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1. Introduction. Definitions
At the origin of theneutron scattering technique there is the interaction of thermal

neutrons~with the nuclei of atoms. In SANS experiments, as in other dillraction~studies, one

nieasureslhe scattered intensity, U$fy , as a function of the direction of scattering. In general,
the elastic scattering is dominant and the entire interaction is described in terms of a single

parameter: the vector Q corresponding to the momentum conservation: Q = kx-k2 , where &,

and k2 are the wave vectors of incident and scattered neutrons, respectively. For isotropic

samples I(Q) =I(Q). By definition, elastic scattering implies ki=k2, yielding Q=(4?i/A)sin 0/2,
where 9 is the scattering angle. For SANS, the following approximations are used: Q=
(2TI/X)6OX Q- (2TL/XD)R, where D is the distance sample-detector and R (typically between 3
and 50 cm) is the distance between the point of impact of the transmitted beam and a cell of
the multidetector. Useful relations between momentum k, velocity v, wavelength A, and
energy E axe:k=2n/A, v=(h/m)(l/X), E/meV=81.81/ (A2/A2).

Note that experimentally, most of the time, one intends to measure S(Q) = S(Q, co)dco , where co

relates to the energy exchange. In practice, one measures the integral along the dispersion curve of neutrons at
fixed angle 6, which contains an end point on the energy loss side. To assume that elastic scattering is dominant

corresponds to assume that S(Q) = S(Q,0), i.e. that the ensemble average of the structure S(Q) coincides

with the average over infinite time, S(Q,0) . At small angles, this assumption is not bad, because most of the
inelastic effects correspond to diffusion processes for which the change of energy is proportional to Q2. The only
exception can be the case of systems containing relatively large amounts of hydrogen. The very large incoherent
cross section of the proton may produce large inelastic effects even at small values of Q. The combination with
multiple scattering can enhance such effects. The best known example is water.

I(Q) is the spatial Fourier transform of the function (p(o)p(r)), wherep(r)

represents the density of scattering length at point r . In a typical SANS experiment, the value
of Q is typically between 10"3 and 0.5 A"1, meaning that only correlations existing in a spatial
range extending typically from 10 to 5000 A will be detected. Depending on the selected
experimental Q range, the individual coherent scattering length, bi, of the different nuclei of
the sample can be replaced by a density of scattering length. For example, liquid heavy water
can be described by an uniform {Q independent) scattering length p, given by:
p=l.lNA/20(2bD+bo), where 1.1 g cm"3 is the density and 20 is the molecular weight of D2O,
NA is the Avogadro number and bp and bo the coherent scattering length of the hydrogen and
oxygen nuclei, respectively. For a given study, one normally selects a window in Q space
where the correlations to be observed are better observed. More than the absolute values, it is
important to think about the resolution with which the Q space is analysed.
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Two errors are frequently done in the choice of the window and in the preliminary analysis of the data.
The first is to take I(Q) as the Fourier transform of the density of the sample. Note that l(Q) is the Fourier
transform of a correlation function, not of the density of the sample. For example, the distance of 2.8 A between
water molecules cannot be observed in a SANS experiment, but a spherical crown with the same thickness and a
diameter of, say, 50 A will be perfectly detected. Another frequent mistake concerns the interpretation of an
isolated peak in I(Q) as a measurement of the distance between particles. This can be approximately true for
spherical particles, but it definitively wrong in other cases. Bragg relation applies only for crystalline samples.

For a simple liquid, such as water, benzene or mercury, the Q range of a SANS
experiment does not allow to observe the distances between atoms or between molecules. The
scattering is almost always independent of Q and only due to thermodynamic fluctuations:
I(Q)=l(0)=N2<b>2kBT%T + hnc, where N is the number of molecules, <b> is the average
coherent scattering length of each molecule and XT the isothermal compressibility. Iinc is the
incoherent intensity due to the incoherent cross section of each nucleus. This contribution is
important for samples containing hydrogen because the incoherent cross section of the proton
is very large: 80 barns.

Most of the SANS studies do not concern uniform samples. Instead, two or more
phases are in general clearly identified. Typical examples are colloidal particles in a
"solvent", polymers in solution, polymer blends, precipitates in metallic alloys, etc. In all
these cases, one tries to identify one or more contrasts between parts of the sample.

