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Plasmon excitations in small diamond spheres by fast penetrating

electrons

R. P. Fehlhaber and L. A. Bursill
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The hydrodynamic model is used to calculate the excitation probability due to
the surface and the volume plasmon of small diamond spheres. The theoretical
approach incorporates an impact parameter p0 and includes all multipole modes; it
was first derived by Tran Thoai and Zeitler (1988, Phys. Stat. Sol. (a) 107, 791) who
applied it to investigate small aluminium spheres. The aim of the present work is to
analyze the multipole modes in detail since certain aspects are screened out due to
the large damping factor of a wide band gap material like diamond. Various patterns
will be revealed, thus simplifying computational attempts and enhancing the
predictability of experimental results. It will finally be shown that using this model, it
is possible to determine the grain size to an accuracy of about 1A.
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I. INTRODUCTION

Recent developments in scanning transmission electron microscopy (STEM)
in conjunction with electron energy loss spectroscopy (EELS) have attracted much
attention over the last years. As the probe size reaches nanometer diameters, scanning
probe experiments have become more accurate and have encouraged theoretical
models with a well defined impact parameter. Several theoretical approaches for an
electron beam passing by a small free-electron sphere show very good agreement
with experimental results. For example, a nice investigation of surface modes was
done by Tran Thoai1. Wang and Cowley2'5 have further discussed surface plasmon
excitations in the case of supported particles.

Acheche, Colliex, Kohl, Nourtier and Trebbia6 have studied the bulk and
surface modes of small isolated metallic spheres for penetrating electrons, while
coated spheres have been discussed by Bausells, Rivacoba and Echenique7. Barberan

/ /,. and Bausells8 showed the influence of beam geometry and other parameters on the
4 '• plasmon losses of small metallic particles. Very interesting is the study by Ugarte,

Colliex and Trebbia9, who discussed the excited modes of a small semiconducting
sphere in detail.

The aim .of the present work is to further the insights gained by investigating
explicitly the multipole modes of the excited surface plasmon and how they evolve
with particle size. The original idea which lead to this presentation was to predict
VG-STEM results for nano-crystalline diamond and simulate experimental results by
using an adequate theoretical formalism. Thus, in order to approach these theoretical
computations, it was necessary to examine the importance of individual plasmon
modes and their contribution to the overall loss function.

It has previously been shown by the authors, Fehlhaber and Bursill10, that the
free electron approximation, as first derived by Fujimoto and Komaki11, also works
for a wide band gap material such as diamond when one includes a damping factor g.
Extensive calculations will now display that the development of the overall transition
probability is similar for particles of different sizes, for a certain ratio pJR of the
impact parameter p0 relative to the particle radius R. Higher multipole modes become
increasingly .important with larger particles, which has already been predicted by
Michalewicz12.

Furthermore, after comparing theoretical calculations with experimental data,
it is shown how this model can be applied to determine grain sizes.



II. THEORY

In order to theoretically evaluate the excitation probability for small diamond
spheres for a specific impact parameter p0, we will make use of existing theoretical
formulations (i.e. see Tran Thoai and Zeitler13). Although certain theoretical
approaches include all multipole modes (radial components / and angular
components m) of the surface plasmon, in fact very few made use of this theory to
investigate the surface plasmon modes in detail. In doing so, certain aspects that are
screened out by the summation over all modes will be revealed. Furthermore, the
dominating modes will be shown, which turn out to be not as one would expect.

Assuming the incoming electron travels parallel to the z-axis, the excitation
probability due to the surface plasmon for a penetrating trajectory can be written as:
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and Pt
m is the associated Legendre function. Here e denotes the electron unit charge, v

is the velocity of the incoming electrons, OJ is the excited frequency, g is the damping
constant and fi is Planck's constant. R and p0 are the radius of the sphere and the
impact parameter, respectively. The volume plasmon frequency is defined as

m.
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with n0 being the electron density and me the electron rest mass. Furthermore, the
surface plasmon frequency of a certain mode / for a spherical particle is defined as:
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The term Ps also includes the correction term due to the Begrenzungseffekt, which is
very important due to the very small size of the particles regarded for the present
calculations.

The excitation probability due to the volume plasmon can be written as:

miSe2 I" 1 "I
fexp(-/o>z / v)dz

f exp(-/wz' / v)(exp(/or|z - z'\) -1)
dz'

z-z'

with

a; =
m(co2 +icog-a>2

) 6 „
and 8 =-EF

5 F

(4)

(4a)

where £F is the Fermi energy.

