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Abstract

We analyze the general solution of the Wess-Zumino consistency condition in abelian

lattice gauge theories, without taking the classical continuum limit. We find that, if the

anomaly density is a local pseudo-scalar field on the lattice, the non-trivial anomaly is

always proportional to the anomaly coefficient in the continuum theory. The possible

extension of this result to non-abelian theories is briefly discussed.
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When the anomaly cancellation condition is fulfilled, a gauge theory containing Weyl

fermions is consistent to all orders of the perturbative theory. Whether this is true even

non-perturbatively has not been fully answered, however. The main difficulty is due to our

ignorance about the structure of gauge anomalies defined in a theory with a finite ultraviolet

cutoff.

Recently, Liischer gave a remarkable existence proof of a gauge invariant lattice formu-

lation of anomaly-free abelian chiral gauge theories [1]. Knowledge of the general structure

of axial anomalies in abelian lattice gauge theories with a finite spacing [2] was crucial for

this proof. In ref. [2], gauge invariant topological (pseudo-scalar) fields on an infinite lattice,

which depend locally on the abelian gauge field, are studied. By working with the Poincare

lemma on an infinite lattice [2], it was shown that such a topological field is in general given

by a quadratic (for a 4-dimensional lattice) form of the abelian field strength, plus a total

divergence term of a gauge invariant local current. This theorem was generalized for arbi-

trary dimensions by utilizing the non-commutative differential calculus [3] and the double

complex [4]. The axial anomaly in lattice gauge theory acquires such a topological prop-

erty [5,6] when the Ginsparg-Wilson (GW) Dirac operator [7,8,9] is used. The locality of the

axial anomaly is also satisfied [10] at least for the Neuberger overlap Dirac operator [9].

When the chirality of the Weyl fermion is defined with respect to the GW chiral ma-

trix [11,12,13], the covariant gauge anomaly is given by the topological field (i.e., the axial

anomaly) multiplied by the gauge representation matrix of the Weyl fermion. In abelian

gauge theories, the consistent gauge anomaly is also given by a topological field multiplied

by the {7(1) charge, and the effect of the total divergence term in the topological field can

be removed by a local counterterm. (For explanation on these points, see refs. [1,14].) As

consequence, we have the same anomaly cancellation condition as that of the continuum

theory, even for a finite lattice spacing. This implies that anomaly-free abelian chiral gauge

theories can be formulated on the lattice while keeping the exact gauge symmetry, at least

when lattice volume is infinite. The analysis in ref. [1] generalizes these considerations to a

finite volume lattice.

In this letter, we study this problem of gauge anomalies on the lattice from a somewhat

different viewpoint. Namely, we analyze the general ghost number one solution of the Wess-

Zumino (WZ) consistency condition [15] in lattice gauge theories. The WZ condition is

consistency which follows from the very definition of the gauge anomaly and, even in non-

perturbative frameworks, it strongly constrains the possible structure of the anomaly. In

fact, the general solution of the WZ condition, including the general form of the gauge

anomaly, has been known in the continuum theory [16,17]. We generalize this strategy to

lattice gauge theories.

It has been however difficult to find the general solution of the WZ condition in lattice



gauge theories, because one needs cohomological information in lattice gauge theories. These

information now become available [2,3] at least for abelian theories on an infinite lattice. We

can thus utilize them. In this way, details of the fermion sector become largely irrelevant. For

example, we do not assume the GW relation. Only by assuming that the anomaly density is

a local pseudo-scalar field, we will find that the non-trivial anomaly is always proportional to

the anomaly coefficient in the continuum theory. Namely, all possible breakings of the gauge

symmetry can be removed by local counterterms on the lattice, if the anomaly cancellation

condition in the continuum theory is fulfilled.

This approach also sheds some light on the situation in more difficult non-abelian cases,

as we will discuss in the final part of this letter. For the approach to non-abelian theories from

viewpoint of the topological field, see ref. [18]. Perturbative calculation of gauge anomalies

on the lattice, including discussions on the WZ condition in the classical continuum limit,

can be found in refs. [19,20]. In this letter, we consider only even D — In dimensional infinite

lattice, although a similar analysis can be performed for an odd-dimensional lattice.

