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Abstract

First we show that the algebra of operators entering the Hamiltonian of the t — J model
describing the strongly correlated electron system is graded spl(2.1) algebra. Then after a brief
discussion of its atypical representations we construct the Holstein-Primakoff nonlinear realiza-
tion of these operators which allows to carry out the systematic semiclassical approximation,
similarly to the spin-wave theory of localized magnetism. The fact that the t — J model describes
the itinerant magnetism is reflected in the presence of the spinless fermions.

For the supersymmetric spl(2.1) algebra the supercoherent states are proposed and the par-
tition function of the t — J model is represented as a path integral with the help of these states.
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1 Introduction

The discovery of high transition temperature ceramic superconductors has renewed interest in
the study of strongly correlated electron systems, since it is widely believed that the anomalous
properties of such materials are related to the strong Coulomb repulsion of electrons [1].

One of the most interesting models which has received much attention is the two-dimensional
single-band Hubbard model [2]. Its Hamiltonian describes a single electron band in a tight
binding basis, with an on-site electron-electron repulsion for electrons of opposite spin.

H = -t 5Z (4*9;* + ej>^) + U1

where fiia = ciadia is the operator of a number of electrons at the site i with spin projection a,
the symbol (i,j) indicates ordered (i < j) nearest-neighbor pairs, U > 0. At each site of the
lattice we have four states

| 0 > , | < r > = c t | 0 > , < 7 = t ( l ) , | ( - l ) , | 2 ) = | t 4 > = c | 4 l ° > ' ( 2)

where |0) describes the empty lattice site, which serves as the vacuum for electron operators,
i.e. Co-10) = 0 , \a) is the state of the singly occupied site with the spin projection a, and |2)
is the state describing the doubly occupied site.

The Hubbard Hamiltonian (1) may be rewritten in terms of the Hubbard operators which
are the projection operators. For each site i the Hubbard operators are

\6)

where |A) i = (|0)j, \a)u 12};), and

(i,j) denotes a nearest neighbor pairs, a = — a. The Hubbard operators obey a simple multi-
plication law X^BXfD = SBCX^0 and the following supercommutation relations

AB vC

where s = 2lo(xAB + xCD - 3/2) - 1/2} and the graded characters \AB o f t h e Hubbard

operators are 0 in the case of the bosonic operators [xm, X22, Xaa, X™, X02, X20) and 1 in

the case of the fermionic operators (xOa,XaO, X2a, Xa2\. Supercommutation relations (5) show
that 16 Hubbard operators {XAB} are generators of the u(2.1) superalgebra and Eqn.(3) fixes
its representation.

For superconductivity the most relevant are the low-energy excitations in the strong coupling
regime, where U 2> t.

Doing the strong coupling expansion (in parameter t/U) in the second order one gets an
effective Hamiltonian which acts on a Hilbert space where states with doubly occupied sites are



excluded [3]. This Hamiltonian has the same low-energy spectrum as the original Hamiltonian.

It is called the t — J model Hamiltonian [5] and has the following form

) (6)

where J = jf and Xa, S,n denote the following combinations of electron operators (to simplify

the notations we drop the site index). Hole operators:

, X2 = X°+ = (1 - h^ ,Xa = Pa . (7)

Spin operators:

S = \
<7,<7'

(ax,ay,az are the usual Pauli matrices)

= \ £ 4<W<V = (Sx, Sy, Sz) = (SUS2,S3) , (8a)

5+ = Sx + iSy = Xn , S~ = (S+y = Xlt , Sz = - (xn - Xu) . (8b)

Charge operator:

^ ^ l - X 0 0 . (9)

The set of these operators operating in the restricted Hilbert space form a representation of the

graded (supersymmetric) Lie algebra spl(2.1), which is the graded extension of the Lie algebra

su(2). In fact, introducing the operator

5b = 1 - - n (10)

one can easily check that the operators (7),(8) and (10) satisfy the following commutation/anti-

commutation relations

[ S ^ ] = ie^Sx , H,v,\ = 0,1,2,3 , (lla)