The calculations which will be discussed represent the overall excitation probability

P=Pb+Ps (5)
and are displayed as

F=PIN with
nhv 2 • (6)

For a non-penetrating trajectory, the excitation probability due to the surface
plasmon can be written as (see, for example, Acheche et af):
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with Km being the modified Bessel function of the second kind.



III. THEORETICAL RESULTS

In order to calculate the overall transition probability using equations (1) and
(4), we will firstly discuss briefly the parameters involved. The parameters were
chosen so that later comparison with experimental results is possible. The energy of
the incoming electron beam is lOOkeV (v=1.64-108 m/s), the damping factor for
diamond (as retrieved from experimental results, see Bursill14) is g=14eV, while the
Fermi Energy is Ep=2.9eV. The effective mass m of oscillating electrons for
diamond, which differs from the electron rest mass me, is m-0.S4\ 1534-me.

Using the result of earlier investigations (Fehlhaber and Bursill10), we now
modify the theoretical result for the volume plasmon energy. Equation (2) would
result in a calculated value of about 31.16eV, which differs from the observed
experimental value of 34eV. This difference presumably relates to neglect of the
band gap Es in the theory. Raether15 and Fink16 introduce the band gap by writing the
volume plasmon energy as

where Eg denotes the energy gap. However, in the case of diamond, this leads to a
new volume plasmon energy of 31.69eV, which is too low to explain the
experimental values. Similarly, assuming a simple addition Ep+EB yields 36.96eV,
which is too high. It is important to note that electrons in both the conduction and
valence band are taking part of the plasmon oscillations. Assuming that both bands
are nearly equally filled, due to interband transitions, it seems reasonable to simply
add half of the band gap energy, i. e. the Fermi Energy, to the calculated volume
plasmon energy derived from equation (2), giving

tuop =fuop+EF = 34eV (8)

as the volume plasmon energy for a typical semiconductor or insulator. In doing so,
the value of the plasmon energy is found to be 34.06eV. Since this value is in very
good agreement with experimental results, it will be used for the present calculations.

Before reviewing the results, it is also important to stress two mathematical
facts one has to bear in mind when attempting to make use of the above formulas to
calculate the excitation probability. Firstly, note that for an impact parameter of
po=Onm (axial trajectory), the associated Legendre function P™ in the integrand of
(la) and (lb) becomes 0 for all m^O. Using the fact that

P,°(x)=P,(x) and P,(1)=1 for all / (9)



leads to a simplified expression of (la) and (lb). This has not yet been mentioned in
the literature and it can be explained by the fact that there are no angular components
(multipole modes m=£0) due to the azimuthal geometry when the assumed point
charge of an incoming electron beam travels along the z-axis. The second point is
that equation (4) for the volume plasmon excitation probability includes spatial
dispersion due to the fact that in the limit of the free-electron gas, i.e. /?-»0
(dispersionless limit), the integrand in (4) diverges. So including the spatial
dispersion renders the integrand in (4) convergent. This has already been pointed out
by Tran Thoai and Zeitler13.

First consider the overall transition probability for several impact parameters.
Figure la and lb show the overall energy loss due to plasmon excitations for a
diamond sphere of radius i?=2.0nm and i?=5.0nm, respectively, and an increasing
impact parameter. Figure la includes the first 4 radial modes / while Figure lb
includes the first 6 radial modes /. The first thing one observes is the similarity of the
development of the total transition probability for an increasing impact parameter
relative to the particle radii. The only difference is that for bigger particles the
volume plasmon peak is more pronounced, as one would expect. Therefore, knowing
a specific impact parameter, one can determine the particle size by comparing the
calculated relative intensity of the volume and surface plasmon with experimental
data; some examples are given below. This procedure would of course be easiest in
the case of an axial impact parameter.

Figure la and lb also show clearly that the maximum of the bulk plasmon
occurs for an axial trajectory, as is expected, while the maximum intensity due to
surface losses occurs at an impact parameter of about 0.9 times the sphere radius.
This fact was confirmed by calculations for other particle radii and can be thus
regarded as pattern, which will be useful in computations.

Furthermore, it can be seen that there is an upward peak shift of the surface
plasmon energy. The maximum surface plasmon energy for a particle radius
JR=2.0nm is at 19.1eV, whereas for a sphere radius of i?=5.0nm it occurs at 19.9eV.
This can be explained by the fact that with increasing particle size, more modes can
be excited and since higher order modes relate to higher energies (see equation (3)),
hence the upward shift when summing up over all surface modes.

