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Inelastic scattering using the Three-Axis Spectrometer technique
Roland CURRAT - ILL- Grenoble

1. Principle of the technique

The selection of k, (kf) is performed by Bragg scattering on a monochromator
(analyser) single-crystal.
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- Each configuration of the spectrometer corresponds to a well-defined point in
(Q,co) space.

- Conversely, any chosen point in (Q,co) space can be reached in an infinite
number of ways (subject to kinematical and geometrical conditions).

- Arbitrary scans in (Q,co) space, in particular constant-Q scans, can be
performed via a step-scanning procedure.
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- Well-suited to the study of collective excitations (phonons, magnons) in single
crystals.

r> Flexible but slow ^*

2. Kinematical equations and reciprocal space diagrams

Momentum-energy conservation equations:

k i - k r = Q = r ± q

h'ki" h'kf"

2Mn ~ 2Mn
hco

Reciprocal space diagrams:

\A

All configurations leading to the same (Q,co) point correspond to (k{rkf,Q) triangles
such that the common origin of k{ and k̂  lies on a line (A) perpendicular to Q. The
choice of k, and kf values will be dictated by intensity/resolution considerations
and/or by angular limitations.
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Example of constant-Q constant-^ scan:

Example of constant- Q constant-kf scan:

- Since the direction of k, is fixed in a frame tied to the sample table, the sample must
be reoriented at each data point ( ^ angle ip : rotation of rec. space around O). Each
positioning step involves the repositioning of 4 angular variables for a constant-Q
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scan: (0m, 26m, cp, \p or 8a, 26a, cp, ip) and only 2 (cp. op) for a constant-energy scan (cp =
(k,Jkf)). The use of a 4-circle Eulerian cradle allowing 3-D rec. space scans, is also in
principle possible (e.g.: D10 at ILL).

3. The TAS vs. TOF choice.

Conventional wisdom says that if one has a single-crystal sample one should
think TAS rather than TOF, the logic being that all one probably wants to get from the
experiment is a set of constant-Q cuts through (Q,(o) space, at a few "strategic"
(high-symmetry) points in rec. space. These cuts will give access directly to the
spectral response function from a selected set of collective excitations.

Constant-Q spectra can also be recovered from TOF data and for an isotropic
sample (liquid or amorphous) it is a straightforward and efficient procedure because
all data corresponding to the same (IQI,co) can be regrouped. The same applies to the
measurement of phonon density-of-states in poly crystalline samples, where the TOF
technique is also preferable.

For a single-crystal sample, on the other hand, the procedure of recovering
constant-Q scans from TOF data is much less efficient because now the direction of Q
is important and, in general, most of the collected data correspond to non-symmetry
directions which are often less interesting (and more difficult to relate to models).

Times are changing, however, and such a clear separation between TAS- and
TOF-type experiments can no longer be made solely on the basis of the nature of the
sample. For example, low-Q dynamical studies on liquid and amorphous systems ("fast
sound" studies) are often carried out on hot-source or thermal TAS instruments (and
often using X-rays !). Conversely, TOF spallation source instruments such as MARI or
HET at ISIS, have produced very valuable results on single-crystal specimens,
particularly at high energy transfers or for low-dimensional magnetic systems.

The main advantage of the TOF technique is its ability to collect simultaneously
information corresponding to a large number of Q (multidetector) and co
(multichannel) values . The price to pay is the lower incident average flux and the fact
that the information recorded in the various pixels and time-channels is not of equal
value.

The positive points of the TAS technique are the possibility of a high incident
flux (see chart below) and the flexibility /selectivity of the measurement technique.

113



TAS vs. TOF comparison of average monochromatic flux figures on sample :

Instrument
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Fig. 3.1.: Flux and incident
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-> TOF is more efficient whenever one needs to explore large sections of(Q,<x>)
space, e.g. when:

- one does not know where the interesting physics lies ("^ overview)

- one knows that the interesting physics is diffuse
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•^ TAS is more efficient whenever:

- one knows what one wants to measure and where to find it

- one knows that it is well localised in (Q,co) space

{Caveat: sometimes one thinks one knows...)