In lattice gauge theories, link variables are transformed under the gauge transformation

as [G is the gauge group)

U(s,/j,)^g{s)-1U(s,iJ,)g(s + Jl), g(s), g{s +/2) e G, (1)

where U(s, fi) G G is the link variable on the link that connects lattice sites s and s + ji,

here ju stands for the unit vector in direction //. By parameterizing the gauge transforma-

tion as g = exp(Ac) with the infinitesimal Grassmann parameter A and the Faddeev-Popov

ghost c, the BRS transformation is defined by SBU(S, JJL) = U(s, n)c{s + ju) — c(s)U(s, /i) and

SBc{s) = -c(s)2.

The gauge anomaly A is defined as the ghost number one non-trivial solution of the WZ

condition [21]

SBA = 0. (2)

Because of the nilpotency 5B = 0, any functional of the form A = 5BB is a solution of

eq. (2). In particular, when the functional B is given by a sum of local fields (we will shortly

explain the meaning of locality), the solution is called trivial, because such a breaking of the

gauge symmetry can be removed by adding a local counterterm to the effective Lagrangian.

We are thus interested in solutions of eq. (2) which cannot be written as A = 8B ̂ 2S b(s) by

using a certain local field b(s).

In the most part of this letter, we assume that the gauge group is abelian, G = U(l) x

• • • x U(l). Each U{\) factor is labeled by i, j , etc. We introduce the abelian gauge potential



by

i i
li(s). (3)

From this definition alone, the gauge potential is determined only up to integer multiples of

2TH. We assume that the link variable and the gauge potential are uniquely and smoothly

related by a certain way. The following discussions are independent of how this relation

is made. It is however clear that an arbitrary function of link variables can be uniquely

expressed by gauge potentials. Wrhen the gauge group is abelian, the BRS transformation

becomes

^(s) = A^is), 5Bc\s) = 0, (4)

where A^ stands for the forward nearest-neighbor difference operator, defined by Aflf(s) =

f(s + fi)-f(s).

To determine the general form of anomalies from eq. (2), we require the following proper-

ties on A. Namely, when written as A — J^g a(s), we require that: (I) The field a(s) behaves

as a pseudo-scalar quantity under the lattice symmetries. (II) The field a(s) is a local field

on the lattice. Here "local" means the following. The field a(s) may depend on the gauge

and the ghost fields at a distant site s' on the lattice. If these dependences decrease at least

exponentially as \s — s'\ —» oo, we say that a(s) is a local field. This locality property is

necessary to use the Poincare lemma [2] in the following argument. We also assume that

a(s) smoothly depends on the gauge potential A1^, but this requirement will not be explicitly

mentioned in what follows. Finally, we can demand the following trivial requirement on the

anomaly that: (III) A = 0 for cl{s) — const. This is because the gauge field has no variation

at all when cl(s) — const, (see eq. (4)) so the anomaly must vanish in this case. As we will

see in the following, these requirements completely determine the structure of non-trivial

abelian gauge anomalies from eq. (2).

Now, eq. (2) must hold for arbitrary configurations of the gauge and the ghost fields.

Hence the variation of eq. (2) under any (local) variation 5 must also vanish. This fact yields

variational equations for A. Since SB^A1^ = A^Sc1 and SBSC1 = 0, we have

5 B ^ = X , SA^B^T-— - dc\s) ISB^JT-, + ̂ ^ 7 1 7 ^ = °' (5)

where A* stands for the backward nearest-neighbor difference operator, A*f(s) — f(s) —

f(s — ju). The coefficient of 5Al^(s), SsdA/dA^s) is a local field from the requirement (II)

above and the condition 8BdA/dAl.t(s) = 0 can be solved by the abelian BRS cohomology

on the infinite lattice [3]. Since the ghost number of dA/dA1^ is unity, the lemma in ref. [3]



asserts that there exist local fields f2jf (s) and Y*(s) such that

s ) ) (6)

where ^ is a gauge invariant field, i.e., invariant under A1^ -> A1^ + A^A\ Although the

case with a single U{1) factor was treated in ref. [3], it is easy to generalize the lemma

to multi U{\) cases. In fact, the choice of gauge invariant variables in ref. [3] violates the

covariance under hypercubic rotations and reflections. However we may recover this by taking

average over different labelings of coordinate axes. We assume this has been done. Then

the local fields Q)? and Y? respectively inherit the transformation properties of dA/dA1.

