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Abstract

By using the dynamical renormalization-group method, we show that the introduc-
tion of an additive colored noise with weak long-range correlations in the Time-Dependent
Landau-Ginzburg Model A, does not give perturbative corrections for the dynamical crit-
ical exponent at least up to order 0(e2). This result differs for a system with random
quenched impurities, where a similar type of impurity correlation leads to corrections even
of order 0(e).
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During the last few years great attention has been devoted to the study of critical

properties of non-equilibrium phenomena and especially to phase transitions in systems

in the presence of multiplicative and additive noises (see for example [1], [2] and the

references therein). It is now clear that in the case of short-range (SR) correlations of the

multiplicative noise, non-equilibrium second-order phase transition of the Ising type with

reentrant behaviors occurs by varying the strength of the noise correlations.

The effect of colored multiplicative noise, studied within the mean-field approximation

[3], shows that large noise tends to destroy the order and that for large spatial coupling,

the stable phase is always the disordered one.

The aim of the present paper is to study the effect of an external additive colored

noise on the dynamical behavior of the system. To do this, we investigate, by using the

dynamical renormalization-group (DRG) method [4], [5], the critical properties of the

Time-Dependent Landau-Ginzburg (TDLG) Model A.

Recent studies [6] have shown that the presence of an additive colored noise with

exponential decay of the correlations does not modify the critical dynamics and leads

to the same results known for the case of SR correlations (white-noise) [4], [5]. The

result is not surprising, since the kind of correlations used is an approximation of the SR

correlations.

Here we will show that this result is still valid for every colored noise, which correlations

can be regarded as an approximation of the SR correlations. We will also show that for

colored noise of a special type of correlations [7], [8], possible corrections for the dynamical

exponent z appear even in zeroth order of the perturbation theory, without introducing

any diagrammatic corrections up to order O(e2). (Here e = 4 — d.)

We consider the TDLG model A:

dipa{x,t) dF
^ ^ ^ ^ ^ ( 1 )

where ipa(x,t),a = 1, ...,n is a n-component order parameter, F is the bare kinetic coef-

ficient and T]Q is an additive random noise with correlations:

<Va(x,t)>av=0, (2)

< Viixi,ti)r}j(x2,t2) >av= 2TSi:jg(xi - x2,U - t2). (3)

The function g(xi — x~2,ti — t2) has a general form and introduces the colored noise. For

g(x\ — x~2,ti — t2) = Sd(x"i — x~2)5(ti — t2) we recover the white-noise case.

Finally

F=l-jddx \r^\x, t) + (V^(f, t))2 + -Au{^{x, *))2] (4)

is the Landau-Ginzburg free energy functional.



Intuitively it is clear that every approximation of the SR form, given by the random

correlations g(x\—x2, ti—t2),
 wiM lead to the well known result for the dynamical exponent

z = 2 for d > du and z = 2 — t] for d < du without introducing any dependence on the

parameters of the noise. Here 77 is the Fisher exponent and du = 4 is the upper critical

dimension for the Model A under consideration.

Let us briefly show that this is true for the simplest case of random correlation function

of the 8-\ike form only in "time"-direction. The case of spatial correlations follows directly.

The Fourier transform of the function reads:

- k2, U - 1 2 ) = S_hk-2 JL . (5)

For d > 4 and performing a change of variables with a rescaling factor b in eq.(l), we

obtain [4], [5]:

bk = k'

b~zt = t'

(6)

The transformed function of the random correlations is then:

/ t

2 - 2 e 2 T

> = 2Tdijd_rip b 7= . (7)

^From the requirement P-invariant under the RG-transformation, we obtain the re-

cursion relation for the parameter r: r ' = b~zr with a f.p. r* = 0 and thus we reproduce

the usual SR result for the dynamical exponent z = 2, since for r —> 0, eq.(5) takes its

(5-like form g{k\ — k2,t\ — £2) = ^_fc""lAr2̂ (ti — t2).

Obviously, by modeling the time-dependence of the function

#(&;i — k2,ti — £2) with a function similar to that in eq.(5) with characteristic parameter

r for the time-variable:

g(k\ -

such that in the limit r —> 0 it reproduces the 5-like behavior, we obtain a similar result

for the critical dynamics, i.e. r* = 0 and 2 = 2.