[ ^ a A l = \{oli)lXb , a, 6 = 1,2, (lib)

{Xa,X
b} = (a")*^ , (lie)

{Xa,Xb} = 0. (lid)

The summation over repeated "Lorentz" and 'spinorial" indices is assumed, <7o = l ^ S ^ =

(So, S),£Q12 = 1, (crIJ')a = (Sab^ab)- The greek four-vector indices are raised and lowered using

the metric tensor g^v = diag(l, —1,-1, —1). Note that the even sector of the algebra is su(2) x

u(l), where su(2) corresponds to the spin degrees of freedom and u(l) to the charge degree of

freedom. The generator So should be introduced in order to close the sp/(2.1) algebraic rules

(lib) and (lie). We must specify the commutation rules between operators defined at different

sites as well. We declare that bosonic operator defined at a given site always commutes with an

operator defined at another site, while fermionic operators defined at two different sites always

anticommute.

Thus, the t — J model which describes a system of itinerant magnetism has a Hamiltonian

which is bilinear in a set of operators belonging to a graded Lie algebra, whereas the Hamiltonian



of the Heisenberg model of antiferromagnet to which the t — J model reduces at half-filling (when
at each site we have only one electron) is bilinear in a set of operators belonging to a usual Lie
algebra. Hence, as suggested by Wiegmann [6], models of itinerant magnetism can be considered
as a supersymmetric extension of models of localized magnetism: the hole being the superpartner
of the spin.

The operators which enter the Hamiltonian (6) of the t — J model belong to the fundamental
representation of the spl(2.l) algebra. In the restricted Hilbert space where doubly occupied
sites are excluded and states are |0), | t ) and | J. ) they are represented by 3 x 3 matrices.

Our aim now is to consider them in an arbitrary representation of the algebra. This is
the standard way to develop the spin-wave technique for quantum spin systems, by introduc-
ing Holstein-Primakoff (HP) representation [7]. It is worthwhile to note, that when we speak
about a specific model we assume a specific choice of the representation for the operators. The
dynamics described by the model and the physical consequences usually depend on the chosen
representation.

Spin-wave theory helps us considerably in the understanding of the spin | quantum ferromag-
netic or antiferromagnetic Heisenberg model. HP representation allows to develop systematic
semiclassical approximation which is 1/s expansion (where s is the eigenvalue of the spin op-
erator). We would like to mention that the most accurate Monte-Carlo simulations done for
2-dimensional Heisenberg antiferromagnet with spin 1/2 not so long ago [8] gave the values of
the ground state energy and the sublattice magnetization which differ less than 1/1000 with
those obtained by the second order spin-wave theory in 1960's [9]. Up to now nobody can
theoretically explain this striking agreement. Probably the large-s limit captures the essential
physics, since the generalization to higher spin preserves the symmetries of the original model.

HP representation is also effectively used in the reduction of the model of Heisenberg anti-
ferromagnet to the nonlinear cr-model [10]. This reduction plays an essential role in our under-
standing of the one-dimensional Heisenberg antiferromagnet where charge and spin excitations
are separated and the ground state is not a Fermi liquid. It has been suggested that this spin-
charge separation may also occur in two dimensions and is responsible for the unusual normal
state properties found in the cuprate superconductors.

The rest of the paper is organized as follows. Sec.2 is devoted to a brief review of the
irreducible representations of the spl(2.1) algebra, and more details of the so-called atypical
representations which are relevant for the strongly correlated electron system are given. In
Sec.3 we introduce slave particles and define HP representation for these operators considered
in atypical representations. In the Hamiltonian approach HP representation allows to obtain
systematically the leading order of the semiclassical approximation and the corrections. In
Sec.4 we construct coherent states for the spl(2.l) algebra, which is a graded algebra, so they
can be called supercoherent states. Using these states one can obtain a partition function of
the t — J model as a path integral in the form which again can be used to develop a systematic
semiclassical approximation.

The final section concludes with a discussion of the results and possible future development.



