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Abstract

Background of hydrodynamical fluctuations in a intrinsically/stochastically forced, laminar,

uniform shear flow is studied. The employment of so-called nonmodal mathematical analysis

makes it possible to represent the background of fluctuations in a new light and to get more in-

sight into the physics of its formation. The basic physical processes responsible for the formation

of vortex and acoustic wave fluctuation backgrounds are analyzed. Interplay of the processes at

low and moderate shear rates is described. Three-dimensional vortex fluctuations around a given

macroscopic state are numerically calculated. The correlation functions of the fluctuations of

physical quantities are analyzed. It is shown that there exists subspace 2 \ in the wave-number

space (k-space) that is limited externally by spherical surface with radius kv = A/u (where A

is the velocity shear parameter, v - the kinematic viscosity) in the nonequilibrium open sys-

tem under study. The spatial Fourier harmonics of vortex as well as acoustic wave fluctuations

are strongly subjected by flow shear (by the open character of the system) at wave-numbers

satisfying the condition k < ku. Specifically it is shown that in Vy. The fluctuations are non-

Markovian; the spatial spectral density of energy of the vortex fluctuations by far exceeds the

white-noise; the term of a new type associated to the hydrodynamical fluctuation of velocity

appears in the correlation function of pressure; the fluctuation background of the acoustic waves

is completely different at low and moderate shear rates (at low shear rates it is reduced in £>k

in comparison to the uniform (non-shear) flow; at moderate shear rates it it comparable to the

background of the vortex fluctuations). The fluctuation background of both the vortex and the

acoustic wave modes is anisotropic. The possible significance of the fluctuation background of

vortices for the subcritical transition to turbulence and Brownian motion of small macroscopic

particles is also discussed.



1 Introduction

The simplest shear flow is characterized by spatially uniform mean density and pressure, planar

geometry and constant shear rate. This open system is nonequilibrium and shear rate is the

only parameter characterizing the deviation of the system from the equilibrium state. Clearly,

this parameter determines the fluctuation properties of the flow. The latter is subject of our

study. Much theoretical and experimental research is devoted to the investigation of fluctua-

tion background in shear flows (see [1-8] and Refs. therein). The modal approach (spectral

expansion of perturbations in time and afterwards analysis of the eigenmodes) has been used in

the theoretical researches. Contrary to the early investigations, our study is based on so-called

nonmodal approach whereby the initial problem is solved by tracing the temporal evolution of

the spdtial Fourier harmonics (SFH) of perturbations (cf. [9-22] ). The description of processes

in shear flows by the canonical/modal approach involves outstanding questions that remain to

be answered and, at least, plagues the comprehension of the high energy processes. It makes

the understanding of the physics of the fluctuation background formation difficult as well. The

problems just mentioned cause the abandonments of the modal approach. The essence of these

difficulties is rigorously revealed mathematically in 1990's [9] and the heart of the matter is the

following: the operators arising in the modal description of linear processes in shear flows are

not self-adjoint. Consequently, eigenmodes are not orthogonal to each other and they strongly

interfere. Therefore, the information, obtained from the analysis of separate eigenmodes (eigen-

values and eigenfunctions), is far from complete and does not give an adequate description of

the linear processes in shear flows. Besides, reckoning of the results of interference leads, as a

rule, to insurmountable complications.

The effectiveness of the nonmodal approach is confirmed by the impressive progress in the

comprehension of the diversity of processes in shear flows that has been achieved in the last

few years: many new and unexpected results on time evolution of vortex [13-19] and acoustic

wave [21,22] perturbations have been revealed; this approach has been also successfully applied

to the study of magnetohydrodynamic waves [23-26]; new conception of a subcritical transition

to turbulence has been formulated [20,27-31]; new linear mechanism of mutual transformation

of waves [26,32,33] and conversion of vortices to waves [34] has been discovered. In a word,

the nonmodal approach, revealing new features in studies of the different aspects of the linear

dynamics of shear flows, has initiated a re-comprehension of these aspects. This experience sug-

gests the propriety of the nonmodal approach in the study of the hydrodynamical fluctuations

in shear flows. The determination of the fluctuation background in the macroscopic systems

(including the hydrodynamic and magnetohydrodynamic ones) under various conditions is a

classical problem. Interest to the investigation of the fluctuation background is discussed in

considerable detail in the introduction of the paper [2]. Motivation of this investigation is rein-

forced by the following important circumstances in the last few years: a conception of subcritical



transition to turbulence in shear flows (so-called "bypass" transition [20,27-31]) formulated in

1990's necessitates finite initial vortex perturbations in the system. The finite perturbations

can be produced in the system by extrinsic forcing [35]. However, the following question arises:

whether or not the intrinsic, stochastic forces can generate the finite vortex perturbations in

shear flows, i.e. does the nonequilibrium, stochastically forced system under study give birth to

the sufficiently high level of the background of vortex fluctuation? This question is the main

motivation of the investigation of the fluctuation background carried out in our paper. It must

be emphasized that the problem related to the transition to turbulence in laminar flow but

not the turbulent state itself is analysed in the paper. That is why the slightly nonequilibrium

system - laminar flow - is presented in the paper. Consequently, the fluctuations are neglected

beyond the linear order, whereas near full equilibrium the equations may be linearized (see [7]

and Refs. therein). It may be said that a step forward in this direction taken in the paper [8]

presents in a new light the fluctuation background of the model - two dimensional (2D) vortex

perturbations in the laminar Couette flow. Namely, it has been shown that the level of the

spatial spectral density of energy (energy density in the k-space) of the 2D vortex fluctuations

by far exceeds the level of the white-noise in the certain subspace of the wave-number space

(hereafter denoted as £>k). These results are out of sight in the fundamental papers [1,2]. The

cause of these overlookings should be searched in the following: even though a rather general

problem is investigated there (using Navier-Stokes-Langevin equation in the linear approxima-

tion), non-optimal (modal) analysis is eventually performed to obtain concrete results. There

is the example of using the nonmodal approach in the study [19]. However, in the latter case

the simplified expression of a stochastic force is used in the equation of motion, instead of a

stochastic force determined by the fluctuation-dissipation theory [4].

Three types of modes exist in the system under study:

- Vortex mode, which is crucially important in turbulence motions - is the heart of the turbulent

motions in flows);

- Acoustic wave mode, the dynamics of which is interlaced with the dynamics of the vortex mode

[34];
- Thermal/heat mode, which is caused by a finite heat conductivity. The dynamics of the heat

mode is not related to the dynamics of the vortex mode, i.e. the heat mode and the basic

processes that are responsible for its existence (the finite heat conductivity; the random heat

flux) does not influence the vortex mode [2]. That is why the heat processes are out of the scope

of our paper.

The presented paper is devoted to the quantitative description of three dimensional (3D) vor-

tex fluctuations in a flow at a low shear rates. An effort is made to determine and systematize

the phenomena responsible for the formation of the fluctuation background. The dynamical

equation describing the evolution of spectral density of energy of the vortex fluctuations is de-

rived in Appendix A. The derivation of this equation is carried out not in 3D but in the 2D



case (as in the paper [8]). The reason of this is that, at first, it is impossible to obtain the

dynamical equation in the 3D case; secondly, even in the 2D case four basic processes (interplay

of which results the formation of the fluctuation background) are obviously separated and fol-

lowed. The basic processes that play a crucial role (in addition to the stochastic and dissipation

ones) in the formation of the fluctuation backgrounds of vortices and acoustic waves are de-

scribed in Appendix B. Some cumbersome mathematics of the correlation characteristics of the

3D vortex perturbations is presented in Appendix C. Physics of the formation ofthe background

of the vortex fluctuations is described in Sect.II. Quantitative characteristics of the fluctuation

background and results of numerical calculations are presented in Sect.III. The fluctuation back-

ground of another type of perturbation - acoustic waves - is analysed in Sect.IV. The analysis is

qualitative and is based on the results of papers [22,34]. The results are summarised discussed

in Sect.V.