If the correlations are of a general long-range (LR) form in space- and time-directions:

g(x[ - x2,tl - t2) = ^ \ r , j ^ p > (9)



the system will be far from equilibrium and will never reach it. However, in order to

perform a classical equilibrium analysis, we will assume that ip, 9 ~ O(e) and will treat

perturbatively the effect of the noise correlations. Note that the above assumption means

that we will work in the vicinity of the stationary case, expecting eventual corrections for

the dynamical exponent after taking into account the LR correlations. Similar functions,

although used for the case of random correlations of quenched impurities added to the

system, show a novel critical behavior due to the LR character of the distribution [7], [8].

The d > 4 equilibrium RG analysis with random correlations given by eq.(9) and ip,

9 ~ O(e), leads only to zeroth order perturbative corrections for the dynamical exponent

z = 2 + ip + 0. Higher-order perturbative corrections are not generated, because u* = 0.

For d < 4, the RG analysis with a correlation of the form similar to that given by eq.(8)

shows [6] that in one-loop approximation the colored noise parameters do not contribute

to the critical dynamics of the system and the latter is still governed by the exponents

known from the case of SR correlations. The same is also true for correlations of the type

(5).

In the case of correlations of the form (9) with ip,9 ~ O(e), we could expect eventual

corrections for the dynamical behavior, due to the concurrence between the usual param-

eters of the Hamiltonian and the parameters of the random correlations, which are of the

same order O(e).

The analysis in this case (8) is done by performing an expansion in terms of ip and 9.

The Fourier transform of the function of random correlations is:

g(kx + k2, wi - u>2) = <5fc-̂ 5(wi + u^jkfuf, (10)

which for ip,9 ~ O(e) is approximated by:

g(k\ + k2,ujx - to2) = 6^26(ui +tu2)(l + ^ ln |fc| + 01n |w|). (11)

Let us, for simplicity, discuss again the special case of LR correlations in ^-direction.

The analysis including the space-correlations follows directly.

To first order in 9 ~ O(e) the response function is [4], [5]:

J \ l (12)
CO

where GQX(UJ, k) — —if + r^ — k2 is the bare Green function.

The second term in eq.(12) serves as a correction and it is important for the calcu-

lation of any diagrammatic contribution coming from the u-interaction term. From the

same equation it also follows that by this choice of the noise correlations, ijj ~ O(e), we

succeeded to satisfy, up to the same order of approximation, the fluctuation-dissipation

theorem.



The calculation shows that apart of the usual perturbative corrections for the param-

eter r of the free-energy functional, we have negligeable one-loop contributions like u8b~p,

u0b~p\nb, (p > 1) due to the special character of the additive noise. This behavior is

repeated for higher-order loop corrections.

The last corrections don't have the necessary scaling form to give contributions for

the critical exponents. The same is also valid for the parameter u, calculated in one-loop

approximation.

The result of the suppression of the ^-corrections means that the usual static behavior

is not affected by this specific type of thermal correlations at least up to order O(e2).

Regarding the critical dynamics, it can be solved separately from the statics, by cal-

culating the w-dependent diagrams from the Dyson's equation. For the ^>4-model, these

are the usual u2-diagrams [4], [5]. Since u ~ O(e), in order to calculate the dynamical

exponent z up to order O(e2), it is enough to take in eq.(12) only the leading order (the

^-independent term) for the response function. The result for the dynamical exponent is

therefore z — 2 + 6 — rj + O(e3), where r) ~ O(e2) is the usual Fisher exponent, known

from the case of SR correlated noise. The dynamical exponent is modified by the type

of the colored noise only in leading order, since the higher-order perturbative corrections

are negligeable.

In summary, by using the dynamical renormalization-group method, we showed that

the presence of an additive colored noise in the Time-Dependent Landau- Ginzburg Model

A, chosen in a way to satisfy quasi-stationarity of the regime, does not introduce pertur-

bative corrections to the critical dynamics of the system at least up to order O(e2). This

result differs for systems with a similar type of correlations of the distribution of ran-

dom quenched impurities, where the same kind of weak long-range correlations introduce

corrections for the critical dynamics even in first order of the perturbation theory [9].

We expect that the analysis for the case of a general power-law correlations of the ad-

ditive noise will introduce non-negligible corrections for the critical exponents, modifying

the critical behavior of the system.
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