2 Representations of the spl(2.1) algebra

The representation theory for the spl(2.1) algebra has been studied in detail in [11], and several

classes of representations were found. It was shown in this paper that the states of a finite

dimensional irreducible representation are labeled by the eigenvalues of the operators So, S2 and

Sz which we denote by SQ, S(S + 1) and m respectively. A general irreducible representation has

an arbitrary complex SQ, and integer or half-integer s. As it is shown in [11] there are at most

four multiplets

\so,s,m) , m = — s, — s + 1 , . . . ,s (12a)

|«o + 5 , s - | , m ' > , m' = - s + ± . . . . , s - \ (12b)

\so-\,s-\,rri) , rri = -s + \,...,s- \ (12c)

| so , s—l ,m) , m — —s + 1 , . . . ,s — 1 , (12d)

which transform among themselves under the action of operators (7)-(10). The multiplets (12a)

and (12d) are called even and the multiplets (12b) and (12c) are called odd.

The even operators acting on these states preserve the parity

,m) = so\so,s,m) , (13a)

Sz\so,s,m) = m\so,s,m) , (13b)

S f± |so,s,m} = J(s T m)(s ± m + l)\so,s,m ± l ) . (13c)

The same relations hold for (12b)-(12c). Instead the odd operators change the parity of the

state e.g.:

Xa\s0,s,m) = eia^s-{-l)am \s0 + %,s- i , m + ( - l ) a i ) (14a)

Xa\s0,s,m)=0 (14b)

Xa\so + ±,s-l,m') = 0 (14c)

Xa\s0 + \,s- \,m') = e-iayfs - {-l)am' + \ \sQ,s,m' - (-1)°^> , (14d)

The phase a should be introduced since the relative normalization of the even and odd multiplets

is not fixed apriori: however, different choices of a lead to equivalent irreducible representations.

For convenience we set a = 0.

The algebra spl(2.1) is a rank-2 graded Lie algebra and has just two Casimir operators [11]

K2 = -S^S^ + ̂ Xa^-^Xa , (15a)

k3 = so(xax
a-xaxa~stlsll)

+ l[eabXa(S • a)bcX
c + Xa(S • cr)abe

bcXc]

+ ^[eabXaX
c(S-a)bc + XaebcXc(S-a)ab] , (15b)

where eab is the antisymmetric tensor (e12 = 1). The Casimir operators (15) have eigenvalues

which look simply in terms of so and s ; K^ = s2 — SQ, K$ = so(s2 — s2,). There are two classes

of representations which are called atypical and those for which K<z and K% are equal to zero,



i.e. those where SQ = s and SQ = —s. These representations are called atypical because for them
in contrast with the usual Lie algebras, the eigenvalues of the Casimir operators do not specify
the irreducible representations.

The SQ = s and so = —s atypical irreducible representations are isomorphic. The states of
the former are (12a) and (12b) and of the latter are (12c) and (12d), and in both cases the
dimensionality of the irreducible representation is As + 1. For the physical systems we wish to
study the relevant representation is the SQ = s atypical irreducible representation, and, in the
future, we will deal only with two multiplets (12a) and (12b) in the case when SQ = s. By
choosing the generic state vector in column-vector form

\,8-\,rri)
\s,s,m)

(16)

we can present the generators Sfl,Xa,X
a in the matrix form. For the even generators we have

the block diagonal form

(17a)

(17b)

where Sn are the su(2) algebra generators in the n-dimensional representation, and l n is the
n x n identity matrix. The odd generators have the block-off-diagonal form

Xa =
0 Da

0 0
Xa = 0 0

Dl 0
(18)

where the rectangular (2s + 1) x 2s D\ and £>2 matrices are defined as

• • • 0 0 0 '

'i =

\

/ 0
0

0
0

0
0

y/2 0 0
0 Vl 0

- 0 \
• 0

(19a)

(19b)

\ 0 0 0 ••• \/2s )

The Hubbard operators (7) and (8) belong to the fundamental s = \ atypical irreducible repre-
sentation of spl(2.l), and hence the single-particle physical states of strongly correlated electron
system carry this representation.