Beyond the above introduced shorthands the following ones are also used in the paper:

- FBV (fluctuation background of vortex perturbations);

- FBW (fluctuation background of acoustic waves);

- SFHV (spatial Fourier harmonics of vortex fluctuations);

- SFHW (spatial Fourier harmonics of acoustic waves).

2 Physics of the formation of the fluctuation background of vor-
tices

Let us consider parallel flow with linear shear of velocity (plane Couette flow)

U0 = U0(,4y,0,0), (2.1)

where A is the shear parameter. The nonequilibrium character of the system is related to

this parameter. Therefore, the value of A should determine the peculiarity of the fluctuating

processes.

It is worthwhile to consider two nondimensional parameters that are connected to A:

- Reynolds number:
AT2

Re = ^ , (2.2)

where LQ - characteristic scale of the system (channel width);

- Parameter of compressibility:

R=kT-> (2-3)

where Cs is sound velocity, kx - wave number of the SFH of perturbation along the flow.

The considered values of A are sufficient to provide a laminar state of the Couette flow (i.e.,

Re < 350 [9,17,28,30]). In this case one can say that the system is slightly nonequilibrium and

the fluctuations may be neglected beyond the linear order.



As for the parameter R, its values over the range 0.1 -f0.3 are "watershed" of the behaviour

of the system. As one can see later (see also [22]), behaviour of the perturbations is completely

different at R < 0.1 (low shear rates) and R > 0.3 (moderate shear rate).

Three types of modes exist in the flow with constant shear rate [2]: vortex/aperiodic mode,

acoustic wave mode and heat mode. The heat mode is caused by the finite heat conductivity

and the random heat flux. In our study, analysing FBV, above phenomena - the finite heat

conductivity, the random heat flux - are neglected. The reason of this neglection is the following:

at first, the linearized equation of energy conservation law in conjunction with the continuity

one is independent of velocity field altogether in the incompressible limit [7] (in which the

quantitative analysis is done in our paper). Secondly, the finite heat conductivity and the

random heat flux affect not vortex but acoustic wave mode (see Eq.3.12 of the paper [2]) even in

the compressible case (in which the qualitative analysis is made in the presented paper). Vortex

and acoustic wave modes are not coupled at low shear rates (R < 0.1, see [22]) and therefore,

associated fluctuation backgrounds (FBV and FBW) should be formed independently of one

another. (Emphasize that the slightly nonequilibrium system is considered and fluctuations are

neglected beyond the linear order.) However, the inclusion of compressibility in dynamics of the

vortices becomes necessary at the moderate shear rates [22]. As a result, the phenomenon found

in the paper [34] - generation of the acoustic waves from vortices - appears. Consequently,

acoustic wave and vortex modes are already coupled and the FBW is determined by the FBV

at the moderate shear rates (see Sect.IV).

It is straightforward to gain more insight into the physics of the formation of the FBV at

low shear rates through the dynamical equation (A.14) derived in Appendix A. Introducing

nondimensional variables

efk t)
^=EK At=T, K=

kf=Kx, !%=Ky, KZ + K*=K2, (2.4)

the dynamical equation is reduced to the following one:

7 2R2- (2-5)
y

This equation describes the evolution of the normalised energy density of vortex fluctuations

in the K-space. Although the equation is derived for the 2D vortex fluctuations, it is very

descriptive and contains all (four) basic processes that are at work in the real, 3D case. As it

is seen from this equation, in addition to the stochastic (the last term in the right hand side

(rhs) of the equation) and dissipation processes (the third term) two other physical phenomena

play a decisive role in the formation of fluctuation background: i) linear drift of the SFH in the

K-space (the first term); ii) energy exchange between the mean flow and the SFHV (the second

term).



In the uniform flow (A — 0), fluctuation background is formed by the last two terms of

Eq.(2.5) only. In this (equilibrium) case, in stationary limit (dEj^/dr = 0), the action dissipation

and stochastic forces leads to the white noise: EK = 1-

The processes i) and ii) are well acknowledged in the papers cultivating the nonmodal ap-

proach. The description of these processes is given in detail in the Appendix B. Here we present

the essence of the processes:

i) in the flow with constant shear rate, the wave number of the SFH along the axis orthogonal

to the flow velocity (i.e., along the velocity shear) varies in time: in the linear approximation

there is the "drift" of the SFH in the K - space. According to the Eq.(2.5) (see also Eq.(B.2))

the drift velocity is equal to Vk(0, —Kx)\

ii) Not all SFHV can draw the shear flow energy - only the SFHV that are located in a definite

region of the K.~space are amplified. Moreover, each SFHV is amplified during a limited interval

of time until it leaves this region as a result of the linear drift. In addition, the presence of the

SFHV in this region imposes conditions mainly on the direction (and not the magnitude) of their

wave vector. Therefore the process of energy exchange between the SFHV and the shear flow has

a pronounced anisotropic character in the K-space.

It is obvious from Eq.(2.5) that at the formation of EK the distinct efficiencies of these four

processes are observed in the different regions of the K-space. The last two terms dominate at

large wave numbers (K > 1), whereas the first two terms - at K < 1.

From the aforesaid it might be concluded that a certain subspace T>K exists in the K-space

limited externally by condition K < 1. Namely, inside T>K the open character of the system

- action of the processes i) and ii) - is manifested. The last circumstance defines the peculiar

character of the fluctuation background under study - its anisotropy and significant deviation

of EK from the white-noise in T>K-

In the stationary limit the solution of Eq.(2.5) is presented on Figs.1-3 (for clarity, the plots of

IOQEK are presented). The plots on these and on the following figures are presented for positive

Kx. For the negative Kx the figures are constructing in accordance to equality EK — E-K (that

follows from the reality of perturbations). Figs.1,2 differ by the minimum value of Kx (-K"x,min)-

(Discussion about Kx<min is presented at the end of this section.) On Fig.l Kx,min = 0.00G and

on Fig.2 KXtTnin = 0.06; The equicontours of logEK at KX]Tnin = 0.06 are presented on Fig.3.

As it is seen, at small Kx and Ky equicontours are symmetric. The maximum value of EK

{{l9EK)Peah = 3.04 at Kx>min = 0.006; and {lgEK)peak = 1-69 at Kx>min = 0.06) is reached in

the vicinity of Kx = Kx,min and Ky = 0. It should be also noted that the maximum value of

EK increases more than one order of magnitude as Kx>min decreases only by a unit.

The interplay of the above presented four basic processes at the formation of the fluctuation

background is readily illustrated on Fig.4. T>K is located inside the circle K — 1. It is reasonable

to say that the stochastic and dissipation forces are actually at work outside of X>K- Action of

these forces extends far beyond of this domain up to wave-numbers Kmax at that the macroscopic



consideration is still correct. Thus, outside £>K (where 1 < K < Kmax) stochastic and dissipation

forces form the spectrum of the SFHV similar to the white-noise: £ K ^ 1- (The departure of

the spectrum from white-noise is revealed only in the vicinity of K ss 1.) Separate out the

domain WK (horizontally dashed region on Fig.4) close to £>K, where E^ « 1 and Ky/Kx < 0.

The fluctuation background of this domain serves as the "initial material" for the formation

of the background in T>K- Indeed, the SFHV drift from H K to CK- The direction of the

drift is shown on Fig.4 by the arrows. The energy exchange between the mean flow and the

SFHV comes into play as Ky decreases and KyjKx becomes of an order of unity (the region

inclined hatched on Fig.4). This process is weakly pronounced at Kx ~ 1 (due to the profound

effect of viscous dissipation for K > 1), but dominates at small Kx. This source of energy

causes strong deviation of £ K from the white-noise and leads to the peak at small Kx and Ky.

Moreover, -Ek.maz should tend to infinity when Kx —>• 0. However, the considered values of Kx

are restricted by some Kx>min. (As for Ky, it easily "passes" through zero due to the drift.) The

question arises: How to estimate Kx<rnin?

Establishment of the steady state runs variously in the different regions of the K-space, and

hence takes place in the different intervals of time.