Figure la and lb give a good overall impression of the loss function for
several impact parameters and it can be seen that due to the large damping factor for
diamond, there are no distinct surface mode peaks as would occur for aluminium
(Tran Thoai and Zeitler13), but a smooth peak including all surface modes.

It is interesting to investigate the evolution of the surface modes involved in
more detail. In order to do so, we first display the l+m=even modes and discuss the
/+m=odd modes later. Figures 2a and 2b show the /+w=even modes for a particle
radius of i?=2.0nm and i?=5.0nm, respectively.



Figures 2a and 2b are very interesting because they reveal that a change in the
domination of the /+/w=even modes occurs at about an impact parameter of 0.45
times the particle radius. At this point, the l=2n (n=l, 2, ...), w=0 modes decrease
rapidly while on the other hand the l=m modes increase rapidly. This change-over
can be explained by the fact that with an increasing impact parameter, more angular
modes m of a certain radial component / gain increasing importance. Thus, for an
axial trajectory, no angular modes m occur while close to the edge of the particle the
highest angular mode m for a specific radial mode / is excited. This change-over of
dominating modes also means that the position of the plasmon peak will shift, though
not so significantly as to be very obvious. Secondly, one observes a rapid decrease of
importance for higher order modes and thus it appears justified to take only the first
couple of modes into account for the present calculations. The third and most
obvious fact one gathers from Figures 2a and 2b is that negative values of the loss
intensity occur for some modes and as mentioned previously, these can be explained
by the inclusion of the Begrenzungseffekt (Ritchie17), reducing the volume plasmon
loss due to size effects.

Figure 3a and 3b show the l+m=odd surface modes for spheres of i?=2.0nm
and i?=5.0nm radius, respectively. Note that the 1=1, m=0 mode dominates for all
impact parameters in both cases and that all the other odd modes are negligible. The
domination of the 1=1, m=0 mode can be explained by the fact that it is a
fundamental part of the dipole mode 1=1, which is of high importance when
calculating the composition of all multipole modes. But even so, its order of
magnitude is 10 less than the even modes and by 10 higher than the rest of the odd
modes. This difference is mainly due to the different integration of the /+m=even and
/+w=odd terms in equation (lc) and is expected physically due to symmetry effects.

In conclusion it is important to stress that calculations which have been
carried out for other particle radii confirm the above results and observed patterns.
Therefore displaying the results for a particle of radius Z?=2.0nm and J?=5.0nm can
not only be regarded as representative, but also shows clearly that the observed
behaviours for the surface modes are indeed patterns, as can easily be identified in
Figures (1-3).



IV. COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

Now that a good theoretical formalism has been established, one is of course
interested in how good these theoretical results work in matching and predicting
experimental data, since this was the main reason to undertake this detailed
investigation. In order to so we will now match previously obtained VG-
STEM/EELS low loss spectra for a certain nano-crystalline diamond particle18. The
STEM image of the particle was not very clear and suggested a radius of about
3.0nm to 3.5nm. The experimental parameters are identical to the ones used for the
theoretical calculations.

Figures 4a and 4b now show the theoretical and the experimental data,
respectively. In Figure 4a, the prefix "T" in the legend refers to the theoretical
calculated overall transition probability, including the first 4 multipole modes. The
prefix "ssd" in Figure 4b refers to the overall transition probability after the single
scattering deconvolution. The numbers following the prefix in both cases refer to the
position of the scanning probe. The scan starts at position 0 and the step size for each
consecutive step is 0.4nm. Therefore these numbers do not give the exact impact
parameter; this is determined as follows.

Firstly one has to look for the spectra where the volume plasmon peak is most
dominant. This is likely to be for an axial trajectory. Secondly, the spectra where
there is no volume plasmon peak has to be determined; this marks a trajectory just
outside the particle. Given the step size of the scanning probe, one can now
approximate the particle size and the impact parameters relative to the particle axis.

The theoretical matching procedure is quite similar to the determination of the
grain size and the impact parameters described above. One starts out by calculating
the overall transition probability for an axial trajectory and then compares it to the
experimental results. The important point in this step is to ensure that the relative
maxima of the surface and the volume plasmon peak are right. Next, making use of
the known step size, one then calculates the first spectra for a non-penetrating
trajectory. Again it is important to pay attention to the relative intensity of the
spectra. If both cases match, other spectra for several impact parameters can be
calculated and should match quite well.