The odd generators of spl(2.l) enter the hopping terms of the Hamiltonian (6), which can be
thought of as the operators which destroy or create a hole in favor of a spin or vice versa. Eqs.
(14) explicitly expose this property: the odd generators are step operators which interchange
states with different parity by raising or lowering by a half unit the eigenvalues so and s.

The matrices (17) and (18) are the higher-dimensional generalizations of the Hubbard ma-
trices and the states (12a) and (12b) (where SQ = s) are the generalized "spin" and "hole" state,



respectively, on which the above mentioned operators act. One can introduce the electric charge

operator £ = 25o — 2s/, so that the states (12a) have £ = 0 and the states (12b) have 5 = 1.

The conservation of the total electron number can be restated as the conservation of the total

charge if we consider the original s = ^ representation

- 2s/) = Nh = M-Nei, (20)

where Nh is the number of holes, M is the number of sites and Nei is the number of electrons.

3 Slave particles. Holstein-Primakoff representation

Now we may proceed in the same way as we usually do for the spin operators [4] . We introduce

at each site i two Bose operators bu, b2i and one spinless Fermi operator fi

[bia,bjp\ = SapSij, , [bia,bjp] — [bia,bjJ = 0 ,

which obey the holonomic constraint at each site

2

Then one can easily check that the algebra (11) of operators 5M,Xa, is satisfied if we choose the

following representation (again we drop the site index)

<*,/?= 1,2

A-i=/ t Si , X2 = pb2 (23)

and the (4s + 1) states (12a) and (12b) are represented by

l , (24a)\ ,fi\)(bly
s + m)\(s — my.

e'A \ l + \ i l ' p , (24b)

where A is a phase, which should be present because the relative normalization of the multiplets

(12a) and (12b) is not apriori fixed. |0)6(|0)y) is the vacuum for ba(f) operators b.

In order to get the HP representation we will follow the procedure used in the pure spin

case [4]. Then the (4s + 1) dimensional Hilbert space spanned by the states (12a), (12b) is put

into correspondence with the Hilbert space generated by the states (b2)n\s,s,s) and (W>)n|s +

^, s — \, s — \) satisfying the relation 6^2 + PI < 2s . In this Hilbert space the 6i operator is

Hermitian (6i = b[) and can be excluded with the help of the constraint (22)

i = b\ = \J2s - fetS - / t / , (25)

bNote that the constraint (22) is needed only in order to get Ki = K3 = 0.



where b = 62 and it can be considered as a Fock space with the vacuum |$o) — I*? s, s) and for
each state we have &b + pf < 2s. In this space the operators can be represented as follows:

So = s + i / t / , X! = pyj2s - b\b - / t / (26)

S+ = \j2s - StS - / t /6 , X1 = ^2s - 6t6 - fiff

It is straightforward to check that the (single-site) commutation relations (11) are fulfilled and
the two Casimir operators (15) are identically zero in this realization.

This is the generalization to spl(2.1) of the usual Holstein-Primakoff representation for su(2)
spin algebra and it can be called a graded HP representation. For s = ^ we have the following
correspondence with the states of the restricted Hilbert space which we had from the very
beginning: |0) = /t|$o )> I T ) = |$o )> I 4 ) = ^|$o )• We see that the b operator is a spin-flip
operator.

In the HP representation the conservation of the total charge (20) takes the form

M

At half-filling (when holes are absent) the graded HP representation reduces to the standard
one, and now it is explicitly seen that for this particular filling the t — J model reduces to the
Heisenberg model.

From the representation (26) we may refer to the semiclassical regime as the regime in which

^<&& + / M > < 1 (28)

namely, when the spin "flip" or hole "flow" rate on each site is expected to be very small.
Whenever Eq.(28) is reliable, the square roots in Eqs.(26) can be expanded in powers of 1/s.

This approach generalizes the spin wave theory for the models describing localized magnetism to
the models describing itinerant magnetism where the operators entering the Hamiltonian belong
to the graded algebra, and it leads to a description of the system in terms of interacting bosons
and fermions. The itinerant nature of the magnetism described by the t — J model is seen in
the presence of spinless fermions.

