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Small-angle scattering (SAS) of X-rays (SAXS) or neutrons (SANS) are a powerful
tools to investigate inhomogenities in the size range from ~lnm to =100 nm. Typical
examples in materials science are pores, precipitates in metal alloys or nano-particles in
composites. Frequently, these inhomogenities are not spherical and their alignment is
not random, quite in contrast to many other applications of SAS. This requires the use of
pinhole geometry and area detectors for the experimental set-up. The present paper
focuses on evaluation techniques of two-dimensional (2D) SAS-patterns from some
materials investigated by the authors, i.e. metal alloys, carbon composites, wood and
bone. Although the examples shown are derived exclusively from SAXS measurements,
most of them could stem from SANS measurements as well.

1. General equations
Small-angle scattering considers a range of sizes sufficiently larger than inter-atomic
distances, so that the scattering length density p(r) can be approximated as a continuous
function of the position r in the specimen. The general equation for the SAS intensity
/(Q) can be written

/(Q) = / O f p(r)e 'Q* rd3r2 (1)

where Q is the scattering vector, V the specimen volume illuminated by the beam and IQ
a constant defined by the conditions of the SAS-instrument.
For many purposes, it is convenient to define the spherical average of the SAS intensity

Is(Q)=-tjuHQn)d2n (2)
where n is a vector on the unit sphere U. One may also define a Q-average of the SAS
intensity by

l I(Qn)Q2dQ (3)

where Q = Q n is the scattering vector. In the case of two-dimensional SAS patterns
measured with an area detector, the calculation of ls(Q) and IQ(X\) corresponds to %-
integration (that is, averaging within concentric circles around the primary beam, where
% is the azimuthal angle within the detector plane) and 20-integration (that is, averaging
within sectors around the primary beam), respectively. One of the difficulties in
accurately determining Is(Q) for general anisotropic systems is the fact that the full
three-dimensional structure of the SAS-intensity must be known. Is(Q) can only be
computed from a single two-dimensional SAS data frame when the signal has at least
cylindrical symmetry.
Further basic relations for the SAS-intensity can be found in a number of text-books and
review-articles available, like the classical text by GuiNlER and FOURN'ET (1955), as well
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as later works (GLATTER & KRATKY, 1982, FEIGIN & SVERGUN, 1987, "BRUMBERGER,

1995), some of them focussing more directly on materials science applications
(WILLIAMS, MAY & GUINER, 1993, KOSTORZ, 1991, 1996, FRATZL, 1996ab).

3. Materials with fibrous structure
If one takes care that the cylindrical axis (e.g. of a fibre system) is within the plane
covered by the detector, then the spherical average IS(Q) can be computed using the
formula

(4)

Thus, Is(Q) can be obtained by ^-integration of I(Q,X) sin%.

3.1 Cellulose fibrils in the wood cell wall
As shown schematically in Fig. 1, the SAS
perpendicular to the cylinder. More
precisely, the radial intensity distribution
within the disk is [2Jl(Q1R)/QLR]2

(GuiNER, 1955), where QL is the length of
Q in the direction perpendicular to the
cylinder axis an R the radius of the
cylinder. This relation can be used to
determine the radius of the cellulose fibrils
in wood, which turn out to be almost
perfectly monodisperse (R=1.25 ± 0.1 nm).
A further information that can be obtained
from two-dimensional SAS-patterns of
wood is the orientation of the cellulose
fibrils. This is shown schematically in
Fig. 2. Clearly, the orientation of the fibrils
can be read directly from the two-
dimensional SAXS-patterns in Fig. 2.

3.2 Mineral crystals in bone
In contrast to wood, where the cellulose
fibrils have a very sharp orientation with
respect to the cell axis (Fig. 2), very broad
orientation distributions are found in bone,
another biological fibre • composite
consisting of mineral particles embedded in
a collagen matrix. While the predominant
orientation of the long axis of the mineral
particles can be seen immediately on the
original SAXS- data (see e.g. Fig. 3, next
section), the width of the orientation
distribution is less obvious due to the
superposition of the scattering signal from
particles with different orientations. A
quantitative estimate of the degree of

pattern of a thin cylinder is a disk oriented

cellulose fibril
Fig. 1: Schematics for SAS from thin cylinders
(e.g. cellulose fibrils). SAXS-patterns (right) are
for early-wood specimens (spruce) sectioned
perpendicularly (top) and parallel (bottom) to the
fibre direction (from JAKOB et al., 1994)
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Fig. 2: Schematic view of the orientation of cellulose
fibrils in the cell wall of spruce wood (centre). The left
panel shows X-ray wide- (top) and small-angle
scattering patterns (bottom) of earlywood where the
cellulose fibrils are parallel to the long axis of the wood
cell. The rigth panel the corresponding patterns for
latewood where the fibrils have a spiral angle of 20°
(from JAKOB et al., 1994).
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orientation can be obtained in the way outlined by FRATZL et al. (1996a,b) which is
based on an integral transformation of IQ(n) derived by PERRET & RULAND (1969). The
same method was successfully used for investigations of human cornea (DAXER &
FRATZL 1997)