4. What determines the detector count-rate ?

Using B. Dorner's notations, the intensity in the detector, for a given
spectrometer configuration (corresponding to nominal values (Q0,co0) of momentum
and energy transfer) is written as:

I(Q0,o)0) = N Jj(kt, kf) dk, dkf (4.1)

with:

,, kf) = A(k}) Pi(k,) S(Q,o)) pf(kf) (4.2)

where A(k,) describes the spectrum of the source, and Pj(k,) (pf(kf)) refer to the
transmission of the monochromator (analyser) for each incident (scattered) neutron
wavevector. The variables (k,, kf) and (Qxo) are related through the momentun-energy
conservation equations .

The integration (4.1) can be performed over the variables k,and kr at fixed Q
and GO, and, subsequently, over the variables Q and co :

S(Q,CO) dQ do x

/ A(kt) Pi(k.) pf(kf) 6{Q-k i+kf} 5{oj-h(k!
2-kf

3)/2Mn}dk, dkf (4.3)
or:

KQcWo) = N <A(k,)>/ R(Q-Q0,o)-(D0) S(Q.oa) dQ dco

which defines the instrumental resolution function R(Q-Q0,CO-CD0) as:

R(Q-Q0,co-o)0) = / Pi(k,) pf(kf) 6{Q-ki+kf> 6{a)-h(k,2-kf-)/2Mn} dk, dkf (4.4)
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Eq. (4.4) may be used to obtain the norm of the resolution function [1]:

/ R(Q-Qo^-coo) dQ dco = / Pi(k,) pf(kf) dk, dkf = V, .VF (4.5)

with:

, and VF=/p f(k f) dkf (4.6)

•> The resolution function (4.4) is the convolution product of the two rec. space
distributions pj(k,) and pf(kf).

••• The norm of the resolution function is the product of the two integrated
distributions V! .VF and is independent of the scattering angle cp.

Eq. (4.1) to (4.6) are completely general and apply equally to TOF and TAS
instruments. For a TAS spectrometer the "volumes" Vj and VF can be evaluated in
terms of the characteristics of the monochromator and analyser crystals and in terms
of the angular divergences of the neutron beam.

one gets[1]:
For a flat (i.e. non-focusing) mosaic crystal in the gaussian approximation [2],

[1]

. k,3. cot 0m . (2nf2. ftft riaxxnxx} — ( 4 7)

where kx is the average incident neutron wavevector:

k I =/k l P i (k l )dk 1 (4.8)

and a0, Po, a t and p\ are respectively, the horizontal and vertical beam collimations
before and after the monochromator; 77m and rj'm are the horizontal and vertical mosaic
widths of the monochromating crystal and Pm(kl) its peak reflectivity. The expression
for VF is completely analogous.

5. The norm of the resolution function

The 4-dimensional resolution function R(Q-Q0,co-a>0) depends parametrically on
the spectrometer configuration, i.e. on Qo and oo0. In the gaussian approximation:

4 4

R(Q-Q0,OJ-CO0) = R0(Q0,OJ0) exp{ - l / 222
k = l 1 = 1
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where the matrix My defines the resolution ellipsoid and the 4 principal coordinates Xk
are linear combinations of the components of Q-Qo and of CO-OJ0.

During a constant-Q scan across a dispersion curve, as sketched in Fig. 4.1
below, the nominal value of the energy transfer co0 varies at each point and hence the
quantities Ro(Q0,co0) and M^Q,,,^) vary as well and these variations affect the
experimental lineshapes.

CO

Fig. 4.1.
Constant-Q scan across
a dispersion curve in a
focused configuration

However, for the purpose of estimating the measured integrated intensity of the
mode, one may, to a good approximation, neglect these changes and assume that the
ellipsoid is translated along the co-axis without deformation during the constant-Q scan,
in which case the mode integrated intensity is simply proportional to the norm of the
resolution function:

f I(Q0,co0) dco0- N A(k ,*) / R(Q-Q0, oo-co0*)dQ ^ ~ N A(k,*) .V,* . VF*

where the * refers to the point of maximum overlap between the ellipsoid and the
dispersion surface .