Contrast is an important concept in SANS. It refers to differences between scattering
length densities of parts of the sample. Such parts can be different molecules, different parts
of molecules, aggregates, etc. depending on the Q window and on the purpose of the study.
There is consequently some arbitrariness on the definition of contrast and, for a given sample,
different contrasts may be defined. In Chemical Physics, Organic Chemistry and
Biochemistry, one of the more important possibilities is the substitution of hydrogen by
deuterium. In first approximation, the thermodynamic properties are not modified but the fact
that the coherent scattering length of each isotope is very different (6a=0.667xl0"12 cm, and
&#=-0.374xl0~12 cm) makes possible several modulations of the contrast, as we will see
below.

Due to contrast, the scattered intensity of a complex system can be orders of
magnitude larger than the scattered intensity due to density fluctuations. In most experiments,
it is typically above 0.1 cm"1, a large value compared to that due to density fluctuations. For
example, the scattered intensity by water is equal to 0.007 cm"1. In some cases (porous
systems, for example), the intensity can reach 1000 cm"1.

Because most of the samples studied by SANS have a complex chemical composition, it is traditional to
present the data normalised by the scattering volume of the sample. Consequently, the "absolute units" are cm"1.
Instead, in most of wide-angle studies of the structure of molecular liquids, it is more frequent to divide the
scattered intensity by its*, value at infinite Q. Then, I(Q) is a number without dimensions. .In the preceding
example (liquid water), /f0.=O.OO71 cm"1 is identical to I(Q)=QM45.

2. Density and concentration fluctuations
Sometimes, simple liquids or mixtures of liquids show fluctuations of large amplitude.

This is the situation at the vicinity of the critical point of a simple liquid or at the vicinity of a
demixtion of two liquids. In the first case (simple liquid), density fluctuations increase
dramatically at the vicinity of the critical point where the isothermal compressibility diverges.
In the second case (two miscible liquids), concentration fluctuations are associated with the
divergence of an osmotic compressibility. It is worth noting that concentration fluctuations are
observed only if there is a difference (contrast) between the scattering length density of the
two liquids. Suppressing the contrast between the two liquids allows the observation of solely
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the density fluctuations. X-rays and neutron scattering (SAXS and SANS) are the ideal way
for measuring the correlation length, £ of such fluctuations. Actually, in both cases, the Q
dependence of the scattered intensity is given by the Ornstein-Zernike law:

The correlation length, £ of density fluctuations is very different of a long range order as measured by
the oscillations of the pair correlation function, g(r), of a liquid. The last extends to several A, meaning that
beyond such distance the probability to find a molecule at a given position is simply the liquid density, i.e. the
position is totally unknown. This remains true for a liquid near the critical point. The Ornstein-Zernike law
concerns the decay of the correlation function of density and assumes an exponential shape. At the vicinity of the
critical point, £ is very large (critical opalescence) and diverges at the critical point.

3. Form factor
One of the more important applications of SANS concerns the determination of shape

and size of small objects (colloids, precipitates, macromolecules, etc.). It is easy to
demonstrate that the intensity scattered by an ensemble of identical, uniform and non-
interacting objects {scatterers) embedded in a uniform medium is given by

where 0 is the concentration of scatterers and P(Q) contains the information about size and
shape of the object. P(Q) is the square of the form factor F(Q), given by the Fourier
transform:

^(0= l{p(r)-po)exp(iQ.r)dr
volumeoflhescatterer

where K = p(r)- p0 is the contrast (difference between the scattering length density of the

scatterer, p(r), and that of the embedding medium, po). If the scatterer is uniform, p(r)= p
and the scattered intensity reduces to

I(Q) = 0K2V2L(Q)
where L(Q) is the square of the Fourier transform of unity over the volume of the particle,
divided by its volume, a quantity dimensionless. Obviously, L(0) = \, showing that 1(0) can be
used to measure the volume of the scatterer, or its mass if the chemical composition is known.

