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Abstract
Statistical picture for the collapse is proposed. The physics picture of the

crash phenomena, which is based on the turbulence-turbulence transition, is
extended to include the statistical variance of observables. The dynamics of the
plasma gradient and the turbulence level is studied, with the hysteresis nature in
the flux-gradient relation. The probabilistic excitation is predicted. The critical
condition is described by the statistical probability.

I. Introduction
Collapse phenomena are widely observed in various toroidal confinement devices. The

collapses of transport barriers require understanding of the formation of the barrier as well as the
physics mechanism to cause its decay. The MHD instabilities have been nominated as the main
mechanism for the onset of the collapse. The key to understand the mechanism is the trigger, i.e.,
the abrupt and discontinuous change of the growth rate of fluctuations, which leads to the crash of
global structure. This feature clearly shows that the collapse is a nonlinear phenomenon and
cannot be explained by the linear stability analysis [1].

A model has been proposed that these collapse events are due to the turbulence-turbulence
transition. The M-mode transition, i.e., that to the magnetic braiding mode, gives rise to the
hysteresis characteristics in the gradient-flux relation. When the pressure gradient (CC) exceeds the
threshold, the M-mode transition sets in, and the bursting of energy appears owing to the faster
anomalous transport than that in the L- and H-mode. We attribute the M-mode transition to the
models of Giant ELMs [2], internal transport barrier collapse [3], sawtooth [4] and minor
disruptions [5]. The picture of transition seems to explain the observed phenomena in
experiments [1]. Generally, the transition (bifurcation) is modelled by the Ginzburg-Landau type
equation which includes the nonlinear bifurcation. In the case of the L-H transition study, the
model equation is tested to explain the experimentally-observed dithering ELMs [6]. The study
clearly demonstrates that the high temperature plasma has a transition nature.

Based upon these knowledge we here explore a new aspect associated with the transition.
The aspect is the probabilistic nature of its occurrence. Usually, the dynamics of transition in
confined plasmas has been studied based on the deterministic view of the events. The critical
condition of the onset has been discussed. However, similar to the transition characteristics in
other area of physics, there exist statistical variances in the relevant variables. The statistical
variance affects the transition nature and introduces a change from the deterministic phenomenon
to the probabilistic one. In this paper, we shall show the probabilistic nature of the transition by
using the zero-dimensional (0-D) dynamical model. Various origins of statistical variance are
considered.

II. Zero-Dimensional (0-D) Dynamical Model of Transition
The dynamical model of transition has been studied in many literature [7]. We here adopt

two basic equations: One is the evolution of global structures (say, gradient) and the other is the
dynamics of the loss rate that produces the hysteresis of the flux-gradient relation. We take two
representative variables, i.e., the pressure gradient a and the loss rate y. The loss rate is directly
related to the turbulence level.

The reduction to the 0-D model from the transport equation has been discussed [8]. A
layer with a finite width is considered, and the averaged value within this layer is treated as a scalar
quantity. The hysteresis property is modelled by the Ginzburg-Landau model, i.e., the cubic
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formula. Though highly simplified, the GL model form of the hysteresis has successfully applied
to the investigation of the dynamics of ELMs. The model equation takes the form

dt
a-S-ya (1)

(2)

The notation is as follows: S is the energy influx into the layer, £ denotes the possible of

dynamical time difference between a and y; the cubic equation a(y- l)-b(y- l) describes the
shape of the hysteresis in the gradient-flux relation.

The dynamical nature of the set of equations has been studied. If all the coefficients
(s, a, b, U are constant in time, Eqs.(l) and (2) predict the converging stable stationary solutions
or the dynamical solution of a limit cycle. Stationary solutions are obtained for (1) S <Sl (lower
flux branch), S2<S (higher flux branch), and a limit cycle appears for S]<S<S2,
(S, = (l - /a/3b)(l + (2a/3)-/a/3b\ and S2 = (l + </a/3b)ll - [2a/3)Sa/3b\).

As the physics origin of the transport, the turbulence level is often discussed in terms of
the statistical averages. The relation between its averaged level and the gradient of the global
plasma parameter has been a main subject of the plasma physics. The turbulence level is also
associated with the statistical variance. This is true even in a thermal equilibrium, and the Gaussian
statistics is used. For the confined plasmas, which is far from thermal equilibrium, the statistical
variance is as important a quantity as the statistical average. The nonlinear simulation has shown a
large temporal variation around the average [9]. The experimental observation has demonstrated
that the statistical deviation from the mean value could be as large as the average itself [10]. Based
on these considerations, we consider that parameters [S, a, &) are statistical variables and have
fluctuation parts in time. For instance, the heat flux into the region of subject could fluctuate in
time with some statistical distribution. The temporal variation of the relevant magnetic
perturbation amplitude has a statistical nature. These processes give the statistical nature of
(S,a,b). We put

S = S0 + ef, a = ao + ea (3)

and consider ef and Ea as statistical variables, e.g., (ej = 0 and (ef) ^ 0. The variance zf represents
that of the fluctuations of the source from upstream. The variance ea comes from the deviation
from the mean fluctuation level that is relevant for the onset of the magnetic braiding in the
region of interests.