3.3 Scanning SAXS

specimen detector

x-ray
generator

Fig. 3

A special application of small-angle
scattering in point focus geometry is
Scanning-SAXS (FRATZL et al.,
1997). As shown in Fig. 3, the
specimen is moved across the beam
which has a diameter from about 100
|im (laboratory equipment) down to
2jlm (synchrotron radiation sources).
First, the specimen is imaged, e.g., by
measuring the transmission at every
position (radiography). In the
example shown in Fig. 4, the
specimen is a section through a
human vertebra. The trabeculae are
visible in dark colours because they
have a larger absorption for x-rays
than the surrounding resin which fills

Specimen image

Scattering
patterns

[5x5] mm
-0.2

q [A'1]
Fig. 4: Scanning SAXS study of a human vertebra
(from Fratzl et al., 1997).the marrow space. The SAXS

patterns, recorded at several locations separated only by half a millimetre, are clearly
different. In particular it can be seen, that the orientation of the needle-shaped mineral
particles (mean diameter ~ 3nm) follows exactly the direction of the trabeculae.
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3.4 Porosity in a C/C composite
During the thermal treatment of carbon/carbon composites, porosity develops mostly at
the interface between fibre and matrix. As shown in Fig. 5, this porosity can be studied
by SAS with point focus (PETERLIK et al., 1994).

Fig. 5: SAXS-patterns of a carbon fibre bundle
oriented horizontally (top), before (left) and after
(right) thermal treatment at 2100°C. The change
between these two patterns is due to a change in the
porosity of the fibres themselves. The
corresponding patterns of a bi-directionally woven
composite are shown below. Here the change in the
patterns corresponds to a superposition of two
effects: the porosity in the fibres and the porosity
developing at the interface between fibre and
matrix during graphitization of the matrix (from
PETERLIK, FRATZL& KROMP, 1994).

4. Single crystals
When crystalline materials, like metal alloys, are investigated by SAS it may be
extremely advantageous to use single crystals instead of polycrystals. Indeed, in the
second case the total scattering is spherically averaged and gives an isotropic signal.
When there is an orientation relation of the inclusions with respect to the crystal lattice,
the investigation of single crystals will not only give this orientation relation, but also
much more accurate information on size, shape and arrangement of the inclusions.

4.1. Oxide platelets in a copper-iron alloy.
The SAXS-pattern from iron-oxide platelets in
a single crystal of copper is shown in Fig. 6.
Such patterns can be measured in a number of
different crystallographic planes by rotating the
specimen with respect to the primary beam. The
reconstruction of three-dimensional SAXS-
pattems then gives the precise shape of the
oxide precipitates and their orientation with
respect to the crystal lattice. Moreover, the
analysis of cross-sections of the streaks in Fig. 6
allows the determination of platelet sizes up to
400 nm. Under similar conditions, a standard
Guinier-evaluation would be limited to a
maximum size of =50 nm because resolution is
limited by the size of the beam-stop. (FRATZL,
LANGMAYR & PARIS, 1993, PARIS et al., 1994).
Other examples for the evaluation of

Fig. 6: (110)-plane of the SAXS-pattern due
to iron-oxide plates in copper. The vertical
direction is [001] and the horizontal [110].
There are two types of platelets oriented
parallel to the (00!) and the (111 )-planes,
respectively (from PARIS et al., 1994).
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anisotropic SAXS patterns in single crystals are Ti-Mo (FRATZL et a!., 1993, LANGMAYR

ct al., 1994), Cu-Be (GROCER et al., 1995) or Ni-Ti (PEDERSENet al. 1997)

4.2. Shape changes of precipitates in nickel-base superalloys
Depending on composition and thermal treatment, the precipitates in Ni-Al-Mo alloys
may be either round or cuboidal with a roughly periodic arrangement (see Fig. 7a-d)
Due to the cubic symmetry of the SAXS-signal, the function 1Q(X\) can be completely
described using the cubic harmonics a = («j«2«3)~ and P = («i «2)" + («2«3)" + (^3«i)",
where n,- (for i =1, 2, 3) are the cubic co-ordinates of the unit vector n. This can be used
to describe the gradual transition from spherical to cubic symmetry which occurs during

temperature treatment of these alloys
(PARIS et al., 1995).
When an external stress is applied to
the alloys, the cubic symmetry can be
broken and large plate-shaped
precipitates may develop as shown in
Fig. 7e. Here the shape of the SAXS-
pattern (Fig. 7f) may be used to
determine the aspect ratio of the rafts
and the "waviness" of the interface
between matrix and precipitates (PARIS

et al, 1997).

Fig. 7: Electron micrographs (left) and SAXS patterns
(right) of Ni-Al-Mo with different Mo concentration (a-d)
and after heat treatment under external stress (e,f). The
periodic arrangement of the precipitates in (c) is reflected
by the broad peaks in the SAXS-pattern (d). (from PARIS
et al., 1995, FAHRMANN et al., 1995).
Fig. 7e,f shows the same alloy as Fig. 7c,d after heat-
treatment at 980°C with an external tensile load of 130
MPa (from PARIS et al., 1997). In this case the cubic
symmetry is broken due to the formation of large plates
perpendicular to the external load
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