

afD = i l +0.765857381(51) (-) +24.050531(40) (-]
' ZTT V7T/ \7T/

+ 126.02(42) (-) + 930(170) (-)

= (11658 470.6 + 0.2) x 10~10 , • (9.5)

is the pure electromagnetic contribution (see [212] and references therein), a^ad is the
contribution from hadronic vacuum polarization, and a™oak = (15.1 ± 0.4) x 10"10 [212,
213, 214] accounts for corrections due to the exchange of the weak interacting bosons up
to two loops. Using the recent analysis of S. Eidelman and F. Jegerlehner [179] that found
«J"wi = (702.4 + 15.3) x 10"10, and applying fourth order corrections due to the exchange of
additional photons and electron or quark loops (summarized by T. Kinoshita et al. [215]
to (-4.1 ± 0-7) x 10~10) one finds

aJM = (11 659 184 ± 16) x 1CT10 . (9.6)

1 The principle of the measurement, is simple: a muon beam is injected into a storage ring. The time
dilatation provides an increase of the mnon lifetime which allows a high number of orbits before the
muons decay into electrons. The difference between the orbital cyclotron frequency UJC and the spin
precession frequency w,, defines the precession.frequency u>a °f the muon spin relative to its momentum
which is proportional to the anomalous magnetic moment: wn = (eB/mcja^. In accelerators where both
magnetic and electric fields are present the precession frequency is given by

ton = — L,B - (alt ~ -j^—r) 0 x E] , (9.2)
me I \ 7 - 1 / J

which is inckîpendent. of the electric field E at the "magic" 7 factor

7 = , / — + 1 - 2 9 . 3 , (9.3)
V ni'

i.e., \pt,\ — 3.094 GeV/c:. One can thus achieve vertical focusing with electrostatic quadrupoles, and
l)wild the storage ring magnet to have a uniform dipole magnetic; field to determine a,,. This elimination
of the magnetic field gradient (already established in the most recent CER.N experiment [211]) which
previously was required for focusing, permits a significant improvement: in accuracy. The spin precession
u-v, is reconstructed from the direction and the number of electrons omitted from the decaying muons as a
function of the time and the muon lifetime. It is of crucial importance for the subsequent determination
of (I), to precisely know the value of the magnetic field B to an accuracy better than 4 x 1()~' !
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Figure 9.1: Contributions and uncertainties to afl from, pure QED, QCD and electroweak
interactions, where for the hadronic contribution the result obtained in this analysis is
used. The shaded areas depict the sensitivities of past CERN experiments and the design
value of BNL-E821.

Comparing the errors of the respective contributions to a^M reveals that its total un-
certainty is clearly dominated by the leading order vacuum polarization correction aj}ad,
originating from a quark-loop insertion into the muon vertex correction diagram as shown
in Figure 9.2. The different contributions to av and their uncertainties are shown in
Fig. 9.1. In particular, it is annoying that the error on the hadronic contribution is of the
same order of magnitude as a™ak which to test is the aim of the BNL-E821 experiment.

In this chapter, a new evaluation of the hadronic vacuum polarization contribution to
afl and also to the running of the QED fine structure constant a(s) from low energy to
the1 mass of the Z boson is presented. In addition to using the complete and in comparison
with previous analyses slightly enlarged experimental information on e+c annihilation
data, the new data from liadronic r decays arc; incorporated which provide a more pre-
cise description of the hadronic contributions at energies less than 1.5 GcV. Attention

175



is brought to the straightforward and statistically well-defined averaging procedure and
error propagation used, which takes into account full systematic correlations between the
cross section measurements. Much care has been put into the treatment of unmeasured
final states which are bound via isospin constraints.

9.1 Hadronic Vacuum Polarization in 7 and W prop-
agators

As QCD is a non-Abelian theory with massless gauge bosons, its perturbative expansion
at low energies is not, well-behaved and non-perturbative effects lead to currently un-
predictable long distance resonance phenomena in quark interactions. Fortunately, cross
sections measured in e+e~ annihilation and spectral functions from r decays provide an
experimental access to the hadronic vacuum polarization: from unitarity, the hadronic
cross section of e+e~ annihilation is related to the absorptive part of the vacuum polar-
ization correlator via the optical theorem.

Similarly, hadronic spectral functions from r decays arc directly related to the isovec-
tor vacuum polarization currents when isospin invariance (CVC) and unitarity hold. For
this purpose one has to worry whether the breakdown of CVC due to quark mass effects
(mu y£ md generating dflJ'1 ~ (mn — rnd) for a charge-changing hadronic current J7'
between u and d quarks) or unknown isospin-violating electromagnetic decays has non-
negligible contributions within the present accuracy. However, the CVC predictions of
T branching ratios evaluated in Section 8.2 show reasonable agreement within about 5%
experimental accuracy over the full range of exclusive vector hadronic final states. Ex-
pected deviations from CVC due to so-called second class currents as, e.g., the decay
r —» 7r~7/7/T where the corresponding c+cr final state TT0?] (C=+l) is strictly forbidden,
have estimated branching fractions of order of (mu — m,/)2 ~ 10~~5 [216], while the exper-
imental upper limit amounts to B(r —» 7r"r;;/T) < 1.4 x 10"4 [17] with 95% CL. Another
classical test is the pion ,6-decny, yielding a sensitivity to CVC violation of 3%: the CVC
hypothesis relates the isovector, vector matrix element of the (severely suppressed) decay
TX'" —» 7r0r.~ji(, (no axial-vector part) to the electromagnetic form F% factor of the pion

« ((k - k!f) (k + k'Y • (9.7)

The small mass difference of mw- — r?v — 4.6 MeV/c;2 permits to equate Fv ((k — k')2) ~
P\{0) = 1. The ,,̂ -decay branching ratio can then bo calculated with kinematic vari-
ables. Taking into account electromagnetic radiative corrections of order 1% one ob-
tains the theoretical prediction [217] of flevefr" -» 7rup"//e) = (1.0482 ± 0.0048) x H)"8

which is in agreement with the most precise measurement [218] of B{-n~ —> 7rae~9e) =
(1.026 ± 0.039) x 10"8.

An estimate of a possible CVC violation can be obtained in the mr final state which
is dominated by the p{770) resonance;. SU(2) symmetry breaking can occur in the />*•-
//' masses and widths caused by electromagnetic interactions. Hadronic contributions
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Final states

TTU) —» 7T7r°7

7T7

r/7

7T7T7

Sum

^ (xlO»)

0.32
-0.34 ±0.21
-0.38 ± 0.07

-0.091 ± 0.004
6.3 ±2.5
- 3 ± 3

Réf.

[219]
[17]
[17]
[17]

[17, 206]
[219]

2.8 ±3.9

Table 9.1: Expected CVC violation from electromagnetic interactions in p±-p<} decays.

to the p±~p° width difference are expected to be much smaller since they are propor-
tional to (mu — rrid)2. The different electromagnetic contributions to the width are
listed in Table 9.1: radiative transitions introduce a negligible effect, while the dom-
inant contribution comes from the 7r±-7r° mass difference. A recent theoretical anal-
ysis [206] indicates that the p± and p° masses arc in fact equal within 0.5 MeV/e2:
mp± — rnpo = —(0.15 ± 0.55) MeV/c2. This prediction has been verified in Section 8.3.3
with the result: mp± —mpo — —(0.0±1.0) MeV/c2. Since the n~ and n° mass difference is
known experimentally [17] to be mv± -m ï ïo = (4.5936 ± 0.0005) MeV/c2 and understood
theoretically [79] to be almost completely from electromagnetic origin, it is expected that
the total p± and p° widths should be different even in the limit where hadronic interac-
tions are .Sff/(2)-invariant (this includes the chiral limit). An additional point concerns
contributions from photon bremsstrahlung. While the infrared divergences in p —y nnj
decays vanishes when including the vertex correction graphs, finite terms are expected to
contribute differently to the widths of the charged and the neutral p. The corresponding
bremsstrahlung graphs have been calculated in Ref. [219]. The width contributions from
finite terms to both the p± and the p° turn out to be negative. The estimate of the
width difference given in Tab. 9.1 assumes finite contributions to the widths from loop
corrections to be small.

The total expected SU(2) violation in the p width is finally computed from the above
considerations to be

r > ~ 1 > = (2.8 ± 3.9) x HT3

* p

(9.8)

where the error comes essentially from the estimate of the p± -p° mass difference and of
the 7T7T7 contribution. This effect introduces corrections for aj]ad and the running of «(.s)
when including r data (sec1 Section 9.6).

= -(1.3 ±2.0) x 10- 1 0 (9.9)

in the a|;ad calculation from the r —>7r"7r°;/T spectral function which is applied in
the present analysis. Corrections from the higher mass resonances /?(1450),/?(1700) are
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Figure 9.2: Leading order hadronic vacuum polarization contribution to afl.

expected to. be negligible. Similarly a correction of

'l) = -(0.09 ± 0.12) x l ( r 4 (9.10)

is introduced in the calculation of the running of a.

From a more qualitative point of view, one should keep in mind that in this analysis
the CVC hypothesis is applied at a very low energy scale where the absorptive parts of
the matrix elements are largely dominated by non-perturbative QCD which are expected
to faetorize from their respective W or 7 excitation.

However, electroweak radiative corrections must be taken into account. Their domi-
nant contribution comes from the short distance correction to the effective four-fermion
coupling T~ —>• (du)~ vT. The radiative corrections are absorbed into an overall mul-
tiplicative factor SEW — 1-0194 ± 0.0040 introduced in the definition of the spectral
functions (1.22). The origin of SEW and its error are discussed in Section 1.3.2 of Chap-
ter 1.

9.1.1 Muon Magnetic Anomaly
By virtue of the analyticity of the vacuum polarization correlator, the contribution of the
hadronic vacuum polarization to «7, can be calculated via the dispersion integral [220]

/ ds<rhtui(s)K(s). (9.11)

Here <riia<i(-s') ' s the- total e.+e~—¥ hadrons cross .section as a function of the cm. energy-
squared .s, and K(s) denotes the QED kernel

A'(.s) = x2 (2 - y ) + (1 +*)2 (l + ^ ) (Ml + x) - x + Çj + {^±~)x
2 lm: (9.12)
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s (CeV2)

Figure 9.3: Electromagnetic kernel-function K(s) multiplying the cross section in the
dispersion integral (9.11).

with x = (1 — Pfj,)/(l 4- /5/f) and 0 = (1 — 4m^/s)1/2 (see also remarks concerning the
numerical stability of K(s) in Ref. [179]). The function K(s) decreases monotonically with
increasing s (Fig. 9.3). It gives a strong weight to the low energy part of the integral (9.11).
About 91% of the total contribution to ajf*1 is accumulated at cm. energies y/s below
2.1 GeV while 72% of a^ad is covered by the two-pion final state which is dominated by
the p(770) resonance. The precise spectrum of the two-pion final state from r data as
well as new input for the more controversial four-pion final states should therefore help
to significantly improve the aj1/*1 determination.

9.1.2 Running of the QED Fine Structure Constant

In the same spirit one can evaluate the hadronic contribution Aa(s) to the renormal-
ized vacuum polarization function H'y(s) which governs the running of the electromag-
netic fine structure constant a(s). For the spin 1 photon, nÇ(s)'is given by the Fourier
transform of the contraction of the electromagnetic currents j£m(s) in the vacuum (q^q" —

q2
9n n'7(ç

2) = ifd^xe^(0\T(jU^mm\0)- With Aa(s) = -4naRe [ n » - 111,(0)],
one has

where 47ra:(0) is the square of the electron charge in the long-wavelength Thomson limit.
The contribution Aa(s) can naturally be subdivided in a leptonic and a hadronic part.
Furthermore, at s = M\ it is appropriate to separate the leading vacuum polarization
contribution involving the five light quarks u, d, s, c, b from the top quark contribution
since the latter cannot be calculated in the light fermion approximation.

The leading order leptonic contribution is given by
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E
= 314.2 x 10

.s

irij
- A (9.14)

Using analyticity and unitarity, the dispersion integral for the contribution from the light
quark hadronie vacuum polarization Arvf^Ml) reads [221]

(Thad(-'') (9.15)

where rr(.s) = 16TT2a2{s)/s • Imll^.s) from the optical theorem, and Imll^ stands for the
absorptive part of the hadronie vacuum polarization correlator. In contrast to a!jad, the
integration kernel favours cross sections at higher masses. Hence, the improvement when
including r data is expected to be small.

The top quark contribution can be calculated using the next-to-next-to-leading order
(y* prediction of the total inclusive cross section ratio /?,, defined as

R(s) =
hadrons) 3.s

a(e+cr
(9.16)

from perturbative QCD using MS [95, 179]:

7T

(9.17)

The coefficients F3 and F\ are taken from Eqs. (2.65) for nj active flavours. The last
term ~ luijlf Qf)2 w^ ' n F\ ~ .1-2395 stems from "light-by-light" scattering diagrams with
three internal photon lines. The rn.j dependent factors in Eq. (9.17) accounts for phase
space suppression near the ff production threshold. The evaluation of the integral (9.15)
with ?ntop = 175 GeV and the running strong coupling constant fixed at as(My) = 0.121
yields ArvtOf)(Mf) = -0.6 x l ( r 4 .

Using An^,(Af!)= (280 ± 7) x K)"" [179], one obtains

= 128.890 ±0.090 . (9.18)

Again. \\\v error is dominated by the hadronic vacuum polarization part that is not
calculable within perturbative QCD.

9.2 The Integration Procedure

The information used for the evaluation of the integrals (9.11) and (9.15) comes mainly
from direct measurements of the cross sections in c+c~ annihilation and via CVC from
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T spectral functions. The integrals themselves are evaluated using the trapezoidal rule,
i.e., combining adjacent measurement points by straight lines. Even if this method is
straightforward and free from theoretical constraints (other than CVC in the r case),
its numerical calculation requires special care. The combination of measurements from
different experiments taking into account correlations - both inside each data set and
between different experiments are subjected to additional studies and discussions.

9.2.1 Averaging Data from different Experiments

In order to exploit the maximum information, weighted averages of different experiments
at a given energy are calculated instead of evaluating separately the integrals for every
experiment and finally averaging them2. Generally, if different measurements at a given
cm. energy show inconsistencies, i.e., their \2 P e r degree of freedom (dof) is larger than
one, the error of their weighted average is rescaled with \/x2/dof.