Out of £>K, as well as in H K , where the stochastic and dissipation processes are domi-

nated, the time scale of these processes {Tst0C,T,ii3S ~ l/K2) defines the characteristic time of

establishment of the steady state: A T ^ W TdiSS, i.e.,

AWK) « ± . (2.6)

One can see, that the farther is distance from T>K, the smaller is this time.

In P K I where the open character of the system is manifested and the processes i) and ii) are

dominan, we have a completely different situation. The SFHV with different Ky are coupled to

each other, but not for different Kx, due to the drift along the axis Ky (this fact is discussed in

detail in the next section). The steady state for the SFHV with different Kx is attained over the

different time intervals. The intervals are determined by the time scale of the drift of the SFHV.

Therefore, the larger is the temporal drift scale, the smaller is the drift velocity (VK(0 , —KX)),

i.e., the smaller is Kx:

Arm(/^) « ±-. (2.7)

The achievement of the steady state should be "destroyed" at small Kx by the action of

the boundary (this process is not taken into account in our study). Actually, in accordance

with papers [16-18], the rigid boundary affects on the dynamics of the SFHV with different Kx

independently inducing "secondary" SFHV with the same Kx. The process of the induction of

the "secondary" SFHV has the following features [16]:

- the higher is its intensity, the smaller is Kx\

- the phases of the induced SFHV is distinct from the phases of "original" ones. The interference

between them should be destructive.



From the aforesaid it might be concluded that the "secondary" SFHV weaken the "original"

SVHV due to the interference. The stronger is this weakening, the smaller is Kx. Consequently

A'I)Tntn is defined as Kx beginning with the weakening becomes significant.

It would be assumed that Kx%m{n is determined by the flow channel width. In accordance

with Eq.(2.4) one can write the following equation in the dimensionless variables:

_ Q _ / v a

&x,min — rr r —

where a is a factor that can be defined by exact calculation of boundary affect.

3 The quantitative characteristics of the fluctuation background
of vortices

Stochastically driven Navier-Stokes equations linearized about the mean shear flow can be writ-

ten in Cartesian coordinates as

dux(r,t) [ duy(r,t) t duz(r,t)_n

^t] + ^

Here po is uniform flow density; p(r, t), vx(r, t), vy(r, t), vz(r, t) are perturbations of pressure

and velocity components respectively; A = -^ + •^ + J ^ ; components of the random force are

defined by the spontaneous strain tensor S{j(r, t):

dSf*t\ (3-2)

Statistical properties of the spontaneous strain tensor are modelled in accordance with

Fluctuation-Dissipation theory [2,4]:

{Sij{r,t)skl(v',t')) = 2TpQis^6ik6jl + 6u6kj - |<Jy<jJ.5(r - r')6{t - t') (3.3)

For simplicity the fluid with zero coefficient of second viscosity (£ = 0) is studied. The

calculations are based only on Eq.(3.3), and no other assumptions are made at all. Define the

Fourier transform by
u(r,t) ^ ( u(k,t)

f(r,i)/poJ I F(M)

9



in the wave-number space the basic equations one can rewrite as:

kxux{k,t) + kyuy(k,t) + kzuz{k,t) = 0 (3.5a)

(^-t-Akx~)ux(k,t) + Auy(k,t) = - — kxp(k,t)-i^(kl + kl + k2
z)ux(k,t)+Fx{k,t) (3.56)

^ - Akx7^) uy(k.t) = -~kyP(k,t) - v(k2
x + k2

y + k2
z)uy(k,t) + Fy(k,t) (3.5c)

ot o^ I PaPa

Use of Eqs.(3.2,4) gives the equations for F(k,f):

F i ( k , t) = ~ S i j { k , t)kj, i , j = x , y , z (3.6)
Po

(stJ(k, t)skl(k\ t')) = 8ijkl(k, t, t')S(k' - k), (3.7a)

where Sijtci(k, t,t') is the spectral density [36] and

sijufa t, t') = Sij(k, t)skl(k, t') = 2TPou\sikSjl + 6«Skj - pl3Sklh(t' - t). (3.7b)

The results of calculations of correlation characteristics are presented below. The derivation of

the correlation functions of the fluctuations is given in detail in Appendix C.

Ah' k' k1^
XJ z Gl2(k',t',t") +

Ale' k'2h' ft" — t

A h' h' kn

+A2k?k?G22(k',tl,t") + ̂ G33(k',*',«") - y Z Gl2(k',t',t"

U2U (fll _ fl_ fl

t', t")jS(k" - k'{t" - t')), (3.8d)

10



, (V i'\ii t\c" t"\\ - k>z

x(k,t)u2(k J ))

U' (f'l _ f'
A*k'xk?G22(k',t\t") - k'xGn{k\t\t") + -jfiTZiif

" - k'(t" - f)) , (3.8c)

+Ak'xG12(k',t',t")\5(k" - k'(t" - t% (3.8/)

\ " - k')5(t" - t') +

,tV')S(k" - k'{t" - 0) =

\ h 6 { k " - k')S(t" - t') + AC{k', t\ t")-8{k" - k'(t" - t')U, (3.8g)

where

ky(t" - t') =ky~ kXA(t" - t'), k(t" - t') = (kX, ky(t" - t'),k2),

k2 = k2
x+ kl + kl k2(t" - t') = k*+ kl{t" - t') + hi (3.9a)

<S(k" - k'(t" - t')) = S{k'i - k'x)5{kl - k'y(t" - t'))5{k"z - k'z), (3.96)

t'

Gn(k',t',t") = J dtxk'\h-t')G{k',t\t\tx), (3.10a)
—oo

t'

Ga3(
—oo

t' t"

i(k',t',t")= I dtikl2(ti-t')G{k',t',t",ti), (3.10c)

G12(k',t',t") = I dt.k'Hti - t')G(k',t',t",tx) I kfl^_ ti), (3.10d)

G21(k',t',t") = j -^—^ I dt2k'\t2 - t')G(k',t',t",t2), (3.10c)

t t ) ,f _t* &u{k,t,t). (3.10/)

11



- u{t" - (3.10S)

As it is seen from Eqs.(3.8,9b), the SFHV with different kx and kz are not correlated to each

other, whereas with different ky are correlated. The reason of this fact is the drift of SFH along

the ky axes.

Introducing the spectral density of energy of vortex fluctuations in the k-space:

e(k, t) = - Mk, t)\2 (3.11)

one can reach the following expression in the stationary limit (when the fluctuation background

is established):

Ek = — lim e(k,t) = 1+Akx lim
T t-iOO t-*0O

expl -

exp< - 2u{t - t2) - [h" + k'k'(t2 - -t))+k a \I2 (3-12)

The analysis of the FBV on the basis of Eqs.(3.8-12) is presented below. It is performed in the

dimensionless variables introduced in Eq.2.4.

3.1 The general influence of the velocity shear on the FBV

Let us begin with the analysis of energy density in the K-space. The sectional views of 2D and

3D surfaces of EK are presented on Fig.5. The solid line refers to the 2D SFHV at Kx = 0.006

and Kz = 0. It represents the section of the surface presented on Fig.l (but in the linear scale).

The dashed curve refers to the 3D SFHV at Kx = 0.006 and Kz = 0.02. The peak in the 3D

case is displaced into the region Ky/Kx < 0.

Allocation of the energy density in the K-space is clearly viewed on Figs.6,7. The (KX)Ky)-

dependence of logEx at Kx>min = 0.06 and Kz = 0.09 is presented on Fig.6. As it is seen: the

maximum value of logEyi in the 3D case is greater than in the 2D one; the peak is displaced in

the direction of negative Ky\ the plot is more spread out along the Ky axes. The displacement

of the peak is readily illustrated on Fig.7, where the equicontours of logEj^ are presented in the

(Kx,Ky) plane at the same parameters as on Fig.6.

12



The (/(Ty, i ndependence oilogE-^ at Kx = 0.006 is presented on Fig.8. As it is seen

reaches the peak at Ky = -0.07 and Kz = 0.02 {[lgEK)Peak = 3.56). The semiwidths of the

function along Ky and Kz axes are AKy ~ 0.06 and AKZ ~ 0.05, i.e., the peak is sharp.

