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Abstract

Aspects of the ground state phase diagram of the two-dimensional Hub-
bard Model have been determined using a new non-perturbative method
based on an analytic formulation of the Lanczos algorithm. The ground
state energy for arbitrary repulsion Ujt and density n has been calculated
using a number of trial states which are expected to be qualitatively cor-
rect in certain regimes of this model - the paramagnetic Fermi sea and the
Hartree-Fock Spin Density Wave state. We find large corrections to the
mean-field result that shift the paramagnetic-ferromagnetic transition to
higher values of U/t and closer to half-filling.

The purpose of this work is to employ a new non-perturbative formalism to the problem
of ground state phase diagram of the 2-dimensional Hubbard Model. This formalism
is the Lanczos Algorithm in which the extensive character of the Many-body Problem
has been isolated by introducing cumulants into the equivalent moment formulation[l].
This method is exact in the thermodynamic limit, obviating the need for any finite-size
extrapolations, and is free from any influence of boundary conditions. For a review of
the formalism see Ref[2].

Starting with a trial state appropriate to the model and the symmetries of the
phase being investigated the Lanczos recurrence generates a sequence of orthonormal
states {\ipn)}^-i and Lanczos coefficients {ctn}%L0 and {/?n}£Lu thus

H\xj>n) = Pn\i>n-l) + Ctn\i>n) +/?n+l|^»+l) • (1)

Cumulants scale directly with the size of the system so that for the Extensive Many-
Body Problem we have vn = cnN in the ground state sector. A consequence of these
ideas is the confluence property of the Lanczos coefficients as n, N —»• oo at fixed
s = n/N

an(N) - a(s) , fil{N) -> P2(s) . (2)

Then the exact Theorems[3] state that the ground state energy density is given by the
following

eo = infe(s), (3)
s>0
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with the envelope function e(s) = a(s) - 2/?(s). Other theorems for arbitrary ground
state averages and excited state gaps can be found in the above references[2].

How these theorems are actually applied to a non-integrable model is in the form
of an expansion about s — 0 which yields,

l ^ p , + ; (4)
where the only error is the assumption of analyticity about 5 = 0 and the truncation at
a finite order. In treating the Hubbard model we only give preliminary results, taken to
the lowest non-trivial order, and further work is in progress to develop this expansion
to higher orders. The method has been shown to work, given an appropriate trial state
with respect a given phase, right up to the phase boundary in a number of models. For
example in the case of the Ising chain in a transverse field[4], the 2D XXZ model up
to the isotropic point[5] and at the isotropic point in the ID antiferromagnetic XY[6]
and Heisenberg[7] models.

The Hamiltonian for this Model is taken to be the following

H = -tYekcl cka + -
k,«r k1+k3=k2-t-k4

where the e^ = 2 ̂ d=i cos(kd). Amongst the trial states that we choose are those based
on itinerant electrons, the paramagnetic Fermi sea and generalisations which include
magnetic correlations. For the magnetically correlated trial state we take a SDW state

(6)
k,±

where the new operators are defined via the canonical transformation dk±, 4 ±

in terms of the magnetic ordering vector Q and the coefficients Uk?^. These we
will take from the mean-field solution as given in Ref[9], namely through uj£,t>k =
cos(#k),sin(#k)) with

, ( 8 )

in terms the the spiral and z-component magnetic order parameters TTIQ and mz.
Another trial state that has been considered in treating this model is the Neel state
but only at half filling [8], in order to represent the localised behaviour in the large U
limit. We do not expect the results presented here to be satisfactory in the large U
regime, nor particularly close to half filling.

Because we are primarily concerned with the ferromagnetic transitions we give
the cumulants with respect to the trial state with only ferromagnetic order, Q = 0,
rriQ = 0,

1 U2

ci = -2t— ^ e k + Un+n~ , c2 = - ^ ] T 41-Uc3,kr(kt , (9)



with the magnetically split bands and Fermi Surfaces E*. The next two cumulants are
not displayed here. There is in fact a diagrammatic representation for the cumulants,
but we will not use any higher ones in this work. We have computed the Mean field
solutions for the ferromagnetic phase and used these solutions in our trial state, and
then evaluated the corrections to the ground state energies in both the paramagnetic
and ferromagnetic phases. In this way we obtain substantial corrections to the Mean
Field paramagnetic-ferromagnetic transition, which are shown in Figure 1.

In conclusion we have given some preliminary results on the ground state magnetic
phase diagram of the 2-dimensional Hubbard model, using an analytic Lanczos Method.
In taking the trial state to be the Mean Field solution we have found large corrections
to the phase diagram, and work is in progress to extend the corrections to higher
orders, as well as to examine Antiferromagnetic and Incommensurate magnetic order
in this model. This work was supported by the Australian Research Council.
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Figure 1: The paramagnetic-ferromagnetic phase boundary of the 2-dimensional Hub-
bard model in the density n and coupling U/t plane at zero Temperature, using a Mean
Field approach (left panel) and the first corrections to this using the analytic Lanczos
Method (right panel).