The solution of the averaging problem is found using a correlated x2 minimization,
defining

X2 = E E « -ki) (C^y1 (x] - kj) , (9.19)

where xf is the ith cross section measurement of the nth experiment in a given final state,
C," is the covariance between the zth and the jth measurement and ki is the unknown
distribution. The covariance matrix Cn is given by

• _ •

I — J _ , ,

where A"sta( (A"sys) denotes the statistical (systematic) error of .r". The systematic errors
of the e+e.~ annihilation measurements are essentially due to luminosity and efficiency
uncertainties. The minimum condition d\2fdki = 0, \/i leads to the linear equation
problem

E E (*? " kj) (C^r1 = 0 , x = 1, • • •, Nn . (9.21)

The inverse covariance C^1 between the solutions ki, kj is the sum over the inverse
covariances of every experiment

c-/ = E (q;)"1 • . (
H—I

2One could imagine two experiments a and b, each with two independent measurements «j (J5i) ± A«|,
a-i{E2) ± Aa2 and bi(E\) ± Ab], b-i(E2) ± Ab2 at energies E\ ^ E2. Setting Aai = Aa2 = A6] = Ab>
leads to identical errors in both integration methods. However, non-symmetric errors as, e.g., Aa\/2 =
2Aa,2 = 2A6] = A62/2 propagate a 53% larger uncertainty when calculating independently the sum over
the points (trivial integration) of the experiments a. /; and averaging afterwards rather than averaging
(«i, /)]) and {«2, 62) first, i.e., keeping the energy information of the respective points in the average.
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One should be aware of a potential bias when using least squared minimization tech-
niques in the presence of overall normalization uncertainties [202] (see Section 8.3). In
order to demonstrate that the solutions ki of the linear equation (9.21) are unbiased,
consider the following situation: two experiments X, Y have each measured two cross
sections x\, x2 and y2, ?/3, where x2 and //2 overlap at the same energy and are going to be
averaged. The solution distribution kt therefore contains three measurements i = 1,2,3
which consists essentially of the points .r,, y-A and the average (x2,ï/2)- The covariance
matrices of the experiments, taken from Eq. (9.20) are (a = x, y)

Ca = ( Aalsuvt + A«'ijSys Aa]iSysAa2,sys \

so that the solutions ki of (9.21) for the three remaining measurements take the form

"•1 == X\ ~r \]J2 X,2) ^2
^2,tot

2|St;it, f Axl i S U t + A s j
= x2 - j j + y2 -3

"2,tol. °2,tot

s y s; , / \ Aj/3 s y s Aî/2,svs /•r>r>j\

h = y-,i + (x-2 - y2) ~2 — (9.24)
°2,tot

with (îf.tot = Ax2iStat + Ax2)Sys + Ay|s la t + Ay^sys • Eq. (9.24) becomes the simple uncor-2iStat + Ax2)Sys + Ay|s la t

related solution if systematic errors are absent. Due to the initial correlation between the
measurements, the averaging of x2 and y-i readjusts the points X\, y3 too. One concludes
from Eq. (9.24) that the presence of correlated systematic errors naturally influences the
solution, but does not bias it.

However, direct correlations from normalization uncertainties occurring between the
experiments as described in the next paragraph would indeed bias the averaging proce-
dure. They are therefore subsequently added into the solution covariance matrix (9.22).

9.2.2 Correlations between Experiments

Eq. (9.22) provides the covariance matrix needed for the error propagation when cal-
culating the integrals over the solutions A:?; from Eq. (9.21). Up to this point, C^ only
contains correlations between the systematic uncertainties within the same experiment.
However, due to commonly used simulation techniques for acceptance and luminosity de-
terminations as well as state-of-the-art calculations of radiative corrections, systematic
correlations from one experiment to another cannot, be excluded. It is clearly a difficult
(ask to reasonably estimate the amount of such correlations as they depend on the capabil-
ities of the contributing experiments and one's theoretical understanding of the dynamics
of the respective; final states. In general, one can state that in older experiments, where
only parts of the total solid angle were covered by the detector acceptance, individual
experimental limitations should dominate the systematic uncertainties. Potentially com-
mon systematics. such as radiative corrections or efficiency, acceptance and luminosity
calculations based on the Monte Carlo simulation, play only minor roles. The correlations
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between systematic errors below 2 GeV cm. energy are therefore estimated to be between
10% and 30%, with the exception of the TT+TT" final state, where a 40% correlation due to
the easier experimental situation and the better knowledge of the dynamics is imposed,
which leads to non-negligible systematic contributions from the uncertainties of the radia-
tive corrections. At energies above 2.1 GeV the experiments measured the total inclusive
cross section ratio R. Between 2.1 and 3.1 GeV, individual technical problems dominate
the systematic uncertainties. At higher energies, new experiments provide nearly full ge-
ometrical acceptance which decreases the uncertainty of efficiency estimations. Radiative
corrections as well as theoretical errors of the luminosity determination give important
contributions to the final systematic errors quoted by the experiments. The correlations
between the systematic errors of the experiments are therefore estimated to be negligible
between 2 GeV and 3 GeV, 20% between 3 GeV and 10 GeV, and 30% above 10 GeV.

These correlation coefficients are added to all those entries 'of Cij from Eq. (9.22)
which involve two different experiments.

9.2.3 Inclusion of r Data

In this analysis, data from the r decays r~ —> n~ir° vT, r~ —ï 7r~37r° vr and r~ —> 27r"7r+7r° v7

are used in addition to the common e+e~ data sets. Assuming isospin invariance to hold,
the corresponding e+e~ isovector cross sections are calculated via the CVC relations (8.1),
(8.2) and (8.3). The r spectral functions V\, defined in Eq. 1.22, are given as binned con-
tinous distributions of the mass-squared s. In each bin i, the spectral function V] (,$i)
contains the (normalized) invariant mass spectrum AiVj/TV, integrated over the bin width
dsi. On the contrary e+c" cross sections are measured at discrete energy settings. To
each c+fi" measurement is associated a r cross section value obtained by interpolating
between adjacent bins. This interpolation takes into account the correlations between
the bins and is achieved imposing a functional form obtained from a fit to Breit-Wigner
resonances using the Gounaris-Sakurai parametrization [200] (see Section 8.3). However,
the fit function is renormalized in each bin so that its integral over the width of each bin
corresponds to the measured CVC cross section for that bin. All the data points r,
e+e" and interpolated r values are injected with their correlations into Eqs. (9.21) and
(9.22).

Due to the high bin-to-bin correlations of the r data and the significant normalization
uncertainty coming from the r hadronic branching ratios, biases of the least-square mini-
mization (see Section 8.3) cannot be excluded. The average solution is therefore calculated
twice, i.e., with and without correlations, taking the mean value of both integrations as
the result and adding half of the total difference as systematic error. This is done in all
cases where r data are involved. The effect amounts to about 10% of the total error.

9.2.4 Evaluation of the Integral

The procedure described above provides the weighted average and the covariariee of the
cross sections from different experiments contributing to a certain final state in a given
range of cm. energies. Now, the trapezoidal rule- is applied. In order to perform the inte-
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grations (9.11) and (9.15), the integration range is subdivided into NN sufficiently small
energy steps and the corresponding covariance is calculated for each of these steps (where
additional correlations induced by the trapezoidal rule has to be taken into account). The
new high-binned covariance matrix C" reads then

C"i = £ D k A j D u , k , l = l,...,NH, (9.25)

with the derivatives

D • = (s- - * " ) / { $ . — s-)

and Dk,i = 0 elsewhere. C'y is the average covariance matrix (9.22) and the s, are the
energies corresponding to the entries in Cij, while the sj! denote the energies corresponding
to the new high-binned covariance matrix C$. This procedure yields error envelopes
between adjacent, measurements as depicted by the shaded bands in Figs. 9.6 and 9.7.
The integrals (9.11) and (9.15) can now easily be calculated from the new high-binned
distribution and their errors are obtained by gaussian propagation of the covariance matrix
C".

9.3 Radiative Corrections

Higher order radiative corrections bias the measurements of both cross sections in e+e~ an-
nihilation and invariant mass spectra from r hadronic decays. The e+e~ experiments gen-
erally correct the measured cross section for QED effects, including bremsstrahlung, vac-
uum polarization and higher order self-energy graphs (see references in [179]). Following
the prescription of Ref. [179], all inclusive; cross section measurements R at masses below
the J/ij) resonance are multiplied by the (small) correction factor (1 + Aa]ep(s))(a/a(s))2

in order to account for the missing correction for hadronic vacuum polarization.

In r decays, final state radiation from the r itself or from its decay products can
influence the invariant mass measurement. Due to the high mass of the r lepton, the
bremsstrahlung graph is largely suppressed. Both typos of radiation are included in the
Monte Carlo simulation program KORALZ [140, 141, 142], used to unfold the measured
distributions from detector resolution and physical (higher order) effects. Even if the
actual frequency with which final state radiation occurs or if its energy was not well sim-
ulated in the Monte Carlo, reconstructed photons found to originate from radiation of the
r decay [24] are included in the invariant mass determination, and thus do not bias the
measurement.

Electroweak radiative corrections are applied through the CYC correction factor SV;\v
defined in Eq. (1.25).
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9.4 The Origin of the Data

The exclusive low energy e+e~ cross sections have mainly been measured by experiments
working at e+e~ colliders in Novosibirsk and Orsay. Due to the high hadron multiplicity
at energies above 2.5—3.1 GeV, the exclusive measurement of the respective hadronic
final states is not practicable. Consequently, the experiments at. the high energy collid-
ers DORIS and PETRA (DESY) and PEP (SLAC) have measured the total inclusive
cross section ratio R. Some of the e+e~ data used have here already been mentioned in
Section 8.1. Nevertheless, for sake of completeness they are contained in the following
compilation:

The'e+e~-> TT+TT measurements are taken from OLYA [169, 170], TOF [171],
NA7 [172], CMD [169], DM1 [173] and DM2 [174]. In addition, the new TTTT0

r spectral function is used, normalized to the world average branching ratio B(r~—>
7r-7rofcv) = (25.24 ±0.16)% [17]. According to Eq. (8.1), r data provide only the
dominant isovector part of the total two-pion cross section. A correction due to the
small isospin-violating isoscalar OJ —> -n+-n~ final state, which interferes with the
isovector amplitude, is applied. A small correction for the missing, i.e., unmeasured
decay modes p —> TT°7 (only for e+e~ data) and p —» 777, is added.

The reaction e+e~~—> 7r+7r~7r° is dominated by u> and <p intermediate resonances. In
the peak region of these resonances analytic parametrizations of the cross sections
are used. The non-resonant data are taken from ND [182], M2N [191], M3N [190],
DM1 [222] and DM2 [223]. Corrections for the missing UJ and 4> decay modes are
applied.

- The e+e~-> 7r+7r"7r°7r° data are available from OLYA [181], ND [182], M2N [191],
DM2 [187, 194, 188, 189] and M3N [190]. According to Eq. (8.3), a linear combina-
tion of both four-pion r decay channels connects the corresponding spectral func-
tions with the above e+e~ final state. The branching ratios B(r~—> 27r"7r+7r° vT) =
(4.25 ±0.09)%, and. B(r-->7r-37r°i/T) = (1.14 ±0.14)% [17] are used as respective
normalizations.

The reaction e+e.~—> um° is mainly reconstructed in the 7r+7r~7r°7r° final state. It
was studied by the collaborations ND [182] and DM2 [188]. Corrections for the
missing u> decay modes are applied.

The e+e~—» TT+TV~TT+TT~ final state was studied by the experiments OLYA [181],
ND [182], MEA [183], CMD [184], DM1 [185,186], DM2 [187,188, 189] and M3N [190].
The corresponding spectral function from r~—¥ 7r~37r° ur (according to Eq. (8.2)) is
also used.

The e+p-->. 7r+7r^7r+7r^7r0 final state is taken from M3N [190] and CMD [184]. The
other five-pion mode e+(j:~-> TT+TT'~3nl) can be accounted for using the rigourous
isospin relation a^+^-.-^o = 0.5 x a^+^-^^-^n.
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For the reaction e+e -» uir+7i , measured by the groups DM1 [185] and DM2 [184],
a correction for u> decays other than into three pions which appear in the five-pion
final state is applied.

The c+e~-+ TT+TT"?? data were studied by ND [182] and DM2 [192]. One must
subtract from the cross section the contributions which are already counted in the
7r+n~n+7r~~7r0 and 7r+7r~37r° finale states.

The cross sections of the six-pion final states 37r+37r~ and 27r+27r~27r° were measured
by DM1 [193], M3N [190] CMD [184] and DM2 [194], In Section 8.1 an upper limit
for the unknown 7r~7r+

 4TT° cross section of aw+1T_47ro < (3/2) x a-nc-i^iifi ~ (9/24) x
(J:iir-;iit+ w a s derived using isospin constraints. Half of this upper limit is taken as
the estimated contribution, with an error of 100%.

The e+e~^-K+K~ and e+fT-»KgK£ cross sections are taken from OLYA. [224],
DM1 [225] and DM2 [226].

The reactions e+e~--> Kg K+TT~ and e+e~ -> K+K'TT 0 were studied by DM1 [199, 227]
and DM2 [187]. Using isospin symmetry the cross section of the final state
is obtained from the relation frKoKowo =

The inclusive reaction e+e~ —v K"~KY was analyzed by DM1 [198]. From it, one can
estimate the total KKTTTT contribution (this time for both 7 = 1 and / = 0) as
described in Section 8.1.

At higher energy the total cross section ratio R is measured inclusively. Data pro-
vided by the experiments 7 7 2 [228], MARK I [229], DELCO [230], DASP [231],
PLUTO [232], LENA [233], Crystal Ball [234], MD-1 [235], CELLO [236], JADE [237],
MARK-JJ238], TASSO [239], CLEO [240], CUSB [241] and MAC [242] are used in
this analysis. Above 3.5 GeV the measurements of the MARK I Collaboration are
significantly higher than those1 from LENA, PLUTO and Crystal Ball. In addition,
the QCD prediction of R, which should be reliable in this energy regime, favours
lower values. In agreement with Ref. [179], MARK I data are neglected above this
energy threshold.

Although small, the enhancement of the cross section due to 7--Z interference is
corrected for cm. energies above the J/ip mass. Using the factorial ansatz according
to Ref. [243, 179], yields a negligible contribution to ajfd and a -0.30 x 10~4 shift
of S |

Fig. 9.4 shows as an example the cross sections for the three-, five- and six-pion
final states and for e+e~—¥ K+K~. The inclusive crossection ratio R, is plotted in Fig. 9.5
together with the QCD perturbative prediction from Eq. 9.17 for a:.,(Mz)=0.1200 ± 0.0013.

