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MODELLING OF THE NONLINEAR EVOLUTION OF 2D WAVES AND
VORTICES IN PLASMAS

V.B.Taranov

Different modifications of the Hasegawa-Mima model [1] are used to
explain anomalous transport phenomena due to formation of monopole and
dipole vortex structures, vortex chains etc. In this report an antisymmetric
lattice formed by standing waves of vorticity is considered. For small but finite
amplitudes multiple-time-scale analysis is performed, higher harmonics
generation and frequency shifts are evaluated analytically and critical
amplitude for perturbation theory is determined. For amplitudes bigger than
critical numerical simulations are carried out taking into account vortex
nonlinearity, drift and dispersion effects. Numerical code is developed which
allows to study long-term evolution of two-dimensional spatially periodic
waves and vortex structures.

L^Lmeaz.effects
On each time step we must evaluate the electrostatic potential from the

vorticity function, this procedure is connected with the inversion of the
Laplace operator. Since we need to do this for only one function, it's better to
use Fast Hartley Transform (FHT) [2] instead of Fast Fourier Transform
(FFT). The FHT is as fast as FFT, but has the advantages that no use of
complex variables is needed and that it coincides with its inverse transform. To
obtain 2D FHT we use the direct product of two one-dimensional FHT in the
x (plasma inhomogeneity) and y (drift) directions. Linear dispersion term was
taken into account on the stage of the FHT.

2. Vortex nonlinearity
Modelling of the vortex nonlinearity terms is a complicated procedure

since this nonlinearity is essentially two-dimensional. Furthermore, in this case
values of nonlinear terms depend not only on amplitudes of their multipliers,
but also on their possible mutual functional dependence. We must also try to
ensure the fulfilment of as many as possible of an infinite set of conservation
laws connected with the Jacobian structure of vortex nonlinear terms and
quasilinear character of equations. So we use relatively good approximation for
Jacobians provided by the flux version of the Arakawa scheme [3] adapted to
the two-dimensional periodic boundary conditions and combined with leap-frog
procedure for the time step.

3. Perturbation theory
For small but finite values of the nonlinearity parameter multiple-time-

scale analysis was performed. It is shown that the first order of the
perturbation theory contains no resonant terms, higher harmonics generation
alone was observed in this approximation. In the second order frequency shifts
appear due to the presence of the resonant terms. For the evaluation of
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Jacobians and for graphical representation of the results obtained by the
perturbation theory as well as by numerical simulations (for bigger
amplitudes) the 'MATHEMATICA1 package [4] was used.

4. Numerical simulations
Numerical simulations were performed on the 256*256 grid, time and

space step was equal to 2Pi/256. Program has been written in FORTRAN-77
and run on the Work Station HP-6000. Machine time for one time step of the
program was around 6 sec. The volume of memory used was less than 10 MB.
The calculations were stable at least for 5000 time steps. Energy and mean-
square-vorticity were conserved with less than 1% error. So the results
obtained are much better than ones provided by the use of the Lax-Wendroff
scheme in [5], where the time step was too restricted by the Courant-
Friedrichs-Levy stability condition. It must be noted that vortex nonlinear
terms had nonzero values in the whole domain of solution and not only on the
matching lines as it was in [6], where the non-linear solutions were
constructed by the matching of the linear ones.

5. Conclusions
In the framework of the Hasegawa-Mima model for moderate

amplitudes of the antisymmetric lattice of vortices it is shown that sharp
dipole structures with relatively long lifetimes were produced by the higher
harmonics generation. Frequency shifts also appeared in the second order of the
perturbation theory. For bigger amplitudes higher harmonics generation was
enhanced, but the main harmonic was still present in long-term asymptotics.
The numerical code was developed which can be used for future evaluations of
nonlinear problems involving the vortex nonlinearity. The results were
presented at the 5th Ukrainian Conference on Controlled Fusion and Plasma
Physics [7].The autor is very grateful to Prof. V.V.Yan'kov for helpful
discussions.
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