Figs.9,10 show the plots similar to Fig.6, but for smaller Kx,min and different values of Kz.

{Kx,min = 0.006, Kz = 0.006; 0.02.) The comparison of these figures shows that the maximum

value of EK is significantly greater at Kx,min < Kz than at Kx>min « Kz.

Figs.6,10 give an indication of the increasing of the maximum value of £ K f°r the 3D fluctua-

tions ((̂ K)peoJfc) with decreas of KXiTnin. Based on the numerical calculations it can be concluded

that ( £ K W ~ (l/^.min)7 ~ Re^12, where 7 > 1.

3.2 Non-markovian characteristic of the fluctuation background

Figs.5-10 represent the open character of the system - the action of the processes i) and ii),

which is manifested inside £>K- The smaller is K, the greater is the significance of this action.

To be specific, let us return to Eq.(2.5). Although the equation describes the dynamics of the 2D

EK, it is helpful for the qualitative analysis in the 3D case also - it contains all basic processes

responsible for the formation of fluctuation background in the latter case. The first two terms

in the rhs of this equation (the processes i) and ii)) are dominated at K < 0.5, whereas the

stochastic and dissipation forces (third and fourth terms) is negligible here. The characteristic

time of the correlations of the fluctuations of physical quantities is crucially influenced crucially

by this circumstance: it is distinct in the different region of the K-space. Actually, the correlation

time is defined by the efficiency of the dissipation process. The stronger is this process the

smaller is the correlation time. The dynamics of the SFHV in the region K < 0.5 is determined

by non-stochastic forces (due to the non-efficiency of the stochastic and dissipation ones). That

is why the SFHV has "retentive memory", which is kept during its drifting across this region.

Consequently, the fluctuations are far from Markovian at K < 0.5. Thus, the correlation time

is not small in Z>K- AS for the outside the subspace P K , the third and fourth terms of Eq.(2.5)

are dominated. Hence the correlation time is determined by the characteristic time of viscous

dissipation and consequently the fluctuations are Markovian. This is scarcely surprising because

the system exhibits the open character only in the subspace DR. Statistical characteristics of

the system should be similar to statistical characteristics of the conservative system outside £>K-

The aforesaid (non-Markovian and Markovian character of the fluctuations in the K-space) is

clearly followed from Eqs.(3.8a-f). As it is seen from these equations the correlation functions of

the velocity of the fluctuations are not proportional to the Dirac 6 function in time anymore. By

way of illustration we shall treat the correlation function (uy(k', t')uy(k", t")). Using Eqs.(3.8b),

(3.9a,b), (3.10a,g) and (2.4) it follows (in the dimensionless variables):
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- (T' - r,) \\ (K* + K'yK'y{n - T') + tf?(T, - r')) + K'2 + K?

K? + KMin - r") + K?{n - r")) + K'2 + K*

Z - K'x)S(K'y' - K'y{r" - r'))5{K'z' - K'z), (3.13)

- (r" -

Eq.(3.13) contains two exponential terms that describe the dissipation processes. The value of

the discussed correlation function is mainly determined by the product of these exponents. The

latter has an essentially different properties at large and small K12.

It is easily comprehended that only when T' RS T" the product of exponents is not negligible

at large K'2. Consequently, only when T' « T" the correlation function distincts from zero at

large Kn. The conclusion just mentioned is held for the other correlation functions as well.

Therefore, although the temporal Dirac function (S(T" — r')) does not appear in Eq.(3.13) as

such, one can say that the fluctuations are ^-correlated (Markovian) in time. This yeilds:

': - K'z) = 6{K'i - K'x)5{K'y' - K'y)S(K'J - K'z).

Consequently one can conclude that the fluctuations are Markovian and only the SFH with

equal wave-numbers are correlated at large K'2 (as it should be in conservative systems).

The case of small K12 essentially differs from the just discussed one. In this limit the

dissipation processes are negligible and the discussed product of exponents may be distinct from

zero at the sufficiently different r' and r" as well. The SFH with K'x = K'±, K'y ^ K'y' and

K'z — K"z therewith are correlated. However, it is not the correlation of the different SFH. It

is obvious that the wave-number along the Y axis of each SFH is time-dependent due to the

linear drift. According to Eq.(3.9a), if K'(K'x,Ky,K'z) is the wave-vector of the SFH at r',

K"(K'x,K'y(T" - T'),K'Z) will be the wave-vector of the same SFH at the moment of time r"

(i.e., after the lapse of time r" - r'). The existence of 5(K'X' - K'x)8(Ky' - Ky{r" - T'))5{K'Z' - K'z)

in Eq.(3.13) points to that that the SFH have "memory" at small K'2 and each of the SFH is

correlated with itself after sufficiently large interval of time too. Namely, the existence of the

"memory" indicates to the non-Markovian character of the fluctuations at small Kn.

3.3 The contribution of the hydrodynamic fluctuation of velocity to the cor-
relation function of pressure

The correlation function (p(k',t')p(k",t")) is of the special interest. Let us rewrite Eq.(3.8g) in

the dimensionless variables:

(P(K', T')P(K", T")) = 1-5(K" - K')S{T" - T') + £(K', r', T")-<S(K" - K'(r" - r')), (3.14)

where

', r')P(K", T")> =
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and £ ( K , T ' , T " ) is determined by Eq.(3.10f).

The first term of Eq.(3.14) is associated to the thermodynamic fluctuation of pressure, the

second one - to the hydrodynamic fluctuation of velocity and manifests the open character

of the system. If r' ^ T", the second (non-Markovian) term is the only one, which distincts

from zero. Let us introduce the function L(K) = limT/_+oolg£(K,T',T'). £ ( K , T ' , T ' ) and L(K)

characterize the autocorrelation function of pressure associated to the hydrodynamic fluctuation

of velocity. One can say that in domain of the K-space where L(K) » 1 the contribution of the

hydrodynamic fluctuation of velocity is vastly larger than the contribution of the thermodynamic

fluctuation of pressure in (P(K',r')P(K",r")) (see Eq.3.14). But in domain where L(K) «

1 these contributions are of the same order. Figs. 11,12 give a good idea of the value and

significance of the hydrodynamic fluctuations of velocity in the considered correlation function.

On the figures L(K) is presented in the plane KxOKy at Kx,min = 0.06, Kz = 0; 0.09. Unlike

Figs.6-10, the plots on Figs.11,12 are presented linearly scaled. That is why the graphs peak

sharply on these ones. As an example there are written out the values of L(K) at different K:

L(KX = 1.5, Ky = 1.5) = 0.09, L(KX = 1.0, Ky = 1.0) = 0.3, L(KX = 0,bJ<y = 0.5) = 1.4,

L(KX = 0.06, Ky = 0.06) = 1299.0. To grasp the size of domain where the second term of

Eq.(3.14) is dominant, it is illustrative to plot the graph of the function log{\ + L(K)). On

Fig. 13 is presented the graph at Kx,min — 0.06 and Kz = 0.09 (i.e. at the same parameters as

on Fig.ll). As it is seen from Fig.13, the influence of the hydrodynamic fluctuations of velocity

on the autocorrelation function of pressure (the open character of the system) actually does not

extend beyond I>K-

3.4 Onto momentum t ranspor t

Correlation functions {ux(k',t')uy(k" ,t")), {ux{k',t')uz(k",t")) and (uy{k',t')uz(k",t")) are for-

mally nonzero as it is seen from Eqs.(3.8d-f). However, from the same equations one can see that

all rhs terms with one exception (the second term in the rhs of Eq.(3.8d)) are the odd-function of

wave numbers. It is obvious that the odd-functions vanish at the inverse Fourier transformation.

As a result:

(ux(r',t')uz(r",t")) = (uy(r',t')uz(r",t")) = 0, (3.15a)

' ' (3.156)

Consequently, one can conclude that the cross transport of momentum arises due to the shear:

A" component of momentum is transported along the axis Y.

4 Physics of the formation of the fluctuation background of
acoustic waves

The presented analysis of the formation of the FBW is based on the results of papers [22,34].