9.5 Analytical Contributions

in SOUK1 energy regions where data information is scarce and/or reliable theoretical pre-
dictions are available, analytical contributions to extend the experimental integral are
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Figure 9.4: Cross sections of'the e+e final states TT+TT TT0, (5TT)°, 3TT+3TT a,nd.K+K ver-
sus the cm. energy y/s. From isospin symmetry one expects cr^+^-^o = 0.5 x a7r+7r-7r+w--no
(upper right hand plot).

used.

9.5.1 The 7T+7T- Threshold Region

To overcome the lack of data at. threshold energies, the second order expansion Eq. (8.4)
obtained from Chiral Perturbation Theory [178] is used as a description of the pion form
factor F\ (which is connected with the two-pion cross section via Eq. (1.31).

9.5.2 Narrow Resonances

The e.^e annihilation cross section involves narrow resonances such as the u;(782) and
0(1020) at low energies, the .////' and T resonances at the cc and bb quark thresholds,
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Figure 9.5: Inclusive hadronic Cross sections ratio in e+e annihilation versus the cm.
energy s/s. The QCD perturbative prediction Eq. (9.17) inputs as{Mj) = 0.1200. At the
ce and bb production thresholds, the cross sections are dominated by non-perturbative
contributions.

respectively, as well as their excited spectroscopic states. It is safe to parametrize these
states using relativistic Breit-Wigner resonance shapes with an s-dependent width. The
expression

{) MI rv (s - MIY +
is used for the cross section of a resonance P with the .s-dependent width [179]

(9.28)

The above sum is over all branching ratios of the resonance P with the respective phase
space factors Fx-t(s) given, e.g., for a spinless two-body decay X = P\P-2 by Fpxp2 =
(1 - (nip, + mp2)2/s)3/'2. The physical input values of the parametrizations and their
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errors are taken from Ref. [17]. The total parametrization errors are then calculated by
gaussian error propagation.

9.5.3 High Energy Tail

At energies sufficiently above the T resonance family, the perturbative QCD prediction
of R with five active quarks is supposed to be reliable. In agreement with Ref. [179],
iîpcrt (s) from Eq. (9.17) is applied for y/s > 40 GeV.

9.6 Results

The integrals (9.11) and (9.15) are evaluated exclusively, i.e., for every contributing final
state, up to the cm. energy of 2.125 GeV. Even if some particular modes have been
measured up to somewhat higher energies, one has to worry about unmeasured exclusive
modes and therefore use the total B, measurement, above this threshold. Both energy
regions are assumed to be uncorrelated. Because the contributions of the exclusive chan-
nels at low energy are simply summed up, their respective covariances must be estimated
when propagating the error: in general, unmeasured final states whose contributions are
deduced from measured ones via isospin are set to be 100% correlated with these. Also
different detectors performing the same measurement are correlated through the sharing
of commonly used simulation techniques to calculate acceptance and selection efficiency
which depend on the assumed underlying physical dynamics. Contributions from reso-
nances that are analytic are globally assumed to have 20% correlations due to modelling
uncertainties. Between purely measured final states the correlations are estimated de-
pending on the number of common experiments that contribute to their measurements
and on the common energy region, as well as according to the relative importance of their
statistical and systematic errors. In general the estimation yields a correlation between
10% and 20%. This treatment is different from that of Ref. [244] where a 100% correlation
was assumed.

As described in Section 1.3.3, corrections to the charged p* width have to be applied to
account, for small CVC-violating effects. The magnitude of the width difference Eq. (9.8)
translated into r?,̂ ad and Aa,,'^ (My) is evaluated using the fitted GS parametrization of
(.he p line shape (Section 8.3). One obtains the additive corrections

Sa™ = -(1.3 ± 2.0) x HT10

«îAo£,(M!) = -(0.09 ± 0.12) x H T 4 . (9.29)

for the T~ —> 7r~7T° vT spectral function which is applied in the present analysis. Corrections
from the higher mass resonances p(1450),/;( 1700) are expected to be negligible!.

The two- and four-pion cross sections (incl. the r contribution) in different energy
regions are depicted in Figs. 9i> and 9.7. The bands are the results within (diagonal)
error-envelopes of the averaging procedure and the application of the trapezoidal rule
described in Section 9.2.
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Final states
7r+7T~ threshold

7T+7r~ (incl. r data)
/-j(7r()7 + r /7) ( 1 )

LU

UJ —> 7T7, neutrals ' ' '
$

<É> -> 77 7, 7r°7 ' ' ^
7r+7r"7r° (below <3>)
7r+7r~7r° (above <I>)

7r+7r-27r°
7r+7r~27T° (incl. r data)

W7r°(w -4 7T7, neutr.) ^
7r+7r~7r+7T~

7r+7r~7r+7T~ (incl. r data)
TT+TT-TT+TT- 7T°

7r+7r"3^°(2)

W 7T + 7T^ (w —> 7T7, l'RMltr.) ' ' '

7r+7T~7r+7r'"27r0

7r+7r-47r° <2>

r/7T47r- (:!)

K+K

K ^ K 4 T T - (+ K ' / K - T T 4 <2>)

K + K - > '
KgKJ>(> ^

KK7T7T (ail modes)

J/^(1S,2S,377O)
T(1S,2S,3S,4S,10860,11020)

R
B. (perturbative)^'

J ] (e+c~ ->hadrons)
Yl {c + e~ -> hadrons) (incl. r data)

ahad (x l 0 i0)

2.30 ± 0.05
495.86 ± 12.46
500.81 ± 6.03
0.30 ± 0.05

37.09 ± 1.07
0.03 ± 0.01

39.23 ± 0.94
0.09 ± 0.01
4.12 ± 0.41
1.90 ± 0.72

21.41 ± 2.36
22.26 ± 1.53
0.88 ±0.11
15.90 ± 1.34
16.50 ± 0.98
4.02 ± 0.51
2.01 ± 0.26
0.07 ± 0.02
0.47 ± 0.14
3.32 ± 0.36
2.40 ± 2.40
0.51 ± 0.14
4.30 ± 0.58
1.20 ± 0.42
2.04 ± 0.36
0.42 ± 0.29
0.42 ± 0.29
4.52 ± 1.65
8.04 ± 0.52
0.10 ± 0.01

41.64 ± 3.61
0.16 ± 0.00

695.0 ± 15.0
701.1 ± .9.4

^«had(^D (Xi»4)
0.04 ± 0.00
34.01 ± 0.87
34.31 ± 0.38
0.02 ± 0.01
2.97 ± 0.09

< 0.01
5.18 ± 0.12
0.01 ± 0.00
0.42 ± 0.04
0.46 ± 0.26
5.82 ± 0.63
6.16 ± 0.49
0.18 ± 0.02
4.61 ± 0,39
4.76 ± 0.31
1.51 ± 0.20
0.75 ± 0.10
0.03 ± 0.01
0.19 ± 0.04
1.35 ± 0.14
0.98 ± 0.98
0.16 ± 0.05
0.85 ± 0.10
0.23 ± 0.08
0.70 ± 0.12
0.15 ± 0.10
0.15. ± 0.10
1.82 ± 0.66
9.97 ± 0.68
1.18 ± 0.08

164.31 ± 5.59
42.82 ± 0.10

280.9 ± 6.3
281.7 ± 6.2

Energy (GeV)

4ml 0-320

0.320 2.125
0.320 2.125
0.298 2.125
0.420 0.810
0.810 •-2.125
1.000-1:055
1.055-2.125
0.810 1.000
1.055 2.125
0.910 2.125
0.897 2.125
0.930 -2.125
0.983 2.125
0.794 2.125
1.019- 2.125
1.019 2.125

•1.340 2.125
1.350 2.125
1.350-2.125
1.350- 2.125
1.075 2.125
1.055 2.055
1.090 2.125
1.340 2.125
1.440 2.125
1.440 2.125
1.441 2.125
3.096 3.800
9.460 11.20
2.125 40.0

40.0 oo

4?7).2 CX3 1

4?n2 oc |

1 Correction for missing modes (see text).
2 Deduced from isospin relations (see text).

Without, contribution from ?/
'' Values are taken from [179].

T° and v/ -> 3TT0.

't1 9.2: Summary of the. «J)îirl and A(yh'.ul(M%) r.mriribvtions from r. + e annihilation
and T decays. The. line "7r47r" threshold' contains the results from the inteqml over
expression (8.4) at threshold eneiyies.
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Figure 9.7: Four-pion cross section as a. function of the cm. energy-squared. The band
represents the result of the averaging procedure described in the text within its diagonal
errors. The right-hand plot shows additionally the e+e~—t um° amplitude (small points).

9.6.1 Lowest Order Hadronic Contributions

The results of the exclusive contributions to a!}ad and A«[Jd(M|) are presented in Ta-
ble 9.6. After the inclusion of the r data, the error of aj]ad is dominated much less by the
uncertainty of the two-pion contribution. Other important sources are the contradictory
7T + n~2ir° data, as well as the unmeasured 7r+7r~47r° final state. In the latter case, limits
can be set only by using very conservative isospin arguments. As shown in Section 8.1 the
large upper limit comes from the assumption of a dominant 0411 class accompanied by a
vanishing 0321 contribution. Both classes occur in 7r+7r~7r+7r~27r0, while none contributes
to 7r+7r""7r+7r~7r+7r~ and only o^\ is part of 7r+7r~47r° (see Section 1.4). The measured
cross section of ir+-n~~ TT+K~ 2n® is clearly higher than the corresponding 7r+7r~7r+7r~7r+7r~
final state hence guaranteeing a leading contribution from one of the classes mentioned if
isospin invariance holds. Since those classes correspond to eigenstates, a resonance analy-
sis of the measured six-pion data would reveal important properties of the class structure
of the respective modes which thus could give more constraining isospin bounds.

Another large uncertainty comes from the KKTTTT final states. The measurement of
the K+K~7r+7T~ mode alone does not allow one to calculate isospin bounds for all possible
contributions. Fortunately, it. is possible to extract the complete KKTTTT contribution on
the basis of a DM1 measurement of the inclusive channel K"+A" [198]. Nevertheless, large
experimental uncertainties prevent a precise determination of the corresponding integrals.
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Figure 9.8: Quadratic contribution of the various error sources to ah^A (left hand plot) and

•^f*had(-^z) (right hand plot) after the inclusion of r data. In the energy region 0-2.1 GeV
all exclusive contributions that are not given separately are included.

The last important error source, especially for Aa,\Jd(M%), comes from the integral
over the measured high energy inclusive cross section ratio R. The reliability of the QCD
perturbative expansion for energies sufficiently above the still unpredictable resonance
phenomena has been proven in many cases (see, e.g., «:., measurements from different en-
ergy scales at LEP, HERA and from r decays). Thus, theoretical input at energies lower
than 40 GeV should be reliable and could significantly help to reduce the integration
uncertainties [245, 246]. However, this has not been used in the present analysis which
relies on experimental data as far as possible.

The squared contributions of the various final states and energy regimes to the errors
of aj)afi and Aa(M|) are depicted in Fig. 9.8. Only the results after the inclusion of r
data are shown. One obtains for the lowest order hadronic vacuum polarization diagram
of the rnuonic anomalous magnetic moment the contributions

aj;ad = (695.0 ± 15.0) x HT10

aj"1 = (701.1 ±9.4) x 10"10

(e+e data only)

(combined e+e~ and r data)

and for the running of r.v at M |

Aa[%(M'i) = (280.9 ± 6.3) x 10-"

Aa[52,(M|) = (281.7 ± 6.2) x 10"4

(e+e data only)

(combined e+e" and r data) .

Fig. 9.9 shows a compilation of published results. The inclusion of the new r data
yields a large improvement in the precision of the «J1,̂ 1 determination. The difference
in a')a(l between the exclusive c+c" analyses of [179] and this work is mainly due to a
disagreement in the two-pion integral where significantly lower values are- obtained here.
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^Figure 9.9: .Comparison of estimates ofa}^d (lowest) and Aa^d(MyJ. The numbers are
taken from, Refs. [169, 215, 179, 244, 247, 248, 245, 249].

in addition, differences in the handling of unmeasured modes generate inconsistent results.
The results of Ref. [215] cannot easily be compared to the newer ones as the data set did
not include the recent DM2 results. The differences in the final errors of aj^ad in the
exclusive c+e" analysis of this work compared to Ref. [179, 244] is mainly caused by
different techniques in the handling of the data and their errors. The detailed study
of the origin of correlations, their propagation, as well as the rigourous use of isospin
constraints to bound unmeasured modes yield slightly smaller errors here: As expected,
the gain in the precision of a^d coming from r data is significant whereas it is very small

for Aa^ll^MyJ since the dominant contributions and uncertainties come from energies
above the r mass.

9.6.2 Higher Order Contributions

In the famous paper of Kinoshita et al. [215], higher order contributions to the muon
hadronic vacuum polarization graph, such as additional lepton or quark loops inserted
in the diagram of Fig. 9.2 and the so-called light-by-light scattering graph, have been
evaluated. The latter has been recomputed by different groups obtaining (—5.2 ±1.8) x
10 •'" [250] and (-9.2 ± 3.2) x 10" l0 [251] with large uncertainties compared to the de-
signed experimental accuracy of A<77, ~ 4.0 x 1()~10 of the forthcoming BNL experiment.
The conservative average of (—6.2 ±4.0) x 10~10 is used in the following with an enlarged
error to account for inconsistencies.

The calculation of the higher order 0(o/7r)3 loop diagrams is accomplished and partly
corrected in a recent work [252], where second order kernel functions A'^(.s') are provided.
These are used to calculate the corresponding contributions in the same spirit as the dom-
inant, lowest order graph by virtue» of the dispersion integral (9.11). The numerical evalua-
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tion in Ref. [252] was performed on the basis of the data sample used by R,ef. [179]. This ex-
ercise is repeated here in order to cheek the consistency of the results. For the contribution
of diagrams with additional photon exchanges, e.g., the fourth order rnuon vertex correc-
tion, the kernel labeled K{2a\s) in [252] is used which gives a^ = (-20.9 ±0.4) x 10~l0.
The diagrams with an electron loop inserted in one of the photon lines of Fig. 9.2 (kernel
A'(26>(.s) in Ref. [252]) contribute to a{26) = (10.6 ±0.2) x 10"10, where the asymptotic ex-
pansion, the analytical and numerical solutions provided in Ref. [252] lead to very similar
results. Finally, the insertion of two hadronic loops in the muon vertex correction graph
(kernel K(2c\s) in Ref. [252]) results in a^ = (0.27 ±0.01) x lO"10. The contributions
a(2a.fe,t0 a r e founc] i0 be in agreement with Ref. [252]. All higher order results given here
are computed from the r;+e~ data set only.

The compilation of the hadronic higher order parts (including light-by-light scattering)
yields ^ [ ( « / T T ) 3 ] = (-16.2 ± 4.0) x 10~10.