Another instance when the norm of the resolution function enters directly into
the measured intensity occurs when the scattering function varies slowly on the scale
of the resolution ellipsoid (diffuse scattering in both Q and to):

= N A ( k , ) / R(Q-Q0,co-co0) S(Q,co) dQ dco ~

N A(k,)J R(Q-Q0,co-o)0) S(Q0,co0) dQ dco = N A(k,) .V,. VF. S(Q0,co0)
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As a rule, the intensities measured in a constant-Q scan should be corrected
point by point for the variation of the norm of the resolution function. Such a
correction may be looked upon as a zeroth-order resolution correction. It is a useful
first step, particularly when one is interested in integrated intensities (mode strengths)
rather than lineshapes. This applies also to more general scans when both Q and co
are varied simultaneously (for a constant-co scan the norm of the resolution is
constant).

For a scan obtained in the constant-kf mode, VFis constant across the scan and
the measured intensities should be corrected for the variation of A(k,) Nx . Since the
quantity A(k,). k, .Vj measures the neutron flux incident on the sample (see lecture by
B. Dorner), it is sufficient therefore to use a monitor with a 1/v characteristic in the
incident beam to normalise the counting time per point.

For a scan obtained in the constant-^ mode the measured intensities must be
corrected for the variation of Pa(kp) k/cot0a, as seen from the analogue of eq. (4.7)
for VF. Note that Pa(kF) may vary rapidly as a function of kF due to parasitic multiple
Bragg reflections.

6. What determines the size and shape of the resolution function ?

Since the resolution function is the convolution product of the distributions Pj(k,)
and pf(kf) (see eq. (4.4)), its shape is determined by the shape of each distribution and
by the value of the scattering angle cp which controls the way in which the two
distributions are combined.

The size and shape of the distribution p;(k,) depends on a number of independent
parameters: the Bragg angle at the monochromator 6m; the horizontal (a0, c^) and
vertical (|30, (3,) beam collimations before and after the monochromator; the horizontal
and vertical monochromator mosaic widths (r\m, T]'m). A similar set of independent
parameters determines the size and shape of the distribution pf(kf).

With so many independent input parameters it is not easy to trace the influence
of each input parameter on the final result. To get a feeling for the complexity of the
problem, let us define the deviation of k, from its average value k, as 6k, =
(Sk/1, ftki"1* ̂ kiZ) where the superscripts II , 1 , and z, refer to the directions, respectively,
parallel to k,, normal to k, in the horizontal scattering plane and vertical. Using a
similar convention for Skf = k rkF and SQ = Q-Qo, we see from any of the rec. space
diagrams in § 2, that a finite value of Sk, (Sk,l!) induces a finite value of SQ", SQ"1, and
SOD, while Slci

J"(Skf
1) couples to SQ", SQ~ and not to Sco and SkjZ (Skf

z) couples to SQZ

only.

On the other hand, when dealing with dispersive excitations, it is of practical
importance to optimise the orientation of the resolution ellipsoid with respect to the
slope of the dispersion curve. Focusing, as shown in Fig. 4.1, allows to minimise
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instrumental broadening without reducing the overall size of the ellipsoid, i.e. at no cost
in integrated intensity (and hence with a gain in peak intensity).

The first step is to find the shape of the distributions pE(kt) and pr(kf). To this end
one makes use of scattering diagrams drawn in the rec. space of the monochromator
(analyser) crystal. Fig. 6.1 shows a graphical illustration of Bragg scattering on a
perfect (r\m = 0) monochromator crystal: a neutron wavevector k0 incident on the
monochromator satisfies Bragg law if its origin lies on the bissectrix (A) of the Bragg
scattering vector xm:

k 0 - k, = Tm ; I x j = 2jc/dm= 2kjSin8m

The directions of the incident (k,,) and scattered (k,) wavevectors is limited by the
collimations a0 and a t , respectively.

Fig. 6.1.: k-space distribution delivered by a perfect monochromator. The segment 1-2
is transformed into l'-2\ The length of the segment is further reduced by the outgoing
collimation a{ (a, <a0 ).