It may be suggested that the FBW is determined essentially by the following phenomena and
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circumstances:

- the linear drift of the SFH in the k-space (process i), see Appendix B.i );

- the energy exchange between the mean flow and the SFHW taking place at any shear rates

[22];

- the generation of the SFHW from the SFHV takes effect at moderate shear rates [34];

- fluctuations are non-Markovian in Z \ , i.e., fluctuation and dissipation forces are not actually

at work in TV

The phenomenon of the linear drift of the SFH of perturbations is general and hence an

inherent characteristic of the SFHW. As for energy exchange between the mean flow and the

SFHW (see Appendix B.iii)), it differs principally from energy exchange between the mean flow

and the SFHV. (That is why the FBV and the FBW should differ greatly from each other.)

What is the result of the interplay of these processes with the stochastic and dissipation

ones? The reasoning is similar in many respects to that presented in Sect.II (see Fig.4). Out

of T \ , where the stochastic and dissipation forces are dominant, the FBV and the FBW are

similar to the fluctuation backgrounds of uniform (non-shear) flow. The SFH fall on from ~Hy

to T \ due to the linear drift. Therefore the fluctuation backgrounds in ~H^ serve as an "initial

material" for the formation of fluctuation background in T\- The SFHV and the SFHW are

evaluated independently of one another at low shear rates. Hence, only the FBW in %k serves

as an "initial material" for the formation of the FBW in T>^. As it is seen from the Appendix

B.iii) (see Eq.(B.4) and Fig.B.2) the SFHW coming from Hu to 2 \ give energy to the flow

initially (due to the ky(t)/kx > 0). As a result, the energy of the SFHW decreases in Z \ and

reaches minimum at ky(t) = 0. Afterwards, when the SFHW enter the subspace of k-space

where ky{t)/kx < 0 the energy of the SFHW begins to increase up to the end of T>y. Thus, at

low shear rates, the FBW should be reduced in Vy_ in comparison to the uniform (non-shear)

flow.

The process of the formation of fluctuation background at moderate shear rates R > 0.3 is

another thing altogether. In this case vortex perturbations become compressible and generation

of the SFHW from the SFHV takes place (see Appendix B.iv)). As a result the SFHV and the

SFHW are coupled. Therefore, not only the FBW in 7ik serve as an "initial material" for the

formation of the FBW in T\ , but the FBV in T-L^ as well. It is worth to note that the last

determines largely the FBW in XV

Actually, the FBV in Hk "supplies" the SFHV in Vk. These SFHV initially increase and

remain pure compressible vortices while ky(t)/kx > 0. However, they lead to the abrupt emer-

gence of acoustic wave harmonics, at the moment the SFHV intersect the axis Ky = 0. The

intensity of the emerged SFHW is comparable to the intensity of the SFHV at the moment of

conversion. On further drifting in the region of ky{t)/kx < 0 the intensity of the SFHW increases

(see Eqs.(B.3,4)). Therefore, the FBW in 2 \ should be significantly more at the moderate shear

rates than at zero or low shear rates. Therewith the amplification of the FBW takes place in
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the part of 2 \ where ky(t)/kx < 0, i.e. the FBW should be significantly anisotropic in P k : low

- in the part of the domain where ky(t)/kx > 0, and high - where ky(t)/kx < 0.

5 Summary and Discussion

Let us recall the main outcome of our study:

• The decisive role in the formation of fluctuation background, besides the stochastic and dissi-

pation processes, play two other physical phenomena: i) linear drift of the SFH in the k-space;

ii) energy exchange between the mean flow and the SFHV.

• There exists a certain subspace 2 \ in the k-space, limited externally by condition k < kv =

{Ajv)xl2 ~ Re1/2. The spatial Fourier harmonics of fluctuations are strongly affected by the

velocity shear (by the open character of the system) at the wave numbers located in V^;

• Fluctuation background of vortices is anisotropic and far exceeds the white-noise in 2 \ ;

• The greater is the peak the larger is Reynolds number ((̂ k)peoJt ~ -Re7/2,7 > 1);

• There exists the domain "K^ close to 2 \ where Eu. ~ 1. The fluctuation background in this

domain serves as an "initial material" for the formation of the background in V^;

• The fluctuations are Markovian outside V^ and non-Markovian inside 2 \ :

- the correlation function distincts from zero outside 2 \ only at t' « t",

- the SFH with k'x = k%, k'y ^ ky and k'z = k"z are correlated in Vy,. (It is not a correlation of

the different SFH). The SFH have "memory" at small k2 and each of the SFH is correlated with

itself after sufficiently large interval of time too;

• Non-Markovian character of the fluctuations in 1 \ has a drastic effect on the value of the

correlation functions:

- the values of correlation functions (ux(W, t')ux(k", <")>, {uy(k',t')uy{k", t")) and (uz(k', t')uz(k", t"))

increase,

- the correlation functions of the fluctuation of velocity are proportional to 6(kx — k'x)S(ky —

k'y{t" - t'))6{k'z' - k'z) and not to the Dirac S function in time,

- the term associated to the hydrodynamical fluctuation of velocity appears in the correlation

function of pressure (p(k\ t')p(k",t")) in addition to the usual one (that is associated to the

thermodynamic fluctuation of pressure). This new, non-Markovian term is vastly larger than

the usual one at A: << kv and is the only one, which distincts from zero at t' ^ t",

- the correlation function (ux(r', t')uy(r", t")) distincts from zero, i.e. the X component of mo-

mentum is transported along the axes Y;

• Fluctuation background of acoustic waves should be completely different in X\ at low (R < 0.1)

and moderate (R > 0.3) shear rates:

- it should be reduced in comparison to the uniform (non-shear) flow at low shear rates,

- it should be comparable to the fluctuation background of vortices at moderate shear rates.

Let us outline the possible manifestations of the subject of our study.
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Briefly discuss the possible significance of the fluctuation background of vortices for the

transition to turbulence in shear flow. In 1990's has been formulated a conception of so called

"bypass" transition to turbulence [20,27-31] that is able to explain subcritical transition in shear

flows. According to this conception transient growth of perturbations is a key element in the

subcritical transition process. (All normal modes of the system are exponentially stable.) At

the same time, the triggering of nonlinear "positive feedback" - nonlinear regeneration of the

SFHV that are able to draw mean flow energy - is the necessary step to the transition. This

fact necessitates the existence of finite initial perturbations in the system for the transition. It is

obvious that such perturbations can be produced by extrinsic forces. For instance, in the paper

[35] a pair of small, but finite amplitude oblique waves were used as initial condition in numerical

simulations of transition to turbulent flow. However, the finite perturbations should also have

the intrinsic, fluctuation origin according to the results of the presented study. Indeed, at high

Reynolds numbers, fluctuation background of vortices in the region of small wave-numbers is

quite strong, far exceeding the white-noise (see Figs.5-10). This in turn should trigger nonlinear

processes, energy conserving mixing, and in the case of the "positive feedback" should lead to

the flow transition to turbulence.

It follows directly from the dynamics of the SFHV that permanent transformation of the

mean flow energy to the background perturbations and ultimately into heat is realized in the

laminar shear flow. The existence of this channel of the thermalization of the flow energy is

caused by the nonequilibrium character of the fluctuation background. It is obvious that this

indirect channel of thermalization depends on the rate of the mean flow energy extraction by

the background perturbations that increases with increasing of Reynolds number. Consequently,

the efficiency of this channel should increase (and not decrease) with Reynolds number. On the

transition to turbulence (which occurs at high Reynolds numbers) this channel of viscosity is

transformed to the turbulent viscosity. Indeed, in the turbulent flow the identical "scenario"

is realized: the permanent transformation of the mean flow energy to the fluctuations and

ultimately into heat takes place.

What consequences it is possible to expect from that fact that SFHV necessarily generates

SFHW at R > 0.3 and consequently, FBW is comparable to the FBV? Such course of events

we have obtained in the study of the laminar flow. Conceptually, it should be also valid in

turbulent flows. (Nonlinear processes are at work in turbulent flow in addition to the above

described basic ones.) In consequence of this the acoustic waves should be essential ingredients

of turbulence at R > 0.3, although the heart of turbulent motions in any case are the vortex

perturbations. It can be supposed that the above described course of events is one of the main

reasons of the existence of the acoustic waves in powerful turbulent flows.