9.6.3 Results for a£ad and cx(M%)

Collecting all contributions, one obtains for the anomalous magnetic moment of the muon

a,,. = (.11 659 164.5 ± 15.6) x 10""10 (e+e~ data only)

alt = (11 659 170.6 ± 10.2) x 10~10 (combined e+e~ and r data) ,

where the errors of the lowest order calculation r/̂ ad and aj,2a"6'^ are added linearly.

The inverse of the fine structure constant at M% is found to be

or* {Ml) ' .= 128.882 ± 0.087 (e+e~ data only)

a~\Ml) = 128.878 ±0.085 (combined e+e" and r data) .

One may use the latter (combined) result, for G;(M|) to improve the constraint on the
mass of the standard model Higgs boson Miuggs inferred from a global electroweak fit
(see also Section 2.6). This is done by utilizing current available electroweak data [112,
111] and the ZFITTER electroweak library [253]. It requires M\, mtop,. and rv(M|) as
input parameters, which are allowed to vary within their experimental accuracies. The
additional parameters M]liggs and the strong coupling constant at M%, as{M'£), are freely
adjusted in the fit. It is found to be «,(Mf) = 0.1201 ± 0.0033 which is in perfect
agreement with the experimental value of 0.122 ±0.006 [129] from the analyses of QCD
observables in hadronic Z decays at LEP. The fitted Higgs boson mass is ISSt}'^ GeV,
compared to 149lg28 GeV when using the previous value of a(M%) from Eq. (9.18). An
additional error of 50 GeV should be added to account for theoretical uncertainties [253].

Fig. 9.10 depicts the. variation of \/2 as a. function of the Higgs boson mass for the
new and previously used values of a(Mz) (the latter taken from [179]). The upper limit
for Mnigg.s is 516 GeV at 95% CL. The correlation contour's between the fit parameter
o:.,(MyJ and Mujggs is shown in Fig. 9.11.
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MHiggs

Figure 9.10: Constraint fit results for the previous and the new value of a.{M%) as a,
function of the Higgs mass.

9.7 Conclusions

In this chapter, the hadronic vacuum polarization contribution to (g — 2) of the muori and
to the running of the QED fine structure constant a(s) at s = M | has been reevaluated
using r vector spectral functions in addition to slightly enlarged e+e~ annihilation cross
section data sets in order to improve the precision of the corresponding integrals. The
results are, to lowest order, a)1/"1 = (701.1 ± 9.4) x 10~10 yielding afl = (11 659 170.6±10.2) x

10-10 and An£,(Mj) = (281.7±6.2)xlO \ propagating cy~l(0) to oc~l(M^) = (128.878±
0.085). The improvement coming from r data is small in the Aa,,àd(M|) case which is
dominated by high energy contributions. However, it causes a 37% reduction in the error

on a
had

In the near future, new low energy c+c" annihilation data are expected to be produced
by the CMD-2 Collaboration [254] at Novosibirsk. In addition, new results for the r" ->
IT" TT" vT spectral function with a precision comparable to the ALEPH data were recently
presented by the CLEO Collaboration [255]. Significant improvement is also expected
from energy scans at the future high-luminosity e'^e" collider DA<I>NE in Frascati.
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Chapter 10

T Spectral Functions and QCD

'Flu1 theoretical basis of the following phenomenological QCD analysis using vector and
axial-vector spectral functions has been outlined in Chapter 2. The subject of the studies
are QCD sum rules obtained in the environment of chiral symmetry, and the measurement
of as(MT) and non-perturbative contributions to the hadronic width of the r.

10.1 QCD Chiral Sum Rules

As seen in Section 2.4, the application of chiral symmetry, i.e., neglecting quark masses
allows the computation of interesting low energy sum rules involving the difference of
vector and axial-vector spectral functions. By virtue of the identity (1.27), the formulae
Eqs. (2.36), (2.37), (2.39) and (2.40), expressed as functions of the vector and axial-vector
spectral functions defined in Eq. (1.22), read

s-\vx(s) - a,{s)} = fiV±L-FA, (10.1)
b
.so->oo

b
so->oc

.so>oo

/ ds M * ) - o, (s)] = fl, (10.2)
b

ds s [w,(.s)- a, (*)] = 0 , (10.3)

b
S()->OO

Eq. (1.0.1) is known as the Das-Mathur-Okubo (DA/1O) sum rule [6]. It relates the given
integral (/DMO) t'° ̂ 10 square of the pion decay constant /OT = (92.4 ±0.26) MeV [17] ob-
tained from the decays n ' —> fi~9,, and it" —> \rv^;\ to the pion axial-vector form
factor V,\ for radiative decays' 7r" —> (','~ Ppy; and to the pion charge radius-squared

1 In cases where it, is a real radiative photon the differential decay rate can be written as

<I2}\ ->Cm d2(r\H + I"si> + T I N T )
, . ( ) r .

lE.tdEf '
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{r'D = (0.431 ±0.026) fm'2 [53], The error of {ri) includes theoretical uncertainties. For
completeness the results on the pion polari'/ability (see next section) will be also expressed
in terms of the standard value (r'%) — (0.439 ±0.008) fin2 obtained from a one parame-
ter fit to the same space-like data [180]. Eqs (10.2) and (10.3) are the first and second
Weinberg sum rules (WSR) [7], where the pion pole in (10.2) is already integrated out.
When switching quark masses on, only the first WSR remains valid while the second
WSR breaks down due to contributions from the difference of non-conserved vector and
axial-vector currents of order iri'f/s. leading to a quadratic divergence of the integral (see
Section 2.4.1). Eq. (10.4) represents tin1 electromagnetic splitting of the pion masses [83].
Although apparently containing an arbitrary energy scale A, the sum rule is actually in-
dependent of A by virtue of the second WSR (10.2). However, for finite ,s(), Eq. (10.4)
maintains its A dependence.

The above integrals are calculated with variable; upper integration bounds s0 < M2

using the spectral functions and their respective covariance matrices in order to provide1

a straightforward gaussian error propagation taking into account the strong bin-to-bin
correlations of the spectral functions. In general, clearly, an integral of the above type is
evaluated as

i(.sn) =• fds M ' » M-s) -«,(&•)]= f ] W(fti)\vu-aii\ , (10.6)
o ) : : |

and its squared error reads

~ , (10.7)

where the autocorrelations between v\ and a,\ due to the estimates of the vector/axial-
vector parts of the final states KKTT and KKnir are reabsorbed in the respective covariance
matrices CVIA so that v\ and <i\ are now uncorrelated.

Fig. 10.1 shows the vector minus axial-vector distribution obtained from r decays in
addition to two times the vector spectra] function v[e+e- from e+e~ annihilation (see
Section 8.1) data minus the inclusive* (v\ + a.i) measurement, yielding a corresponding
(v\ - «]) spectral function with a slightly better precision at the end e>f the r phase
space1. This treatment is of course not free from ambiguities as an eventual conceptual
disagreement (e.g., undetected systematic uncertainties) between the r vector spectral
function ?>i which is included in the (?.', +«i) spectral function and v]r+e- translates into
the difference {v\ — a,)) which then is inconsistent. Inferences from results obtained in
such a way should therefore be handled with prudence.

The sum rules (10.1) (10.4) versus the upper integration bound .s() < M'* are ple>tte<l
in Figs. 10.2a d. In addition to the the r spectral functions, again the contribution from
r ' r annihilation combined with the1 (v\ 4- o.\) inclusive measurement are shown. The

whi'iv Fiij. I"sn HIKI TINT a>'(* t.Jio coiitrihutions from inner hix^iissiiahlung, striicturc-dcpiïiKlent, radiation
;ui(i there interference. The structure-dependent term is parametrized by using vector and axial-vector
form factors /'V/,i (for th° complete expression see Ref. [17]).
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Figure 10.1: Visĉ or minus axial-vector (v\ — a ^ spectral function. The band shows the
corresponding spectral function using two times the vector spectral function from e+e"
annihilation data minus the inclusively measured (v\ +a\) spectral function from r decays.

horizontal band depicts the respective chiral prediction of the integrals taken from [48].
One observes that only for the DMO sum rule (Fig. 10.2a), where contributions from
higher mass-squares are suppressed, does the saturation within the one sigma error seem
to occur at the r mass scale. The other sum rules (Fig. 10.2b-c) are apparently not
saturated at M? as indicated by the non-vanishing {v\ — o-i) spectral function at the end
of the T phase space (Fig. 10.1) and its still oscillating behaviour.

A way to improve the saturation of finite energy sum rules is to apply the Borel-
transformed formulae (Section 2.3.2) emphasizing the lower resonances of the spectra.
On the other hand, Borel-transformed sum rules give rise to non-perturbative corrections
from quark condensates and non-vanishing quark masses scaling with the Borel parameter
M'2. For example, the Borel-transformed first WSR reads [77]

so->oo
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Figure 10.2: Sum rules corresponding to Eqs (10.1) ( 10.4) (plots: a A) versus the upper
integration bound .s().
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wlif̂ re the ciuront, algebra expression ffiri* = —(mu+m,i)(()\uu\0) obtained from Eqs. (2.30)
and (2.31) are used, rnu(M

2) and nid(M2) denote the running quark masses described
by Eq. (2.15). The Borel integral (10.8) is plotted in Fig. 10.3 for M2 = 1 GeV2.
'1'he coinparison with Fig. 1.0.2d makes the gain in precision and asymptoticness obvi-
ous. The chiral prediction is taken from the r.h.s. of Eq (10.8) setting /„• as defined
above, ™,(1 GeV) = 0.59 ± 0.07 evolved from ax(MT) = 0.35 ± 0.02 (Section 10.2),
mIt(l C('V) = 5 ± 3 MeV/r2. vid{\ GeV) = 10 ± 5 Mo\'/r2 [17] and neglecting higher
order non-perturbative contributions O{M~h) and contributions other than quark con-
densates. One thus obtains (8.44 db 0.17) x 10~~:i GeV2, while the integral over r data at
.s'o ~ 3 GeV2 rea.ds (7.61 ± 0.2G) x 1 ()"'•' G<%V2, sonunvhat lower than the chiral prediction
so that further non-perturbative terms need to be added. Anyway, the precision obtained
is remarkable and such constraints can be used in order to measure higher order non-
perturbative contributions or if these are known from other sources one might even
get limits on the light quark masses?
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Figure 10.3: Borel-transfonneA first WSR with M2 — 1 (7eF2. The chiral prediction is
given by the. r.h.s of Eq. (10.8).

10.1.1 The Polarizability of the Pion
In order to quantify the actual precision of the sum rules, the electric polarizability of the
pion2, given by [256]

is determined in this section utilizing the DMO sum rule /DMO (10.1) as proposed in [257].
The computation of the pion axial-vector form factor FA is most accurate using the mea-
surement of the ratio 7 = F^/Fy obtained from radiative pion decays ir~ —> e~Pej. Using
the weighted average 7 = 0.46 ± 0.05 of the measurements [258] as well as the CVC relation
between the pion vector form factor and the 7r° lifetime \Fy\ — (l/(y)(27rTiromwn)"]^2 =.
0.0132 ± 0.0005 [259, 17] leads to

a
theo = (2.86 ± 0.33) x 10~4 fm (10.10)

as a theoretical prediction.

'DMO

Using the r {v\ — o,\) spectral functions, the DMO integral at the r mass scale gives
= (28.0 ± 1.6 ± 1.1) x 10 3, where the first error is the directly propagated inte-

gration error using the covariance matrices of the spectral functions. The second error-
is a systematic error which accounts for missing asymptoticness because the integration
stops at ~ 6'o = 3 GeV2 (it is not performed to exactly Afj? since the error of the spectral
functions blows up at the very end of the r phase space). For the 2vi(e

+e~) — (vl + « ( ) ( T )

spectral function one obtains / ^ K J = (25.2 ± 1.3 ±0.4) x 10~3 with a x2 = 2.7/1 when

2The electric polarizability oj.; of a physical system can be understood classically as the proportionalityThe electric polarzability oj; of a physical system can be understood classically as the proportionalit
constant which governs the induction of the dipole moment p of a system in the presence of an extern
electric field E: p = cv^E. The polarizability is an important, quantity to characterize a particle, i.e.. i

bi it i tuctprobing its inner structure.
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compared to the above pure r result, assuming both measurements conservatively to be
50% correlated (the actual correlation is lower since the inclusive (v\ + a,\) and the exclu-
sive1 v\ and «i r spectral functions have large uncorrelated parts). The weighted average
(taking into account, the correlation) is

(/DMO) = (26.4 ± 1.5) x 10"3 . (10.11)

According to the prescription of Ref. [17], the error is increased by \/X2/l to account for
some inconsistency. Combining (10.1) and (10.9) with the assumption that the contribu-
tion to (10.1) for ,90 > M? is negligible, i.e., the integral is saturated, one finds that the
pion polarizability is

« 7 - (2.40 [2.68] ± 1.14 [0.76]) x 10~4 fm3 . (10.12)

The figures in brackets give the corresponding result if the standard value of (r2) =
(0.439 ±0.008) fm2 [180] is used for the pion charge radius-squared. Both results (10.12)
are in agreement with the chiral prediction (10.10).

The authors of [257] (see also [260, 85]) used the first VVSR (10.2) as an additional
constraint to considerably improve the precision and the reliability of the /DMO evaluation
as it naturally reduces the sensitivity to the saturation assumption.

Another approach to the solution of (10.1) deals with the Borel-transformed DMO sum
rule, which suppresses the high energy tail of the spectral function in order to improve
saturation at M2 and to increase the precision of the integral [257, 261]: '

,S0->OO

) = -rr, \ dH<

ft C6<0(6)) CS(O(8))

where /i)Mo(M2) = /DMO i11 the limit A/2 —» oo. At sufficiently high M2 the impact
of the dimension D = 6 and dimension D — 8 non-perturbative t(ïrms on IDMO(M2)

is small. One may use projecting sum rules with improved saturation to determine the
corresponding phenomenological operators:

47r2C6<O(6)> ~ I ds .s2 [w, (.s) - ar(s)} - ft s0 f ds s [v} (s) - a, (s)] , (10.14)
b b

lvtis) -«.( .v)] • (10.15)

b b

10(js. (10.14) and (10.15) hold foi' .s'(1 --> oo since th(; second term on the r.h.s. vanislies in
the cliiral limit by virtue of the second WSR (10.3). IJnfbi'tunatf^ly. the gain in convergence1

of the sum rules obtained from the insertion of the (oven less convergent) second WSR is
nol very successful as it is accompanied by large additional errors. The coefficients (i\/2
in (10.14) and (10.15) depend on the high energy tail of the (?;, — rv,,) spectral function
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Figure 10.4: Laplace-transformed DM0 sum rule / j ) M O as a. function of the Borel param-
eter M2 for the exclusive r and the combined e+e~, T (VI — a,\) spectral function. The
shaded area depicts the r integral without the non-perturbative contributions. It diverges
hyperbolically at small M2.

which can be expanded in powers of s0. They are estimated to be 0\ ~ 1.5 and /32 ~ 2.8.
This gives for the non-perturbative contributions the extremely rough estimates (using
r data only): C6(O(6)) = -0.025 ± 0.027 GeV6 and C»{O(S)) •= -0.15 ± 0.16 GeV8.
which yields the most precise value of /J>MO = (26.3 ± 0.6) for r spectral functions at (high)
M2 = 2.6 GeV2 enabling one to avoid the large errors of the inaccurate operator terms
at low energy.