For spherical particles of radius R, P(Q) is:

{QRf )
In the case of particles without spherical symmetry, their orientation relative to Q

must be taken into account in the evaluation of P(Q). If there is no preferential orientation, the
average form factor is obtained by averaging over all the orientations:

where fj. = cos a and a is the angle between an axis of the scatterer and Q.
Lists of form factors can be found in the literature. Many exact expressions imply the

evaluation of numerical integrals, which may yield long and tedious calculations in fitting
procedures, sometimes not justified by the quality of the data... It is more frequent to use
asymptotic expressions valid within some limits. For example, in the case of very thin disks of
radius R, P(Q) is given by:

2
P(Q) = K2V2 , „

. 2QR

where J\(x) is the first order Bessel function.
For long cylinders with length L, P(Q) is given by:

131



sin —-
/ / i()i. sin u i

= K2V2

QL
2

It is important to note that, in the first case the main dependence of 1(Q) at
small Q is in 1/Q2 and that, in the second case is in 1/Q. These results are very general: for
two dimensional objects there is a Q range where the scattered intensity varies in 1/Q* and
one dimensional scatterers yield 1(Q)~1/Q- Conversely, the observation of the general
dependence of I(Q) is often a useful indication when evaluating a shape from the scattered
intensity. Practically, such dependencies are tested graphically plotting log I vs. log Q, or
IfQJQ2 vs. Q, or I(Q)Q vs. Q, etc.

When each particle contains parts with different scattering length densities, P(Q) must
be evaluated from the square of the addition of the different form factors.

As an example, suppose two concentric spheres, the internal one with radius /?,, volume Vi=(4n/3)Ri
i

and scattering length density ph the external with radius R2, volume VT=(4x/3)R2
3 and scattering length density

p2 (on the spherical crown between Rt and R2). P(Q) will be given by:

P(Q) = {(A - A, iVrf(QR2) - VJ(QR{)]+ (A - p0 )VJ\QR, )}2

where p0 is the scattering length of the embedding medium and f(x)=(sin x-xcos x)/x~\

One of the most powerful applications of SANS is the study of systems containing
different subsets with different scattering length densities. Using isotope substitutions, namely
hydrogen/deuterium, it is very often possible to make identical the scattering length density of
different parts of the system. This is called contrast matching.

In the preceding example, make pi=p2 will give the radius R2 Making p2=po, will give the radius /?/.
And po=pi, will yield a good measurement of the spherical crown.

4. Guinier and Porod laws
For all shapes of scatterers, a general equation due to Guinier expresses the low limit

behaviour of the scattered intensity by an ensemble of monodisperse non-interacting
scatterers:

7(0 =
where Rg is the radius of gyration of each individual scatterer. An important feature of this
equation, is that the radius of gyration can be determined even if I(Q) is known only in
arbitrary units. Practically, the plot of log I(Q) vs. Q2 is linear at small values of Q (Q<l/Rg)
and the slope of the straight line gives Rg .

The Guinier approximation must be used only if all the conditions of applicability are fulfilled. The
system must be formed of monodisperse particles without interaction and the domain of Q must be large enough
to determine without ambiguity the eventual linear behaviour. When the system is moderately polydisperse the
equation may apply and one obtains a value of the average of/?/, which is different of the value of the average
of Rg or of 1/Rg, this last average often determined by Dynamic Light Scattering. A frequent mistake consists to
use the Guinier approximation in intermediate Q regions, i.e. to ignore I(Q) at very small values of Q. Very
rarely justified in Solid State, when the intensity scattered at very small Q is eventually due to dislocations or
surface defects, this practice should be avoided.

Another important and general result concerns the scattering at large values of Q,
dominated by the signal due to the interface between each, scatterer and the embedding
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medium. At the resolution of a SANS experiment, the interface appears as a discontinuity of
the scattering length density what yields the following general law due to Porod:

where E is the total area of the interface per unit volume of the sample. This equation allows
the determination of Z whatever is the nature of the particles, their shape and size, but needs
the calibration of the scattered intensity in absolute units. It is, for example, very useful in the
study of porous materials with known chemical composition. Actually, samples formed of
large grains show, very often, a scattered intensity varying with Q'4 in all the accessible Q
range.

A consequence of the two general behaviours (Guinier and Porod regions) is that sometimes, only from
the analysis of the two domains, an idea of the shape can be induced. This is because for a given radius of
gyration, the total area changes substantially when the shape goes from spherical to oblate ellipsoids, prolate
ellipsoids or long cylinders, for example.

5. Fractals
A generalisation o the Porod equation applies when the interface presents a roughness

at different length scales in a domain large enough to allow the application of the notion of
self-similarity. Such surfaces are called fractal and their scattered intensity is proportional to
Q-(6-DS)^ w n e r e Q j s t n e fractaj dimension of the interface. Ds is a number between 2 and 3
and, obviously, to the sharp interface refereed above corresponds to Ds=2. The meaning is
clear: if one writes, for a given value Qj, the equation:

SO| is the measure of the interface with a gauge 1/Qi. Larger values of Qi yield larger values
of the area of the interface similarly to experiments where the area is measured by adsorption
of molecules of different sizes.