In Figures 4a and 4b, position 18 of the scanning probe was chosen to be an
axial trajectory through a sphere of radius 3.0nm. Thus, given the step size of 0.4nm,
positions 12 and 11 display an impact parameter of 2.4nm and 2.8nm, respectively,
relative to the axial trajectory. Positions 9 and 6 depict an impact parameter of 3.6nm
and 4.8nm, respectively, and are therefore trajectories outside of the sphere.
Furthermore an appropriate constant background noise was added to the theoretical
results to simulate the experimental results more realistically.



Note also that while the theoretical calculations show distinct peaks, the
experimental data show a smooth increase of intensity between the surface and the
volume plasmon peak. This is probably due to a very small contribution of a layer of
sp2-bonded carbon surrounding the particle. The inclusion of such a layer in
calculations has to be subject to inclusion of surface layers in the theory.

Overall one can see that the comparison of the experimental data and the
theoretical calculations shows good agreement. It is thus verified that the model can
be reasonably applied to predict and calculate experimental results.

V. DISCUSSION

A detailed investigation of the radial components / and the angular
components m of the surface multipole modes showed several new insights. First it
can be clearly seen that the l+m even modes dominate, which is due to the different
integration for the real part (/+/w=even) and the imaginary part (l+m=odd) of the
overall transition probability. For an axial impact parameter (p0

=0), only m=0 modes
are excited due to the azimuthal geometry in this case. With increasing impact
parameter, higher order angular modes m become more important until very close to
the surface, where the l=m modes dominate. The changeover of dominating modes
occurs at an impact parameter of about po=OA5R. The maximum intensity of the bulk
plasmon occurs of course at an axial impact, while the maximum intensity for the
surface plasmon occurs at about po=O.9R. Furthermore, the multipole modes are
inseparable due to the quite large damping factor for diamond (g=14eV) Thus simply
summing up all modes does not reveal the above mentioned behaviours.

The detailed display of modes also shows clearly that it is important to
include higher order modes for larger particles, although it can also be seen that the
magnitude of higher order modes decreases rapidly. It will therefore remain a
question of accuracy in how many modes one want to include. The present
calculations show clearly that the /+m=even modes are a magnitude of about 100
times higher than the /+m=odd modes, thus one could safely dismiss the latter when
including higher modes, therefore cutting the computational calculation time in half.

Furthermore, the fact of roughly similar intensity developments of the loss
function for increasing impact parameters for various particle radii can be used to
determine grain sizes by comparing theoretical results with experimental STEM data.
Therefore it is also worth mentioning that equal intensity of the surface and the
volume plasmon peak occurs at about an impact parameter of po«O.83i?.



VI. CONCLUSION

Taking the current theoretical investigation into account it was shown that
good agreement between theoretical and experimental spectra can be achieved (see
also Bursill, Peng, Fan, Fehlhaber and McCulloch18). Furthermore, making use of the
detailed results for NDP, one has further advantages in determining the grain size and
impact parameters more accurately. Firstly, knowing that an equal intensity of the
surface and the volume plasmon peak occurs at an impact parameter to sphere radius
ratio of about 0.83 gives further hints for a succesful approximation. Secondly, the
relative intensity of the surface plasmon peak in relation to the volume plasmon peak
for an axial trajectory also provides additional information. The more pronounced the
volume plasmon peak, the larger the particle radius can be expected to be.

We have thus shown that within the limitations of the model, it is still
possible to determine the grain size to an accuracy of about 1 A. Furthermore, it has
also been shown that the detailed investigation of the surface modes was essential in
order to obtain a reasonable accuracy for these computational results as a function of
particle size.

For future investigation, the theoretical formalism presented in this paper will
be expanded to accomodate a surface layer surrounding a particle (i.e. oxide layer or
surface coating) to improve and enhance the predictability and the matching
procedure of experimental data.
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FIGURE CAPTIONS

Figure la: Overall transition probability for a /?=2.0nm radius sphere for various
impact parameters

Figure lb: Overall transition probability for a /?=5.0nm radius sphere for various
impact parameters

Figure 2a: l+m=even surface modes for a i?=2.0nm radius sphere for various impact
parameters

Figure 2b: l+m=even surface modes for a ^=5.0nm radius sphere for various impact
parameters

Figure 3a: l+m=odd surface modes for a /?=2.0nm radius sphere for various impact
parameters

Figure 3b: /+m=odd surface modes for a /?=5.0nm radius sphere for various impact
parameters

Figure 4a: Theoretical calculated overall transition probability for a nano-crystalline
diamond particle of radius i?=3.0nm

Figure 4b: Experimental low-loss EELS spectra for a nano-crystalline diamond
particle
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Theoretical Results
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