A more promising solution of Eq. (10.13) lies in a simultaneous fit of /DMO and the
non-perturbative terms by means of moments on the Borel parameter M2. A \2 fit is
performed using the (strongly correlated) moments M2 = 0.2, 0.7, 1.2, .. . , 3.7 GeV2 in
order to guarantee sufficient information for the constraint of the dimension D ~ 6 and
D = 8 operators at low M2 and non-biased, purely perturbative contributions at high M2

to fix /|)Mo through the Borel-transformed DMO integral in (10.13). The fit converges

wiit.h a x — 2.3 over 5 degrees of freedom, yielding (for r data)

/DMO = (25.8 ± 0.3 ± 0.1) x 1()-3 . (10.16)

which is in agreement with (10.11). The second error accounts for estimated uncertainties
induced by the saturation assumption. From the fit, the non-perturbative contributions
are C6(0(6))=O.OO29± 0.0002 GeV6 and C8(O(8)) = -0.0015± 0.0003 GeV8 with an an-
ticorrelation of nearly 100%.
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Fig. 10.4 depicts /OMO <IS <l function of M2 for the pure r and the combined r and
c + c" annihilation [vx — a,y) spectral functions. In this case, the pure r spectral func-
tion provides smaller errors because of the more accurate two-pion contribution in r
decays which is strongly weighted in (10.13). The shaded band shows the r result with-
out the non-perturbative terms. Non-perturbative contributions dominate the integral at
M2 < 1 GeV2 and become negligible for M2 > 2.5 GeV2 as the comparison between the
shaded and the hatched bands demonstrates. Using (10.16) the electric polarizability is

« £ P = (2.68 [2.96] ± 0.91 [0.32]) x lO"4 fm3 (10.17)

with significantly lower errors compared to (10.12) due to the improved convergence of the
Laplace-transformed DMO sum rule. Again the figures in brackets give the corresponding
result when using the standard value of (?-2).

10.2 The Measurement of as(Mr)

The measurement of as(Mr) presented in this section adopts a method based on a simul-
taneous fit of the hadronic r decay rate; and spectral moments, which was proposed by
F. Le Diberder and A. Pich [13], and was already employed in previous analyses by the
ALEPH [8] and CLEO [9] Collaborations. The theoretical framework, relevant formulae
and definitions of the observables are given in Section 2.5

10.2.1 RT and the Moments

Computing the ratio of the inclusive vector and axial-vector branching fractions, taken
from Tabs. 6.1 and 6.2, to the electronic branching fraction Eq. (1.7) yields the semilep-
t.onie widths

R.ry = 1.782 ± 0.018 , (10.18)

RryA = 1.710 ± 0.018 , (10.19)

Rr,v+A = 3.492 ± 0.015 , (10.20)

RT,V+A+S = 3.649 ± 0.013 . (10.21)

The inclusive sum RTy+A has a much lower error than the exclusive RT,V/A since the latter
suffers from anti-correlations between the branching ratios of "adjacent" r decay channels,
i.e., those which differ by only one additional TT°. This is taken into account in the
calculation of the error. However, these anti-correlations disappear when there is no need
to separate the V, A components. Clearly, the value obtained and the error for RT,V+A

must correspond to ./?.Tiv+/i+,s-— RT,s, where RrS ~ 0.1.56 ±0.008 [90] is the strange hadronic.
width (of us quark currents), because of the overall branching ratio normalisation to one.
Thus, it serves as a good cross check of the correlations intervening into the calculation.
The above strange quark inclusive width was used in Fief. [90] to infer a measurement of the
strange quark mass at the r mass scale of nis(MT) = 21.2+;j~ MeV/r2 which is dominated
by uncertainties of experimental origin. Thus, there is no advantage in including Rrs (or
equivalently R,Ty+/s+s) in this analysis, <is the improvement in experimental precision is
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Figure 10.5: Distribution of the (V + A) spectral moments k = 1, I — 0,.
pion pole) according to the inteffrand in Eq. (10.22).

., 3 (without

then entirely effaced by the ms uncertainty of the theoretical prediction.

To separate the measurement from theoretical constraints on the non-perturbative
contributions to the OPE, spectral moments are computed from the invariant mass spectra
of vector and/or axial-vector final states. The normalisation according to Eq. (2.89)
reduces considerably the correlation between the r hadronic width and the moments. It,
is completely negligible in the (V + A) case where R^v+/\ is calculated from the difference
R.T — i?7-(s, which has no correlations with the hadronic invariant mass spectrum. The
correlations between R,ry/A and the corresponding moments are estimated to be 30%,
where they are positive between R.T,V/A and D{9,A and negative for DyJ"®. Fig. 10.5 shows
the distribution of the integrand in

A/;

l "

1 dNv/A

'VIA ds
(10.22)

which corresponds to Eq. (2.89), for k = 1. / = 0 3. As can be concluded from
Eq. (2.88). higher moments in /, projecting on higher squared masses, determine higher
dimensional OPE terms. The effect of an rv.s a11f!. c.i}.. c^8' variation on RT\ and the
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ALEPH
Dnuv

AoxpD|J

AexP / j>U

A«"£>»+yl

/ = 0 t = l 1=2 / = 3

0.7159 0.1689 0.0532 0.0227
0.0034 0.0006 0.0007 0.0006
0.7205 0.1471 0.0639 0.0303
0.0033 0.0009 0.0005 0.0004
0.7177 0.1581 0.0585 0.0265
0.0022 0.0006 0.0004 0.0004

Table 10.1: Spectral Moments of vector (V), axial-vector (A) and vector plus axial-vector
(V + A) inclusive r decays. The errors give the total experimental uncertainties including
statistical and systematic effects.

ALEPH

Dl!v

D10 D11 D12 D n

UT,V Ury UT,V
 Ur,V

1 -0.215 -0.862 -0.947
1 0.636 0.394

1 0.959
1

ALEPH

n 1 0

UT,A
Ur,A
T-,13

UT,A

r)10 Y)\\ r)12 J-)13Ur,A Ur,A UT,A UTA

1 -0.377 -0.766 -0.951
1 0.843 0.479

1 0.871
1

ALEPH
nlOUry + A
nu

UT,V + A

n'2
iJry+A
nl3

D^V+,1 Dl]v+A Dly+A Dry+A
1 -0.320 -0.862 -0.950

1 0.614 0.247
1 0.896

1

Table 10.2: Experimental correlations betvieen the moments
y/A •

moments, which demonstrates the constraints of the measured observables on the QCD
quantities, is shown in Fig. 10.6. The central points are the theoretical prediction of
/?T, V and the moments for some input values as(MT), 8^4\ 8^ and S^K The stars depict
the deviation when changing as —> o;s + 2Aas, while the triangles show what happens
when shifting 6^ -> 8^ + 2A8i-s\ One ol>serves that ns is determined from RTy and the
first moments Dfî, D]}, but little effect is seen for the higher moments D\f, D\f. On
the other hand, these moments determine the high dimensional non-perturbative power
term, while the sensitivity from /?.Tiv is weak. The measured values of the moments
for V, A and (V + .4) spectral functions are given in Tab. 10.1; for their correlation
matrices see Tab. 10.2. The correlations between the moments are computed analytically
from the contraction of the derivatives of two involved moments with the covaria.nce
matrices of the respective normalized invariant mass-squared spectra. In all cases, the
negative sign between the k = 1,/ — 0 and the k ~ 1,1 > 0 moments is understood to
be due to the p and the n, a.\ peaks which determine the major part of the respective
/;• — 1,/ -- 0 moments. They are much less important for higher moments as one can
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Error source D™v D\)v D\\ D\\ Section

Statistical error 0.17 0.20 0.25 0.56 6

Fake photons
ECAL energy calibration
ECAL energy resolution
Photon likelihood: ref. distributions
Photon likelihood: cut on estimator
Photon min. energy threshold
Cut on distance: photon- track
Energy dependence of reconstr. mwo

TPC momentum calibration
TPC momentum resolution

Unfolding: variation of £
Unfolding: difference test true

MC statistics
Branching ratios
Non-r background

Separation VA
MC distributions

Total ^ ~ 0.48 0.37 L33 2^59"

Table 10.3: Relative experimental errors (in %) to the vector moments. The last column
indicates the reference section where the specific error sources are described.

see in Fig. 10.5. Consequently, the amount of the negative correlation increases with
/ = 1 , . . . ,3 . This also explains the large (and increasing) positive correlations between
the k = 1,1 > 0 moments, in which, with growing /, the high energy tail becomes more and
more important counterbalancing the low energy peaks. The individual contributions to
the total errors are listed in Tab. 10.3 for the vector case. One clearly sees the dominance
from the branching ratio uncertainties which is also the only error contributing to R.T_\,-/^.
An improvement of the branching ratio measurement is therefore of utter importance and
expected, in particular, from a forthcoming ALEPH analysis including all LEP I data.

This measurement of the spectral moments can be compared to previous publications
which are available from ALEPH and CLEO (Fig. 10.7). One observes a clear shift, of the
first moment k = I.I = 0 to lower values and, corresponding to their anti-correlations,
larger values for the /;: = 1./ > 0 moments in the new analysis when compared to the
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Figure 10.6: Effect of ft a, -J- a., + 2Aa, ^o^ow .s^trsj and 5(8) ~> (5(8) + 2A(5(8) ^/,o/-
low triangles) shift on RTy and the vector moments. The points in the centres give the
unshifted values.

ALEPH 97

CLEO 95

ALEPH 93

i — r—r r

0.71 0.74 0.15 0.16 0.054 0.06 0.02

DIO(V+A) D (V+A) DI2(V+A)

0.028

DI3(V+A)

Figure 10.7: Measured spectral moments Dy+A in comparison to results obtained in pre-
vious analyses by CLEO [9] and ALEPH [8]. Note the strong correlations between the
respective moments / = 0 , . . . . 3.
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former ones. This is to a large; extent, explained by the different r branching ratios used
and the consideration of KK, KKTT and KKTTTT contributions in this measurement.

10.2.2 Theoretical Prediction and Uncertainties

The combined fit for V, A and (V + A) performed here adjusts the parameters as(MT),
((aJn)GG) (from Eq. (2.82)), p(v,(qq)2

v/A from (Eq. (2.83)) and (OH)V/A of the OPE in
the theoretical predictions of RTy/A (2.54) and the spectral moments (2.85). Clearly one
has to worry about the theoretical uncertainties affecting these predictions. They do not
differ qualitatively for either RTy/A o r the moments. However, quantitatively, one expects
larger effects, e.g., from uncertainties in the perturbative series, on the r hadronic widths
or lower moments (/ ~ 0,1). Instead, uncertainties from non-perturbative contributions
(other than those which are fitted) should affect higher moments (/ ~ 3,4) more than
lower ones. The translation from theoretical errors on RT,V/A to as{MT) can be easily
performed using Eq (2.54) and Tab. 2.1 (the third line corresponds to the method used
here) and calculating the derivative. One obtains (with K* — 25)

A lyt \ _ &'T,V/A f lO 2

:sK T) 0.633 + 0.743a,(MT) + 1.323«2(MT) 4- 1.822a*(M) ^ ' '

~ 0.88A/?,T(V/yi , for : as(MT) = 0.35 ,

and Aas(MT) = 0.44A/?,rn /t- Note that this dependence is larger than what one would
expect from the naive Taylor expansion (2.70) which leads to Aas ~ 0.5&Ù>.RTV/A-

The following list compiles the uncertainties entering into the theoretical predictions.
The errors used and their impact on RTy/A and as(MT) are explicitly given in Tab. 10.4,
while the total theoretical errors on RTy/A and the moments are presented in Tab. 10.5
and finally the correlation matrix of the theoretical errors between RTy+A an<' the {V + A)
moments is given in Tab. 10.6.

Physical constants: relevant physical constants are

(a) the CKM matrix element \Vud\,

(b) the electroweak radiative correction factor SWw,

(c) light quark masses mu,

Errors from the light quark masses are negligible (as the light quark mass contribu-
tion at all), while the others, in particular A5RYV, must be taken into account (see
Tab. 10.4).

Per turba t ive series: errors in the truncated perturbative expansion originale
mainly from the unknown higher order expansion coefficient. K,\. Motivated by the
works presented in Refs. [262, 263], h',\ is chosen to be /Cj = K;\{K;\/K2) ~ 25,
obtained assuming an algebraic growth of the perturbation series, with an error of
50. This point is further discussed in a later paragraph.
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Error source

SEW

Vud

KA

ft
R-scherne (RS)

R.-scale //, = £M^

Tota

Value ± A

1.0194 ±0.0040
0,9752 ± 0.0007
Ki(K-,/K2)±h0

0±ft(ft/ft)
/QMS . /?K.S o/^MS
A 2 ' 2 — / 2

MT + 0.7

[ errors

A r?
i_l I L-j- | / -J- y |

0.014
0.005
0.028
0.003
0.004
0.011

0.034

A«,(MT)

0.006
0.002
0.012
0.001
0.002
0.005

0.015

Aa s(M z)

0.0006
0.0002
0.0013
0.0001
0.0002
0.0005

0.0016 |

Table 10.4: Sources of theoretical uncertainties and its impact on RTy+A and as(MT) for
n:.s.(MT) =0.35 and evolved to as(M7j). The origins of the different errors are explained in
the text. The effects on RT,V/A

 ar(' one-half of RTy+A, while V and A are degenerated.

ALEPH

V
A

(V + A)

Dw Dl D.12

0.017 0.0040
0.016 0.0040
0.034 0.0040

0.0034 0.0004 0.0002
0.0030 0.0004 0.0003
0.0031 0.0004 0.0003

Table 10.5: Total theoretical errors for the vector, axial-vector and (V + A) hadronic
widths and moments.