Note that the peculiar character of the fluctuation background of vortices should be man-

ifested in Brownian motion of small macroscopic particles. It is commonly supposed that the

physics of Brownian motion is intermediate between microscopic and macroscopic and is called
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as mesoscopic process. More particularly, it is assumed that Brownian particles are subject to

macroscopic - hydrodynamical friction forces on the one hand, and to microscopic - fluctuating

forces, due to collisions with individual fluid molecules, on the other hand. The results obtained

in the present paper may change the comprehension of the physics of Brownian motion and reveal

new characteristics in the shear flow at sufficiently high Reynolds numbers (when the flow still

holds the laminar character): the fluctuating forces may become macroscopic - they may arise

mainly due to the hydrodynamic fluctuations. In this case the fluctuating forces (pressure gradi-

ents) should involve the coherent motion of a large number of fluid particles. The anisotropy of

the fluctuation background of vortices, as well as its high level in comparison to the white-noise

should result the anisotropy and enhance of Brownian motion of small macroscopic particles in

the flow. In this case, the non-Markovian nature of the FBV should result the non-Markovian

character of Brownian motion. The idea of the significance of macroscopic/hydrodynamic fluc-

tuations for Brownian motion of small macroscopic particles was pointed out by Klimontovich

[5,6].
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APPENDIX A

Here we present the derivation of the dynamical equation for spatial spectral density of energy

of vortex fluctuations in the incompressible limit. The equation clearly describes four basic

processes responsible for the formation of the FBV in the shear flow and therefore allows to gain

more insight into the physics of the formation. In particular, it makes possible to separate the

regions in the k-space where each process is dominated and to comprehend the importance of

each basic process on the formation of the FBV.

It is preferable to apply Landau-Lifshitz theory [4] - the fluctuation-dissipation theory -

for calculation of the hydrodynamic fluctuations in nonequilibrium systems such as the shear

flow. Consider the shear flow in the limit of subcritical Reynolds numbers, at that the flow

is still laminar. So, the fluctuations can be neglected beyond the linear order [2]. Nonlinear

terms become important in the state being near the critical point, after which the transition

to turbulence occurs. The 2D perturbations are considered for derivation of the dynamical

equation. Starting Eqs. (3.1-3.7) for the 2D fluctuations [4,5,8] one can obtain the equation for

uy(k,t);

[kx + k2,)—v ' - Akx{kx + k2)—7— 2Akxkyuy{k,t) + v{kx + ky)
2uy(k, t) =

Oh C/AJy

= kx kxFy(k,t) -kyFx{k,t) , (A.I)

formal solution of which may be expressed as:

t , .

% ( k > 0 = T T T T 2 I d t ' [ k x F y ( k ( t ' - t ) , t') - k y ( t ' - t ) F x ( k ( t ' - t ) , t ' ) ) x

xcxpt -ujdt"{kl + k2
y(t - t"))\ (.4.2)

Relation between the energy density of the 2D FBV in the k-space (e(k,t)) and the mean

energy density of perturbations (()) is presented by the following equations:

k2 + k2

= I dkxdkye(k,t) (,4.3)

It is obvious that

e(k, t) = -po ( |u*(k, t)\z + \uy(k, O H • (A4)

From continuity equation and Eqs.(A. 1,2) follows:
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2kx

The rlis term of this equation is the result of the action of the random forcing. Using the prop-

erties of spontaneous strain tensor, the equation for F(k, t) and Eq.(A.2) this term is expressed

as:

2kx
ul(k,t)(kxFy(k,t)-kyFx(k,t)) +uy(k,t)\kxF;(k,t)-kyF*(k,t)\\ =

^ ^ ( i , - t)jexp(-ujdt*(kl + k2
y(t* - t))

2 r i " ^ - ' ' 4 + 4A:yJtv(<i - t)k2
x - 2k\k2

y + k2
yk

2
y{h - t) ) x

+ k2
y), (A6)

At last the dynamical equation get the following form:

The four terms on the rhs of this equation correspond to the basic processes that are responsible

for the formation of the energy density of the FBV in the k-space.

APPENDIX B

Here we present qualitative descriptions of the basic processes that play a crucial role (in addition

to the stochastic and dissipation processes) in the formation of the fluctuation backgrounds of

vortices and acoustic waves. These descriptions are taken from papers [8,22,34]. Below the

stochastic and dissipation processes are not taken into account.

i) The linear drift of the SFH of fluctuations in the k-space [9-22]

In the considered flow perturbations do not have the form of a simple wave due to the curve

of the wave crest as a result of the non uniform character of the flow. In this case wave number

of the SFH is time-dependent: if the SFH with the wave numbers kx,ky(0),kz is perturbed in

the initial moment of time,

vx{0) = vx{kx, ky{0), kz, 0) exp{ikxx + iky(0)y + ikzz) (B.I)
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then the evolution of its phase at t > 0 is determined by the equations

vx{t) = vx{kx,ky{t),kz,t)exp{ikxx + iky(t)y + ikzz), ky{t) = ky{0) - kxAt, (B.2)

describing the "linear drift" of the SFH in the wave-number space. This process is inherent

both to the SFHV and to the SFHW. The values of the spatial characteristics kx, ky(t), kz largely

determine the energy exchange intensity between the SFH and the shear flow. Consequently, the

linear drift leads to the variation of the intensity of the energy exchange between perturbations

and the mean flow.

ii) Energy exchange between the mean flow and the SFHV [12-21,37]

At the linear stage of evolution, the incompressible SFHV are able to extract energy of the

shear and amplify over limited interval of time, undergoing the transient growth. The dynamics

of the SFHV is essentially different at low shear rates (R < 0.1), when vortices are incompressible

and at moderate shear rates(7? > 0.3), when vortices are compressible. Here the incompressible

case is described. It is substantial difference between the dynamics of 2D (kz = 0) and 3D

(kz ^ 0) SFHV. This difference is easily traced by comparing the energy evolution of both the

ones (see Fig.B.l).

The SFHV initially satisfying the inequality ky(Q)/kx = 30 2> 1 are considered. Initially

ky(t) starts to decrease due to the linear drift in the course of time (sec Eq.(B.2)). However,

since ky(t) S> kx, the energy exchange between the flow and the SFHV is not intensive. At times

when ky(t) ss kx, both, 2D and 3D SFHV, begin to extract energy of the shear flow intensively

and amplify. The amplification of the 2D ones lasts to ky(t) = 0 (in Fig.Bl, when At = 30), then

at ky(t)/kx < 0 they return energy back to the flow (solid curve in Fig.Bl). As for the 3D SFHV,

the amplification continues even when ky(t)/kx < 0. Actually, this amplification keeps on until

ky(t) « — kx (the dashed curve in Fig.Bl), i.e. the region of the 3D harmonics amplification in

the k-space is wider than for the 2D ones. Moreover, the energy of the 3D SFHV unlike the 2D

ones, after passing the amplification region does not decrease (the 3D SFHV do not give energy

back to the flow), but saturates and tends to the value much greater than its initial one. It is

obvious that, actually, the viscous dissipation becomes efficient and transfer the energy of the

3D SFHV into heat as |fcy(i)| increases (when |fcy(f)| —> oo). It is useful to note ones again that

described dynamics of the SFHV is true at low shear rates when the SFHV are incompressible.

iii) Energy exchange between the mean flow and the SFHW [22]

The SFHW exchange energy with the mean flow as intensively as vortex perturbations do.

However, in the latter case the energy exchange is effective only for the SFH satisfying the

condition \ky(t)/kx\ < 1, but for larger values of \ky(t)/kx\ the efficiency of energy exchange is

heavily diminished (see process ii)). While the intensity of energy exchange between the acoustic

waves and the mean flow is substantial even at \ky(t)/kx\ 3> 1. The spectral density of energy

of the SFHW is defined as follows:

uz
(k,t)\2 + C?|d(M)|2) ,

22



where d = p/po is normalized density perturbation of acoustic waves.