Namely, from the requirement (I) made above, £t]j and Y^ respectively transform as a axial

vector quantity.

Using the solution (6), the vanishing condition of the coefficient of Scl in eq. (5) yields

where use of the relation c^(s) = c^(s — fl)+ 5BA3^(S — ft) has been made. Note that the left

hand side of this equation is proportional to the differences of the ghost fields. By considering

the limit c?(s) —> const., we therefore have from eq. (7),

A;fijf(*) = O, (8)

because Qjf does not contain the ghost field (its ghost number is zero). Then the solution

of eq. (7) is again given by the abelian BRS cohomology [3] for a ghost number zero case,

dA
A;Y;() Aft ?)<$(*) + xl(*), (9)

where Xl(s) is a gauge invariant pseudo-scalar local field.

The functional A can be reconstructed from its variations (6) and (9) in the following

way. We define At by rescaling variables in A as A1^ —» tA1^ and cl —>• tcl. Noting that

•4Q = 0 because A must contain one ghost field, we have



By substituting eqs. (6) and (9) into this expression, we obtain

(11)

where following abbreviations have been introduced

l

Xl(s) = JdtXl(s)t, njf (s) = J dttn$(s)t, Y*(s) = fdtY*(s)t. (12)
0 0 0

It is clear that all these are gauge invariant local fields. From eq. (8), the field Q]j is

divergence-free

Eq. (11) shows that the freedom of V? is always absorbed into a BRS trivial piece. In what

follows we use the symbol ~ to indicate the equivalence relation modulo such BRS trivial

pieces.

It is convenient to decompose Qjf into the symmetric and the antisymmetric parts on

i f-> j , Q^ = Q}t +n|I . Then it is easy to see that the symmetric part does not contribute

to the non-trivial part, because

1
= — 8 Q y Al

jx(s)Aj1(s)£lfl (s), (14)z
s s

where use of the divergence-free condition (13) has been made. Therefore, up to trivialities,

we have

(15)

When there is only one [/(I) factor, the second term of eq. (15) does not exist due to the

antisymmetrization. A little bit more work is needed when there are several U(l) factors.

We recall that the gauge invariant axial vector local field Q^'(s) is divergence-free, eq. (13).

For such a field, the abelian covariant Poincare lemma [3] asserts that there always exists

In fact, the proof of the Poincare lemma [2] and consequently the proof of the algebraic Poincare
lemma [3] violate the covariance under hypercubic rotations and reflections. However we may recover
this by taking average over different labelings of coordinate axes. We assume this has been done.
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a gauge invariant local field k\lJK (s) such that

^ 1 ^ ) , (16)

when the dimension of the lattice is even. Then it is easy to verify that

where the abelian field strength has been introduced by

F^s) = ^Al(s) - AvAi(s). (18)

Eq. (17) shows that, up to trivialities, the second term of eq. (15) has the structure

^2S cl(s)Zl(s), here Zl(s) is a gauge invariant local field. Namely, the second term of eq. (15)

can be absorbed into the first term of eq. (15).

Incidentally, a quick way to find the relation (17) is to use the technique of the non-

commutative differential calculus (NCDC) [3]. We introduce the dual of Jlj, and multiply

the volume form d2nx to the left hand side of eq. (17). Then by noting the non-commutativity

it is easy to find the right hand side, because the Leibniz rule of the exterior derivative holds

in the context of NCDC [3].

Therefore, we found that

where Xl(s) is a gauge invariant pseudo-scalar local field. This result is quite analogous to

the well-known fact in the continuum abelian theory.