Another important point is the renormali'/ation scale (//,) dependence of the
prediction. It is governed by the parameter £ = fi./MT where ideally the final
observables are independent of £. This fact is expressed in the RGE which governs
the running of a.,. Formally, the integrals (2.67) in Eq. (2.66) also obey the RGE [86]:

(10.24)

In a truncated series the renormalisation scale dependence remains and is therefore
an intrinsic uncertainty of the theoretical prediction. On the other hand, there is no
mason to believe that the renormalisation scale should deviate very much from the
energy scale at which QCD is applied. In order to get an estimate of the associated
uncertainty, /;, is varied from MT (£ = fi/MT ~ 1), which is the standard value to
// = 2.5. When changing the //-scale, the coefficients K,,(£) of the perturbative
expansion, as well as as, have to be reexpressed according to the RGE. The £
dependence of the coefficients is explicitely given in Eq. (2.63).

In addition to the renonnalisation scale dependence, the arbitrariness of the
choice of the renormalisa.tion scheme (RS) leaves an ambiguity. The effect of this
ambiguity is tested by changing /V£'IS into an arbitrary /'^ls = 2/i^18 and recomputing
rv.s. and the Kn in the new scheme.

As can be seen in Tab. 1.0.4, the uncertainty from the missing i% coefficient is
negligibly small. The implementation of the new value for /?;î from Eq. (2.19) has
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ALEPH

Rr,V+A

n 1 0

Ury+A
ur,V+A

RTy+A )T5
T,V+A

0.879
1

-0.856
-0.992

1

Table 10.6: Theoretical correlations between

-0.539
-0.507
0.396

1

UT,V+A

-0.800
-0.874
0.810
0.842

1

and the moments y+A-

no impact on this analysis.

- Non-perturbative operators in the OPE power terms of dimensions D = 4, 6, 8
have no theoretical errors since they are free varying parameters of the fits and
will be determined experimentally. Contributions from higher orders have not been
calculated yet. Their Wilson coefficients carry a large number of non-trivial quark-
quark, quark-gluon and gluon-gluon dynamical effects. Fortunately, as concluded
from Eq. (2.57), they can only contribute indirectly via a logarithmic dependence on
s, i.e., they are proportional to o^. The subsequent operator of dimension D = 10
is then suppressed by aj/M™ ~ 4 x 10"4, and thus neglected in this analysis. Also
neglected is any additional dimension D = 2 term (except the quark masses). D = 2
terms cannot be generated by a dynamical QCD action and are therefore absent in
the SVD approach. But they are not ruled out experimentally and are still contro-
versial theoretically. A possible D = 2 contribution from ultraviolet'renormalons is
of perturbative origin as it is caused by the truncation of the perturbative series.
This is further discussed in the following paragraph.

By far the most critical error sources are effects from the truncated perturbative
expansion at order aj, since one could expect some convergence problems at as(MT)/n ~
1. It is natural to express the corresponding uncertainty through the size of the first
neglected term, i.e., K4 in Eq. (2.66) (or K4 which takes into account the RS dependence).
No explicit calculation of K4 exists but several estimates are available:

A.L. Kataev and V. Starshenko [262] advocated the prescription of the principle of
minimal sensitivity (PMS) [264], which allows the computation of an RS with optimal
convergence, i.e., with minimal dependence on higher order corrections. Actually, the
difference between an observable calculated in the R.S using the PMS and the ordinary
RS, say MS, provides an estimate of the missing terms accumulated in K\. The estimation
yields SR,Ty/A — 53(«s(Mr')/7r)'' which is K4 ~ 36. To stress the success of this approach,
the authors refer to several calculations including that of the four-loop correction to the
electronic (g — 2)e, which previously has been correctly estimated by means of the same
method [265].

F. Le Diberder [263] performed an experimental estimate of K4 using the a priori free-
dom of choice of the renormalisation scale // = £Mr (insofar as all physical observables
are reexpressed in \i and thus obey the RGE). The sensitivity at /J = MT is naturally
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Figure 10.8: Perturbative contribution 5^ to RT,V/A with different approaches. The
"expansion", the "numerical solution" and the "large-0 expansion" are given for K4 =
Kz(K;i/'K'i) ~ 25. The shaded band depicts the response to the variation AK4 = ±50.

small. as measurements from other scales which are less precise than the one obtained
from r decays (with a large error on K\) are additional inputs into the experimental
fit. However, reducing // increases the sensitivity dramatically, giving rise to the precise
determination = 27 ~ 1 GeV.

These consistent estimations are rather encouraging. Nevertheless, calculations of
higher order fenormalon chains also indicate comparable values of K4 but they predict an
oscillating behaviour of the series, i.e., small Kn coefficients for n-even and large Kn for
n-odd. One therefore has to worry about important contributions from the K5 term which
was found to be 788 in Ref [89]. On the other hand, by virtue of the implicit resummation
of the as Taylor expansion in the A^ integrals, the perturbative series (2.66) converges
more rapidly than the naive guess ~ (as/iv). For as(MT) = 0.35, one has in fourth order
A™ = 18.92 x lu"5, and at higher orders A& = 1.436 x 10"5 and A& = 0.073 x 10~5.
Thus even an extremely large K5 « 800 produces an effect of ARTy/A ~ 0.017, which
is still covered by the systematic uncertainty listed in Tab. 10.4. In Ref. [89], RT and
the spectral moments have been calculated employing a renormalon resummation of the
Adler function (2.58) in the large-/?o limit. The resummation is performed by evaluating
the integral of the Borel transform in the large-/?o limit, where IR and UV singularities
( "renormalons" ) appear in the new Borel plane as mentioned in the brief introduction
Section 2.5.3. The UV renormalons, situated outside the integration range, have alternat-
ing signs and can be resummed. However, the IR renormalons lie inside the integration
range on the positive axis and give rise to non-perturbative power contributions which
nrv absorbed in the OPE. Fig. 10.8 depicts the results for ^ ° ' using the different methods
to evaluate the perturbative series. The large-/?0 limit resummed perturbative prediction
is taken from Ref. [89]. Expanding a., in the large-/?0 Borel integral in a Taylor series up
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to a'ls and setting K\ = 25 yields the curve labeled "large-/? expansion" [89]. The "expan-
sion" corresponds to the naive Taylor expansion Eq. (2.70) and the numerical solution
is Eq (2.66) with a numerical evaluation of the A^ integrals. One observes an impor-
tant discrepancy between the large-/?0 limit and the numerical solution employed in this
analysis. However, experiences from other applications indicate that the estimates from
the large-/}) limit are most probably oversized [266] and will probably be reduced when
including additional renormalon chains which are neglected in the present calculation.
This point receives additional support from the comparison between the known (exact)
Kn values and the results from the large-/?0 expansion [89]:

order
n = 1
n = 2
n = 3
n = 4
ra = 5

iï,,. (exact solution)
1

1.6398
6.3711

. . .

A-n(laxge-/?
1

1.5565
15.711
24.83
787.8

limit)

While the agreement in second order is acceptable, it is very bad in third order. The
resummed solution shows an oscillating behaviour with large n-odd values and relatively
small n-even coefficients. Even if the individual Kn coefficients of the large-/? expansion
do not fit to the exact solutions, the total (Kn + gn) contributions to S^ shows a much
better agreement.

Finally, the uncertainty chosen for the fourth order perturbative coefficient is AK4 =
±50 and should be a conservative estimate.

No additional uncertainty is introduced to cover as the possible existence of a
(A2/.?) term, because it is understood that such a contribution could only exist as a con-
sequence of the truncation of the perturbative series (Section 2.5.3), whose uncertainties
are already embedded in the A/O| consideration.

10.2.3 Results of the Combined Fits
The fit. program, written by F. Le Diberder, is the same as used in the first ALEPH
analysis of as from r decays in 1993 [8]. The fit minimizes a x2, calculated in the usual
manner through the contraction of the differences between measured and fitted quantities
with the inverse of the sum of the experimental and theoretical covariance matrices taken
from Tabs. 10.2 and 10.6.

The results of the various fits are listed in Tab. 10.7. Tab. 10.8 gives the corresponding
correlation matrices between the fitted parameters. The limited number of observables
and the high correlations between the spectral moments explain the large correlations
observed especially between the fitted non-perturbative operators. Taking into account
these correlations, one obtains for the total non-perturbative contributions <W.v = 0.019±
0.005. Sm>A = -0.022 ± 0.003 and 5NP.V+A = -0.002 ± 0.004, respectively.

One notices a remarkable agreement between the rv.,(MT) values of the different columns.
On the other hand, the conformity of the results is not "too good" from the statistical
point of view, when taking into account that the large correlations between the columns
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ALEPH

ns{MT)
5(o)

ôM
§W

,5(0) '

Total <̂ NP
X2/d.o.f.

Vector (V)

0.349 ±0.015 ±0.015
0.201 ±0.016

- (0 .7±0 .3)x l ( r : i

(0.1±0.4)xl()-3

0.029 ±0.004
-0.009 ±0.001
0.019 ±0.005

0.4/1

Axial-Vector (A)

0.350 ±0.019 ±0.015
0.202 ± 0.018

-(0 .7±0.3)xl0~ 3

(-1.1 ± 0.7) x HT3

-0.028 ±0.004
0.008 ± 0.001

-0.022 ±0.003
0.1/1

V + A

0.348 ± 0.008 ± 0.015
0.200 ±0.013

-(0 .7±0.3)xl0~ 3

- (0 .9±0.8)xl0~ 3

0.001 ±0.005
-0.001 ±0.001
-0.002 ±0.004

0.2/1

Table 10.7: Fit results of as(MT) and the OPE non-perturbative contributions from, vec-
tor, axial-vector and (V ± A) combined fits using the hadronic widths and the corre-
sponding spectral moments as input parameters. Where two error's are given they denote
experimental (first number) and theoretical uncertainties (second number). The total non-
perturbative contribution is the sum <$NP = EB=2,4,G,8^"'-

ALEPH
as(MT)

à'y]

4 6 )

• 4 8 )

«,(MT

1

-

8y

-0.334
1

-

8y

-0.224
0.765

1

Oy

-0.142
0.973
0.972

1

ALEPH

as(MT)
as(MT)

1

_

àf
-0.570

1
-

-

0.571
-0.849

1

x(8)
°A

-0.508
0.903

-0.972
1

ALEPH

a, (MT)
àV + A
r(6)

ÔV+A

ày+A

as(MT

1

) A ( 4 )
; °V+A

0.033
1

-

r(6)
°V + A

0.146
-0.680

1

0.060
0.773

-0.939
1

Table 10.8: Correlation matrices according to the fits presented, in Tab. 10.7 for vector
(upper left table), axial-vector (upper right) and (V -f- A) (lower table).
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Figure 10.9: Non-pertvrbative contribution 5^ to the inclusive vector and axial-vector T
hadronic widths. The ellipse depicts the new ALEPH result. The strong correlations of
about 9(P/o between S\- and S\ are found in an additional fit in which the exclusive vector
and axial-vector widths and moments were combined.

of Tab. 10.7 stem from theoretical uncertainties of common origin. The same argument,
i.e., strong correlations between the input observables, renders the small x2 '8 obtained
in the individual fits harmful, due to the fact that the "real" degree of freedom must be
smaller than one. The results can be compared to those obtained in the previous ALEPH
analysis [8] where the strong coupling was measured to be as(MT) — 0.330 ± 0.046 using
a much smaller data set of 8500 r decays.

The individual as well as the total non-perturbative power contributions to the inclu-
sive RTy+A are all compatible with zero, while the uncertainty of thé total contribution
amounts to only 0.4%, which is much smaller than the error coining from the perturbative
term. The gain from the separation of vector and axial-vector channels compared to the
inclusive (V + A) fit becomes obvious in the adjustment of the leading non-perturbative
contributions of dimension D — G and D = 8, which cancel in the inclusive sum. The in-
formation for their accurate determination comes mainly from the high I = 3, 4 moments.
Certainly, this cancellation of the non-perturbative terms puts a premium on the n.s(A/T)
determination from the inclusive (V + A) observables, and is reassuring even though one
knows OPE to be well-behaved. The contributions from mass terms <^2\ which behave
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Figure 10.10: Results for as{MT) using B.T%V+A only, the moments Dy+A only and the
combined information from vector and axial-vector r decays. Note that the measurements
are very correlated due, to the dominant theoretical errors.

like rn^,d, are below the 0.1% level. The gluon condensate governing the 6^ contribu-
tions is undetectable in all cases which agrees well with the fact that it is suppressed to
second order a2

s (see Eq. (2.57) and Eq. (2.82)). Another interesting observation is the
alternating sign in both vector and axial-vector cases between the 8^ and 0^ terms.
This is connected with the special form of the shape of the vector (axial-vector) hadronic
width as a function of the r mass .s(), represented by the spectral moments in the above
fits. The shape grows faster (slower) than the perturbative prediction with decreasing
.so < Ml giving rise to the balancing 8^ addition. It then abruptly explodes in the op-
posite direction, due to strong influences from low energy poles (resonances), which are
qualitatively described by the opposite sign of the r^8' contribution. These properties will
be discussed in detail in the next section. Fig. 10.9 depicts the measured 8^ versus 5y in
comparison with other estimations of both experimental and theoretical origin. The solid
line corresponds to Eq. (2.83). The references are: "ALEPH 93" [8], "ALEPH 95" [24],
"Narison 95" [267] and "BNP 92" [12].

In order to check the consistency of the different approaches one can' use either the
normalisation, i.e., the r hadronic width obtained from the hadronic branching ratios or
the explicit form of the spectral functions, i.e., the spectral moments. ft.,(MT)can then
be determined using variables coming only from one of these inputs. This is done for the
(V + A) ease where contributions from non-perturbative terms are very small, so that the
effect of additional theoretical assumptions are minimized. The results of these fits are
shown in Fig. 10.10. They are in perfect agreement.

The evolution of the "best" and most robust o:,,(il/T) measurement from the inclusive
{]' + A) observables based on the Runge-Kutta integration of the differential equation to
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N'LO (Section 2.2.2) yields

as(MT) = 0.348 ± 0.008exP ± 0.015ti,eo
(10.25)

z) = 0.1211 ± 0.0008exp ± 0.0016Uieo ± 0.0010evoi

'Die first error accounts for the experimental uncertainty, the second number gives the
uncertainty of the theoretical prediction of RT and the spectral moments, and the last
error stands for possible ambiguities in the evolution due to uncertainties in the matching
scales of the quark thresholds (0.0010). Effects associated with the truncation of the
R.GE at O{aTl) are small (the new N3LO order gives a tiny contribution of as(Mz)x order —
n.,(Mz)4.or,i(;r = 0.00034).