At low shear rates, slow variation of ky(t) in time, results the adiabatic variation of the

frequency {u(t)) of the SFHW. The latter leads to the variation of the energy exchange between

the SFHW and the mean flow:

e% ~ u{t) = Cs [hi + k?y(t) + hi]1/2 , (BA)

As it is seen from the Eq.(B.4) (see also Fig.B.2) if ky{Q)/kx > 0, the SFHW give energy to

the flow initially. Then due to linear drift, the energy of the SFHW decreases and reaches

minimum at ky(r) = 0. Afterwards, when the SFHW appear into the area of the k-space where

ky{t)/kx < 0 the energy of the SFHW begins to increase.

iv) The generation of the SFHW from the SFHV [34]

To understand the physical nature of vortex-wave linear conversion - the generation of the

SFHW from the SFHV - consider dynamical equation for the SFH of streamwise velocity per-

turbation:

^dfvx +(l + $& J vx = ^-const, (B.5)

where const is some constant of integration and R = A/kxCs. The first term in the left hand

side of Eq.(B.5) is responsible for the flow compressibility.

Complete solution of Eq.(B.5) is a sum of a general solution of the corresponding homoge-

neous equation (with const = 0) and the special solution of this inhomogeneous equation. Thus,

Eq.(B.5) describes two different types of perturbations:

- Acoustic waves (vx ), that is associated to the general solution of the corresponding homo-

geneous equation;

- Aperiodic vortices (vx ) that are driven by ky(t)/kxconst and are associated to the particular

solution of the equation. In the general case:

(B.6)

The linear dynamics of acoustic waves (vx ') at all shear parameters is studied in detail in

[22]. Clearly, being the solution of the homogeneous Eq.(B.5) (in case of const = 0), acoustic

waves retain their identity for any shear parameters, even though they aqcuire vortical features

at R > 0.2.

Evolution of aperiodic vortex perturbations is studied at low shear parameters (R <C 1) in

[12-21] and at the moderate shear parameters (R > 0.2) - in [34], where numerical calculations

are carried out for initially input the SFHV (without admixed SFHW vx(0) = vx
V\o)) that

satisfy the condition ky(0)/kx > 0. Results show that there are no traces of wave emergence

from vortices till R < 0.1. This phenomenon becomes noticeable at R = 0.2 and it is dominated

one in the shear flows dynamics even at R > 0.3.

Evolution of the SFH of disturbed quantities (vx, vx
V\ v x \ vy, d) and its normalized energy

(E/E(0)) at R = 0.4 are presented in Fig.B.3. It turns out that linear dynamics of vortex is
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followed by new phenomenon - it produces wave. As it is seen from Fig.B.3, evolving in the shear

flow, the SFHV (ky(0)/kx = 8) gaining the mean flow energy and amplifying remains aperiodic

nature till ky(t)/kx > 0. At the point in time t*, at which /cj,(£*) = 0, the SFHV abruptly gives

rise to the corresponding SFHW. (Abrupt character of the phenomenon is clearly seen from

Figs.B.3(a)-(c).) Further evolution of the SFHV and the SFHW in the region ky(0)/kx < 0

proceeds separately to each other. It should be emphasized that, namely the arised SFHW at

ky(t') = 0 define the FBW.

APPENDIX C

Here the derivation of the correlation functions of Sect.III. in detail is presented that is based

on Eqs.(3.5-7).

Introducing new variables kx, ky, kz,i as

kx = kx; ky = ~ky- Akxi = ky{i)\ kz = kz\ t = i; (C.la)

l-AkJL-±. J---L + A;JL. JL = A . A - A lrm
dt xdky or dkx dkx d'ky dkv dky' dk2 dkz

:

one can rewrite the basic equations as follows:

kxux{k(t),i) + ky(i)uy(k{i),t) + kzuz{k(i),t) = 0, (C.2a)

^-«x(k(<), i) + Auy(k(i), I) = -±~kxp{k(i), I) + Fx(k(t), 0; (C.2b)

^uy(k(t),i) = --ky(t)p(k(t),i) + Fy(k(t)J.); (C.2c)
at po

^ f , t) = - - ^ p ( k ( 0 , i) + Fz(k(t), t). (C.2d)
poot p

Here
r u ( k ( t ) , t ) ) ( u ( k ( t ) , t ) ) f \ }

{ p_(k(t),t) } = { p(k(t),i) S e x p l u k 2 ( t ) d t \ , (C.3)
iF(k(f),t) J I F(k(i),i) ) [i J

are the notations introduced in Eqs.(C.2a-d). Hereafter, we turn back to the old variables. It

should be emphasized that the intermediate transformations (see Eqs.(C.la,b)) make it possible

to solve the problem.

Evaluating Eqs.(C.2a-d) gives the following results:

f^*! (k (O,*) Aki*2{Ht),t)+kMk{t),t) , {CAa)
k2{t) J

uy(k(i),t) = ^ l -^ r^k^ . i ) , (CAb)
K (t)

) +A~kxkt*2(k(i),i) +kxV3(k(i),i)} , (CAC)
J
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p(k(i),i) =

where

y—r f - 2A~kxuy(k(i), t) + kxFx(k(t), t) + ~kyFy(k(i), i) + kzFz(k(i), t)) , (CAd)
k2{t) V /

|, (C.5a)

—oo - o o

(C.5b)

{C.bc)

{C.bd)

Returning to the variables kx,ky,kz (see Eq.(C.la)) and introducing notations

ky{t') =ky~ kXA(t' ~t) = ky{t' ~ t) , k(t' ~t) = {kX,ky(t' ~ t),kZ),

k2 = k l + k2
y + k l k2(t' - t ) = k l + k2

y(t' - t ) + k l

Eqs.(C.4a-d) get the following form:

(C.6)

where

p(k, t) = -j±\- 2Akxuy(k, t) + kxFx(k, t) + kyFy(k, t) + k2Fz(k, 0 I,

t ,

Vrik, t)= J dhUkl + kDFyikfa - t), tt)~
- 0 0 ^

xpf -vjdt*k2{t* - t)\,

(C.76)

(C.7c)

(C.7cf)

v 1 1 j ~~" C J - t),ti) +kzFz{k{h - t). (C.8a)

k2
z)Fy(k(t2-t),t2)-

-ky{t2-t) kxFx{k(t2 - t ) , t 2 ) + kzFz(k(t2 - t ) , t 2 )
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- t)M) ~ kxFz(k(tx - 0,*i) jexpi - v J' dt*k2{f - t) j . (C.8c)

One of the important step of the paper is the derivation of the formal solutions (C.7,8) of Eqs.

(3,5). It is worthy to emphasize in order to avoid the confusion that the new notation ky{t' — t) in

Eqs.(C.6a,b) means that t' — t is argument of ky no multiplication of ky and t' — t. In fact one have

ky(0) = ky and &2(0) = k2. Because of cumbersome character of the presented equations only

the derivation of the following correlation functions (uy(k',t')uy(k",t")) and (p(k',t')p(k", t"))

is presented here. The derivation of other correlation functions one can obtain by the same way.