Let us now impose the requirement (III) to eq. (19). This yields

(5) = o- (2°)

The algebraic Poincare lemma of ref. [3] asserts that such a local field Xl(s) is always given by

the total divergence of a certain local vector field. Moreover, the abelian covariant Poincare



lemma [3] asserts that a gauge invariant pseudo-scalar field Xl(s), which is given by the total

divergence, has the structure

X\s) = l ^ - ^ e ^ - ^ F ^ i s ) • ••Fll^s + ft + Pi + .. • + £„_! + un-.{)

where Y^'"Jn are constants and kl^(s) is a gauge invariant local field. Although the abelian

covariant Poincare of ref. [3] is for a single U(l) factor, the extension of the proof is easy.

However, since

we finally conclude that

(23)

This expression is BRS non-trivial, because in the classical continuum limit it reduces to the

abelian gauge anomaly in the continuum theory, that is BRS non-trivial. Put different way,

if eq. (23) was trivial there must exist a functional B = Yls K
s) a n d the classical continuum

limit of the local field b(s) would counter the gauge anomaly in the continuum theory, that is

impossible. Recalling that we absorbed the U(l) coupling constants into the gauge potential

and the ghost field, this shows that the non-trivial anomaly is proportional to the anomaly

coefficient in the continuum theory, i.e., a product of (n + 1) U(l) charges. This is the main

result of this letter.

In the remaining part of this letter, we briefly discuss the possible extension of the above

result to non-abelian theories. If we parameterize the link variable U(S,/J>) = exp A^s) as

eq. (3), the BRS transformation in non-abelian theories is given by

SBA^(s) = -Ali(s)A\coth-All{s)AAfltc{s) + c{s)+c(s + Jl)\,

2 L 2 J (24)
) = ~c{s)2,

where X A Y = [X,Y], X2 A Y = [X, [X,Y]], etc. and 1 A Y = Y is understood. Writing

as Ap = Al
flT

l and c = clT\ where Tl is the representation matrix of the gauge group,

* When gauge field configurations satisfy the "admissibility" [2], sups ^^ | In Pl(s,ii, u)\ < e with 0 < e <
7r/3, where Pt(s,fj,,f) = Ul(s,^)Ul{s + p.. u)Ul{s + ?, fi)~lU'(s, v)~l is the plaquette variable, there
exists a special class of choices of the gauge potential in eq. (3) such that In Pl(s,n, v) = Fl

fll/{s). All
the gauge potentials belonging to this class are gauge equivalent, thus gauge invariant quantities, like
the right hand side of this expression, are independent of the choice within this class [2].



the BRS transformation (24) in the linearized level has the same form as eq. (4), because

xcothx = 1 + O(x2). Therefore, we have already solved the linearized WZ condition in

non-abelian theories. It is however difficult to extend eq. (23) directly to the full non-

abelian solution because eq. (23) has no obvious non-abelian analogue, as eq. (24) indicates.

Nevertheless, we may proceed as follows.

We note that the following relation holds for abelian theories

f ^x^"'"^'^---^^^) • ••*£"£>). (25)A Y
S h{s)

This expression requires some explanation. First, h(s) is the hypercube that originates from

the site s and the integration is performed inside the hypercube h(s). The abelian field

strength F^x) in the integrand is defined by

*%,(*) = diX(x) - duT^x), (26)

where d^ simply stands for the usual derivative, and not difference. The gauge poten-

tial A^x) in this expression is defined by a certain smooth interpolation of the lattice gauge

fields t/ l(s,/i). The detail of the interpolation is not important here, but the interpolation

must possess the "gauge covariance". Namely, we require that the interpolation provides

also an interpolated gauge transformation parameter A (x) from the lattice gauge transfor-

mation (1) and the interpolated gauge potential has the same gauge transformation law

as in the continuum theory, A» —> A + d^X , with this parameter. In fact, at least for

2- and 4-dimensional lattices, there exist several interpolation methods which possess this

property [22,23]. The ghost field <?(x) is defined in the same way as the interpolated gauge

parameter A (x). Then the BRS transformation for the interpolated fields has the same form

as that of the continuum theory.