Using Eq, (2.13) one can express the value of as(MT) in terms of the MS renormal-
i/ation scale A^- at three loop level. For the result (10.25) at \i = MT with three active
flavours one has

Agi = (397 ± 14cxp ± 27thco) MeV . (10,26)

10.2.4 The Running of as(s)

The analysis presented in the preceeding section provides precise measurements of as(MT).
So far, there have been no major obstacles and consequently the perturbative expansion
and the OPE approach used to build the theoretical prediction of the observables are
believed to describe nature at least phenomenologically. Nevertheless, by means of the
exclusive measurement of the vector and axial-vector spectral functions, it becomes possi-
ble to deepen the QCD analysis as the spectral functions contain the entire phenomena of
QCD physics at low energy. When decreasing the energy scale, non-perturbative effects
become larger, a fact characterized by the appearence of high-peaked resonances in the
spectral functions, especially the ai(1260), the p(770) and the 7r-pole. However, not only
non-perturbative contributions arise, but also the perturbative prediction increases with
decreasing energy and one might expect convergence problems of the perturbative series
at n(so)/n > 0.1 [86].

Using the spectral functions, one can simulate the physics of a hypothetical r lep-
ton with a mass y/sô smaller than MT. As defined in Eq. (2.50), the r hadronic width
RT(so) is then calculated by convoluting the spectral functions with the kinematical factor'
(1 — .s/,so)2(l + 2s/.S())/-s'o corresponding to the new "r mass" ^/sô. The evolution of RT(s0)
provides a direct test of the running of a^^/s^), governed by the R.GE /3-function. In
addition, results, whether or not. they are consistent with QCD, ought to prove the proper
use of the OPE approach in r decays, and thus confirm the astonishing precision of the
o:.s(MT) measurement. A similar study was presented in Ref. [268]. A fit of the theo-
retical prediction RT,V/A{SH), especially Rry+/\(so), to the data over a reasonable range

3Note that at, small "r niasses" .%, the different, kinomafcical factor for vector and scalar particles
becomes non-negligible.
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.s,1""1 < .s'o < M^ in which the OPE is valid will provide an important consistency check of
the results for as(Mr) and the non-perturbative contributions obtained in Section 10.2.3
using RT and the spectral moments. Again, in these studies one is very lucky to have
separated vector and axial-vector channels, which now permits one to cancel the degener-
ated perturbative series by using RTy_^(.s'o) in order to directly investigate its consistency
with the OPE prediction, i.e., testing the power law that the experimental data obey.

It is convenient to exhibit the important questions and problems concerning the as

determination and the use of the OPE in order to attempt to get answers or at least some
hints from the respective R^y/A{^o) distributions:

1. Down to which .s™"1 is the OPE valid? The regime of validity is then assigned by
< s < MT

2.

2. Is ,s{,nin identical in the V, A and (V + A) case?

3. Can one distinguish two and three active quark flavours in the RGE ?

4. What is the dominating power of the OPE in the region of its validity, i. e., so > s™m ?

5. Do the dimensions D — 6,8 describe the non-perturbative spectrum ? Does the
inclusion of 6^ allow to decrease .s™1" ? • • ' . . • • r

6. Can one constrain K\ or an eventual dimension D — 2 term ?

7. What follows for the theoretical errors ?

The functional dependence of the respective RT,V/A hadronic widths are plotted in
Fig 10.11 and Fig 10.12 together with the results from the direct \2 fits and the moments
fit from Tab. 10.7. Also shown are the experimental errors, attached to the data distri-
butions, and the theoretical uncertainties. The correlations between two adjacent bins
.si < ,92 are huge as the only different, i.e., new, information is provided by the bin at s-2.
They are even reinforced by the genuine experimental and theoretical correlations. The
correlations are calculated analytically from the respective derivatives of Eq. (2.50) using
the identity Eq. (1.27), and are packed into an overall covariance matrix that is used to
calculate the \2, which is minimized in the fit. Fig. 10.13 shows the plot corresponding
to Fig. 10.11, translated into the running of as(so). Also plotted is the evolution using
only two quark favours. No significant deviation is found, i.e., experimentally one cannot
distinguish if two or three flavours are involved.

The values obtained for the parameters are compatible with those given in Tab. 10.7.
For example in the case of {V+A) the direct RTfV+A(s{)) fit yields: a.,(MT) = 0.354±0.017,
S^]

+A = -0.005 ± 0.005 and 5ly{A = (0.9 ± 1.3)xlO \ while there is a negligible depen-
dence on the gluon condensate1 (which therefore has been fixed in the fit). The curve
blows up at decreasing SQ due to the pion pole which, at high phase space suppression,
becomes very strong (see also for /?ri/\(.s'o) in Fig. 10.12). In the pure vector case, there is
no pseudoscalar contribution to counterbalance the p. Thus RTy{?>o) decreases dramati-
cally after passing the peak of the resonance. One observes an energy shift between the
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Figure 10.11: (V + A), V and A hadronic widths versus the square "T mass" .s0. All
curves is plotted as error bands to emphasize their strong point-to-point correlations in .s'O.
The shaded band (with a solid line in the centre) "direct fit" depicts the result of the direct
adjustment of the theoretical prediction to the data, curve shown. The "moments fit" is the
evolution of the theoretical prediction using the results for RTy+/\ and the non-perturbative
terms from, Tab. 10.7.

occurrence of an object (peak) in the spectral functions and its effect on the r hadronie
width. For example, the p peak at 0.6 GeV2 gives rise to a maximum of RTy(s0) around
.s'o = 1.5 GeV2. This is due to a large phase space suppression when the object has a mass
comparable to the "r mass" .s().

For RTIV+A(SQ), the regime of validity of the OPE is clearly above .so
min ~ 0.7, and

may reach down to s™'" ~ 1.7 for Rry/A^o)- So far, the inclusive sum (V + A) is much
better behaved than the individual contributions, although the OPE seems to be valid
in all three cases. The experimental fact that the non-perturbative contributions (inside
present accuracy) exactly cancel over the whole range 1.2 < .% < M2 appears almost
magic. It is the deeper reason why the as determination from the inclusive V + A data
is so robust. Below 1 GeV2 the error of the theoretical prediction of R,Ty.{.fy(so) starts
to diverge due to the large uncertainty at this energy from the non-perturbative terms
(these errors are not contained in the theoretical error band of the moments fit result).

One may refer to Question 4 and wonder whether the powers D = 6 and D = 8 of
the OPE are the genuine powers of the non-perturbative terms arising in -Rr,v(so) ai)d
^•T,A(^Q)- Fortunately, as a trick, one can use the difference /?.T,v -.4(^0), which is free; from
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Figure 10.12: Vector and axial-vector hadronic widths versus the, square "r mass" sQ.
The, limits of the OPE validity are pushed, to much larger energies compared to the more
inclusive [V + A) case.
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Figure 10.13: The running of «.,(«) as obtained from, the fit of RT,V+A(SO) to the theoretical
prediction, the shaded band shows the data including experimental and theoretical errors.
The lines depict the different methods to solve the RGE. The analytical method corresponds
to Eq. (2.13). The numerical method uses Runge-Kutta integration (up to four loops of
the (i-function) to solve the differential equation. Both curves are identical. Also shown is
the solution with two active flavours only. The blowing up of the error at small ,s0 steins
from the uncertainties in the non-perturbative dimension D = 6 and D = 8 terms that
become dominant for SQ < 1.

any perturbative contribution for this inspection. Fig. 10.14 depicts i?,Tiv'--/i versus sQ.
One observes that it is clearly positive at Mj?. The regime of validity for the OPE has
again become smaller, i.e., s™m is located around 2 GeV, a fact that is actually trivial
as deviations from the OPE are reinforced in (V — A) compared to V, A. Two fits have
been performed in order to test the underlying power law:

(1): RTy-A(so) = $

( 2 ) :

GeV2
< s0 < M rMr

2 (10.27)

1.2 GeV2 < ,s0 < Affl.0.28)

The first fit Eq. (10.27), which has as free parameters the dimension D and the complete1

term CO(OD), serves to fix the "genuine" power law, while the second fit adjusts the two
dimension D = 6, 8 operators in order to test the compatibility of the OPE approach with
the non-perturbative shape of the data. The results are D = 6.9 ± 0.5 and CD(OD) =
2.2 ± 0.6 for the fit Eq. (10.27) and C6(OG) = 4.24 ± 0.16 and C8(O8) = -4.83 ± 0.17
for Eq. (10.28) with, in both fits, strong anti-correlations between the fitted quantities
of 97.5% and 98.7%, respectively. Thus, the dominating power of dimension D = 6 can
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Figure 10.14: Difference of vector and axial-vector hadronic width RTy^,\ versus the "T
mass" s0. The solid/dashed line corresponds to the fit Eq. (10.27)/'(10.28).

be confirmed, which supports the SVZ approach [11]. On the other hand, the second
fit reveals that the inclusion of an additional D = 8 power term in the OPE does not
quantitatively improve the agreement between the theoretical prediction (OPE) and the
data. The point of inflexion at about 2 GeV2, which causes the break down of the pure
dimension D — 6 OPE, is not governed by a power D — 8 but rather by D ~ 10. This
suggests that prudence is required in the interpretation of the excellent precision obtained
for the dimension D = 8 operators in the vector and axial-vector fits of Tab. 10.7, i.e.,
for a term which is actually not quite meaningful.

Looking at Fig. 8.3 in Section 8.1 one may consider that additional insight into the
non-perturbativc power law ought to be obtained from an inclusion of e+e" annihila-
tion vector data at energies above the r. This is the same exercise already performed in
Section 10.1 in order to provide a comparison to r data. However, when becoming quan-
titative one has to be careful about the consistent treatment of the different data sets
l,o avoid differences between r vector and c+e~ isovector spectral functions from being
falsely interpreted as contributions to (V - .4). Therefore, the major part, in particular
the /; resonance where r and r+c~ data show some disagreement in the normalisation,
is still entirely taken from T (]' — A) data. Beyond .sfJ = 2.7 GeV2 (where r and r+r~
data agree for the vector spectral function), a combination of ,/?.T,i+/}(.so), obtained from
the QCD fit (Tab. 10.7), and two times the vector part from r+c" annihilation data
arc used. The RTy+/\(s0) theoretical prediction has proved in Fig. 10.11 to be very reli-
able down to values of s{j ~ 1 GeV2 because non-perturbative contributions cancel out.
Therefore, it should be therefore even more stable for energies above MT. In addition to
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Figure 10.15: Difference of vector and axial-vector hadronic width RTy_A obtained from
T spectral functions (left side) and a combination of e+e~ annihilation data and the.
QCD theoretical prediction (light side) versus .%. The solid line corresponds to the fit
Eq. (10.27).

this, the RTy+j[(so) theoretical prediction is normalised at s0 = Mj? to the measurement
Eq. (10.20). Fig. 10.15 depicts the corresponding RTy_j\(s0) distribution. The plotted
function is Eq (10.27) extended to masses s0 > M'*. The result seems to be a bit dis-
couraging as it is hardly compatible with a pure dimension D = 6 contribution4 This
inconsistency with the OPE approach could be another hint (see Section 8.2) of an over-
estimation of the vector part, possibly due to an axial-vector dominance of the KKir final
states. This is still rather speculative and must be cleared up in forthcoming analyses. It
should be strongly emphasized that these difficulties do not affect the inclusive (V + A)
measurement on which the cv.s(MT) determination is based. However, again one sees that
results based on pure vector (or pure axial-vector) should be handled with particular care
as the applicability of the OPE approach is not yet on solid ground.

The last point to be discussed here is concerned with Question 6, i.e., does the study
of the running provide additional constraints on K4 or an operator of dimension D = 2 ?
The problem associated with these two quantities insomuch as they are degenerate with
(y.s is that a simultaneous determination of them and, as is not practicable. Using as

measurements from other experiments as input, is actually not more meaningful as the
precision is insufficient, to obtain informative constraints. One possibility is to advocate
the method of Ref. [263] which determines K,\ at a renormalisation scale \i ~ 1 GeV,

'Note that, the strong correlations allow indeed easily a. vertical shift, of the total curve hut, the direction,
'.., the slope is well determined.
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Figure 10.1C: Compilation of as measurements evolved to M%. The shaded band depicts
the new world average. The CLEO 95 and ALEPH 93 measurements have been rescaled
by the current B( world, average.

i.e., significantly lower than the r mass, in order to increase the sensitivity. The value
obtained is very precise, but theoretically questioned [266]. The degeneracy between as

and the D = 2 term is even larger and all attempts to obtain a limit will usually fail. In
addition, D = 2 terms, which might arise from the truncation of the perturbative series
(Section 2.5.3), are of perturbative origin and should therefore cancel in /?,Tiv_/i- Upper
limits, obtained from the V, A or (V + ,4), reach 5%.

10.2.5 A New World Average

Following the summary of as measurements presented in Section 2.6, a new world average
can be computed using the present measurement Eq. (10.25), which turns out to yield
the most precise individual a^My,) determination. Fig. 10.16 presents the new value for
(\S{MT) hi comparison to older ones taken from R.efs. [8] and [9] (renormalised to the new
massless leptonic branching ratio see footnote in Section 2.G). Also shown are other
precise measurements from Lattice QCD [119] and the overall electroweak fit [112] (the
corresponding values are given in Tab. 2.2 Section 2.6). and the average over all other
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measurements not exclusively presented here (flagged "yes" in Tab. 2.2). The shaded
band depicts the new world average that is found, using the mathematics of Section 2.6,
to be

(n',(Mz)) = 0.1198 ±0.0017 , (10.29)

with a x2/d.o.f. = 3.9/6 assuming a correlation of 30% due to the theoretical input into
the analyses. Only the new a.s(MT) result, is used in the average.