Introducing a finite mosaic width r\m amounts to rotating the above diagram by
± l/2r]m as shown in Fig. 6.2(a) for the case r\m< a0 , a1 and Fig. 6.2(b) for the case
r\m> a0, a t . The resulting outgoing k-space volume W{ is elongated along a direction
inclined by an angle 0 from the direction of k,, with 8 = 8m in case (a) and
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6 = tan'^tanO,,,) < 20m in case (b). Its thickness is controlled by the mosaic width in
case (a) and its length by the collimations. As expected, in case (b), the dimensions of
the volume V, are entirely determined by the collimations.

r

Fig. 6.2(a): k-space volume delivered by a mosaic monochromator (Case r\m< a0, a{).
The acceptance volume 1-2-3-4 is transformed into r-2'-3'-4', out of which the
hatched volume Vj is selected by the outgoing collimation av

V

Fig. 6.2(b): k-space volume delivered by a mosaic monochromator (Case y\m> ct0, a{).

Fig. 6.3(a) shows the volumes Vt and VF drawn in the rec. space of the sample.
The scattering geometry is of the "W-type" with scattering to the right on the
monochromator, to the left on the sample and to the right again on the analyser. Two
projections of the resolution ellipsoid obtained by convoluting the two volumes are
shown in Figs. 6.3(b) and 6.3(c). Fig: 6.3(b) shows that the largest positive (negative)
values of SQ1 are obtained by coupling incident wavevectors near point 1 in V, with
scattered wavevectors near point 3 in VF (resp. points 2 and 4). The corresponding
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wavevectors k,and kf are shorter (longer) than and kF by about the same amount so
that 8co - 0. Conversely the largest positive (negative) values of Sco are obtained by
coupling 2 and 3 (resp. 1 and 4) which correspond to 5Q" ~ 0. Altogether this leads to a
low degree of correlation between the variables 5Q" and 5co, and to a projection of the
ellipsoid onto the (5Q11, 8o>) plane as shown in Fig. 6.3(b).

Fig 6.3.: Convolution of the distributions Pj(k|) and pf(kf) showing the strong (6Q~\ Seo)
correlation

The situation is entirely different for the (SQ\ 6oo) where the strong correlation
between the two variables is evident by inspection of Fig. 6.3(a), leading to a
characteristic "cigar" shape of the (6QX, b<x>) projection. One may also convince
oneself that the thickness of the cigar vanishes in the limit of small scattering angles, as
the two conditions SQ1 = 0 and So) = 0 become identical. This feature is sometimes
used for high-resolution low-Q diffraction measurements'31.

^ The strong correlation between 6QX and 6co is a very general feature. Changing the
input parameters or the spectrometer configuration can change the value of the slope
(8Qx/5co) but not its sign. This strong correlation gives the possibility of focusing on
dispersive excitations measured in transverse geometries (Q 1 q), as, e.g., for
transverse acoustic phonons.
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•^Nothing as general can be said about the correlation between SQ" and Sco, which is
weak in the case of Fig. 6.3 but could become significant for different configurations,
different scattering angles and different energy transfers.

fourth dimension of the ellipsoid 6QZ is decoupled from the other three, in first
order. Hence the vertical dimension is always a principal direction of the ellipsoid.

7. Decoupling energy and momentum resolutions.

The coupling between the uncertainties on the energy transfer and on the in-
plane components of momentum transfer is an unwanted characteristic of the 3-axis
technique. Ideally one would like to be able to tune the momentum and energy
resolutions independently of one another to best match the experiment's
requirements.

In many cases energy resolution is the more important factor and Q-resolution
can be readily traded for improved luminosity. Such a situation is encountered when
measuring locally dispersionless excitations. In this section we examine this case in
more detail and discuss how the trade-off between Q-resolution and intensity can best
be achieved.

Within the same gaussian approximation as in § 4 above (namely: flat
monochromator with gaussian mosaic width; Soller collimators with gaussian
transmission), the energy definition of the neutron beam incident on the sample is
given by:

AE/E, = 2 Ak/ki = 2 cotem A6m (7.1)

where A9m, the uncertainty on the Bragg angle at the monochromator position, is
expressed as:

+ anHm + aiHm (12\
*• • /

The optimisation of Vr at constant AES is obtained by comparing eq. (4.7) with
eq. (7.2) above. Since both expressions are symmetric with respect to a0 and a\, there
is no reason to use different collimations before and after the monochromator. Setting
a0 = a t = a t, eqs. (7.2) and (4.7) reduce to:

A0m = % V l - p^k , ) . k?co»em. ^fTlm (7.3)
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which would seem to indicate that the best compromise is achieved by taking r|m as
large as possible. However the monochromator peak reflectivity Pm(k[) decreases
rapidly with rjm, due to absorption corrections, and the best compromise is generally
achieved by choosing the monochromator mosaic width to be comparable to the
standard collimations.