The notion of fractal is very often used in the characterisation of complex systems.
Most of the time it corresponds to situations for which the scattered intensity shows a Q
dependence that follows a power law: I(Q)~Qa. Such behaviour is actually rather poor in
physical information, as it gives a maximum of two numbers: the constant and the exponent
a. Values of a between 3 and 4 correspond to a fractal surface, as we have seen; values of a
between 1 and 3 correspond to a fractal object of dimension a. Note that OFQ. corresponds to
the Ornstein-Zernike equation for critical scattering at large Q. Because the notion of self-
similarity necessarily breaks down beyond some length scale <£ a more general expression
applies at sufficiently small values of Q:

7 ( 0 =l + <nY>lQro) f
1+

6. Structure factor
When several particles are in presence, they interact at least because the volume

occupied by each of them is not accessible to the others (steric effect). The interaction can be
much more important when charges are present. Coulombic interaction decays in 1 /distance
and consequently the interaction between charged particles is important even in dilute
solutions. A system formed by several interacting particles in suspension in a solvent can be
seen as a liquid. Similarly to the liquid, the positions of the centres of mass of the particles is
determined by the interaction potential V(r), and the general theory of liquids applies.

133



In the case of an atomic liquid, scattering experiments determine the Fourier transform
of the pair correlation function g(r), which is related to the probability to find an atom at
point f, assuming another at the origin:

5 ( 0 = 1 + O \[g{r)- l]exp(i£.r )df

S(Q) is called the structure factor. In the case of isotropic systems, the preceding
expression simplifies into:

g(r), the pair correlation function, together with the potential V(f) are the more important
functions for describing the structural properties of disordered systems. The two are related
through the closure relations (Mean Spherical Approximation, Percus-Yevick, Hypernetted
Chain, etc.).

According to its definition, the coordination number or number of nearest neighbours,
z, is an important quantity that can be evaluated directly from g(r):

R

z = A71& \g{r)r2dr
0

where the limit R of the integral is taken at the first minimum of g(r).
It is easy to demonstrate that the scattered intensity, I(Q), depends only on the form

factor of the individual scatterers and on the structure factor S(Q). The general expression
implies the knowledge of all the form factors and of all the partials Sy(Q), where the indexes i
and j refer to each of the species present in the system. If only one species is present
(monodisperse system), the expression for I(Q) can be written as a product of two terms:

where F(Q) is the form factor of each scatterer and the bar means orientation average.

In the case of particles with spherical symmetry, F{Q) = F2(Q) yielding:

with P(Q) = F2(Q).

We see that the scattered intensity I(Q) simplifies to the product of P(Q) and S(Q) only in the case of
monodisperse systems formed by particles with spherical symmetry. It is worth noting also that I(Q) allows the
determination of the form factor of a particle only if S(Q) can be assumed equal to unity, which is the perfect gas
limit. Otherwise, for repulsive interactions (which includes steric effects), S(Q) decreases the intensity at small
values of Q, creating eventually a dip at g=0. This is the reason why the Guinier approximation must be used
with caution as it can give even negative values for RK

2\ However, if the particles are not charged, S(Q) is not
very different of unity for dilute systems. Also, in the case of precipitates in Solid State Physics, the interactions
can be ignored, in general. In the case of attractive interactions, 1(Q) can take large values at small Q, which can
be often interpreted as well in terms of aggregation or polydispersity.

In all cases, it subsists the problem of the separation of the form and structure factors
from a measurement of I(Q). There is no general rule. If the particles are not charged,
measurements of dilute samples or extrapolations to zero concentration may be a good
method to determine P(Q). At large values of Q, S(Q)^>1, and consequently, I(Q)—>P(Q),
meaning that the Porod region is less affected by interactions. Specific methods, using the
theory of liquids and the closure relations are used often to describe solutions of macroions
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and counterions. The method of Hayter and Penfold, for example, is widely used for the
analysis of the scattered intensity by solutions of charged micelles.

7. Polymers
SANS technique is probably the more suitable technique for the study of the structure

and dynamics of polymers. This is due to their chemical composition, normally rich in
hydrogen what opens many possibilities of labelling and a systematic use of contrast
variation. However, polymers form rarely centrosymetric objects, the interactions between
monomers of different chains is very often much larger than that between monomers of the
same chain, the interactions are important at very low concentrations and entanglement of
chains is a current situation. Specific theories have been developed for the study of polymers
by SANS.