III. Probabilistic Transition
Temporal evolution is studied based on Eqs.(l) and (2). Figure 1 shows the periodic
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F i g. 1 Time evolution of the periodic burst of the plasma loss (a) and the distribution function of
the loss flux (b) in the absence of statistical deviations.
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F i g . 2 Irregular bursts are excited in the presence of the statistical deviations. Temporal evolution (a) and

distribution function (b). In the absence of the random part of the source periodic bursts are not
possible and distribution becomes like a delta-function (shaded bar in (b)).

solution of the out flux F = 7oc for the case of constant coefficients (s, a, b). The distribution
function of the observed value of F is also plotted. The parameters are chosen as a = 0.5, b=\,
and £ = 0.01, so that the critical fluxes are given as 5, ~ 0.67 and S2 ~ 1.21. In the case of Fig.l, So

is chosen as 50 = 0.7, and the time trace of the limit cycle exhibits the existence of the higher flux
range. If we choose S0 = 0.6, for the other fixed parameters, no oscillation appears and the
observed value of F is accumulated at F ~ 0.6. Without a statistical deviations from the average, we
have a clear boundary at 50 = 5,; no limit cycle is excited in the region So < S,.

Let us examine the effect of statistical variance. We first study the statistical variance in the
influx 5, £,. The Gaussian statistics is assumed, and the amplitude of deviation

eTf = >J I S(t) - So) =0.05 is applied to the case of S0 = 0.6. There appear irregular ELMs as is
shown in Fig.2. The distribution function is shown in Fig.2(b), which exhibits the finite
probability of the transition, even below the critical value 5,. The resultant oscillation contains
random component, so that we evaluate the averaged frequency of oscillations, ( / ) , and the

standard deviation a, a = \J(T1)- (T)2 I (j), where T is the observed interval of oscillations. In

Fig.3, ( / ) and 0 are plotted for e~f = 0.05 as a function of So. (The case in the absence of the noise

fe = o] is also plotted, where ( / ) = 0 for So < Slt and a sharp boundary of / is obtained at 50 = 5,.)
We observe the probabilistic excitation and that the transition occurs well below the critical value.
As So becomes small, the standard deviation a becomes large and we find, in this case, an
approximate relation a <* ( / ) 74.

The probabilistic nature is also caused by the other statistical property of turbulence. The
same statement is made for the variation in the hysteresis curve. The statistical variance of a is

taken into account with e~a =\J \a{t) ) - (a) . The Gaussian statistics is also assumed for ea. The
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F i g . 3 Average frequency and standard deviation of the bursts vs mean value of source So.

In the absence of noise (dashed-dotted line), sharp discontinuity appears at 50 = 5,.
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F ig. 4 Distribution of the critical gradient at the onset of the crash. {ta = 0.05). Statistical
distribution of the critical gradient is observed.

finite probability of the onset of crash is observed for So < 5,. Other quantities show similar results

to those with finite £ / .
To illustrate the probabilistic excitation of the transition, the observed critical pressure

gradient for the onset of the crash is calculated. The limit cycle oscillation with irregular bursts
are obtained for the case of 50 = 0.7 and e^ = 0.05. The distribution function of a at the onset of
crash is shown in Fig.4. The distribution clearly demonstrates that the onset becomes probabilistic
in the presence of noise. If the deterministic picture is applied, the critical pressure at the onset
converges to a particular value. ( a c = 1.13)

IV. Summary and Discussion
In this paper, we show the probabilistic nature of the transition by a simple model

equation. The model has features of the Langevin equation with the nonlinearlity of the
Ginzburg-Landau model. The probability of the transition in the presence of fluctuations can be
calculated in the presence of the statistical variance of relevant parameters. A probabilistic view of
the crash rather than the deterministic view is proposed. The crash occurs, with finite probability,
below the threshold condition of the deterministic picture. If the crash is heavily damaging, the
concept of the life-time is naturally introduced.

We choose a Gaussian statistics for the deviations. Such a statistics has been applied to the
thermal fluctuation near the thermal equilibrium, in which the excitation probability like the
Arrhenius's law has been obtained. For the plasmas, the statistics of the deviation can be different
from Gaussian statistics. The power law has been suggested from a simulation. The statistical
study on the experiments of collapses will provide a unique information for the understanding of
the physics of crash as well as the nature of the turbulence in plasmas.
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