Eqs. (7.1) and (7.3) above show that any change in kr, or in 6m (by changing the
d-spacing of the monochromator) or in collimation results in a reduction of Vr that is at
least as fast as the reduction in AE;. If we assume, as should be the case in practice,
that AEj and AEf are of comparable magnitude, a reduction of ctj and aF, each by a
factor 2, results in a reduction of:

Aco = V AET + AEf

by a factor 2, causing a reduction of Vr and VF each by a factor up to 4 and a loss in
integrated intensity of up to a factor 16 ! Whenever possible, the alternative options of
reducing kj and kF and/or changing the d-spacing of the monochromator (analyser)
crystal are generally more advantageous, although the variations of source spectrum
(A(kr)) and crystal reflectivity should also be taken into account.

The use of bent focusing crystals allows to concentrate the neutron beam onto
small samples at the expense of Q-resolution, but without degrading the energy-
resolution. This is by far the most effective way of trading Q-resolution for improved
luminosity.

Focusing in the vertical plane is used systematically on monochromator crystals.
The principle is shown in Fig. 7.1. In first order, vertical focusing has no effect on the
Bragg angle at the monochromator nor on the energy definition of the neutron beam
incident on the sample. It only affects the uncertainty on 6k,z and hence on 6QZ.

Scattering plane

Fig. 7.1.: Vertically-focusing bent monochromator
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Fig. 7.2 above shows the ray-tracing diagram corresponding to Fig. 7.1. The
horizontal axis is taken along the beam path and the vertical curvature 1/1̂ , of the
monochromator is assumed to satisfy the "lens" equation:

2sin6m/Rv = 1/LO

Each vertical source element dZg emits rays which are focused by the
monochromator onto a sample element dZp = dZq (Lj/Lg). The source of height hs
has an image in the sample plane of height hjm = ns(L1/L0). For a sample of height
h < him, the intensity gain Gv over a non-focusing geometry can be estimated by
comparing the vertical beam divergences in both cases, viz. : hs/(L) + LJ in the non-
focusing case vs. hm/L, in the focusing case. Hence :

hs L,

In practice, measured gains are reduced by blurring effects connected with the
monochromator vertical mosaic spread and by the use of composite assemblies of
small flat crystal pieces instead of bent crystals. Nevertheless measured values are
typically in the range: 2 < Gv < 4.

For an instrument installed on a guide the corresponding expressions are
obtained by setting 1/LO = 0 and hs/L0 = aa (the characteristic divergence of the guide).
Similar gains are also possible on the analyser side although one often finds it more
expedient to use a cylindrical detector of suitable size mounted with its axis vertical.

Horizontal focusing is more delicate. Fig. 7.3 shows the general principle. The
entrance slit plays the role of a virtual source which is imaged onto the sample by an
appropriate choice of the crystal plane curvature 1/RH:

2/sin9RH =l/f + l/r
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Furthermore when I = € = RH sin8, the Bragg angle is constant all along the surface
of the monochromator and the beam incident on the sample is monochrotnatic.

HORIZONTALLY
CURVED

MONOCHROMATOR

R. PLANE
CURVATURE

SAMPLE

Fig. 7.3.: Horizontally focusing monochromator. The focused beam is monochromatic
when both slit and sample lie on the circle of diameter RH (Rowland circle).

The intensity gain GH over the non-focusing geometry is again given by the ratio
of the acceptance angles. From Fig. 7.4 one gets:

for the monochromatic focussing case.

Source Sample

Fig. 7.4: Horizontally bent monochromator in monochromatic focusing geometry
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8. Practical aspects

The first choice to be made in preparing a TAS experiment is to select the
incident neutron energy range. This choice determines in turn the type of neutron
source (cold, thermal or hot) and instrument best suited for the experiment. Thermal
instruments are typically used for incident neutron energies in the range from 15 to
100 meV, although the precise crossover values depend on the detailed characteristics
of each instrument.