From the theory of Flory for polymer solutions, it is known that the osmotic pressure,
FI, can be expanded in function of the volume fraction, c (virial expansion):

n (\ 2 3 ^

c \M ' ' )
where M is the molecular weight of the polymer. The extrapolation to Q=0 of the scattered
intensity is a way to determine the mass and the coefficients of the virial:

- 2 A c + ...

where br = — , and &,-, v, and w, are the coherent scattering lengths, the volumes and

masses of the monomers (index 1) and of the molecules of the solvent (index 0)
From this equation, one deduces that the excluded volume, v, is given by V-2A2*'

The interaction parameter, %, between the solvent and the polymer is ^=^7-v/v^/2, where vo is
the volume of one molecule of solvent. If the repulsions are large (good solvent), % <l/2; if
the attractions dominate (bad solvent), ,#> 1 /2.

The Zimm plot is a useful way of plotting series of data of solutions of polymers at
different concentrations. Normally, one plots c/I(Q) vs.^+Xc, where X is a constant. The data
should align in straight lines. Extrapolations to zero concentration, zero Q, and slopes give the
values of different structural quantities: molecular weight, radius of gyration, second virial
coefficient, excluded volume.

Other expressions currently used, when QRg<l, are:
a) Zimm approximation (linear polymers, rigid rods):

nN

b) Guinier approximation (compact objects):

c) Debye approximation:
J(Q) - 2 \Y 1
nN x~

where x=QRg. la these expressions, n is the number of polymers in the solution and iV is the
number of monomers of each polymer.
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8. Data treatment and technical aspects
Measured intensities depend on many technical aspects, such as the neutron source,

electronic noise and defects of the detector, collimation, etc.
The flux, <f>, of incident neutrons are scattered by a scattering volume At of the sample,

where A is the area of the surface of the sample perpendicular to the beam and t is the
thickness (typically 1 cm2 and 1 or 2 mm respectively). One important quantity is the
transmission, T. Attenuation of the incident neutron beam is measured by T=exp(-/M), where
ju is the total cross section per unit volume of the sample. The signal is proportional to tT,
hence maximum for t=l/ju, what corresponds to 7=0.368, but, except if the low transmission
is due to absorption, one prefers smaller thickness and values for the transmission above 0.7,
in order to avoid effects due to multiple scattering. The scattered intensity is normally
detected at a distance D (typically 1 to 10 m) from the sample. Normally, a 2 dimensional
multidetector with thousands of cells with a typical size of lxl cm2 performs the detection.
The solid angle, £2, that corresponds to a cell i, is equal to a/D2, where a, is the area of the cell
/. The measured intensity at each cell is given by:

where S\ is the efficiency of cell / and, as defined above, I(Q) is the scattered intensity per unit
volume of the sample. The average value of 0£jA can be determined by a direct measurement
of the incident beam.

If <j>£;A saturates the detector, an attenuator must be used. Its attenuation factor is easily determined from
the ratio of the scattered intensities by a sample measured with and without the attenuator.

The signal to be analysed is obtained after subtraction of some background and of the
incoherent contribution:

hkg(Q) can be the solvent, in the case of a solution or simply the direct beam in other cases. In
the case of the solvent, density fluctuations are, in principle, suppressed in this way and I(Q)
corresponds then to that of an incompressible sample.

Finally, because of the defects of the detector, which cause fluctuations of the
efficiencies £•„ it is necessary to normalise the data by dividing (preferably cell by cell) the
data by the signal of an incoherent sample (often, liquid water), supposed to have a signal
independent of Q.

All these treatments are normally standardised at different neutron facilities. Before to
finish, it is important to remind that there are two types of neutron sources, reactors and
spallation sources. For SANS, the last put some problems related to frame overlap and noise
that imply less good performances at very low values of Q, say for £><0.01 A'1. In reactors, it
is possible to approach or to reach 0=0.001 A"1, and the use of a chopper would allow better
signal to noise ratios. Because the study of a very large Q range is more and more interesting
in data analysis, it is possible that time-of-flight techniques will become more popular in
steady state reactors.

This short summary intended to give an idea of the possibilities of SANS, a technique
always developing and with applications in all domains of Condensed Matter Physics. For
researchers more interested in some particular aspects or to specific applications, excellent
review articles and a large literature, including courses, are easily available.
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