Assuming the gauge covariance of the interpolation, each term in the right hand side of

eq. (25),

/

h(s)

satisfies the WZ condition (2). This is obvious by writing Yls fh(s)d2Ux — J d2nx and

noting that the integrand in eq. (27) has the same form as the abelian gauge anomaly in

the continuum theory. Eq. (27) is a non-trivial solution because its classical continuum

f The characteristic feature of these interpolation methods is that the interpolation is not defined for
exceptional configurations [24]. Here we assume that the gauge field configurations are non-exceptional.



limit reduces to the abelian gauge anomaly in the continuum theory, that is non-trivial.

The completeness, i.e., any non-trivial solution can be expressed by a linear combination

of A11 '"ln+l as eq. (25) follows from eq. (23). Namely, since Alv"w+1 is a non-trivial solution

of the WZ condition, it can be expanded as eq. (23) up to trivialities. However the numbers

of independent terms of the form ]TS cnF12 • • • Fln+1 in eq. (23) and of A.11""1"*1 are the

same. Thus we can conversely express each J23 c
llFl2 • • • Fln+1 in terms of AH""ln+i (up

to trivialities). If we substitute these expressions into eq. (23), we obtain eq. (25). This

argument also shows robustness of the structure (25) under a change of the interpolation

method.

Eq. (25) has the simple non-abelian extension

A ~ 7 E / ^ U (x)tiF(x)n* • • • trF(x)n", (28)
S h(s)

where 7 is a constant and Ylm=i nm = n- The non-abelian field strength 2-form F(x) has

been defined as F(x) = dA(x) + A(x)2 by using the interpolated non-abelian gauge potential

1-form A{x) = A^L(x)dxtl. The 2n-form uj\n{x) is defined by

1

ld\n{x) = n(n + 1) f dt{l-t)strc(x)d[A{x)'Ft(x)n~1}, (29)

0

C\

where str stands for the symmetrized trace [25,26,27] and Ft = tdA + t2A . Thus eq. (28)

has the same form as the non-abelian gauge anomaly in the continuum theory [25,26,27], in

which the gauge potential and the ghost field are replaced by the interpolated fields on the

lattice. From the gauge covariance hypothesis of the interpolation, the BRS transformation

has the same form as that of the continuum theory

SBA^X) = d^x) + [\(x),c(x)}, 5Bc(x) = -c(x)2, (30)

and eq. (28) is a solution of the WZ condition on the lattice (2). This is a non-trivial solution

because its classical continuum limit is non-trivial. It might be interesting to construct the

Wess-Zumino-Witten action [15,28] on the lattice by starting with eq. (28).

If all possible non-trivial solutions are given by eq. (28), the anomaly cancellation condi-

tion on the lattice completely coincides witli that of the continuum theory. (The interpolated

gauge potential is Lie algebra valued.) This claim is consistent with the results of refs. [18,29].

In the linearized level, eq. (28) reduces to eq. (25) which enumerates all the non-trivial solu-

tions of the linearized WZ condition. (In this case, Y^"l"+1' is invariant under adjoint action
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of the gauge group.) Therefore, starting with the linearized WZ condition, it is presumably

possible to show the above claim at least to all orders of powers of the interpolated fields.

We hope to come back this problem in the near future.

Final remarks: It is easy to construct gauge invariant topological fields on the lattice in

the same spirit as above. For example,

h(s)

on the four dimensional lattice provides an example of the topological field which satisfies

^2S Sq(s) = 0. When the interpolation of ref. [22] is used, the sum of the topological field q(s),

Q = Yli(s)i *S nothing but the Liischer topological charge [24]. This trick of interpolated

fields might be useful to investigate the topological fields on the lattice [18]. In this letter,

we adopted a "fixed dimensional" viewpoint. It might turn to be important to investigate

gauge anomalies from the higher dimensional lattice point of view. Studies along this line

have been pursued in refs. [18,30,31].
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