The choice of the incident neutron energy should be made in relation with a
number of often conflicting requirements:

- to be able to "close the triangle" i.e. to satisfy the kinematical constraints over the
required (Q,co) range. These constraints are particularly severe in the low-Q large-co
limit.

- to satisfy the existing angular limitations on the selected instrument (notably the
maximum value of the scattering angle cp which determines the maximum value of Q
that may be reached for a given set of (kj,kf) values).

- to be able to perform the experiment under acceptable resolution/intensity
conditions. One may recall from the discussion in §§ 4 and 5 that resolution and
integrated intensities vary in opposite senses as a function of

Optimising the experimental conditions also involves making choices and
compromises with repect to: the d-spacing of the monochromator and analyser crystals
(see e.g. Fig. 3.1), the collimations, the use of flat or focusing bent crystals, the
scattering configurations. In carrying out this, often complex, optimisation process, the
availability of reliable simulation programs is essential. For example the RESTRAX
computer package141 is able to simulate scan profiles and resolution corrections on
several levels of approximation: gaussian approximations for fisP] and bent[;>1 crystals
as well as general Monte-Carlo ray-tracing simulations.

An element which may perturb the measurements is the presence of harmonic
wavelengths 2kj, 3ki5 ...in the primary beam or 2kf, 3kfv. in the detected beam due to
higher-order diffraction at the monochromator or analyser position. For instance, the
contribution of unfiltered 2kj and 3k, harmonics to the monitor count-rate (used to
normalise the acquisition times in the constant-!^ mode) can be quite significant and
lead to large scan profile distorsions unless corrected for.

Harmonics also lead to spurious signals for "commensurate" values of k; and
kf:

nkj = mk{ with n,m - 1,2,3,4,..

due to elastic (diffuse or incoherent) scattering in the sample (or sample environment).
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To minimise the probability of such processes one must limit the magnitude of the
energy transfer with respect to the incident neutron energy. A safe rule of thumb is
given by 2/3 < k/k,- < 3/2.

Harmonic contaminations may sometimes be suppressed by using appropriate
filters. Pyrolytic graphite (PG) is the most commonly used filter in the thermal energy
range while polycrystalline beryllium is used on cold neutron beams (k; ,- < 1.57 A'̂ 1).
PG filters are effective for specific wavelengths and their use restricts considerably the
choice of available constant-lq or constant-k,- values. Alternatively, elastically-bent
perfect S i l l l crystals have reflecting properties comparable to PG002 and are free
from 2nd order contamination.

9. Summary and outlook Ojb V .

The three-axistechnique^Qntiriner, to-h^ a basic neutron scattering technique
fojMnejastic wor^k^O£]single-crystol specimens. As'>diseusssa24ii>§/\3 There j s , at the
moment, a fair degree of compiejaientaritv between TAS instruments on steadY^state
sourc£S-andJIOF instrume^ In the long term, the

'-availability of high intensity pulsed neutron sources will certainly tip the balance more
in favor of the TOF techniques.

As discussed in § 7, the design of the spectrometers currently being developed
emphasises luminosity at the expense of momentum resolution, with the aim to
investigate a broader range of small and/or weakly scattering specimens. The price to
pay is the reliance on more sophisticated data treatment programs involving modeling
of the scattering function and convolution with the 4D instrumental resolution
function.

A number of extensions of the technique have been attempted in the past and
some are currently under development. One of them is the use of multianalyser-
multidetector in order to explore a section of (Q,co) space at once without sacrificing
Q-resolution as in the monochromatic focusing bent analyser technique[61. The use of
the "flat-cone" technique [7) (a bank of independent analysers with vertical scattering
geometry) is also being revived.

The TAS technique is particularly well-suited for polarised-beam inelastic work,
through the use of polarising monochromator and analyser Heusler crystals and/or
supermirror polarising benders. The combined use of a polarised-beam TAS
instrument, acting as background spectrometer, together with a neutron spin-echo set-
up optimised for inelastic work, may open new fields of research in the near future.

rT o
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