4 Supercoherent States for spl(2.1) Superalgebra

In order to construct coherent states in the graded case of the spl(2.1) superalgebra we can
proceed almost in the same way as we usually do in the case of the su(2) algebra describing spin
operators [12], since the even sector of spl(2.1) is isomorphic with su(2) x u(l) algebra.

The coherent states will be constructed again in the so = s atypical representation with
state vectors (16). One can show that the state |N, 77), which is described by the unit vector



N = (sin??cos 1/3,sindsin</?,cost?) and the Grassmann variable 77 of the form

ICI2)*"5

(29)

(N, T / I ^ I N , 77) = (s, aN)

(we put A = 0). Using commutation relations

where £ = - tan |e~ l ¥ > and |N) S is the spin coherent state in the space with spin s, has all the

properties of the coherent state. Namely

(30)

(31a)

(31b)

(32a)

(32b)

we also get

and

X2\N,V) = -

(N,rj\Xi\N,ri) = , (N,r]\X2\N,r/) =

The overlap of two supercoherent states takes the form

and

We have the resolution of unity (in the pure spin case):

where

4TT

1 rn r2n

^ / smtidti
JQ JO

(33a)

(33b)

(34a)

(34b)

(35)

(37)

(38)



For the supercoherent states the resolution of unity will take the form

fdfi i{-N)df}drje-n*tto\N,ri)(N,ri\ = l , (39)

where 7̂  = ^

We can now construct a path integral representation for the partition function almost in the

same manner as we do for pure spin systems [13], [4].

For arbitrary spin we will generalize (10) as follows

hi = -2SOi +(2s+ 1)1. (40)

So from (6),(30) and (34) we get

7s2 J(s — -X1

,|Nf7> = Htj{Nijri) = — J2 N* • N- + ^ 2>J2 N* N, +

l ^ J ^ ^ - - 2JM(S + \

+23* X) ( c o s ^ c o s ^ + c ^ - ^ s i n ^ s i n ^ ) ^ . (41)

The overlap of two states, with N' « N

} (42)

where the phase $(N',N,No) can be written as

S(N',N,N0) = A ( N ) . ( N ' - N ) (43)

and the vector potential A(N) is given as a solution to the equation

VN x A(N) = N . (44)

The continuum limit is given by

Z= [Vfi 1 (N)VfjVr} exp { f dr ^ [i(s - \fUrn) A(Ni) • N»
J s~2 WO 7

-mWrh + mm]- f drHt.j^^^)} (45)

/ dTfJi{T)dp)TH(T) = X) %(^)[7^i(r,) - 7?2(rj+1)] . (46)
0 j=o

This expression for the partition function can be used as a starting point for the semiclassical

approximation which we may apply if s —> 00.

10



5 Discussion and Conclusions

We have shown in the present paper, how the graded Holstein-Primakoff representation can be

constucted in the natural way for operators entering the Hamiltonian of the t — J model, which

is one of the most popular models used to describe the strongly correlated electron system. This

representation allows to develop a systematic semiclassical approximation similar to spin-wave

theory of the localized magnetism. Since the t — J model describes the itinerant magnetism and

has holes, this approximation is a semiclassical description of these holes interacting with the

spin-waves. In the case of the square bipartite lattice one way to proceed is to divide it into two

sublattices and act exactly as we do in the case of the Heisenberg antiferromagnet on the square

lattice [9]. On one sublattice, say A, we will use the representation (26) on another sublattice,

say B, we will use a unitary transformed representation

(47)

S+ =

and as a vacuum state the state |$o) = |s, — s,— s). Then expanding the operators (26) and

these operators in \fs up to 0(1) and substituting them into t — J model Hamiltonian (6)

we will obtain the Hamiltonian describing a hole interacting with the spin waves in the Neel

background. Such a Hamiltonian was proposed in [14] and the analysis of its spectrum was

carried out.

A semiclassical description for other classical backgrounds can be obtained from the superco-

herent states representation of the partition function for the t — J model (45) as a path integral,

which is another result of this paper.
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