10.3 Comments and Conclusion

The preceeding sections dealt with two important (one might say genuine) applications
of the r spectral functions to QCD: chiral sum rules are exploited in order to test
vector/axial-vector saturation at MT. It could be shown that even if the actual precision
of the spectral functions at the end of the r phase space is rather weak, the application of
Borel transformed sum rules significantly improves their asymptoticness and allows one
to obtain accurate results. The main point, of this analysis is that a measurement of a.s
at MT has been performed using a fit of non-perturbative operators and a$(MT) to the
r hadronic width and spectral moments, where the latter were taken from the r spectral
functions. The result obtained for as(MT) is currently the most precise experimental
determination (Section 2.6). It is dominated by theoretical errors. Consistency checks
concerning the running of a.s(.s'()) and the non-perturbative contribution to the hadronic
width were performed. Due to the suppression of non-perturbative terms, the theoretical
prediction of RT,V+A{HO) was shown to be in perfect agreement with the data down to the
p region. It has further been shown that the dominant power law of the non-perturbative
part is compatible with a dimension D = 6. Additional insight into the non-perturbative
behaviour became possible beyond MT by using the (V + A) theoretical prediction and
data from e+e~ annihilation. With increasing s0 > M^, the non-perturbative contribution
flattens significantly around RT<y-A(so) ~ 0.1, which is in disagreement with the OPE
expectation. However, this is a small effect, in the (V — A) part, which emphasizes the
non-perturbative contribution, by a factor of larger than 10 compared to the (V + A) part
which is used to determine <v., and where the non-perturbative contributions are negligibly
small. The fact that the value of as(MT) determined here allows one to reproduce the
behaviour of RT>y+/\ down to ~ 0.7 GeV2 is a, rather unexpected result and puts the n.s.
determination at the r scale on a very solid ground.
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Conclusions and Outlook

The experimental aim of the analysis presented in this thesis is the measurement of the
non-strange vector and axial-vector spectral functions of semi-hadronic r decays. The
principal ingredients of the spectral functions are the invariant mass-squared spectra of
the hadronic final states normalized to their respective branching ratios. The latter are
mainly taken from the comprehensive ALEPH analysis of Ref. [24], while rare or unknown
decay channels are bound using isospin symmetry arguments.

For each event passing r pair selection, charged track identification and r hadronic
decay classification, the critical steps of the invariant mass-squared measurement are the
energy and momentum calibration and the rejection of fake photons. In addition, the un-
folding of detector effects, which is necessary in order to obtain the physical mass-squared
spectra, demands particular can;. A new experimental method is employed based on a
singular value decomposition of the detector response matrix and a régularisation of its
inverse.

Extensive systematic comparisons of Monte Carlo simulation to the data are performed
to ensure the high precision of the spectral function measurement. For the TT° reconstruc-
tion is especially important.: the study and correction of fake photons, the ECAL energy
calibration and resolution, the photon reconstruction efficiency and the IT0 mass mea-
surement. The track reconstruction is also investigated: the momentum calibration and
resolution as well as the reconstruction efficiency and the effect of secondary nuclear in-
teractions. The unfolding method, the limited Monte Carlo statistics and the branching
ratios as well as the non-r background are all considered. It turns out that the fake
photon rejection, the branching ratios and the unfolding procedure yield the; dominant
systematic error sources.

The spectral function analysis opens a wide range of interesting applications on phe-
nomenologieal QCD and provides important information about an energy region which is
out of reach of present theoretical predictions. The hypothesis of conserved vector currents
(CVC) associates the r vector spectral functions with the cross sections of corresponding
isovector final states of e+c.~ annihilation experiments. Comparisons are performed be-
tween the two- and four-pion channels as well as between the total vector and isovector
spectral functions from r decays and e+er data. The compilation of the total spectral
functions both in r decays and e+e~ annihilation requirs particular care. Additional infor-
mation from isospin symmetry regarding unknown or unmeasured final states is necessary.
Conversely, the CVC predictions of the vector r branching ratios from e+e~ cross sections
are compared to measured quantities from r decays. In general, good agreement is found
between c.^e" and r data, where in many cases r data are more accurate. A combined
fit of the pion form factor using phenomenological formula based on vector resonances is
performed in order to extract the difference in mass and width between the charged p:i

(from r decays) and the neutral //' (in e+e' annihilation). They are found to be

A^(77O) = (0-0 ± 1.0 ± 0.1) MeV/c

Ar, (770) = (0.1 ± .1.8 ± 0.5) MeV/c
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where the first, errors are the direct fit uncertainties and the second errors account for
model dependencies. The fit result is found to be in agreement with a theoretical estimate
of the electromagnetic p mass difference.

In the p dominated two-pion final state, the precision of r spectral functions exceeds
the accuracy of c+er cross section measurements. This is exploited to improve the cal-
culation of the hadronic contributions to the muon (g — 2) and to the running of the
fine structure constant, a(My). These hadronic contributions dominate the present ac-
curacy of the two basic physical observables. Both contributions are evaluated by means
of a dispersion integral over experimental data in an energy regime that is deeply non-
perturbative, and therefore not predictable with current QCD methods. Data from r
spectral functions are included via CVC for the most precise two- and four-pion final
states. Since the particular accuracy of the two-pion integral reaches a precision of the
order of one per cent, a detailed study of CVC violating electromagnetic effects is per-
formed. It provides a small correction to the measured contribution from r decays of
about —0.3%. The hadronic contributions obtained from the respective integrals are for
the rnuonic (g — 2)

a)1/*1 = (695.0 ± 15.0) x HP10 (eV" data only)

aj™1 = (701.1 ± 9.4) x 10" l0 (combined e+e~ and r data)

and for the running of a at M |

Attj.2,(M|) = (280.9 ± 6.3) x 10~4 (e+e~ data only)

AaJ,52i(M|) = (281.7 ± 6.2) x 10~4 (combined e+f~ and r data) .

A global electrowcak fit, performed with the new determination (incl. r data) of or 1 (M|) =
1.28.878 ± 0.085, leads to a Higgs boson mass of 138lif GeV.

The difference of vector and axial-vector spectral functions offers insight into the low
energy behaviour of QCD and the applicability of chiral symmetry. The DMO sum rule,
the first, and second Weinberg sum rules, as well as the sum rule related to the elec-
tromagnetic pion mass splitting, all relate integrals with infinite upper ranges to precise
predictions obtained using chiral symmetry, i.e., using massless light quarks. It is shown
in this analysis that at the r mass scale these integrals are not saturated, i.e., they are still
oscillating, so that an evaluation of the sum rules cannot be performed easily. However,
the application of finite energy sum rule techniques considerably improves the conver-
gence of the integrals, and allows for the evaluation of the pion polarizability by means
of the DMO sum rule:

«is = (2.G8 ± 0.91) x 10~'J fm3 .

The error includes experimental and systematic uncertainties.

An important application of hadronic: r decays to QCD is the determination of the
strong coupling constant n.s(A/r). The principle of the measuremeni is based on a fit
of the theoretical prediction for an inclusive observable 1o Hie data, where as(MT) is
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a free parameter. Since QCD is applied here at, a low energy scale, one has to worry
whether non-perturbative effects play a role. This is accounted for by the use of the
low energy Operator Product Expansion (OPE), which organizes the non-perturbative
contributions as an expansion in powers of the r mass and coefficients which can be fitted
simultaneously with as(MT). The observables used are the r hadronic width and spectral
moments, which are complementary to each other in the sense that they use information
from the normalization (R,T) and the form of the spectral functions only (moments). The
best and most robust determination of as(MT) is obtained from the inclusive (V + A) fit
that yields

as(MT) = 0.348 ± 0.0()8exp ± 0.015theo .

This value evolved to the Z mass scale gives

= 0.1211 ± 0.0008exp ± 0.0016thoo ± 0.0()10evol ,

= 0.1211 ±0.0021 .

Expressed in terms of the MS renormalization scale at /i = MT with three active flavours
at three loop level one has

A|§ - (397 ± 14exp ± 27thep) MeV .

The result is dominated by theoretical uncertainties, whose evaluation is still delicate.
The total non-perturbative contribution to RTy+A is found to be compatible with zero
and negligibly small. However, the same fit, using the exclusive vector and axial-vector
hadronic widths and moments revealed that the non-perturbative contributions, in par-
ticular of dimension D = 6, are large, but fortunately exactly cancel out, in the inclusive
sum, within present accuracy.

The spectral function measurement opens the possibility to measure the r hadronic
width as a function of a" variable "r mass" So < Afj?, taking advantage of the universal
nature of the measured spectral functions. This provides a direct test of the running of
<">:..,• («o) which governs the evolution of the theoretical prediction to values smaller than the
r mass. A perfect agreement between the measured RT,V+A(SQ) and theory is found for the
whole range of 0.7 GeV2 < sa < M*. At 0.7 GeV2. R^v+A(s0) starts to blow up due to the
influence of the p peak and the pion pole which are of non-perturbative origin. A direct
fit of the data and theory in the valid region yields the result as(MT) = 0.354 ± 0.017 ,
including experimental and theoretical uncertainties, and very small contributions of non-
perturbative origin. The above value is consistent with the result for as{MT) obtained in
the fit of /?,T)i/+/i(M^) and the moments. The same direct fit is performed for the exclu-
sive vector and axial-vector RT,V/A(SO), where a worse agreement between experiment and
theory is found, and strong non-perturbative contributions cause theory to break down
much earlier, i.e., at larger .S(j. The evolution of the non-perturbative contributions as
a. function of SQ is accessed directly by considering the difference R,Ty__.A(s{)) in which
perturbative contributions cancel to all orders of the perturbative expansion. The fit of
a free dimensional operator to R-T,V~A{^(\)

 n i order to test the dominant non-perturbative
OPE dimension leads to

D = 6.9 ± 0.5 .
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This is in astonishing agreement with the assumption of a dominant D — 6 contribution
made in the SVZ approach. A fit. of Rr,v A{SO) to an operator D = 6 plus an operator
D = 8 indicates that the addition of the D = 8 term does not quantitatively improve
(he validity of the OPE. Data from e+e ' annihilation in combination with the theoretical
prediction of RTy+A(so) could be used to extend the OPE analysis to masses greater than
MT and to elucidate the asymptotic behaviour of the non-pcrturbative contributions.

Future work must be done in both the experimental and the theoretical domains. Ex-
perimentally it has been shown that most of the physical observables calculated using the
T spectral functions as input are limited by the uncertainties in the hadronic branching
ratios and in the separation of vector and axial-vector final states. The accuracy of the
hadronic branching ratios is expected to be improved substantially by means of a forth-
coming ALEPH analysis which will include the whole LEP I data set from 1990 1995.
An improvement in the simulation of fake photons or the fake photon suppression in data
will provide a higher precision of the low mass-squared tail of the 7r~7r° spectral function,
which is important in the evaluation of the hadronic contribution to the muon (g — 2).
A better knowledge of the dynamics and the branching ratios of multi-pion and KK final
states is necessary in order to extract more accurate information about their G-parity
and/or contributions from eventual isospin violating decays of intermediate states. A
more detailed experimental and theoretical analysis of CVC violating effects occurring in
r decays and e+e" annihilation would improve the accuracy and reliability of all com-
parisons and calculations based on the CVC hypothesis. Clearly, the evaluation of the
hadronic contribution to the running of the QED fine structure constant at Mi can be
improved using additional theoretical input for energy scales lower than 40 GeV from
perturbative, and even non-perturbative, QCD. The QCD analysis of the T. spectral func-
tions revealed that at the order of the r mass scale QCD already describes the data well.
Additional interesting results are expected from a deeper study of the Borel transformed
finite energy sum rules. Optimistically, one might obtain constraints on the light u, d
quark masses using fits to moments of the Borel parameter M2. The measurement of the
strange spectral function and, even more powerful, the separation of strange vector and
axial-vector components would give rise to tests of further sum rules involving, e.g., the
difference between non-strange and strange vector spectral functions, which could receive
significant contributions from the mass of the strange quark.

Theoretically, a primary goal is to achieve a better understanding of the higher order
N'LO perturbative contribution to the r hadronic width. If a direct calculation of the first
unknown coefficient K\ is currently out of reach, more detailed studies of contributions
from so-called renormalization chains seem to be necessary. In addition, the claimed non-
existence of a dimension D = 2 contribution to R.T is still discussed among theorists and
requires further work. It is not unreasonable to hope to obtain answers from experiment
ro these primarily theoretical problems.
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Résumé

La mesure des fonctions spectrales hadroniques vectorielle (V) et axiale (A) du lepton r est
présentée et des études phénoménologiques dans le cadre de la chromodynamique quantique
(QCD) sont effectuées. L'analyse est basée sur un échantillon de données enregistré par le
détecteur ALEPH au collisionneur e.+e~ LE)!' de 1991 à 1994. Pour obtenir les spectres de
niasse physiques qui déterminent les fonctions spectrales, les spectres de masse mesurés sont
déconvolués des effets du détecteur en utilisant une nouvelle méthode, basée sur une inversion
de la matrice de réponse du détecteur régularisée. Les effets systématiques expérimentaux et
liés à la déconvolution sont étudiés avec une évaluation des incertitudes correspondantes.

Avec l'hypothèse de la conservation des courants vectoriels (CVC), les fonctions spectrales
vectorielles dominantes de deux et quatre pions et la fonction spectrale vectorielle totale sont
comparées aux sections efficaces e+e~ correspondantes. Un ajustement du facteur de forme
du pion, qui permet d'extraire la différence en masse et en largeur entre les états chargés
et neutres du p(770), est effectué en combinant les données r et e+e~. Les résultats sont
M,±(770) - Mp0{770) = (0.0 ± 1.0) MeV/c2 et rp±(770) - I> (770) = (0.1 ± 1.9) MeV/c2.

Plusieurs règles de somme de la QCD chirale sont comparées aux mesures et les transformées
de Borel de la règle de somme de Das-Mathur-Okubo sont utilisées pour mesurer la polarisabilite
du pion, soit aE = (2.68 ± 0.91) x H)"4 fm3.

Les largeurs hadroniques et certains moments spectraux, calculés à partir des fonctions
spectrales V et A, sont exploités pour mesurer as et les contributions non-perturbatives à
l'échelle de la masse du r. La mesure la plus robuste est obtenue utilisant la somme inclusive
(V + A), avec le résultat as(MT) = ().348±0.017, soit as(Mz) = 0.1211 ±0.0021 après l'évolution
à la masse du boson Z. L'approche du développement en produits d'opérateurs (OPE) est testée
expérimentalement en faisant évoluer la largeur hadronique d'un T fictif de masse plus petite
que MT. Un accord entre les données et la prédiction théorique pour le cas inclusif (V + A) est
observé jusqu'à une masse de 0.8 GeV/c2. La différence des largeurs hadroniques (V — A) permet
d'étudier directement le comportement non-perturbatif et d'extraire la dimension dominante du
développement OPE aux alentours de la masse du r: D — 6.9 ± 0.5.

Comme application complémentaire, les fonctions spectrales vectorielles du T sont utilisées
pour améliorer la précision de la détermination expérimentale de la contribution hadronique
au moment magnétique anormal du union, afl = {g — 2)/2, et à l'évolution de
masse du boson Z. Les résultats obtenus sont ah^d = (701.1 ± 9.4) x 10~10 et
(281.7 ± 6.2) x 10"4, soit a~] (M%) = 128.878 ± o!()85.

Mots clés: LEP
ALEPH
Lepton tau
Déconvolution
Fonction spectrale
CVC

Moment magnétique anormal du muon
Constante de structure fine
Interaction forte (QCD)
Règles de somme chiraies
Développement en produits d'opérateurs (OPE)
Constante de couplage fort

Facteur de forme du pion Evolution de