So,

(uy

where

— oo - o o

k'ih ~ t'),U)Fy(k"(t2 ~

y t'),tX)FX{k"{t2 - t"),t2))-

-k'y'{t2 - ty^Fyik'iU - t'),t{)F2(k"(t2 - t"),

k'xk'y{U - t') ({k'? + K2)(Fx(k'(tl - t'), h)Fy{k"{t2 - t"), t2))

-k'X(t2 - «")<^x(k'(*i - t'),t{)Fx(k"(t2 - t"),

-k'y'(t2 - i ' X ' < ^ ( k ' ( i , - t'), h)Fz{k"{t2 - t"),

-k'y{h - t')k'z ({k1? + k'?)(Fz{k!{h - t'),tx)Fy(k"(t2 - t"),t2))~

-k'^(t2-t")(F,(k'(tl-t'),tl)Fx{k"(t2-t"),t2))-

-k"(t2 - t")K{Fz{k'{h - t% t,)Fz(k"(t2 - t"), t2))) \ x

F r o m Eq . (3 .6 ) o n e c a n w r i t e t h e c o r r e l a t i o n func t ions for F ; ( k ( £ — t'),t):

t' t"

l -v f dt*k2{t* -tUexpl -v J dt*k2{t* - t ) \ . (CIO)

f { ^ ( ^ 1 o ^ i ) ^ ( ( 2 n
Po

(Cll)
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Use of statistical properties of the spontaneous strain tensor (Eqs.(3.7a,b)) gives the following

equations:

(Fx(k'(ti - t'),h)Fx(k"(t2 - t"),t2)) = i f c ; ' ( S l I ( k ' ( ( , - t'),«i)azx(k"(<2 - t"),t2)) +

+*;,(*! - t')k'y'(t2 - i")<5x!,(k'(il - t% <l)5Iy(k"(i2 - t"),t2)} +

+k'X(sXz(k'(ti -t!)tti)sxt(k"(t2 -t"),k'l,t2))\ (C.12a)

{Fy{k'(h-t')M)Fy{k"{t2-t"),t2)) =

(k"(<2 - t"),t2)} +

"(<2 - t"),K,t2))V (C.126)

'(h -t')>ti)stt(k"(t2 -t"),k^t2))\ (C.12c)

^U'xk^(t2-t")(sxx(k\h

+k{/(t1-t
l)kx(sxy(k!(tl-t%t1)syx(k

l\t2-t'%t2))\ (C.Ud)

{Fx(k'{h - t'),ti)Fz(k"(t2-t"),t2)) = -^[kxk'z'(sxx(k'(ti-t'),ti)szt(k"(t2 - t"),h)) +

(C.12e)

<."{t2-t"),t2)) = -^[kyiU -t')k'z{syy{k'{ti - t'),ti)szz{k"{t2 - t"),t2)) +

+k'zk'y'(t2 - t'^isyzik'iU - t'),h)szy{k"{t2 - t " ) , k'i, t2))] . (C.12/)

As it is seen from Eqs.(C.12.a-f) the correlation functions {Fl{k'(ti-t'),ti)Fj(k"{t2-t"),t2)) are

eventually reduced to the linear function of (sij(k'(ti -t'), t\)ski{k"{t2-t"), t2)). So, Eqs.(3.7a,b)

gives:

(sxx{V.'{h~tl),tl)sxx{k"(t2-t"),t2)) = (syy(k'(tl-t'),tl)syy(k"(t2-t"),t2)) =

= -TpQv5{k" - k'(t" - t'))5{t2 - h), (C.13a)
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(sxy(k'(tl-t')1tl)sxy(k"(t2-t"),t2)) = (sxz(k!(tl-t'Ul)sxz(k"(t2-t"),t2)) =

= (syz{k'{ti -t'),tl)syz(k"(t2 -t"),t2)) = 2Tp0v8{k" -k'{t" - t'))8(t2 - < i ) , (C.136)

(sxx{k'(ti — t'), t\)syy{k"(t2 — t"), t2)) = (sxx(k'(ti — t'), ti)szz(k"(t2 — t"), t2)) =

Consequently, after some mathematics we have:

(u (k1 t')u fk" t")) = —— I z C\ (k! t' t")S(k" — k'(t" — t')) (C 14)

where:

<!,t',t")= [ dtik"{ti-t')G(k',t',t"ytl), (C.15o)

xcxpl -v{t" - Ukg + k'yk'yih - t") + *«(«! - <" (C.156)

As for the pressure correlation function, from Eq.(C.7d) one have the following equation:

(C.1C)

where

(C.Ua)

M2(k',k",t',t") = -2Ak'x[kl
y
l{uy{k',t')Fy{k'\

+kl{uy{k\t')Fx{k",t"))\ -2Akl [kl
y

+kx(Fx{k\t')uy[k"X))),

and evaluating Eqs.(C.17a,b) gives

„ , , _ 8 vT ,2 ,

3 po

So. at last one can get:

(C.I 76)

." - k')6{t" - t'), M2{k', k", t', t") = 0. (C.18)

- 0
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FIGURE CAPTIONS

Fig.l Plot of IOQ(EK) for the 2D fluctuation background in the plane KxOKy at Kx >

Kx,min = 0.006. (lgEK)peak = 3.04.

Fig.2 Plot of log(EK) for the 2D fluctuation background in the plane KxOKy at Kx >

Kx,min = 0.06. (lgEK)peak = 1.69.

Fig.3 Equicontours log(Ex) (for the 2D fluctuation background) in the plane KxOKy at

Kx > KXtTnin = 0.06. Maximum E-^<peak = 48.98 is reached in the vicinity of Ky = 0.

Fig.4 Qualitative figure of different domains in the K-space. The subspace X>K is limited

externally by the condition K = kjkv < 1. The spatial Fourier harmonics of fluctuations are

strongly subjected by the velocity shear (by the open character of the system) at the wave

numbers located in Vfc; The stochastic and dissipative forces are dominant outside T>K', The

fluctuation background of the domain %K (that is close to X>K and dashed horisontally) serves

as the "initial material" for the formation of the background in T>K_.

Fig.5 Solid line corresponds to the sectional view of surface presented in Fig. 2, at Kx =

0,006 (but not for logarithmic function). Dashed line illustrates the /^-dependence of the 3D

fluctuation background (En) at Kx,min — 0,006 and Kz — 0.02.

Fig.6 Plot of log{Eyi) for the 3D fluctuation background in the plane KxOKy at Kx >

Kx,min = 0.06 and Kz = 0.09. (lgEK)peak = 1.92.

Fig.7 Equicontours log(Eji.) (for the 3D fluctuation background) in the plane KxOKy at

Kx > Kx,min = 0.06 and Kz = 0.09. Maximum value log(E-yi) = 1.92 is reached in the vicinity

of Ky = —0.19, i.e. significantly displaced in the region Ky < 0.

Fig.8 Plot of log(EK) for the 3D fluctuation background in the plane KyOKz at Kx >

Kx,min — 0.006. Maximum value [lg{E-n))peak — 3.56 is reached at the parameters Ky — -0.07

and Kz = 0.02.

Fig.9 Plot of log(EK) for the 3D fluctuation background in the plane KxOKy at Kx >

I<x,min = 0-006 and Kz - 0.006. (lgEK)peak = 3.2.

Fig.10 Plot of log{E-i<i) for 3D fluctuation background in the plane KxOKy at Kx > Kx,min =

0.006 and Kz = 0.02. (lgEK)peak = 3.56.

Fig.ll Plot of L(K) for the 3D fluctuation background in the plane KxOKy at Kx >

Kx,min = 0.06 and Kz = 0. (L(K))peak = 2.1 • 104.

Fig. 12 Plot of L(K) for 3D fluctuation background in the plane KxOKy at Kx > Kx<min =

0.06 and Kz = 0.09. {L{K))peak = 5.7 • 102.

Fig.13 Plot of log{\ + L(K)) for the 3D fluctuation background in the plane KxOKy at

Kx > Kx>min = 0.06 and Kz = 0.09. {lg{\ + L(K)))peak = 2.7.

Fig.B.l Evolutions of normalized energy (on the initial value) of 2D and 3D SFHV. Solid line

corresponds to the 2D SFH (with parameters: ky(0)/kx = 30; kz = 0). Thick line corresponds

to the 3D SFH (with parameters: ky{0)/kx = 30; kz/kx = 1; vz(0)/vy(0) = -20) .
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Fig.B.2 Temporal evolution of normalized energy of the 3D SFHW with parameters: ky/kx =

10; kz/kx = 1; /? = 0.1.

Fig.B.3 Evolution of the SFH of disturbed quantities (vx, vx , vx , vy and d) and it's

normalized energy (E/E(0)) at R=0.4. Initial values of perturbations correspond to the "pure"

SFHV (without admixed SFHW vx
W) = 0) with wave-numbers ky{0)/kx = 8. The SFHV

abruptly gives rise to the corresponding SFHW at r = 20.
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Fig. 4
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Fig. 6
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